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In the late 1980s, A. Premet conjectured that the variety of nilpotent elements of any
finite dimensional restricted Lie algebra over an algebraically closed field of charac-
teristic p > 0 is irreducible. This conjecture remains open, but it is known to hold
for a large class of simple restricted Lie algebras, e.g. for Lie algebras of connected
algebraic groups, and for Cartan series W, S and H.

In this thesis we start by proving that Premet’s conjecture can be reduced to the
semisimple case. The proof is straightforward. However, the reduction of the semisim-
ple case to the simple case is very non-trivial in prime characteristic as semisimple Lie
algebras are not always direct sums of simple ideals. Then we consider some semisim-
ple restricted Lie algebras. Under the assumption that p > 2, we prove that Premet’s
conjecture holds for the semisimple restricted Lie algebra whose socle involves the spe-
cial linear Lie algebra sly tensored by the truncated polynomial ring k[X]/(X?). Then
we extend this example to the semisimple restricted Lie algebra whose socle involves
S ® O(m;1), where S is any simple restricted Lie algebra such that ad .S = Der S and
its nilpotent variety N (S) is irreducible, and O(m;1) = k[Xq,..., X,)/(XT, ..., X2)
is the truncated polynomial ring in m > 2 variables.

In the final chapter we assume that p > 3. We confirm Premet’s conjecture for
the minimal p-envelope W(1;n), of the Zassenhaus algebra W (1;n) for all n € N,.
This is the main result of the research paper [3] which was published in the Journal
of Algebra and Its Applications.
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Chapter 1

Introduction

The theory of modular Lie algebras begins with E. Witt who discovered a new non-
classical simple Lie algebra W(1;1) sometime before 1937. It is now called the Witt
algebra. Then H. Zassenhaus generalized the Witt algebra and got a new Lie algebra
W(1;n), called the Zassenhaus algebra. In 1937, N. Jacobson introduced the concept
of “restricted Lie algebras”. Later, more nonclassical Lie algebras were constructed.

In this introductory chapter we first review some basic concepts in the theory of
modular Lie algebras. Then we explain the construction process of a class of nonclas-
sical Lie algebras, namely the Lie algebras of Cartan type. In the end, we introduce
Premet’s conjecture on the variety of nilpotent elements of any finite dimensional re-
stricted Lie algebra over an algebraically closed field of characteristic p > 0. We shall
discuss what have been done so far.

Throughout the thesis we assume that all Lie algebras are finite dimensional, and
k is an algebraically closed field of characteristic p > 0 (unless otherwise specified).
We denote by k* the multiplicative group of k. We denote by IF,, the finite field with p

elements. We denote by Ny the set of all nonnegative integers, i.e. Ng = {0,1,2,...}.

1.1 Restricted Lie algebras

Let us first introduce the notion of restricted Lie algebras.

Definition 1.1.1. [12, Definition 4, Sec. 7, Chap. V;[31, Sec. 2.1, Chap. 2] Let g be
a Lie algebra over k. A mapping [p] : g — g, +— xP! is called a [p]-th power map if

it satisfies



1.1. Restricted Lie algebras

1. adzlP! = (ad )7,
2. (\z)Pl = \pglel

3. (z +y)P = 2Pl 4yl 4 S"P "V si(a, ), where the terms s;(x,y) € g are such that

p—1

(ad(tz +y))P (z) = Z isi(z,y)t"

i=1
for all x;y € g, X € k and t a variable. The pair (g,[p|) is referred to as a

restricted Lie algebra.

The third condition in the definition is known as Jacobson’s formula for p-th powers.

A more general form of this formula is given by

Lemma 1.1.1. [30, Lemma 1.1.1] Let (g, [p]) be a restricted Lie algebra over k. Then
forall xy, ... 2, € @, the following holds:
m [p]™ m . n—1 l
(5n)" - St e St
i=1 i=1 1=0
where vy 1is a linear combination of commutators in z;,1 < i < m. By Jacobi identity,
we can rearrange each v; so that vy is in the span of [wy, [wi—1,|. .., [wa, [wi,w]...],

where t = p"~' — 1 and each w;,0 < g5 <t is equal to some x;, 1 <1 < m.
Let us give some examples of restricted Lie algebras.

Example 1.1.1. 1. Any associative algebra A over k is a Lie algebra with the Lie
bracket given by [x,y] := xy — yx for all x,y € A. Denote this Lie algebra by
A Then A7) s a restricted Lie algebra with the [p]-th power map given by
x > 2P for all v € A; see [31, Sec. 2.1, Chap. 2] for details. In particular, if
A = Mat, (k), the algebra of n X n matrices with entries in k, then the general

linear Lie algebra gl, (k) := Mat, (k)=) is a restricted Lie algebra.

2. Let A be any algebra over k (not necessarily associative). The derivation algebra
Der A is a restricted Lie algebra with the [p|-th power map given by D — DP for
all D € Der A; see [12, Sec. 7, Chap. V] for details. As an example, the Lie alge-
bra g of an algebraic k-group G is a restricted Lie algebra as g is identified with
the subalgebra of left invariant derivations of k|G|; see [10}, Sec. 9.1, Chap. III].



1.1. Restricted Lie algebras

If a [p]-th power map exists on a Lie algebra g, we may ask how many different

[p]-th power maps there are. It turns out that

Lemma 1.1.2. [71, Proposition 2.1, Sec. 2.2, Chap. 2] In a restricted Lie algebra
(g, [p]), every [p]-th power map is of the form x v xP! 4+ f(x), where f is a map of g
into its centre 3(g) satisfying f(A\x +vy) = N f(x) + f(y) for all x,y € g, € k.

An immediate corollary is that

Corollary 1.1.1. [31, Corollary 2.2, Sec. 2.2, Chap. 2] If a Lie algebra g is centreless,

then g has at most one [p]|-th power map.

Definition 1.1.2. [9], Sec. 2.1, Chap. 2] Let (g,[p]) be a restricted Lie algebra over
k. A subalgebra (respectively an ideal) S of g is called a p-subalgebra (respectively a
p-ideal) if 2P € S for allz € S.

Examples of p-ideals include the centre 3(g) and the radical Rad g. Moreover, if T
and J are p-ideals of g, then so are I + J, INJ,and (I + J)/J =1/(INJ).

Note that if [ is a p-ideal of g, then the quotient Lie algebra g/I carries a natural
[p]-th power map given by (z + 1)) := 2Pl + I for all x € g; see [31], Proposition 1.4,
Sec. 2.1, Chap. 2].

Definition 1.1.3. [31, p. 65] Let S be a subset of a restricted Lie algebra (g, [p]).

(i) The intersection of all p-subalgebras of g containing S, denoted S,, is a p-
subalgebra of g and is referred to as the p-subalgebra generated by S in g. Note
that S, is the smallest p-subalgebra of g containing S.

(ii) Let i € Nog. The image of S under the iterated application of the [p]-th power
map, denoted SP", is defined by

S = (2P 2 € Y.

Let us give an explicit characterization of S, in the following case.

Lemma 1.1.3. [3], Proposition 1.3(1), Sec. 2.1, Chap. 2] Let (g, [p]) be a restricted
Lie algebra over k, and let H be a subalgebra of g with basis {e;|j € J}. Then the
p-subalgebra of g generated by H is given by

Hy=Y (H")= Y kel

i>0 jEJi>0

10



1.1. Restricted Lie algebras

Definition 1.1.4. [31], Sec. 2.3, Chap. 2] Let (g, [p]) be a restricted Lie algebra over k.
An element x € g is called semisimple (or p-semisimple) if v € (kxlPl), = D1 kP!,
If 2! = x, then x is called toral.

Lemma 1.1.4. [31], Proposition 3.3, Sec. 2.3, Chap. 2] Let (g,[p]) be a restricted Lie
algebra over k. Then the following statements hold:

(i) If x is toral, then x is semisimple.
(ii) If x and y are semisimple and [x,y] =0, then x 4+ y is semisimple.
(iii) If = is semisimple, then 2P is semisimple for every i € N. Moreover, y 1is
semisimple for every y € (kx),.

Definition 1.1.5. [31, Sec. 2.4, Chap. 2] Let (g,[p]) be a restricted Lie algebra over
k. A subalgebra t C g is called a torus if t is an abelian p-subalgebra of g consisting

of semisimple elements.

Lemma 1.1.5. [31, Theorem 3.6(1), Sec. 2.3, Chap. 2] Let (g, [p|) be a restricted Lie

algebra over k. Then any torus in g has a basis consisting of toral elements.

Definition 1.1.6. [30, Notation 1.2.5] Let (g, [p]) be a restricted Lie algebra over k.
Set

MT(g) := max{dimt|t is a torus of g},

the maximal dimension of tori in g.

Lemma 1.1.6. [30, Lemma 1.2.6(2)] Let (g, [p]) be a restricted Lie algebra over k and
let I be a p-ideal of g. Then the following holds:

MT(g) = MT(g/I) + MT(I).

Note that in a restricted Lie algebra (g, [p]), Cartan subalgebras can be described

by maximal tori.

Definition 1.1.7. [31, Sec. 1.3, Chap. 1] Let L be a Lie algebra over k (not necessarily
restricted). The lower central series of L is the sequence of ideals of L defined as
follows: L' = L, L"** = [L, L] fori > 1. Then

L=L'2L*2>---2L"D...

We say that L is nilpotent ¢f L™ = 0 for some m € N.

11



1.2. p-envelopes

Definition 1.1.8. [31, Sec. 1.4, Chap. 1] Let L be a Lie algebra over k (not necessarily
restricted). A subalgebra by of L is called a Cartan subalgebra if it is nilpotent and

equal to its own normalizer, i.e.
h=Np(h) =:{z € L|[z,h] €bhforal hebh}.

Theorem 1.1.1. [31, Theorem 4.1, Sec. 2.4, Chap. 2] Let (g,[p]) be a restricted Lie

algebra over k. Let by be a subalgebra of g. The following statements are equivalent:
(i) b is a Cartan subalgebra.
(i) There exists a maximal torus t in g such that b = ¢4(t), the centralizer of t in g.

Definition 1.1.9. [31, Sec. 2.1, Chap. 2] Let (g,[p]) be a restricted Lie algebra over
k. An element x € g is called nilpotent (or p-nilpotent) if there is n € N such that

gP" =0 .

We denote by N (g) the variety of all nilpotent elements in g. It is well known that
N (g) is a Zariski closed, conical subset of g.

Theorem 1.1.2 (Jordan-Chevalley Decomposition [31, Theorem 3.5, Chap. 2]).
Let (g,[p]) be a restricted Lie algebra over k. For any x € g, there exist a unique
semisimple element xs € g and a unique nilpotent element x,, € g such that x = xs+x,

and [z, x,] = 0.

It follows from the above theorem that g = A (g) if and only if MT(g) = 0.

1.2 p-envelopes

Let L be a Lie algebra over k. It is useful to embed L into a restricted Lie algebra.

Definition 1.2.1. [31, Sec. 2.5, Chap. 2] Let L be a Lie algebra over k. A triple
(L, [pl], i) consisting of a restricted Lie algebra (L, [p]) and a Lie algebra homomorphism

i: L — L is called a p-envelope of L if i is injective and the p-subalgebra generated by
i(L), denoted (i(L)),, coincides with L.

We often identify L with i(L) C L. Let us review some properties of p-envelopes.

12



1.3. Gradations and standard filtrations

Theorem 1.2.1. [30, Theorem 1.1.7] Let (Ly, [pl1,i1) and (La, [pl2,i2) be two

p-envelopes of L. Then there exists an isomorphism 1 of restricted Lie algebras

Y Ly/3(L1) = Laf3(L5)

such that 1 o m 0y = g 0y, where m : L1 — L1/3(L1) and o : Lo — Lo/3(Ls) are

the canonical homomorphisms of restricted Lie algebras.

Definition 1.2.2. [3], Sec. 2.5, Chap. 2] A p-envelope (L, [p],i) of L is called minimal
if 3(L) C 3(i(L)).

Theorem 1.2.2. [30, Theorem 1.1.6 and Corollary 1.1.8; (31, Theorem 5.8, Sec. 2.5,
Chap. 2]

(i) If (L, [p],?) is a p-envelope of L, then there exists a minimal p-envelope (H, [p]1,i1)
of L and an ideal J C 3(L) such that L= H @& J and i, =1 (i.e. H C L).

(ii) Any two minimal p-envelopes of L are isomorphic as ordinary Lie algebras.

(iii) Suppose L is semisimple. Then every minimal p-envelope of L is semisimple,

and all minimal p-envelopes of L are isomorphic as restricted Lie algebras.

Remark 1.2.1. [30, p. 22;(31), p. 97] If L is semisimple, then we can easily describe its
minimal p-envelope. Since L is semisimple, there is an embedding L = ad L — Der L
via the adjoint representation. Then the minimal p-envelope of L is the p-subalgebra
of Der L generated by ad L, i.e. (adL),. To compute (ad L),, we often identify L with
ad L.

1.3 Gradations and standard filtrations

Definition 1.3.1. [31], Sec. 3.2, Chap. 3] Let L be a Lie algebra over k. A Z-grading

of L is a collection of subspaces (L;)icz such that
() L=,ep Li and
(11) [Lw LJ] - Li+j fO’I" all Z,] € 7.

If there exist r, s € Z such that L = @’ L;, then r (respectively s) is called the depth

(respectively height ) of this gradation.

13



1.3. Gradations and standard filtrations

Note that Lg is a Lie subalgebra of L and each subspace L; obtains an Ly-module

structure via the adjoint representation.

Definition 1.3.2. [31], Sec. 3.2, Chap. 3] Let (g, [p]) be a restricted Lie algebra over
k. A gradation (g;)icz of g is called restricted if gZLp} C gpi foralli € Z.

Definition 1.3.3. [31, Sec. 1.9, Chap. 1] Let L be a Lie algebra over k. A descending
filtration of L is a collection of subspaces (L;))icz such that

(i) L(i) D L(j) ifv <j.
(ii) [L(i), L(j)] C L(i-i-j) fO?” all i,j € 7.

A filtration is called separating if Nicz Ly = {0} and exhaustive if Ujez Ly = L. The

notion of ascending filtration is defined similarly.

It is common to use descending filtrations for Lie algebras. Note that L is a
Lie subalgebra of L and each subspace L(; obtains an L-module structure via the
adjoint representation. If the filtration is exhaustive, then Nz L;) is an ideal of L. If
in addition that L is simple, then either L) = L for all ¢, or the filtration is separating;
see [31, p. 100]. By a result of Weisfeiler [35], we can define standard filtrations.

Definition 1.3.4. [2], Sec. 2.4; (30, Definition 3.5.1] Let L be a Lie algebra over k
and Ly be a maximal subalgebra of L. Let L_1y be an Ly-invariant subspace of L

which contains L. Moreover, assume that L(_l)/L(o) is an 1rreducible Lg)-module.

Set

Ly = {2 € Ly [ [#, L] € L}, 020,

Lcimny i = [Leys Len] + Ly, i1
The sequence of subspaces (L))icz defines a standard filtration on L.

Since L gy is a maximal subalgebra of L this filtration is exhaustive. If L is simple,

then this filtration is separating. So there are s; > 0 and sy > 0 such that
L=Ls) DD LoD D Lisy1) = (0). (1.1)

Theorem 1.3.1. [31, Theorem 1.3, Sec. 3.1, Chap. 3] Let L be a simple Lie algebra
over an algebraically closed field of characteristic p > 3. If there is x € L such that
(adz)P~1 = 0, then there exists a standard filtration as above (1.1).

14



1.4. Graded Lie algebras of Cartan type

It was proved by A. Premet that such x # 0 with (adz)?~! = 0 always exists
in simple Lie algebras over algebraically closed fields of characteristic p > 3; see [17,
Theorem 1] . Hence they admit a standard filtration.

We can define restricted filtrations in a similar way.

Definition 1.3.5. [31], Sec. 3.1, Chap. 3] Let (g, [p]) be a restricted Lie algebra over
k. A filtration (g4))icz of 9 is called restricted if g[gg C g(pi) for alli € Z.

It is useful to note the interrelation between gradations and filtrations; see [31]
Sec. 3.3, Chap. 3]. Given any Z-graded Lie algebra L = @,c;, Li, set L(j) := @D, Li-
Then this Z-grading induces a filtration on L. Conversely, suppose L has a descending
filtration (L(;))icz. We can define the graded Lie algebra gr L associated with L. Put
L; = L(jy/L(j41) for all j € Z. Then gr L := @
by

ez Lj. The Lie bracket in gr L is given

[# + L1,y + Lasn] = [, 9] + L

for all x € L(j) and y € L(l).

1.4 Graded Lie algebras of Cartan type

In a series of papers, A. Premet and H. Strade have completed the classification of

finite dimensional simple modular Lie algebras and proved the following:

Theorem 1.4.1 (Classification Theorem [25, Theorem 1.1]).
Any finite dimensional simple Lie algebra over an algebraically closed field of charac-

teristic p > 3 is of classical, Cartan or Melikian type.

The classical simple modular Lie algebras include both classical simple (modulo its
centre for sl,,,) and exceptional Lie algebras over C. They were constructed using a
Chevalley basis by reduction modulo p [4]. The Melikian algebras M (m,n) depend on
two parameters m,n € N, and they only occur in characteristic 5 [16]. The Lie algebras
of Cartan type provide a large class of nonclassical simple Lie algebras. They are
finite dimensional modular analogues of the four families Witt, special, Hamiltonian,
contact of infinite dimensional complex Lie algebras. Their construction was motivated

by Cartan’s work on pseudogroups. The formal power series algebras over C were

15



1.4. Graded Lie algebras of Cartan type

replaced by divided power algebras over k; see [14] and [15]. Our work relates to Lie
algebras of Cartan type, particularly the general Cartan type Lie algebras. So let us
give a detailed description of these Lie algebras. All definitions and theorems can be

found in [1], [30] and [31].

Notation 1.4.1. [30, Sec. 2.1, Chap. 2;[31, Sec. 3.5, Chap. 3] Let Ni* denote the set

of all m-tuples of nonnegative integers. For a = (ay,...,an),b = (b1,...,b,) € Nj,
we write
(@) _ 1 @ . TT )
x; = ai!xi , x —gxl ,
a+b o1 (i + b -
. | .— |
( \ )._H( N ) ot =]t
i=1 i=1
la| := Zai.
i=1

Definition 1.4.1. [30, Sec. 2.1, Chap. 2] Let O(m) denote the commutative associa-
tive algebra with unit element over k defined by generators ZBZ(-T), 1<i<m,r >0, and

relations

RO x<r>xgs>:(r+5>$y+s>, L <i<m, rs>0
T

Then {z'% |a € NI'} forms a basis of O(m), and O(m) is called the divided power
algebra.

(1)

For simplicity, we write xz;”’ as x;. Some results on binomial coefficients may be

useful.

Lemma 1.4.1. [30, Lemma 2.1.2(1)] For a,b € N, let a = Y~ qaip’, b= Y- bip',

0<a;b; <p—1, be the p-adic expansions of a and b. Then the following congruence

holds:
() =TI(

Sketch of proof. Let a and b be as in the lemma. Let Y be a variable. Note that

Z) (mod p).

]

for any integer n such that 1 <n <p—1,

<i) =0 (modp).

16



1.4. Graded Lie algebras of Cartan type

Hence

1+Y)P=1+Y? (modp).
In general, one can show by induction that for any 7z > 1,

(1+Y) =1+Y" (modp).
Consider (1 + Y)* and expand it over Z, we get

(1+Y) = H(l + Y)az'p" = H(l + Ypi)‘” (mod p).

i>0 i>0

Compare the coefficients of Y on both sides, we get

(6)=I1) e

This completes the sketch of proof. [J

Applying the above result, we can prove that

Corollary 1.4.1. Let r € N be such that r > 2 and 1 < s < r — 1. Then for any

0 <1< p°®—1, the following congruence holds:

(pq« —p 4 z) =1 (modp).

pr—p°
Proof. Let » € N be such that » > 2 and 1 < s <r — 1. Then the p-adic expansion
of p" — p® is

pr=p =) (p—1p. (1.2)

Jj=s
Since 0 < i < p* — 1 and the p-adic expansion of p* —1is p* — 1 = Zj 0( 1)p, it

follows that the p-adic expansion of 7 is
s—1
= ap (1.3)
§=0

where 0 < a; <p—1and 0 < Y °” va; < s(p—1). By ([.2) and (L.3), the p-adic

expansion of p" — p® 41 is

s—1 r—1
prepti=Y ap+) (p—1)p
7=0 j=s
It follows from Lemma [[.4.1] that

() =T (3) TG on =t ot

pr-p o

This completes the proof. [

17



1.4. Graded Lie algebras of Cartan type

Note that there is a Z-grading on O(m) given by O(m); := span{z®@ ||a| = i}.
Hence O(m) = @2, 0(m)i. Put O(m)(;) = @,>; O(m);. Then this Z-grading

induces a descending filtration on O(m), called the standard filtration.

Definition 1.4.2. [30, Definition 2.1.1] A system of divided powers on O(m)q) is a

sequence of maps
Y O(m)ay — O(m), fr f € O(m),

where v > 0, satisfying

i) fO =1, f®e0(m)q for all f € O(m)@y, r >0,
(i) fO = f for all f € O(m)ny,
(iif) fO)f6) = T plr+s) for all f € O(m)qy, 7,5 >0,

(iv) (f+9)" =3 fQg" D forall f,g € O(m)uy, r >0,

(v) (f9)) = frg" for all f € O(m),g € O(m)q), r >0,
(vi) (f(s))(r) — T(!E’Ss!))!rf(rs) forall f € O(m)(l), r>0, 5>0.

Definition 1.4.3. [30, Definition 2.1.1(2)] A derivation D of O(m) is called special
if D(f")) = fU=YD(f) for all f € O(m)uy and r > 0.

For 1 < i < m, set ¢, = (0;1,...,0:m). Let 0; denote the ith partial derivative
defined by 9;(z(®) = x(¢=%) if ¢; > 0 and 0 otherwise; see [31, p. 132]. We denote by
W (m) the set of all special derivations of O(m). This is a Lie subalgebra of Der O(m)
and it obtains an O(m)-module structure via (fD)(g) := fD(g) for all f,g € O(m)
and D € W(m). Since each D € W{(m) is uniquely determined by its effects on
Ti, ..., Ty, the Lie algebra W(m) is a free O(m)-module of rank m generated by
the partial derivatives 01, ..., 0,; see [30, Proposition 2.1.4]. By [31, Lemma 2.1(1),
Sec. 4.2, Chap. 4], we know that for any f,g € O(m) and D, E € W(m),

fD,gE] = fD(g)E — gE(f)D + fg]D, E]. (1.4)

Since {29 9; |a € NI';1 < i < m} forms a basis for W (m) and [0;,0;] = 0 for any

1 <i,j < m, it follows from (1.4} that the Lie bracket in W (m) is given by

(2@ 0;,2® 9;] = (a Y €i> aletta) g, — (a : Z;)_ €j> 29 ;. (1.5)
a
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1.4. Graded Lie algebras of Cartan type

Note that W (m) inherits a grading and descending filtration from O(m):

m m

W(m); == @ O(m)ix10;, W(m)u =D O(m)s1) 9;

j=1 Jj=1
for ¢ > —1. Both are called standard.

For any m-tuple n := (ny,...,n,,) € N™ define
O(min) = span{a® |0 < a; < ™).

It is easy to see that O(m;n) is a subalgebra of O(m) invariant under 9; for all
1 < i < m. Moreover, dim O(m;n) = pl. The general Cartan type Lie algebra
W (m;n) is the Lie subalgebra of W (m) which normalizes O(m;n). Since O(m;n) is
a subalgebra of O(m), the grading and filtration on O(m;n) induce a grading and
filtration on W (m;n):

for + > —1. In particular,

W(m;n) = @ W(m;n);,

i=—1

where s = (31" p™) —m — 1; see [31, Proposition 2.2(3), Sec. 4.2, Chap. 4].

Theorem 1.4.2. [3], Proposition 5.9, Sec. 3.5, Chap. 3; Proposition 2.2 and Theorem
2.4, Sec. 4.2, Chap. 4]

(i) W(m;n) is a free O(m;n)-module with basis {01, ...,0m}.

(ii) The set {z(¥0; |0 < a; < p™,1 < i < m} forms a basis for W(m;n). Hence

dim W (m;n) = mpln.
(iii) W(m;n) is simple unless m =1 and p = 2.
(iv) W(m;n) is a subalgebra of the restricted Lie algebra Der O(m;n).

(v) W(m;n) is restricted if and only if n = (1,...,1), and in that case DP! = DP
for all D € W(m;n) and the gradation is restricted.
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1.4. Graded Lie algebras of Cartan type

We refer to the Lie algebras W(m) or W (m;n) as Lie algebras of Witt type. In
Chapter 3 we will spell out W (m;1) in more details. By [31, Lemma 2.1(3), Sec. 4.2,
Chap. 4], we know that O(m;1) is isomorphic to the truncated polynomial ring
k[Xy, ..., X/ (X7, ..., XP) in m variables. Hence W(m;1) = Der O(m;1), and it
is called the mth Jacobson-Witt algebra. In Chapter 4 we will study the Zassenhaus
algebra W (1;n). Note that if chark = p > 2 and n = 1, then W(1;n) coincides with
the Witt algebra W (1;1), a simple and restricted Lie algebra. If chark = p > 2 and
n > 2, then W (1;n) provides the first example of a simple, non-restricted Lie algebra.
In this case it is useful to consider its minimal p-envelope.

Let us determine the minimal p-envelope of the simple, non-restricted Witt algebra
W(m;n). Since W(m;n) is simple, it follows from Theorem [1.2.2iii) that all its
minimal p-envelopes are isomorphic as restricted Lie algebras. Moreover, there is an
embedding W (m;n) = ad W(m;n) < Der W(m;n) via the adjoint representation.
By Remark , the minimal p-envelope of W(m;n), denoted W (m;n)y,, is the
p-subalgebra (ad W(m;n)), of Der W(m;n) generated by ad W (m;n), i.e.

W(m;n) = ad W(m;n) —= W(m;n)p = (ad W(m;n)), = Der W(m;n);

see Definition and Lemma for notations. In [30} Sec. 7.1 and 7.2], H. Strade
computed W (m;n)p). He first proved the following:

Theorem 1.4.3. [30, Theorems 7.1.2(1)]

The isomorphism is given by the adjoint representation, W(m;n) = ad W(m;n) —

Der W(m;n).

Then H. Strade computed W(m;n)y = (adW(m;n)),. He identified W (m;n)
with ad W(m;n). By Theorem [1.4.2(iv), we know that W (m;n) is a subalgebra of
the restricted Lie algebra Der O(m;n). So instead of computing the p-subalgebra
(ad W (m;n)), of Der W(m;n) generated by ad W (m;n), H. Strade computed the p-
subalgebra (W (m;n)), of Der O(m;n) generated by W (m;n). By Definition and
Lemma [1.1.3}

(W(m;n)), =Y (W(m;n)"),

i>0
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1.4. Graded Lie algebras of Cartan type

where W (m; n)?" := { DV

D € W(m;n)} is the image of W(m;n) under the iterated

application of the [p]-th power map of Der O(m;n). H. Strade first observed that

Lemma 1.4.2. [30, Lemma 7.1.1(3)] W(m;n) is a restricted Lie subalgebra of
Der O(m;n).

It follows that W (m;n)p = (ad W(m;n)), contains W (m;n) and all iterated p-th

powers of the partial derivatives 04, ..., 0,,. Applying Theorem [1.4.3| we get

Theorem 1.4.4. [30, Theorem 7.2.2(1)] The minimal p-envelope W (m;n)y of
W(m;n) in Der W(m;n) is given by
W(m;n)y = W(m;n) + Zm: S ko
i=1 0<ji<n;

Since W (m;n) is the Lie subalgebra of W (m), the Lie bracket in W (m;n) is given
by . By , we have that forany 1 < 4,7 < m, 0<r <n; and 0 < a; < p™,
the brackets [07, 2(®) 9;] = 2@ 9; if a; > p" and 0 otherwise.

It remains to describe special, Hamiltonian and contact Lie algebras of Cartan

type. Consider the divergence map
div: W(m;n) — O(m;n)
D fidi= Y 0.
i=1 i=1

It is easy to check that div([D, E]) = D(div(E)) — E(div(D)) for all D, E € W(m;n).

As a result, the set
S(m;n) := {D € W(im;n)| div(D) = O} (1.7)

is a Lie subalgebra of W (m;n) [31, Lemma 3.1, Sec. 4.3, Chap. 4]. It is not simple.
But its derived subalgebra S(m;n)® is simple. We refer to the Lie algebra S(m;n)®
as the simple special Lie algebra of Cartan type. More generally, S(m;n) or S(m;n)®
is referred to as a special Cartan type Lie algebra.

Let us describe the structure of S(m;n)® in more detail. Define

D;;: O(m;n) — W(m;n)
f=0;(f)0i —0i(f) 9,
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1.4. Graded Lie algebras of Cartan type

Theorem 1.4.5. [31, Lemma 3.2, Proposition 3.3, Theorems 3.5 and 3.7, Sec. 4.3,
Chap. 4] Suppose m > 3.

(i) D;; is a linear map of degree —2 satisfying D;; = 0 and D;; = —D;,; for all

1<i,5<m.
(ii) D;;j(O(m;n)) C S(m;n) for all 1 <i,5 < m.
(iii) S(m;n)Y is the subalgebra of S(m;n) generated by

{Di7j(x(“))|0§al<p"l forlglﬁmand1§i<j§m}.

(iv) S(m;n)V) is a simple Lie algebra of dimension (m — 1)(pXi=1™ — 1),

(v) S(m;n)Y is a graded subalgebra of W (m;n), i.e.

S1

S(m;n) = @ (S(m;n) M),

i=—1

where s = (31, p™) —m —2 and (S(m;n)M); = S(m;n) D N W (m;n);.

(vi) S(m;n)V is restricted if and only if n = (1,...,1), and in that case S(m;n)d

is a p-subalgebra of W (m;n) with restricted gradation.

Alternatively, we can define special Lie algebras of Cartan type using differential

forms on O(m;n); see [24, Sec. 3.2] and [30, Sec. 4.2]. Set
Q°(m;n) == O(m;n), Q' (m;n) = Homognu) (W (m;n), O(m;n)).
Then Q!(m;n) admits an O(m;n)-module structure via
(fa)(D) = fa(D) for all f € O(m;n),a € Q' (m;n), D € W(m;n),
and a W (m;n)-module structure via
(Da)(E) = D(a(E)) — a([D, E)) for all D, E € W(m;n),a € Q'(m;n).

Since W(m;n) is a free O(m;n)-module with basis 1, ..., 0y, every a € Q'(m;n) is
determined by its effects on 01,...,0,,. It is easy to check that a = > «(0;)dx;.

This implies that Q'(m;n) is a free O(m;n)-module with basis dzy, ..., dx,.
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1.4. Graded Lie algebras of Cartan type

Define d : Q°(m;n) — Q' (m;n) by df (D) = D(f) for all f € O(m;n),
D € W(m;n). Then d is a homomorphism of W (m;n)-modules. Set

Q"(m;n) = /\ Q' (m;n),

the r-fold exterior power algebra over O(m;n). It is a free O(m;n)-module with basis

Q(m;n) = @ Q(m;n).

1<r<m

Then elements of Q(m;n) are called differential forms on O(m;n). We can extend the

above linear operator d to Q(m;n) by setting
d(og A ag) == d(ay) A ag 4+ (—1)%8@ay A d(aw)
for all ag, s € Q(m;n). Then d is a linear operator of degree 1 satisfying
d*(a) = 0, D(dar) = dD(a), d(for) = (df ) A e+ fd(e), D(df) = dD(f)

for all f € O(m;n),D € W(m;n),a € Q(m;n). Note that D(fa) = (Df)a+ fD(«a)
for every D € W(m;n). Hence D extends to a derivation of Q(m;n).

Recall the volume form
wg :=dx1 A--- Ndx,,, m > 3.
Then
{D € W(min)| D(ws) = 0}

coincides with S(m;n) (1.7); see [31, p. 161]. The simple special Lie algebra of Cartan
type is the derived subalgebra of S(m;n).

Suppose now char k = p > 2 and m = 2r > 2. The Hamiltonian form

,
Wy = dei ANdxir., m=2r>2
i=1

gives rise to a Lie subalgebra

H(2r;n) :={D € W(2r;n)| D(wy) =0} (1.8)
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1.4. Graded Lie algebras of Cartan type

of W (2r;n). The second derived subalgebra H(2r;n)® is simple. We refer to H (2r;n)?
as the simple Hamiltonian Lie algebra of Cartan type. More generally, H(2r;n) or
H(2r;n)? is a Hamiltonian Cartan type Lie algebra.

Alternatively, we can define H(2r;n) using a linear map. Let us first introduce
some notations. Set
1 if1<j<r,

—1 ifr<j<or

j+r if1<j5<r,

jg—r iftr<j<2r.
Consider the set

2r

i=1

One can check that this is equivalent to H(2r;n) (1.§). To describe H(2r;n)®, we
define

Dy : O2r;n) — W(2r;n)
[ Za(z’) Ai(f) Dy .

Denote the image of Dy by H(2r;n). Note that H(2r;n) is a proper subset of H(2r;n).
Indeed derivations :Egpnj_l) 9 for 1 < j < 2r lie in H(2r;n), but do not lie in H(2r;n);

see [31, p. 163].
Theorem 1.4.6. [31, Lemma 4.1, Proposition 4.4 and Theorem 4.5, Sec. 4.4, Chap. 4]

(i) Dy is a linear map of degree —2 with Ker Dy = k.

(i) [Du(f), Du(9)l = Du(Du(f)(g)) for all f,g € O(2r;n).

(iii) H(2r;n)® C H(2r;n).

(iv) H(2r;n)® is a simple Lie algebra with basis

{DH(m(“)) 1(0,...,0) <a<(p™ —1,...,p" = 1)}
Hence dim H(2r;n)? = pZifimi — 2,
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1.4. Graded Lie algebras of Cartan type

(v) H(2r;n)® is a graded subalgebra of W (2r;n), i.e.

52

Hrn)® = @ (H(2rs)®):

i=—1

where sy = (370, ™) — 2r — 3 and (H(2r;n)®); = H(2r;n)® 0 W (2r;n),.

(vi) H(2r;n)® is restricted if and only if n = (1,...,1), and in that case H(2r;n)?

is a p-subalgebra of W (2r;n) with restricted gradation.

Remark 1.4.1. [31, p. 168] Note that Dy defines a Lie bracket on O(2r;n). For any
f,9 € O2r;n), define

2r

{f.g}:=>_0(i)0i(f)0s(9) = Dulf)(g)-

i=1
It follows from Theorem that (O(2r;n),{,}) is a Lie algebra with centre k, and
(O@2r;n)/k)Y = H(2r;n)®; see [1, p. 54]. The Lie bracket {,} is referred to as the

Poisson bracket.

Suppose chark =p > 2 and m = 2r + 1 > 3. Consider the contact form
Wi = dx,, + Z(m,dx,;w — xipdr;), m=2r+12>3.
i=1
Set
{DeW2r+1;n)|D(wk) € O2r + 1;n)wk }. (1.11)
This gives a Lie subalgebra of W (2r + 1;n), denoted K (2r + 1;n), called the contact

Cartan type Lie algebra. The derived subalgebra K (2r + 1; @)(1) is simple.

Similarly, we can describe the structure of K (2r 4+ 1;n) using a linear map. Let

o(j) and j" be as in (1.9) and ([1.10]). Define

Dk :O02r+1;n) - W(2r+1;n)
2r

[ 3 (0(@) 05 + 2y D (£)) Oy
j=1
2r
+(2f - Z 25 0;(f)) Oarya -
j=1
Then the image Dy (O(2r+1;n)) gives a Lie subalgebra of W (2r+1; n) which coincides
with K(2r + 1;n) (L.11)); see [30, p. 189).
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1.4. Graded Lie algebras of Cartan type

Theorem 1.4.7. [1, Theorem 2.6.2; |31, Proposition 5.3, Theorems 5.5 and 5.6,
Sec. 4.5, Chap. 4]

(i) Dk s an injective linear map of degree —2.
(ii) K(2r + 1;n) is graded, i.e.

S3
K(2r+1;n) = @ K(2r +1;n);,
1=—2

where s3 = (320, p) 4 2p™r+ — 2r — 3 and

2r+1
K(2r 4+ 1;n); = span {DK(JJ(“)) | Z a; + Gopp1 — 2 = @}

i=1
Note that this grading has depth 2.
(iil) K(2r + 1;n)Y is simple, and
K(2r+1;n) if 2r +4 # 0 (mod p),
K@2r+1;n)® =
span { D (z) |0 <a < 7(n)} if2r+4=0(modp),
whereT(n) := (p™ —1,...,p"** — 1). Then

S ng ;
piei=t if 2r +4 # 0 (mod p),
dim K (2r + 1;n)Y =

poiiiin 1 if 2r + 4 = 0 (mod p).
(iv) K(2r +1;n)WY is restricted if and only if n = (1,...,1), and in that case
K(2r 4+ 1;n)Y is a p-subalgebra of W (2r + 1;n) with restricted gradation.
Remark 1.4.2. [30, p. 191(4.2.17); |31, p. 172] As in the case of Hamiltonian Lie
algebras, the linear map Dy also defines a Lie bracket on O(2r + 1;n). For any
f,g€ O@2r+1;n), define
(f,9) == D (f)(9) — 29 O2r11(f)-

By [31l, Proposition 5.2, Sec. 4.5, Chap. 4/, Dk ({f,q9)) = [Dk(f), Dk (g)]. Moreover,
Dy is injective. Hence (O(2r +1;n),(,)) is a Lie algebra over k, and O(2r + 1;n) =
K(2r + 1;n). The Lie bracket (,) is referred to as the contact bracket.

These are the four families of Lie algebras of Cartan type. We finish this section

by emphasizing that

Theorem 1.4.8. [30, Corollary 7.2.3] The simple restricted Lie algebras of Cartan
type are W (m;1),m > 1,S(m; 1), m >3, H(2r; 1) r > 1 and K (2r+1;1)M r > 1.
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1.5. Nilpotent varieties

1.5 Nilpotent varieties

In this section we review Premet’s results on nilpotent variety of any finite dimensional
restricted Lie algebra over k. Then we introduce Premet’s conjecture and discuss what
have been done so far.

Let (g,[p]) be a finite dimensional restricted Lie algebra over k. By Jacobson’s
formula (see Definition [1.1.1(3)), we see that the [p]-th power map is a morphism
given by homogeneous polynomial functions on g of degree p. Recall the nilpotent
variety A(g) which is the set of all # € g such that " = 0 for N > 0. It is
well known that A (g) is a Zariski closed, conical subset of g. Let g, denote the set
of all semisimple elements of g. By Theorem [[.1.2] it is straightforward to see that
g[p]N = gss for N > 0. Define e = e(g) to be the smallest nonnegative integer such that
WP C g,, for some nonempty Zariski open subset W of g. By [I8, Theorem 2], we
know that e = 0 if and only if g possesses a toral Cartan subalgebra. Let s = MT(g)
denote the maximal dimension of tori in g. In Sec. [I.1} we already observed that s = 0
if and only if g coincides with N (g). We present the theorem on N(g) which was
proved by A. Premet.

Theorem 1.5.1. [19, Theorem 2 and Corollary 2; (21, Theorem 4.2] There exist ho-

__ m€ %

mogeneous polynomials vy, . .., Vs 1 € k[g] with deg; = p*s — p™ such that for any

reg, P = Zf;é zﬂi(a:)x[p]m. Moreover, the following are true:
(1) ;(2lPl) = oy(x)P for allx € g and i < s — 1.
(il) M(g) = Z(Wo, ..., s 1), the set of all common zeros of o, ..., s 1 in g.

(iii) All irreducible components of N'(g) have dimension dim g—s, i.e. N(g) is equidi-

mensional.
iv) For anyx € N 2P =0,
(iv) y 9),

The above theorem gives useful information on A/ (g) and plays an important role in
Chapters 3 and 4. It is well known that the nilpotent variety of any finite dimensional

algebraic Lie algebra over C is irreducible. Then Premet conjectured that

Conjecture 1. [19, p. 563] For any finite dimensional restricted Lie algebra g over
k the variety N'(g) is irreducible.
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This conjecture is still open, but it is known that if g is the Lie algebra of a con-
nected algebraic group G’, and n is the set of nilpotent elements in a Borel subalgebra
of g, then N(g) = {gn|g € G',n € n}. Since G’ is connected and n is irreducible,
the variety N (g) is irreducible; see [13], p. 64]. Moreover, this conjecture holds for the
Jacobson-Witt algebras W(n;1) [20, Lemma 6], for the Special Lie algebras S(n;1)
and S(n;1)M) [34) Theorem A], for the Poisson Lie algebras (O(2n;1),{,}) [29, Theo-
rem 6.4] and for the Hamiltonian Lie algebras H(2n;1)® [33, Theorem A]. There are
no known counterexamples.

A good understanding of the proof in the case W (n; 1) is important. This is because
some of the results will be used in Sec. [3.2] Chapter 3. Moreover, a similar idea works
for the minimal p-envelope W(1;n), of the Zassenhaus algebra W (1;n); see Chapter
4. So let us first introduce some notations and state a few preliminary results. Then
we show that N (W (n;1)) is irreducible.

Let k be an algebraically closed field of characteristic p > 2. Let O(n;1) =
k[Xy,..., X,]/(XY,..., XP) denote the truncated polynomial ring in n variables. Note
that O(n;1) is a local ring with its unique maximal ideal denoted m. Let W(n;1)
denote the derivation algebra of O(n;1). This is a simple restricted Lie algebra.
Moreover, W (n;1) obtains an O(n;1)-module structure via (fD)(g) = fD(g) for all
f,g € O(n;1) and D € W(n;1). Since each D € W(n;1) is uniquely determined
by its effects on xy,...,z,, it is easy to see that W (n;1) is a free O(n;1)-module of
rank n generated by the partial derivatives 04,...,0, such that 0;(z;) = 0;; for all
1 <i,5 < n. Hence dimW(n;1) = np™. Note that there is a standard filtration
{W(n; 1))} —1<i<m(p—1)—1 defined on W (n;1); see (1.6). In particular, the subalgebra

W(n;1)) := {Zfz 0; | fi € m for all Z}
i=1

is referred to as the standard mazimal subalgebra of W (n;1). Note that for any
D, € W(n; 1)), the following holds: D;(O(n;1)) C m.

Let G denote the automorphism group of O(n;1). Each ¢ € G is uniquely de-
termined by its effects on z1,...,x,. An assignment o(z;) = f; extends to an au-
tomorphism of O(n;1) if and only if f; € m, and the Jacobian Jac(fi,..., f.) =

(3

81:]-)1 <ig <n‘ ¢ m. It follows that G is a connected algebraic group of dimension

dim W (n;1) —n. It is well known that any automorphism of W (n; 1) is induced by an
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automorphism of O(n; 1) via the rule D° = coDoo ! forallo € G and D € W(n;1).
So we can identify G with the automorphism group of W(n;1). Note that for any
fe€0On;l), DeW(n;l) and o € G,

(fD) = f7D7, (1.12)

where f7 = f(o(z1),...,0(xy,)); see [20, p. 154]. It follows from (1.12)) that if
Dy =3"" | ¢;0; is an element of W (n; 1), then

n

Dy =Y g;f(a,- (a—l(:gj))>gaj; (1.13)

i, j=1
see [T, Sec. 3]. Note also that G respects the standard filtration of W(n;1).

It is known that MT(W(n;1)) = n and e(W(n;1)) = 0. By Theorem [L.5.1] we
know that dim A/ (W (n;1)) = dim W (n; 1) —n and the nilpotency index of any element
in M (W(n;1)) is at most p".

We want to show that N (W (n;1)) is irreducible. Let us start with the following

result:
Lemma 1.5.1. [20, Lemma 3] Let 9 = 0y 42t " 0y 4--- + 28 - 2271 0,,. Then

(i)
g — (=D D141 +xf;11 Orpot -+ $§)+_11 2?8,
for all0 <1 <n—1 and 2" = 0.
(i) 2,2°,..., 27" forms a basis of the O(n;1)-module W (n;1).

(iif) 2" 1 (2P ... 2k~1) = (=1)". Hence the matriz of the endomorphism
2 : O(n;1) — O(n; 1) is similar to a Jordan block of size p™ with zeros on the

main diagonal.
(iv) The stabilizer of 2 in G is trivial.

Sketch of proof. (i) We prove (i) by induction on [. For [ = 0, the result is clear.

1

Forl=1,let 2' =20 'y +---+ 227" .. 2271 9,. Recall Jacobson’s formula,

p—1

(a+b) =d”+ 1+ si(ab),

i=1
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where the terms s;(a,b) € W(n;1) are such that
(ad(ta + b))P~'( Zzs,abtl !

Set a = 2" and b = 0;. Then for any s < p — 2,

[a, (ad b)*(a)] = (—1)53![95]{’71 Oy+ -+ x’ffl . -xf;ll O,

—1— —1-s _p—1 -1
o T O T T T 0, = 0.

Hence
p—1
PP = +(P') + ZSZ P',0,) = 51(2',01) = (ad 0,)P(2)
=1
—(82 +£U]2)_1 O3+ -+ .’ﬂg_ ce 37;2:11 671)

So the result holds for [ = 1. Continuing in this way and by induction, one can show
that
7" = (=1 (1 +af Orpa t -+ af -2l 0,)
for all 0 < <n — 1. In particular, 7 (—=1)"19,. Then 2*" = 0. This proves
(i).
(ii) Let M : W(n;1) — W(n;1) be the endomorphism such that M (9;) = P
1 <i<n. By (i), it is easy to check that the matrix of M with respect to 01,...,0,

i—1

is an upper triangular matrix with 1 or —1 on the diagonal. Hence M is invertible.

Therefore, 2, 9P, ..., 2" " forms a basis of the O(n;1)-module W (n;1). This proves
(ii).

(iii) By (i), it is easy to check that for 0 <1 <n — 2,

(27 Y= (b el

_ B - L )
(=)' (D141 +$f+11 5z+2+---+xf+11 cexbT] 9,))" (gpfﬂl P

— —1 _
=(—1)!e (=)l - ab?

_ _ 1
Ty g T

-1
n *

Forl=n—-1,

(27 P ) = (21" 0,)" @) = (=)D (1) = —1
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Then

P Mg =P PP (T gy = P (b P
== (@) Mgt
= — (P (PP (B e
(DX @7 P
(DX P )

= ()T ) = (<1 D) = (1)

Hence 27"~! # 0. Since 2P" = 0, this implies that the matrix of 2 is similar to a
Jordan block of size p™ with zeros on the diagonal. This proves (iii).

(iv) Let C be the stabilizer of Z in G and ¢ € C. By (iii), we know that O(n;1)
is an indecomposable kZ-module, i.e.

p"—1

O(n;1) = P kP (- abh). (1.14)

Since G' acts on the straight line kz? " - .. 221

b=*, we have that

p—1  p—1y R
C(Il xn ) - ACxl xn

for some A\, € k*. Moreover, ¢ commutes with &. Applying (1.14]), we get

(2@ ) = D e ) = AL .
Hence ¢ = A\.Id. Since ¢(1) = 1, this implies that A\. = 1. So ¢ = Id. This proves
(iv). O

Set O := G.9. Since G is connected, it follows from the last result that the Zariski
closure of O is an irreducible variety of dimension dim G = dim N (W (n;1)). Since 2
is nilpotent, it follows that O is an irreducible component of N'(W(n;1)). We want to
describe O explicitly. For that, we need the following result:

Lemma 1.5.2. [7, Lemma 6] Let z be an element of W(n;1) such that z ¢ W(n;1) ).
Then z is conjugate under G to z = 9y +a% " Yo, ;i 0, where
0i € k[Xo, ..., Xu]/(XE, ..., XP) for all i. Moreover, 2 = —(1+ 28" ¢1) 320", i 0;.
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1.5. Nilpotent varieties

Sketch of proof. In [7, Sec. 3], S. P. Demushkin used the convention that for any
DeW(n;1l)and ® € G, D* = 1o Do®. Our convention is that D® = do Do d~ L.
So we need to slightly modify his proof.

Let z = Y " | f;0; be an element of W(n;1) such that z ¢ W(n;1)@). Then
fu(0,...,0) # 0 for some 1 < pp < n. If pn # 1, then we show that 2 is conjugate under
G to > 5| fi0; with f1(0,...,0) # 0. Let ® € G be such that ®(z1) = z,,, P(x,) = 1
and ®(x;) = z; for j # 1,u. Then ®(z;) =z, *(z,) = 21 and o '(z;) = z; for
j# 1,p. By (L13),

n ®
= Z ff(ai ((I)_l(-f’?j))> 05 =f7 o+ 0+ Z £ o;
i, j=1 i1,

Since ff(O, ...,0) = f,(0,...,0) # 0, we may assume from the beginning that
z = Z?:l fl 81 with fl(O, c. ,O) 7£ 0.

Let ®; € G be such that ®y(xq) = f1(0,...,0)z; and Po(z;) = z; for 2 < j < n.
Then ®,'(x1) = f;1(0,...,0)z; and &, (x;) = x; for 2 < j < n. Applying @, to z,
we get

n @2 n
"= Zfi%(ai (@2_1(%))) 9; = {bzfl_l(oa'--70)81+Zf;b23¢.
1=2

i\ j=1
Since £2(0,...,0) = £1(0,...,0), we may assume from the beginning that
z=> " fi0; with f1(0,...,0) =1.

Let @3 € G be such that ®3(z;) = 21 and ®3(z;) = x; + ayz1, where a; =
£i(0...,0) for 2 < j <n. Then ®;'(z;) = 1 and &3 (2;) = z; — ajx; for 2 < j < m.
Applying ®3 to z, we get

LN n
qu>3( 7Y x]))> d; = f’381+2(ff3—oziff)3)8i.
i j=1 i=2
Hence we may assume from the beginning that z = > | f;9; with f,(0,...,0) =1
and f;(0,...,0) =0 for all 2 < i < n. Then we can write

m(p—1) m(p—1)
fi=1+4 Y fu and fi= Y fu (1.15)
=1 =1

for some fi,, fi; € m with deg f1; = deg f;; = l. Let &, € G be such that ®,'(z;) =

zj+g; for 1 < j <n, where g, are elements of m with the same degree v > 2. Applying
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d4 to z, we get

2% = i ffﬁ*(@i (<I>41(xj)))q>4 0; = i ff"*(@i (z; +gj)>q)4 dj . (1.16)

i,j=1 i,5=1
Substituting ((1.15)) into ([1.16|) and expanding out, we get

n

M= Z (fi +01(g:)) 0;  (mod W (n;1)(—1))-

=1

Since f;(0,...,0) = d;;, we can rewrite the above as

2P =0, +(f1 -1+ 81(91)) O+ Z (fz + al(Qz’)) 9;  (mod W(n;1)(-1)),
i=2

where f1 — 1+ 01(g1), f; + 01(g;) € m with degrees strictly less than v. It follows that

z is conjugate under G to
n
7 =01 b Z vi Oi,
i=1

where ¢; € k[Xo,..., X,]/(XE,..., XP).
It remains to show that 28 = —(1+ 25 ;) 37 | ¢; ;. Note that

z1(z) =14+ xfﬁlgol,

Z(z1) = (p— Dab e,

H@)=@p—-1)(p—n+1af "pifor2<n<p-1, and

Ala1) = (p = DI +a1 o) = —(1+ 2] 1)er.
Similarly, one can show that z¥(z;) = —(1 + 2% @1 )g; for 2 < i < n. Hence
A= (147 ") Zn: @i 0; -
i=1
This completes the sketch of proof. [

Recall that 2 = 9y 422" 9y 4 - - 42t~ . 2271 9,. We can now describe O = G.2

as:

Lemma 1.5.3. [20, Lemma 4]

O={DeNW(n;1)| D" &W(n;1)}
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1.5. Nilpotent varieties

Sketch of proof. Set S = {D € N(W(n;1))| D" ¢ W(n;1)()}. It follows from
Lemmamm that 27" = 0 and 27" = (—1)""'9, ¢ W(n;1)(). Hence O C S. To
show that S C O, we proceed by induction on n. Let z be an element of W (n; 1) such
that z ¢ W(n;1)). By Lemma 2 is conjugate under G to 9y +a% " >" |, 0;,
where ¢; € k[Xo,..., X,]/(XE,..., XP). Moreover,

n

(00 +al™ Z% i —(1+af” 901)2801'@'-

i=1
If 27 = 0, then (1 + 2% '¢1)p; = 0 for all 1 < i < n. Since 1 + 2% ' is invertible
in O(n;1), we have that ¢; = 0 for all 1 < i < n. Hence any D € W(n;1) with
D & W(n;1) and DP = 0 is conjugate under G to 0;. Thus, the result is true for
n=1.
Suppose n > 1. Let y € N (W (n; 1)) be such that y?" ' & W (n;1)(). Set 2z = yp
Since z € W(n;1)() and 2P = 0, there exists ® € G such that Pz0~! = (dyd—)P"

—1

On. So we may assume that z = 3P ' = 9,. Since [y, y*" 1} = 0, we have that
Y € Cw(n1)(0n). One can check that the centralizer ¢y (n;1)(9y) is isomorphic to the
semidirect product of W (n — 1;1) and an abelian ideal J = {f,, 9, | fn € O(n—1;1)}.
Hence

y:f181+"'+fn—1an—1+fnan

for some f; € O(n —1;1). Set y; = f1 01+ + fuo10n_1 and yo = f,, 9,,. We show
that y; is conjugate under G to %, = 0 +ac11’_1 Jy+--- + xﬁ’_l o -xf;IQ Op—1. Since
Yy € cw(n.l)(8 ), it follows from (|1.4) and Jacobson’s formula that for any j7 > 1,
yP = y1 + yf] 1(fn) 0,. In particular,

n—1 n—1,1

= T T (fa) O

Since y?" = 0, this implies that y; € N(W(n — 1;1)). Then yfnil =0 and " =
y’fnil_l(fn) dn. By our assumption, y?" & W(n;1)). Hence yfnfl_l(fn) is invertible
in O(n — 1;1). Note that if Dy € W(n;1), then D;(O(n;1)) € m. It follows
that v ¢ W(n — 1;1)(0). Indeed, if A0 e Win - 1; :1)(0), then ¢ Y E) =
(y1)”" " (f') € m, a contradiction. So y’fH ¢ W(n—1;1).

By the induction hypothesis, y; is conjugate under Aut(W(n — 1;1)) to %y =
O +at Oyt 2P 9,1, Since W (n—1;1) is a Lie subalgebra of W (n; 1),
we may identify Aut(W (n—1;1)) with a subgroup of Aut(W(n;1)) by letting o(x,) =
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1.5. Nilpotent varieties

x,, for all o € Aut(W(n — 1;1)). Hence we may assume that y = %y + 1 9,, for some
Y € O(n — 1;1) with @5’””‘1@) invertible in O(n — 1;1). Since .@é’nil = 0, we have

1

that Ker(2)  om-11)) = Z0(O(n — 1;1)). By Lemma [1.5.1(iii), we have that

n—l_l n—l_l

74 (O(n—1;1)) =k and 9}

(af ) = ()"
Hence there exist ¢ € O(n — 1;1) Nm and « € k* such that
V= Dole) +axy - aP7L

Next we show that y = 2, + v 9, is conjugate under G to . Let ®; € G be such
that ®1|pm-1,1) = Id and ®4(x,,) = x, + ¢. It is easy to check that &7 (2;) = ; for

1<i<n-—1and ®*(z,) =2, —¢. Thenfor 1 <i<n -1,
D1y®7 ! (2;) = ©1(Z + 1 ) (:) = Do(w3),
and
D1y®7 (2) = P1(Zo + ¥ 0p) (0 — @) = D1(— Do) + 1) = a2l

So ®1yd7! = Py +axh ' aP 719, Let &y € G be such that ®s|op_1.1) = Id and
®y(x,) = ax,. Then one can show that @2(®1y<1>1_1)<1>2_1 = 2. It follows that y € O.
Therefore, we proved by induction that S C O. As a result, O = S. This completes
the sketch of proof. [

Now we consider the complement of O in N (W (n;1)) and show that this com-
plement has dimension strictly less than dim N (W (n;1)) = dimW(n;1) — n; see
Lemma [1.5.5] For that, we need to introduce the notion of admissible n-tuples and

define a lexicographic ordering on them; see also Definition in Sec. 3.2.1]
Definition 1.5.1. [20, Lemma 5]

(i) We say that an n-tuple A = (a,...,a,) € Ny is admissible if 0 < a;, <p—1 for

an

any 1 <i <n. We write 4 =yt

(ii) We define a lexicographic ordering <., on the set of admissible n-tuples by
extending the ordering (1,0,...,0) < (0,1,...,0) <jep -+ <ier (0,0,...,1).
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Ezplicitly, for any two non-equal admissible n-tuples A = (aq,...,a,) and A" =
(ay,...,a,),

A= (ar,...,a,) <z (a,...,a,) = A" if and only if a; < a,
where i is the largest number in {1,...,n} for which a; # a.

Lemma 1.5.4. [20, Lemma 5] The action of @ = 0y +at " 9y + -+ 227" 2271 9,
on O(n; 1) is compatible with the lexicographic ordering <, defined in Definition|1.5.1]
Eaplicitly, for any admissible n-tuple A # (0,...,0), we have that Z(x?) = Ix?,
where Ay € k* and A’ <., A. It follows from the explicit formulas for A" in the proof
that if B and C are admissible n-tuples such that B,C # (0,...,0) and B < C,
then B’ <., C'.

Sketch of proof. Let A = (ay,...,a,) # (0,...,0) be any admissible n-tuple. We
first show that 2(x?) = Aax?, where Ay € k* and A’ < A. If a; > 1, then

an __ A’
b

A a1—1,_.a
D(x?) = apaP it = g

where A" = (a1 — 1,as,...,a,). It is easy to see that
Al: (a1_17a27"'7an) '<lex (al,...,an> :A

Ifag=---=as_1 =0and a;, > 1, then

Ay p—1_p-1 p—1 _as—1 s+l an _ A
D(x”) = asxy xy  ---xi_jxy T ant = agx”

where A= (p—1,...,p—1,as — 1,a5:1,...,0a,). It is easy to see that
A=0p-1,....p—1,a, — 1,a511,...,0,) <1ex (0,...,0, 04,0541, ..,0,) = A.

Hence 2(x?) = Aax? for some Ay € k* and A’ <y A. If A” # (0,...,0), then
applying 2 to &', we get 2(x?') = Ayx?”, where Ay € k* and A” <, A'. Tt follows
from the explicit formulas for A’ that if B and C are admissible n-tuples such that
B,C #(0,...,0) and B <jx C, then B’ <) C’. Hence the action of Z is compatible
with the lexicographic ordering <.c. This completes the sketch of proof. [
Lemma 1.5.5. [20, Lemma 5] Set

No:={D e N(W(m1)) | D" € W(n; L))}
Then

dim Ny < dim W (n;1) — n.
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Sketch of proof. By Theorem , it is enough to construct an (n+ 1)-dimensional
subspace V in W(n;1) such that V NNy = {0}. Set V := T, ® kP, where T,
is a maximal torus in W(n;1) with basis {x;01,...,2,0,}, and Z is the nilpotent
element in Lemma We show that V NNy = {0}. Suppose the contrary, i.e.
V NNy # {0}. Then t + 2 € Ny for some 0 # t € T,,. Note that for any admissible
n-tuple A = (ay,...,a,), the straight line kz* is invariant under 7, and corresponds
to the weight ¢,6; + - - - + ¢,0,,, where {01,...,60,} is a basis of T dual to the basis
{£101,...,2,0,} and ¢ = ¢; (mod p). By Lemma we know the action of Z on
O(n; 1) is compatible with the lexicographic ordering <. Hence for the admissible

n-tuple 6 = (p—1,...,p — 1), we have that

(t+ 27" Hx’) = 2" 1 (x0) + Z Aaz? for some \y € k™.

By Lemma [1.5.1fiii), 27"~'(x?) = (—1)". Hence (t + 2)""~'(z’) is invertible in
O(n;1). But t + 2 € Ny by our assumption. Hence (t + Z2)P"~! € W(n;1)p). Note
that if Dy € W(n;1)(), then D;(O(n;1)) C m. In particular, (¢t + 2)"""(z°) € m,
which is not invertible. This is a contradiction. Hence V NNy = {0}. Applying
Theorem [1.6.8, we get the desired result. This completes the sketch of proof. [

We are now ready to prove that
Theorem 1.5.2. [20, Lemma 6] The variety N (W (n;1)) is irreducible.

Sketch of proof. By Theorem [1.5.1, we know that A (W(n;1)) is equidimensional of
dimension dim W (n; 1) —n. By Lemma we know that O = G.2 is an irreducible
component of N'(W(n;1)). Let Z1,..., Z; be pairwise distinct irreducible components
of N(W(n;1)), and set Z; = O. Suppose t > 2. Observe that Z, N O = ). Hence
Zy CN(W(n;1)) \ O = Np; see Lemma [1.5.3] Then

dimW(n;1) —n=dim Z, < dimNy < dimW(n;1) —n

by Lemma[1.5.5] This is a contradiction. Hence ¢ = 1 and N (W (n; 1)) is irreducible.
This completes the sketch of proof. [

By a similar argument, the nilpotent variety of S(n;1) (respectively S(n;1)®)
is proved to be irreducible. By Remark [1.4.1] we see that the Poisson Lie algebra
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(0(2n;1),{,}) is closely related to H(2n;1)?. In fact, (O(2n;1)/k)Y = H(2n;1)?.
So the proof for H(2n;1)? relies heavily on Skryabin’s work for (O(2n;1),{,}); see
[29, Lemma 1.5 and Theorem 6.4].

1.6 Some useful theorems

We present three Block’s theorems which will be used in Chapter 3. The first one
is useful for part (b) of the sketch proof of Theorem which characterizes all
regular elements of the mth Jacobson Witt algebra W (m;1). Let us begin with some

definitions.

Definition 1.6.1. [2, p. 433] Let B be a ring (not necessarily associative or has
a unit element). A derivation of B is an additive mapping d : B — B such that
d(ab) = d(a)b + ad(b) for all a,b € B. Let D be a set of derivations of B. By a
D-ideal of B we mean an ideal of B which is invariant under D. The ring B s called
D-simple (d-simple if D consists of a single derivation d) if B> # 0 and if B has no
proper D-ideals. Also B is called differentiably simple if it is D-simple for some set
of derivations D of B, and hence for the set of all derivations of B.

Note that the above definitions are also used for algebras over a ring C' and the
derivations are assumed to be C-linear. Suppose B is a differentiably simple commu-
tative associative ring. At characteristic 0, B is an integral domain. In particular, if
B has a minimal ideal then B is a field; see [2| Sec. 4, p. 441]. Now suppose B has

prime characteristic. The following theorem determines B:

Theorem 1.6.1. [2, Theorem 4.1] Let B be a differentiably simple commutative as-
sociative ring of prime characteristic p, and let R = {x € B|a? = 0}. If Rt =0 for
some x # 0 in B (this will hold, e.g. if B has a minimal ideal), then there is a subfield
E of B and an r > 0 such that B = O(r;1) as E-algebras. Here E may be taken to
be any maximal subfield of B containing the subfield F' of differential constants (i.e.

elements of B which are annihilated by all derivations).

The second theorem describes the derivation algebra of a Lie algebra in the follow-

ing form:
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Theorem 1.6.2. [30, Corollary 3.3.4] Let S be a finite dimensional simple algebra
such that S* # (0). Then

Der (S ® O(m;n)) = ((Der S) ® O(m;n)) x (Ids ® Der O(m;n))
>~ ((DerS) ® O(m';1)) x (Idg @W(m/; 1))

for some m’ € N.

The last line follows from the fact that considered just as an algebra, O(m;n) is
isomorphic to the truncated polynomial ring O(m’;1) in m’ = ny + - - - +n,, variables;
see [30, p. 64]. Hence Der O(m;n) = Der O(m/;1) = W (m/; 1).

The third theorem describes the structure of any finite dimensional semisimple Lie
algebras. Recall the socle of a finite dimensional semisimple Lie algebra L, denoted
Soc(L), is the direct sum @;/; of minimal ideals I; of L. In particular, these ideals I;

are irreducible L-modules.

Theorem 1.6.3. [2, Theorem 9.5; (30, Corollary 3.3.6] Let L be a finite dimensional
semisimple Lie algebra. Then there are simple Lie algebras S; and truncated polynomial
rings O(my; 1) such that Soc(L) = @'_, Si ® O(my;1) and L acts faithfully on it.

Moreover,
t t
P si® O(mi;1) ¢ L ¢ @ ((Der S) @ O(my; 1)) x (1ds, @W (my;1)).
i=1 =1

We will see in Chapter 2 that Premet’s conjecture can be reduced to the case where
the Lie algebra is semisimple. The above theorem leads us to the study of nilpotent
varieties for a particular class of semisimple restricted Lie algebras, namely the ones

that are sandwiched between .
P s @ 0(m:; 1)
i=1

and
t

@ ((Der S;) ® O(my;1)) % (Ids, @W (my;1)).

=1

We finish this section with some useful theorems from algebraic geometry.

Definition 1.6.2. [9, p. 91, 3.7] A morphism ¢ : V — W of affine varieties is called

dominant if the image ¥(V') is dense in W, i.e. (V) =W.
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Given any morphism of irreducible affine varieties, proving directly its dominance
may be difficult. However, we can show its differential map is surjective. More pre-

cisely,

Theorem 1.6.4 (Differential Criterion for Dominance [8, Proposition 1.4.15]).
Let ¢ : V. — W be a morphism of irreducible affine varieties. Let v be a smooth
point in V' such that ¥(v) is a smooth point in W. If the differential of 1 at v,

dyp : T,V — Ty)W, is surjective, then the morphism 1 is dominant.

Once we know that a morphism is dominant, we can get a nonempty open set from

the image of the morphism. Specifically,

Theorem 1.6.5. [8, Corollary 2.2.8] Let b : V. — W be a dominant morphism of
wrreducible affine varieties. Then the image of any nonempty open subset U C V

contains a nonemptly open subset of W.

Finally, we present some theorems on dimensions. The first two relate to the

dimension of fibres.

Theorem 1.6.6. [6, Sec. 4.4, Chap. 2, II;[28, Theorem 1.25] Let ¢ : V. — W be a
dominant morphism of irreducible varieties. Suppose that dimV =m and dim W = n.

Then m > n, and
(i) dim F > m —n for any w € W and for any component F of the fibre 1)~ (w);

(ii) there exists a nonempty open subset U C W such that dimv¢~—'(u) = m —n for
allueU.

Theorem 1.6.7 (Chevalley’s Semi-continuity Theorem [6, Sec. 4.5, Chap. 2, II]).
Let v : V. — W be a morphism of affine varieties. Then for every r € Ny, the set

V., = {v eV| dim@b‘l(z/}(v)) > 7"}
18 Zariski closed in V.

The last theorem in this section relates to the dimension of intersections in A”.

Theorem 1.6.8 (Affine Dimension Theorem [9, Proposition 7.1, Chap. I}).
Let V.W be varieties of dimensions r,s in A". Then every irreducible component U

of V.OOW has dimension > r+ s —n.
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1.7 Overview of results

Chapter 2. Let k be an algebraically closed field of characteristic p > 0. We start with
Premet’s conjecture which states that the nilpotent variety of any finite dimensional
restricted Lie algebra over k is irreducible. We prove that this conjecture can be

reduced to the semisimple case.

Theorem 1 (see Theorem [2.0.1). Let (g,[p]) be a finite dimensional restricted Lie
algebra over k. Let Rad g denote the radical of g. Then N (g) is irreducible if and only
if N(g/ Rad g) is irreducible.

The proof is done by induction on dim g and it relies on a result from algebraic
geometry (see Lemma. Since semisimple Lie algebras are not always direct sums
of simple ideals in prime characteristic, the reduction of Premet’s conjecture to the
simple case is very non-trivial.

Chapter 3. We start to look at a particular class of semisimple restricted Lie
algebras and verify Premet’s conjecture in that case.

By Theorem [1.6.3] we know that any finite dimensional semisimple Lie algebra is

sandwiched between .
P s @ 0(m:; 1)
i=1

and
t

@ ((Der S;) @ O(m;;1)) x (Idg, @W (m;; 1))

i=1
for some simple Lie algebras S; and truncated polynomial rings O(m;; 1) with

Der O(m;;1) = W(m;;1). Thus, to verify Premet’s conjecture, we begin with the
simplest example, g = (slo ® O(1;1)) x (Idg, ®k 9), where sly is the special linear Lie
algebra, O(1;1) is the truncated polynomial ring k[X]/(X?), and d = -L which acts
on sly ® O(1;1) in the natural way. We assume further that chark = p > 2. So sly is
a simple restricted Lie algebra over k& with all its derivations inner. We prove that the
maximal dimension of tori in g is 1, and the nilpotency index of any element in A (g)

is at most p?. It follows from Theorem that dim N (g) = 3p. After gathering

these pieces of information, we are ready to prove that

Theorem 2 (see Theorem [3.1.1)). The variety N (g) is irreducible.
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We will see that the argument in the proof is quite general. It works if we replace
sly by any Lie algebra go = Lie(G2), where G is a reductive algebraic group. Then

we extend the example g to the semisimple restricted Lie algebra
L:=(S®0(m;1)) x (Ids ®D),

where S is a simple restricted Lie algebra over k such that ad S = Der S and N (S)
is irreducible, O(m;1) = k[Xq,..., X,]/(X],..., XP) is the truncated polynomial
ring in m > 2 variables, and D is a restricted transitive subalgebra of W(m;1) =
Der O(m;1) such that AV (D) is irreducible. We split our study on N (L) into three
sections. In the first section, we study nilpotent elements of ©. Then we study
nilpotent elements of £ and carry out some calculations using Lemma [I.1.1 We
finally prove that

Theorem 3 (see Theorem [3.2.3). The variety N'(L) is irreducible.

As a remark, we see from the above that Premet’s conjecture holds for

t

(S @ O(mi; 1)) x (1ds, @ D)),

i=1

where each S; is a simple restricted Lie algebra over k such that adS; = Der.S;
and N(S;) is irreducible, O(m;;1) are truncated polynomial rings, and each D; is
a restricted transitive subalgebra of W(m;;1) = Der O(m;;1) such that N (D;) is
irreducible.

Chapter 4. This is our final chapter. It corresponds to a paper [3] of the author
which was published in the Journal of Algebra and Its Applications. We assume that
chark = p > 3 and n € Nsy. Then the Zassenhaus algebra, denoted £ = W(1;n),
provides the first example of a simple, non-restricted Lie algebra. We can embed £
into its minimal p-envelope £, = W(1;n),. This restricted Lie algebra is semisimple.
By [37, Theorem 4.8(i)], the variety N (£) := N (£,) N £ is reducible. So investigating
the variety NV (£,) becomes critical.

Let N denote the nilpotent variety of £,. We split our study on N into three
sections. In the first section, we focus on nilpotent elements of £, and carry out some
calculations using Jacobson’s formula. This work enables us to identify an irreducible

component Ny of N. Moreover, we can explicitly describe it as:
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1.7. Overview of results

Proposition 1 (see Proposition and Lemma [4.2.7]).
Ny =G.(O+kP +---+ k"),
where G = Aut(£,).

In the final section, we show that the complement of Meg in AV, denoted A/;ing,
has dim N, < dimN. The proof is similar to Premet’s proof for the Jacobson-Witt
algebra W (n; 1); see Lemma m But we have to construct a new subspace V' of £,
such that dimV = n +1 and V N N, = {0}; see Proposition [£.2.2 Combining all

these results, we are able to prove the last theorem in the thesis:

Theorem 4 (see Theorem [4.2.1)). The variety N = N (£,) coincides with the Zariski
closure of

Nigg = GO+ P+ + k")

and hence s irreducible.
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Chapter 2

Reduction of Premet’s conjecture

to the semisimple case

Let (g, [p]) be a finite dimensional restricted Lie algebra over k. Recall Premet’s
conjecture which states that the variety N'(g) = {z € g|z"" = 0for N > 0} is
irreducible. In this short chapter we show that this conjecture can be reduced to the
case where g is semisimple. For that, we need the following result from algebraic

geometry. It gives a criterion for a variety to be irreducible.

Lemma 2.0.1. Let v : X — Y be a surjective morphism of algebraic varieties such

that

(1) Y is irreducible,

(i1) all fibres of 1 are irreducible and have the same dimension d, and
(iii) X is equidimensional.
Then X s irreducible.

Proof. Let X = X; U---U X; be the decomposition of X into pairwise distinct

irreducible components X;. Suppose t > 2. Then for any y € Y,

vy = @ ) n X)),

=1

Since ¢! (y) is irreducible, we have that ¢ ~*(y) = v~ (y) N X; for some 1.
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For every i, define O; := X; \ U, ;(Xi N X;). Then O; is a nonempty open subset
of X;. If y € ¥(0;), then the fibre ¢y~ !(y) is not contained in ¥ ~'(y) N X; for every
J #i. Hence for any y € ¥(0;),

VN y) =0 (y) N X (2.1)

Next we show that there is a unique irreducible component X, of X such that
Y = 4(X]). Since 1 is surjective, we have that Y = (J'_, (X;). But Y is irreducible,
so that Y = 9(X;) for some j. By definition of O;, we also have that Y = 9(0,),
ie. 9(0y) is dense in Y. Thus, (0;) contains a nonempty open subset Z of Y.
By (2.1), we have that for any y € Z, ¢ *(y) = ¢ *(y) N X;. This means that if
i # 7, then X;\ (X;NX;) CyY= 1Y\ Z). As aresult, X; = X; \ (X; N X;) is contained
in ¢y"1(Y \ Z). This implies that 1(X;) # Y for every i # j. So there is a unique
irreducible component X; of X such that Y = 1 (X).

We now show that for every i, dim X; = dim¢(X;) + d. Consider the restriction
of ¥ to X;, v : X; — @D( ;). By Theorem m there exists a nonempty open subset
U C (X;) such that for every y € U,

dim X; = dim ¢ (X;) + dim(¢ "1 (y) N X,).
Since U N(0;) # (O, then implies that for every 1,
dim X; = dim¢(X;) + d. (2.2)

By the previous argument, we know that there is a unique X; that dominates Y.

So if i # j, then ¥(X;) is a proper subset of Y. This and (2.2)) imply that
dim X; = dim(X;) + d < dimY + d = dim(X;) + d = dim X.

But this contradicts the fact that X is equidimensional. Hence t = 1 and X is
irreducible. This completes the proof. [

Theorem 2.0.1. Let (g, [p]) be a finite dimensional restricted Lie algebra over k. We
denote by Rad g the radical of g. Then Congecture[I] can be reduced to the case where g
is semisimple. Explicitly, N'(g) is irreducible if and only if N'(g/ Rad g) is irreducible.

Proof. We proceed by induction on dim g. If dim g = 0 or 1, the result is trivially true.
Suppose dimg > 1 and “N(g) is irreducible if and only if N'(g/Rad g) is irreducible”
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holds for all g of dimension less than m. Let dim g = m. If g is semisimple, then there
is nothing to prove. If g is not semisimple, i.e. Rad g # 0, then there exists a nonzero
abelian ideal. Let R be such a p-ideal.

Case 1. If R contains a non-nilpotent element, say y, then it follows fromTheo-
rem that there exist a unique semisimple element y; € g and a unique nilpotent
element y,, € g such that y = ys + y, and [ys,y,] = 0. Since y is non-nilpotent, then
ys # 0. Replace y by its semisimple part y,. We show that y?I" lies in the centre 3(g)
for N > 0. Indeed, since R is a p-ideal we have that [y[p]N,g] C R. Moreover, R is
abelian, then [y [y g]] = 0. Since y is semisimple, so is 4" by Lemma M(iii).
This implies that [y, g] = 0. Hence y?1" € 3(g) and 3(g) # 0.

Let 3(g) = 35 P 3n, where 3, is a subalgebra with a one-to-one [p]-th power map and
3n is the subspace in 3(g) consisting of nilpotent elements of 3(g). By above, we already
know that y[p}N € 3s and so 35 # 0. We prove that the canonical homomorphism
Vg — §/3s, ¢ — &+ 3, induces a bijective morphism 1 : N(g) — N(g/3,). If
z + 3. € N(g/35), then 21" € 3, for N > 0. Since the [p]-th power map on 3, is
one-to-one, there exists z € 3, such that 2P = 2P Since z is an element of 3s, 1t
commutes with z. As a result, (z — z)P/" = 0. This implies that z — z € N(g). So the
morphism 1 is surjective. For injectivity, suppose ¥ (z) = ¢(y) for some z,y € N(g).

Then y = = + z; for some z; € 3,. Since x and y are nilpotent, then for N > 0 we get
0 — y[p]N — (l‘ + zl)[p]N — x[p]N + ZEP]N — ng]N

Since the [p]-th power map on 3, is one-to-one, we have that z; = 0 and so y = z.
Therefore, the morphism ¢ is bijective. Next we claim that A (g) is irreducible if and
only if N(g/3s) is irreducible. The “if” part is trivial because surjective morphism
preserves irreducibility. For the “only if” part, suppose N (g/3s) is irreducible. By
Theorem [1.5.1{iii), we know that N (g) is equidimensional. Since 1) is bijective, it
follows that all fibres of ¢ are single points. Applying Lemma with d = 0 we get
N (g) is irreducible.

Case 2. If R is contained in N (g), then we may assume that RPI" = 0 for some
r € N. Note that the canonical homomorphism ¢ : g — g/R, z +— T = = + R induces
a surjective mapping ¢ : N'(g) — N(g/R). We show that N (g) is irreducible if and
only if M(g/R) is irreducible. The “if” part is trivial. For the “only if” part, suppose
N (g/R) is irreducible. We show that A'(g) = ¢! (M (g/R)), i.e. z is nilpotent in g if
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and only if x + R is nilpotent in g/R. By Jacobson’s formula and that R is a p-ideal

of g, we have that for any v € R,
(x + v)[p] = 2Pl + ¢, for some v; € R.

By Jacobson’s formula again, we have that

]N

(z + )P = 2P 4 4y for some vy € R.

If 2 € N(g), then we can choose N sufficiently large so that (z + v)P!" = 0. Hence
z+v € N(g/R). Conversely, if  + R € N(g/R), then for N > 0, 2" ¢ R.
By our assumption, RP" = 0. Hence 2P = 0 and so z € N(g). Therefore,
for any T € N(g/R), the fibre ¢)~'(Z) consists of elements of the form z + R. But
r+ R = R as an affine space, we conclude that all fibres of 1/; are irreducible and have
the same dimension. It follows from Theorem [1.5.1f(iii) and Lemma that M (g) is
irreducible.

To sum up, if Radg # 0, then there exists an abelian p-ideal A, i.e. A = 3, or
A = R with RPI" = 0 for some r € N. We proved that A/(g) is irreducible if and only if
N(g/A) is irreducible. Since dim(g/A) < dim g, the induction hypothesis implies that
N (g/A) is irreducible if and only if V'((g/A)/ Rad(g/A4)) = N (g/Rad g) is irreducible.
Therefore, we proved that A/ (g) is irreducible if and only if N'(g/ Rad g) is irreducible.
This completes the proof. []

It is natural to ask if we could reduce Premet’s conjecture to the simple case.
Unfortunately, this is very non-trivial in prime characteristic as semisimple Lie algebras
are not always direct sums of simple ideals. Hence to prove Premet’s conjecture, we

shall focus on the semisimple case.
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Chapter 3

Nipotent varieties of some

semisimple restricted Lie algebras

In this chapter, we assume that chark = p > 2. We prove Premet’s conjecture
holds for a class of semisimple restricted Lie algebras whose socle involves any simple
restricted Lie algebra with all its derivations inner. We start with the semisimple
restricted Lie algebra whose socle involves sly tensored by the truncated polynomial
ring k[X]/(X?). Then we extend it to the semisimple restricted Lie algebra whose
socle involves S ® O(m;1), where S is any simple restricted Lie algebra such that
ad S = Der S and N (S) is irreducible, and O(m;1) = k[Xq, ..., X,/ (XY, ..., XE) is

the truncated polynomial ring in m > 2 variables.

3.1 Socle involves sl

By Block’s theorem (Theorem [1.6.3)) on finite dimensional semisimple Lie algebras, the
first example (perhaps the easiest one) we shall consider is (sl,®O(1; 1)) x (Idg, @k )]
Let k£ be an algebraically closed field of characteristic p > 2. Recall the special linear

Lie algebra sly of 2 x 2 matrices with trace 0, and its standard basis

01 0 0 1 0
h
0 0 10 0 -1

IThis problem was introduced by A. Premet in the workshop Lie Theory and Representation
Theory in Pisa, Ttaly, January-February 2015. In [23], A. Premet and D. I. Stewart studied semisimple
restricted Lie subalgebras of this type (referred to as exotic semidirect products) in the Lie algebra
g1 = Lie(G4), where G is a simple algebraic group of exceptional type over k.
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3.1. Socle involves sl

such that
[e>f]:h7 [h,e]:26, [haf]:_Qf

Since p > 2, we know that sly is simple and all its derivations are inner [27, Sec. 5,
Chap. V]. By Example and Corollary [1.1.1] we know that sl, is a restricted Lie
algebra with the unique [p]-th power map given by p-th power of matrices. An easy
calculation shows that e? = fP = 0 and h? = h. Hence e, f are nilpotent and h is
toral.

Let O(1;1) denote the p-dimensional truncated polynomial ring k[X]/(X?). We
write x for the image of X in O(1;1). Note that O(1;1) is a local ring. Let m denote
its unique maximal ideal. For every g € O(1;1), ¢* = g(0)?. Then g? = 0 for all
g €m.

Consider the algebra sl ® O(1;1). The restricted Lie algebra structure on sly
induces a restricted Lie algebra structure on sly ® O(1;1). Explicitly, the Lie bracket
is given by

[Z/@Ql,z ®g2] = [y7z} ®91927

and the [p]-th power map is given by

(y@g)P =y g

for all y ® g1,2 ® g2 € slp ® O(1;1). Note that dim(sly ® O(1;1)) = 3p.

Let W(1;1) denote the derivation algebra of O(1;1). It is known as the Witt
algebra. By Theorem and Example we know that W(1;1) is a simple
restricted Lie algebra with the [p]-th power map given by DP! = DP for all D € W (1;1).
Moreover, W(1;1) is a free O(1;1)-module of rank 1 generated by 0 = L. Note
that O acts on sl ® O(1;1) by differentiating truncated polynomials in O(1;1), i.e.
Iy®g) =y®d(g) forall y® g € slo ® O(1;1).

Let g := (sl ® O(1; 1)) x (Ids, ®k 9). To ease notation we identify Idg, ®k 0 with
k0. 1t is easy to check that g is a (3p+1)-dimensional Lie algebra with the Lie bracket

defined in the natural way:

ly®g,0] :== -y ®9(g)

for all y® g € sl ® O(1;1). By Theorem we see that g embeds in the restricted
Lie algebra Der(sl,@ O(1;1)) = (sl,®O(1;1)) x (Idg, ®W(1;1)). Then g is restricted
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3.1. Socle involves sl

with the [p]-th power map given by p-th power of derivations. Note that 0” = 0. Let

us look at the structure of g in more detail.

Lemma 3.1.1. (i) [g,9] = slo ® O(1; 1) which is not semisimple.

(i) slo ® O(1;1) is the unique minimal ideal of g.

(iii) The mazimal dimension of tori in slo ® O(1;1) is 1, i.e. MT (sl ® O(1;1)) = 1.
(iv) All irreducible components of N (sly @ O(1;1)) have dimension 3p — 1.

Proof. (i) Write sl, ® O(1;1) = (slo ® 1) @ (sl ® m). Since sly is simple, it is easy
to check that [sly ® O(1;1),sl, ® O(1;1)] = sl ® O(1;1). As sl, ® O(1;1) is a Lie
subalgebra of g, we have that sly ® O(1;1) = [sly, ® O(1;1),sl, ® O(1;1)] C [g,g]. On
the other hand,

W®g+A0,2®g+ 0] =[y,2] ®g192 + A1z ® 0(g2) — Ay ® (g1)

for all y, z € sly, g1,92 € O(1;1) and A\j, Ay € k. Clearly, this is an element of
sly ® O(1;1). Hence [g, 9] C slo ® O(1;1). As a result, [g,g] = slo ® O(1;1).

Now suppose sly ® O(1;1) is semisimple. This means the only abelian ideal in
sl ® O(1; 1) is the zero ideal. Since sly is simple, any ideal I of sly ® O(1;1) has the
form sl ® J for some ideal J of O(1;1). Take J = (2P~ '), the principal ideal generated
by zP~1 in O(1;1). Then we find a nonzero ideal I = sly ® (zP~1) in sly ® O(1; 1) such
that [I, I] = 0, a contradiction. Hence sl ® O(1;1) is not semisimple. This proves (i).

(ii) Observe that if w = y® g; + A1 0 is an element of g such that [w, z® go] = 0 for
all z® gy in sly, ® O(1;1), then we must have that either y = 0 or g = 0, and A\; = 0.
As a result, w = 0. This shows that g acts faithfully on sl ® O(1;1) via the adjoint
representation, and embeds sl ® O(1;1) into its derivation algebra Der(sly ® O(1;1)).
Hence for any nonzero ideal J of g we must have that [J,slh ® O(1;1)] # 0. In
particular, for any minimal ideal I of g, [I,sly ® O(1;1)] # 0. By (i) of this lemma,
sly ® O(1;1) is an ideal of g, so is [[,sl, ® O(1;1)]. Since [I,sl, ® O(1;1)] C I,
the minimality of I implies that [I,sly ® O(1;1)] = I. As I = [I,sl, ® O(1;1)] C
I'n(sly ® O(1;1)), we have that I C sl, ® O(1;1).

Let v be any nonzero element of I. Since I C sly ® O(1;1), we can write v =

y® (ap+arx+ -+ aj:vj 4+ 4 ap,lmp_l) for some 0 # y € sly and a; € k*. Then
(ad 9/ (v) = y @ (jla; + 2gs)
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3.1. Socle involves sl

for some g3 € O(1;1). This shows that I N (sl ® 1) # {0}. By the simplicity of sls,
we have that slo ® 1 C I. Now consider the adjoint endomorphisms from sly ® x to
sl, ® 1, one can deduce that sl, ®  C I. Continuing in this way and by induction, we
get sly@a! C I forall 0 <1< p—1. Hence I = sl ® O(1;1). This proves (ii).

(iil) Since any element y®g¢ in slo@m satisfies (y@g¢)? = 0, it follows that slo@m is a
p-ideal of sl ® O(1; 1) consisting of nilpotent elements. As a results, MT (sl ®@m) = 0.
By Lemma(l.1.6] we have that MT(slo ® O(1;1)) = MT(sly ® 1). It is known that the
maximal dimension of tori in sly is 1. Hence MT(sly ® O(1;1)) = 1. This proves (iii).

(iv) By Theorem and (iii) of this lemma, we know that all irreducible compo-
nents of N (sl,®0O(1;1)) have dimension dim(sl,®O(1;1))—MT(sl,2O(1;1)) = 3p—1.
This proves (iv). O

Before we are going to prove a similar result for g, we need to construct some

automorphisms of g.

Lemma 3.1.2. Let y® q be an element of sly @ O(1;1). For any o € Aut(sly), define
o(y®q):=0(y) ®q. Then o extends to an automorphism of g.

Proof. We first show that o extends to an automorphism of sly ® O(1;1). For any
Y1 Qg1,Y2 @ g2 €5l X O(l; 1), we have that
o([y1 ® 91,92 @ g2]) = o ([y1, 9] ® g192) = [0(y1), 7 (2)] @ g1.92-

On the other hand,

[0(y1 ® g1),0(y2 ® g2)] = [0(y1) @ g1,0(y2) @ g2] = [0(y1), 0(y2)] ® G192

Hence o is an automorphism of sly ® O(1;1). Then it induces an automorphism of the

derivation algebra
Der(sl, ® O(1;1)) = (sl ® O(1;1)) x (Ide, W (1;1))
via conjugation. Note that g C Der(sly ® O(1;1)). It remains to check o 0 d oo™, For
any y; ® g1 € slo ® O(1;1), we have that
70000 (y1®g) =000 (07 (y1) ® g1)
=07 (y1) @ (1))
=00 (1) © (g)

= y1 ® 9(g1)-
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3.1. Socle involves sl

Thus, 0 0 oo™t = 0. As a result, o preserves g and it extends to an automorphism

of g. This completes the proof. [

Lemma 3.1.3. Let u = y®g be an element of sl @m. Then exp(ad u) is an automor-
phism of g. Similarly, if v =z ® q is an element of N (sly) ® O(1;1), then exp(adv)

18 an automorphism of g.

Proof. For any u =y ® g € sl ® m, we first show that exp(ad u) is an automorphism
of slb @ O(1;1). Suppose that L is a Lie algebra over k and D € Der L satisfies D? = (.
In order to show that exp(D) = f;& + D' is an automorphism of L it suffices to show

that

S D), Diw,)] = 0

7!
0<4,j<p,i+j>p
for all wy, ws € L. Note that ad u with u above is a derivation of slo ® O(1; 1) such that
(adu)? = adu? = ad(y” ® g*) = 0; see Definition [1.1.1{1). Set D = adu = ad(y ® g).
Then for any w; = 11 ® g1 and wy = Yo ® go in slp ® O(1; 1), we have that

D'(wy) = (ady)'(y1) ® g'g1, and

D’ (wy) = (ad y)’ (y2) @ ¢’ go.

Hence

>l w), D)

0<i,j<p,i+j=p

=Y Ll ). (ady) )] © ¢ g

ilj!
0<i,j<p,i+j=>p

Since ¢ € m and i + j > p, we have that ¢t/ = 0. As a result,

Z T;[Di(wl)aDj(wz)] = 0.

0<i,j<p,i+j>p
Therefore, exp(ad u) is an automorphism of sly ® O(1;1). Then it induces an auto-

morphism of the derivation algebra
Der(sl, @ O(1;1)) = (sl ® O(1;1)) x (Idg, @W(1;1))
via conjugation. Note that
g=(slb ®O(1;1)) x k0 C Der(sl, ® O(1;1)).
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3.1. Socle involves sl

To conclude that exp(ad u) is an automorphism of g, we need to check that exp(ad u)
preserves g, i.e. exp(adu)odoexp(ad(—u)) € g. Recall that u =y ® g € slo, @m. We
show that for any y; ® g1 € slo ® O(1;1),

(exp<ad<y ® g)) 0 Do explad(—y @ g>>) 18 01) -

=y @ 9(g1) — (ad (y®0(9))) (11 ® g1) — (ad (¥* ® ¢" " 9(9))) (1 ® 1)

We first compute 0o exp(ad(—y ® ¢))(y1 ® g1). Then we apply exp(ad(y ® g)) to it.

We will use the following in our computations:

(i) Since O is a derivation of O(1;1), we have that d(g'g1) = ¢' d(g1) + 19"+ d(9) o
forall0 <:<p-—1.

(i) exp(ad(y ® g)) exp(ad(—y ® g)) = Id.
(iii) Since g € m, we have that g? = 0.
(iv) (p—1)!' = —1(modp).
Let us compute doexp(ad(—y ® g))(y1 ® g1).
o exp(ad(—y @ 9))(y1 © 91)
=0 (T eat-n)w) o5 )
[(ad(=9)) () ® <gi Ag1) +1ig"™" 3(9)91) (by (i)

p—1

M»—

=exp(ad(—y ® 9)) (11 ® I(g1)) + ( (ad(—y)) () ®ig"™" 5(9)91>

il
=1
p—1

—exp(ad(—y ® 9))(y1 ® (g1)) ( —y)) (y) ® g 0(9)91)

=1

=exp(ad(—y ® g))(y1 ® 9(g1))

., (ad(—y ®0()) (ad(=y ® g>>“) (1 © )

< (i—1)!
=exp(ad(—y ® g)) (1 ® I(g1))

t ((at-y@ 00 (explad(-y 0 9) - s (ady 99 ) o o)

_
(p—1)!
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3.1. Socle involves sl

Applying exp(ad(y ® g)) to the above, we get
(exp(ad(y ®g)) o doexpad(—y ® g))> (y1 ® g1)
=11 ® 9(g1)
+ (ad(—y ® (g)) (Id —( T _1 o (ad(—y ® g))"™") exp(ad(y ® g)))) (11 ® g1)
(by (ii))

@ 0(ar) + sy @ 0lg (1d+<ad<—y®g>>p—1))<y1@gn (by (iii) and (iv))
(ot

(g + ( ad(—y ® 3(g)) + (ad(—y © A(g))(ad(~y © g))"" )<y1®gl>

=y, ® (g +(ad (—y®0(9))) (Y1 ® g1) + (ad(—y @ A(g))(ad(—y © 9))* (11 @ g1)
=11 ® (g1) — (ad(y ® 0(9))) (1 ® g1) + (=1 (ad y)? (1) ® ¢*" 9(g)(91)
—(ad (y®9(9))) (11 @ g1) — (ad (¥’ @ g1 0(9))) (1 ® 91).

The last line follows from Definition [I.1.1(1) that (ady)? = ad y?. Hence we get (3.1)
as desired. It follows that

=y1 ® (¢

exp(ad(y @ g)) o doexp(ad(—y © g))

=9—ad (y®d(g)) —ad (v* ® ¢" " 0(g)) (3.2)

=0—y®(g) —y"®g" ' d(g).
The last line follows from that sly = ad(sly) via the adjoint representation and hence
we may identify y ® 9(g) (respectively y? @ gP~* (g)) with its image ad (y ® 9(g))
(respectively ad (y?® g1 9(g))) in gl(sl, ® O(1; 1)) under ad. As a result, we see that
exp(ad(y ® g)) o doexp(ad(—y ® g)) € g. Therefore, exp(ad(y ® g)) preserves g and
it is an automorphism of g.

Now let v = z ® ¢ be an element of N (sly) ® O(1;1). Note that sly contains a
self-centralizing maximal torus, namely kh. Hence e(sly) = 0. Also, MT(sly) = 1. It
follows from Theorem that any nilpotent element z of sl satisfies 2 = 0. As a
result, ad v is a derivation of sl ® O(1; 1) such that (adv)? = adv? = ad(2? ® ¢*) = 0.
Since (ad z)? = 0, one can show similarly that exp(adv) is an automorphism of
sl ® O(1;1). Then it induces an automorphism of the derivation algebra

Der(sl; ® O(1;1)) via conjugation. By (3.2), we have that

exp(ad(z ® q)) o doexplad(—2®¢q)) =0 —2®09(q) € g
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3.1. Socle involves sl

Hence exp(ad(z ® q)) preserves g and it is an automorphism of g. This completes the

proof. [
Lemma 3.1.4. (i) g is semisimple.

(ii) The mazximal dimension of tori in g equals MT(sly ® O(1;1)) which is 1.
(i) Let gss denote the set of all semisimple elements of g. Then

1=e(g) :==min {r € Zso |W" C g, for some nonempty Zariski open W C g}.

(iv) All irreducible components of N'(g) have dimension 3p.
(v) Any a € N(g) satisfies a” = 0.

Proof. (i) By Lemma [3.1.1](ii), if g is not semisimple, then any nonzero abelian
p-ideal would have to contain the unique minimal ideal sl ® O(1;1). But slo @ O(1;1)
is nonabelian, we get a contradiction. This proves (i).

(ii) Since sl, ® O(1;1) is a p-ideal of g and 0 = 0, it follows from Lemma [1.1.6]
and Lemma [3.1.1fiii) that MT(g) = MT(sl, ® O(1;1)) + MT(k9) = 1+ 0 = 1. This
proves (ii).

(iii) By Lemma [3.1.3] we know that exp(tad(z ® ¢)) is an automorphism of g
for any t € k and z ® ¢ € N(sly) ® O(1;1). Let G denote the group generated by
these exp(tad(z ® ¢)). Then G is a connected algebraic group. Consider the set
G.(h ® O(1;1)* x k). Here O(1;1)* denotes the set of all invertible elements of
O(1;1). We want to show that this set contains a nonempty Zariski open subset of g.
This can be done by showing that the morphism

0:Gx (h®@O0(1;1)xkd) —g
(g,v) = g(v)
is dominant. Consider the differential of § at (15,h ® 1)
(d) 16,m01) : Lie(G) ® (h® O(1;1) x kd) — g
(X,)Y)~ [X,h®1]+ Y.

It is easy to see that Im((df) (1, ne1)) contains h@O(1;1)xk 0 and [Lie(G), h®1]. Since
exp(tad(e®q))isin G for any t € k and ¢ € O(1; 1), we have that e® O(1;1) C Lie(G).
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Here we identify sl ® O(1;1) with its image in gl(sly ® O(1;1)) under ad. By our

assumption, p > 2. So
e®O(1;1),h®1] = —2e ® O(1;1) C [Lie(G), h ® 1].

Similarly, one can show that f ® O(1;1) C [Lie(G),h ® 1]. Hence Im((df)(i, ne1))
contains h@O(1;1) xk 0 4+e®O(1;1)+ f@O(1;1) which is g. Thus, Im((df)q,ne1)) =
g and so (df)(14,ne1) is surjective. It follows from Theorem that the morphism 6
is dominant.

Note that for any g = Zf:_ol a;x' € O(1,1) and \ € k,
(h®g+A0) =ha (af — N a,1)

by Jacobson’s formula. It follows that there is a nonempty Zariski open subset Uy =
h@0O(1,1)*xk 0 in h@O(1,1)xk d consisting of elements ug such that uf is semisimple.
By Theorem [I.6.5] G.Uy contains a nonempty Zariski open subset U of g. We have
that u? € g, for all u € U. Therefore, e(g) < 1. If e(g) = 0, then it follows from the
definition of e(g) that gss contains a nonempty Zariski open subset V' of g. Then there
is an element v € V'\ sl ® O(1, 1) such that v € span {vpi | > 1}. This is impossible
as w” € sly ® O(1,1) for all w € g. Hence e(g) = 1. This proves (iii).

(iv) By (ii) of this lemma and Theorem [L.5.1} all irreducible components of N (g)
have dimension dim g — MT(g) = 3p. This proves (iv).

(v) By Theorem and the fact that e(g) = 1 = MT(g), we have that a” = 0
for all @ € N(g). This proves (v). [

We need another result which shows that applying suitable automorphisms of g,

some nilpotent elements of g can be reduced to a nice form.

Lemma 3.1.5. Let a = A0 +v be an element of g, where A € k* and v € sl @ O(1;1).
Then there exist automorphisms of g such that a is conjugate to a’ = X0 +v', where
v € sly @ mP~L. Moreover, if a is nilpotent, then v/ = b ® 2P~ for some b € N (sly)

(possibly 0).

Proof. Let a = A0+v be an element of g, where A € k* and v € sl ® O(1;1).
Suppose v = 21 ® Zf:_ol a;x' for some z; € sly and a; € k. By Lemma we
know that exp(ad(y ® g)) with y ® g € sl ® m is an automorphism of g. Let H
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denote the subgroup of Aut(g) generated by these exp(ad(y ® g)). Then H is a
connected algebraic group. We show that choosing suitable element y ® g € sly ® m,
(exp(ad(y®g)))(a) = XD +uv; for some vy € sly@m. If ag = 0, then a is of the desired
form and there is nothing to do. Suppose ag # 0. By ,

(exp(ad(y ® g)))(a) = exp(ad(y ® g)) c A oexp(ad(—y @ g)) + (exp(ad(y ® g)))(v)
:)\8—)\?/(83( ) — /\yp®gp_18( )

+21®Zalx +Z ady ngaixi.
Choose y = 21 /X € sly and g = apz € m. Then
“Ay®0(9) + 21 ®ap = —21 ®ag + 2 ®ag = 0,

P ® gp—l 8(9) = \® agxp—17

and
p—1 1 p—1
F(ady) (1) ® ¢’ Zazx = 0.
j=1 =0
Hence

p—1

(exp(ad(y ® g)))(a) =N\ @ aba? + 2@ > a;’

=1

Since —\y? @ ahaP~! + 2, @ SV a;x’ € sly @ m, we see that (exp(ad(y ® 9)))(a) =
A0 +uv; for some v; € sl ® m. Continuing in this way and by induction we get a is

conjugate under H to A0 4wv,_o for some v,_5 € sly ® mP~2. Suppose
Up—2 = 2p—2 & (ap—2l’p72 + ap_ll’pil)

for some z, 5 € sly and a,_9,a,-1 € k. If a,_5 = 0, then v, 5 € slp ® mP~* and there

is nothing to do. Suppose a,_5 # 0. Then for any exp(ad(y ® ¢g)) € H, we have that

(exp(ad(y © 9))) (A0 +v,)
=exp(ad(y ® g)) o Adoexp(ad(—y ® g)) + (exp(ad(y @ g))) (vy-2)
=N =y ®d(g) — M @ ¢g" ' d(g)

+ 2p2 ® (ap_2a? > + ap_g2 ) + Z %

(ad )’ (zp—2) ® ¢’ (ap_0a®> + ap_12”71).
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Choose y = 2z, 2/A € sly and g = a,_9277'/(p — 1) € m. Then
—AY @ I(g) + 2p-2 @ 21’ = —2, 2 ® ap22" % + 2, 2 @ 02" = 0.

Moreover, —A\y? ® g?~1 d(g) = 0, and

—

o
1 4 - _ _
ﬁ(ad Y) (2p—2) @ ¢’ (ap—oa? 24 ap—1a” ) =o0.

< 5!

<.
Il

Hence

(exp(ad(y ® 9))) (A0 +vp—2) = A0 +2p_2 ® ap_12”~ .

Therefore, we proved that if a = A0 +v € g with A € k* and v € sl ® O(1; 1), then a
is conjugate under H to @’ = A9 +v', where v/ € sl, @ mP~L.

By above, we may assume that a = A9 +b ® 2P~! for some \ € k* and b € sl,.
If @ is nilpotent, then Lemma M(V) implies that a?* = 0. By Jacobson’s formula,
a? = (p—1)!N\"'b. So a”” = 0 implies that B = 0. As a result, b € N(sly). This

completes the proof. [
We are now ready to prove that
Theorem 3.1.1. The variety N(g) is irreducible.

Proof. Let X be any irreducible component of N'(g). Put Xy := X N (sl ® O(1;1)).
Then Xy C N (sl, ® O(1;1)). By Lemma[3.1.1fiv) and Lemma[3.1.4(iv), we have that
dim N (sl ® O(1;1)) = 3p — 1 and dim X = 3p. It follows that X, is a proper Zariski
closed subset of X. Then the complement X \ X, is Zariski open and nonempty in X.
As a result, X equals the Zariski closure of X \ Xj.

Let us describe X\ Xj explicitly. If a € X'\ Xy, then a = A 9 +v for some A € k* and
v € 5lb®O(1;1). By Lemma 3.1.5) we know that there exists a subgroup H of Aut(g)
generated by all exp(ad u) with u € sl ®@m such that a is H-conjugate to A0 +b@ P!
for some b € N (sly) (possibly 0). Since dim H = dim Lie(H) = dim(slo®@m) = 3(p—1),
X\ X is not contained in the union of H.(A ). As a result, there are some A 9 +b@zP~*
with b # 0 in X \ Xp.

Let G = Aut(sly)H. Note that H is a normal subgroup of G and G C Aut(g)
is connected. Moreover, it is known that all nonzero nilpotent elements of sl are

conjugate under Aut(sly). By Lemma 3.1.2] we know that Aut(sl,) fixes 0. Hence any
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a € X\ Xj is conjugate under G to A0 +pe ® 2P~ for some A € k* and p € k. This
shows that X \ Xo C G.(A+pue @ 2P~' |\ € k*, u € k). Tt is clear that G.(A 0 +pue ®
PN e pe k) C X\ Xy Thus X\ Xg=G.(Ad+pe@a?' |\ € k*, i € k). This
quasi-affine variety is the image of a morphism from the irreducible variety G x k* x k,
hence X \ Xj is irreducible.

The above result holds for any irreducible component X of A/ (g) and shows that
X\ Xj is independent of the choice of X. Therefore, there is only one X and so N (g)

is irreducible. This completes the proof. [J

Remark 3.1.1. 1. We see that the above proof relies heavily on the structure and
automorphisms of g, and Premet’s theorem on N (g) (Theorem[L.5.1]). Since we
are familiar with the special linear Lie algebra sly and the truncated polynomial
ring O(1;1), it is easy to do calculations using Jacobson’s formula and construct
such a proof. But for other semisimple restricted Lie algebras with little known

structural information, it may be more difficult to verify Premet’s conjecture.

2. Another useful thing to point out is that the above proof works if we replace sly
by any Lie algebra g, = Lie(Gy), where Gy is a reductive algebraic group. This

18 because

(i) g2 is a restricted Lie algebra by Example 50 is (go ® O(1;1)) x k0.

(i) One can show similarly that MT(g2® O(1;1)) = MT ((g2® O(1;1)) x k).
Hence dim N (go ® O(1;1)) < dim N ((g2 ® O(1;1)) x k9).

(iii) We know that N(g2) is irreducible and it is the Zariski closure of a single
nilpotent Go-orbit. Hence all nonzero nilpotent elements of go are conjugate

under Gy; see [13, Theorem 1, Sec. 2.8 and Sec. 6.3-6.4].

3.2 Socle involves S

We would like to extend the previous example by replacing O(1;1) with the trun-
cated polynomial ring O(m; 1) in m variables. Then we need to replace 9. A recent
result proved by A. Premet and D. I. Stewart shows that 0 is one of the representa-

tives of transitive subalgebras of the derivation algebra Der O(1;1) under the action

29



3.2. Socle involves S

of Aut(O(1;1)); see [23 Lemma 2.1]. This suggests that a transitive subalgebra of
Der O(m; 1) will do the job. Let us properly explain the set up.

Assume that k is an algebraically closed field of characteristic p > 2. Suppose
m > 2. Let O(m;1) = k[Xy,..., X,]/(X7,..., XP) denote the truncated polynomial
ring in m variables. We write z; for the image of X; in O(m;1). Note that O(m;1)
is a local ring with dim O(m;1) = p™. The degree function on the polynomial ring

k[X1, ..., Xn] induces a grading on O(m;1). For each i € Ny, set
O(m; 1); :={f € O(m; 1) | deg f = i}. (3:3)
Then O(m;1) = @21%771) O(m;1);. For each j € Ny, set

O(m; 1)y = P O(m; 1) = {f € O(m; 1) | deg f > j}.

i>j

Then the Z-grading on O(m;1) induces a descending filtration on O(m;1). Note that
each O(m;1)(;) is an ideal of O(m;1). If j > m(p — 1), then O(m;1);) = 0. The
unique maximal ideal of O(m;1), denoted m, is O(m;1)q). Since fP = f(0)? for any
f € O(m;1), we have that fP =0 for all f € m.

Let W(m; 1) denote the derivation algebra of O(m; 1). It is called the mth Jacobson-
Witt algebra. By Theorem this restricted Lie algebra is simple. Note that any
derivation D of O(m;1) is uniquely determined by its effects on x1, ..., z,,. It is easy
to see that W (m; 1) is a free O(m; 1)-module of rank m generated by the partial deriva-
tives 01, ..., Oy, such that 0;(z;) = 6;; forall 1 <14, j < m. Hence dim W (m;1) = mp™.
Put

m

W(m; 1) == O(m; 1)1 0; (3.4)

i=1
for =1 <1 < m(p—1) — 1. Then the Z-grading on O(m;1) induces a Z-grading on

W(m;1), i.e.
W(m;1) = W(m;1) 1 @ W(m;1)o @® -+ @ W(m; L)mp-1)-1-

Note that W(m;1)_y = >_1", k9;. Similarly, put

W(m;1)q) = Z O(m; 1) 41 9 (3.5)
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for =1 <1 <m(p—1)—1. Then the natural filtration on O(m;1) induces a descending
filtration on W (m;1), i.e.

W(m;1) = W(m; 1)1y D W(m; 1)) D -+ D W(m; 1) mp-1)-1) D 0.

It is called the standard filtration; see Definition . Note that each W(m;1) is a
Lie subalgebra of W(m;1). The subalgebra W (m; 1)) = Y -, m0; is often referred to
as the standard mazimal subalgebra of W (m;1). This is because it can be characterized
as the unique proper subalgebra of smallest codimension in W (m;1). By Lemma m,
we know that W(m;1) is a restricted subalgebra of W (m;1). Moreover, for any
D, € W(m; 1)), it is easy to check that D;(O(m;1)) C m. It is also easy to see that
W(m;1)q) = >t m?0; is the nilradical of W (m; 1) o).

A restricted subalgebra @' of W (m;1) is called transitive if it does not preserve
any proper nonzero ideals of O(m;1). Equivalently, Q" + W(m;1)y = W(m;1); see
[23, Sec. 2.1] and [30), Definition 2.3.1].

Let G denote the automorphism group of O(m;1). Each o € G is uniquely de-

termined by its effects on xq,...,2,. An assignment o(z;) = f; extends to an au-

tomorphism of O(m;1) if and only if f; € m, and the Jacobian Jac(fi,..., fm) =

| (gij)lgi,jgm

‘ ¢ m. It follows that G is a connected algebraic group of dimension
mp™ — m. By [11, Theorem 10], every automorphism of W(m;1) is induced by a
unique automorphism of O(m;1) via the rule D° = 0 o Do o~ ! for all o € G and
D € W(m;1). So we can identify G with the automorphism group of W (m;1). Note
that for any f € O(m;1), D € W(m;1) and 0 € G,

(fD)” = f7D7,

where 7 = f(o(21),...,0(zp)); see (L12) in Sec. [L5 Tt follows that if Dy =
Yo gi0; € W(m; 1), then

m

Dg =) gf<ai (U_I(fﬁj)))aaj;

i, j=1

see in Sec. Note also that G respects the standard filtration of W(m;1),
and Lie(G) = W(m; 1) ).

Let us introduce the Lie algebra that we are going to work with. Let D be any

restricted transitive subalgebra of W(m;1) such that N(D) is irreducible. Let S be
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any simple restricted Lie algebra over k such that all its derivations are inner. We

assume further that A (S) is irreducible. It is natural to form the semidirect product
L:=(S®0(m;1)) x (Idsg ®D).

Then L is known to be a semisimple restricted Lie algebra over k; see also [23, Sec. 2.1].
To ease notation we identify Idg ®D with D.

Let us explain the reason that we assumed that 2 is a transitive subalgebra of
W(m;1). Note that if D is not transitive, then O(m;1) contains a proper nonzero
D-invariant ideal, say n. Since O(m;1) is a local ring, this ideal is contained in the
maximal ideal m of O(m; 1). Hence f? = 0 for all f € n. Now consider S®n, a nonzero
subspace of L. Since O(m;1)n C n, we have that [S ® O(m;1),S ®@n] C S ®n. Since
n is D-invariant, it follows that S ® n is a nonzero ideal of £ consisting of nilpotent
elements of £. Hence L is not semisimple and we are not interested in such £ in this
chapter. Therefore, for £ to be semisimple, it is necessary that D is transitive. This is
the reason that we assumed that P is transitive when we introduced the Lie algebra
L.

We want to prove Theorem which states that the variety N'(£) is irreducible.
We will consider the surjective morphism v : A° (L) — N (D) and need some prelimi-
nary results. Let us outline these results in each section.

In Sec. we consider nilpotent elements of D. Since D is a restricted transitive
subalgebra of W(m;1), there exists d € D such that d ¢ W(m;1)q). If d is also
nilpotent, then we show that d is conjugate under G = Aut(W (m;1)) to an element in
a nice form. For that, we need a few results. Thanks to Lemma [I.5.2] in Sec. [L.5] and
Lemma which state that any z € W(m;1) such that z ¢ W (m; 1)) is conjugate
under G to an element in a nice form. Then we show that any such nilpotent element

2 is conjugate under G to dy + u, where dg = 0y 428 ' Dy +- - + 2P .

2P~ 9y with
1<s<m,u€ (014 +10,)NW(m;1),_1)and I is the ideal of O(m; 1) generated
by xsy1, ..., Tm; see Lemma for notations. For the proof, we need Theorem [3.2.2]
which was proved by A. Premet in [22]. Then we show that (do+u)?" € W (m; 1) g); see
Lemma [3.2.8, We show in Lemma that any d € N (D) such that d ¢ W(m; 1))
is conjugate under G to dy+u. Moreover, d?” € W (m; 1)(o) by Lemma3.2.8, We shall

denote dy + u € N(D) by z.
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Next we define a monomial ordering DegLex on O(m; 1); see Definition[3.2.4f Then
we consider the subspace

M =1+ z(m),

where m is the maximal ideal of O(m;1), I is the ideal of O(m;1) generated by
Tsils---, Ty With s > 1, and 2z = dy + u as above. We show M has the property that
M @ ka?' . 2p~1 = O(m;1); see Lemma and Lemma [3.2.11]

In Sec. we consider nilpotent elements of £. Let D' = Z;’l%’ Ve ® fi+d
be an element of £, where s; € S, f; € O(m;1) with deg f; = ¢, and d € N(D)
with d € W(m;1)o). In Lemma we compute p-th powers of D’ and show that
D’ e N(L) if and only if sy € N(9).

We want to prove a similar result for the element D = ZZZ%? - $; ® fi + 2z of L,
where s; € S, fi € O(m; 1) with deg f; =4, and z = dy +u € N (D) as above. We first
construct some automorphisms of £, i.e. we show that exp(ad(5®f)) with §& f € S®@m
is an automorphism of £; see Lemma [3.2.13] Let H denote the subgroup of Aut(L)
generated by these exp(ad(5 ® f)). Then we show that D = ZZZ%’*D S ® fi + 2 is

conjugate under H to

1

/ - —1 /
Dy =sy@a™ -2l 0 + 2,

where s, € S (possibly 0), v' € S®I, I is the ideal of O(m; 1) generated by zgy1, ..., zy
with s > 1, and 2z = dy + u € N(D) as above; see Lemma [3.2.14] Then D is nilpotent
if and only if D; is nilpotent. In Lemma [3.2.15 we show that D; € N (L) if and only
if sp € N(S).

In Sec. [3.2.3] we prove that the variety N'(L£) is irreducible.

3.2.1 Nilpotent elements of D

Since D is a restricted transitive subalgebra of W (m; 1), there are elements in © which
are not in W(m; 1) ). In this section we consider these elements. If they are nilpotent,
we show that they are conjugate under G = Aut(W(m;1)) to an element in a nice
form; see Lemma m For that, we start with elements of W (m; 1) which are not in
W (m; 1))
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Lemma 3.2.1. [20, p. 154, line 17] Let z be an element of W(m; 1) such that

z & W(m;1) ). Then there exists an 1 < s < m such that z is conjugate under G to

le T (L 2T Ol Y i,

i=s+1
where ¥; € k[ X1, ..., Xpl/ (X2, ..., X2) for1 <i < s and1; € my,_,, the mazimal
ideal of k[ X1, .., Xn) /(X2 4, ..., XP), for s+1<i<m.

Sketch of proof. Recall that if o € G and D =)""", ¢; 9; € W(m;1), then

m

D’ =coDoo ' =Y g7 (00 (x;))" 0y, (3.6)

i, j=1
where g7 = gi(o(z1),...,0(xy)); see and (| in Sec. [1.5]

Let z be an element of W (m;1) such that z ¢ W(m;l)(o). By Lemma there
exists ®; € G such that

Zq)l = 81 —|—5L'11)_1 Z @i az = (1 + .’L'Ilj_lgOl) (91 —F.’L']l)_l Z i 8i,
i=1 i=2

where ¢; € k[Xs, ..., X,]/(X5,...,XE) for all 1 < i < m. Set zo = Y ", ¢; 0;.
If 2 € W(m;1)), then we find an s = 1 such that z® is of the desired form. If
29 ¢ W(m; 1)), then Lemma implies that there exists ®5 € G such that

252 = (1 + b ' h) 0y +ab~ Z% i

where ¢} € k[X3,..., X,,]/(XY,..., XP) for all 2 < i < m. Here we may assume that
Py(x1) = 21 and DPo(x)) € k[Xo, ..., Xpn]/(X5, ..., XP) Nm, i.e. the intersection of
k[Xs, ..., Xn]/ (X5, ..., XP) with the maximal ideal m of O(m;1), for 2 < j < m. By
, it is easy to check that

2P1%2 = (P2 = (14 2} oP?) 0y +ah (1 + b)) Oy ! Z ©;0; -

Set z3 =Y "2 ¢} 0;. If z3 € W(m; 1) (o), then we find an s = 2 such that 2%1%2 ig of the
desired form. If z3 ¢ W(m; 1)), then Lemma implies that there exists ®3 € G
such that

= (1 + a2 'plf) 05+~ Zcp”@
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where ¢ € k[Xy,..., Xn]/(XE,...,XP) for all 3 < ¢ < m. Here we may assume
that ®3(x1) = @1, P3(z2) = 22 and P3(x;) € k[Xs, ..., Xpn]/(XE, ..., XE) Nm for
3 <7 <m. By (3.6), it is easy to check that

20 = (P (14 o] (F)) 0y o ()™) 0

+ 2PN 4 2 ) g +ah el Zw”@

=4
Continue doing the above process until we find an 1 < s < m and ®4,..., P, € G such
that
Zq>1q>2<1)3 (1 + Il ¢1) 81 +{E11)_1(1 + ZEZQ)_I@ZJQ) 82 +$21)_1l’g_1(1 + l’§_1¢3) 83 +...

b P (L4 2l ,) D Z V; 0

1=s+1

_le el T (U 2l T ) O 4al T al Z V; 0,

i=s+1
where ¢; € k[Xip1,..., Xn]/ (X, ..., XE) for 1 <i < sand¢; € my,_,, the maximal
ideal of k[ Xot1,..., Xp] /(X 1, ..., XP), for s +1 < i < m. Note that if s = m, then
the above process shows that z is G-conjugate to S/, o} a7 [ (1 + 2?7 4;) 0
where ©; € k[Xit1,..., Xp]/(XP, ..., X2) for 1 < i < m. Note that 1, = 0. This
completes the sketch of proof. [

Next we assume that z is a nilpotent element of W (m; 1) such that z ¢ W (m;1) ).
We want to prove that z is conjugate under G to an element in a nicer form; see
Lemma For that, we need Theorem which was proved by A. Premet
n [22]. This theorem characterizes all regular elements of W (m;1). To state that
theorem, we need to introduce some notations used in [22, Sec. 2 and 3]. Then we
state a few preliminary results and give a sketch proof of that theorem.

Let g be any finite dimensional restricted Lie algebra over k. Given z € g, let
g2 denote the set of all y € g for which (adx)"(y) = 0, where N > 0. It is known
that g2 is a restricted subalgebra of g containing the centralizer ¢;(z). Define rk(g) :=
min, e, dim g0. We say that z € g is regular if its centralizer ¢y(x) has the smallest
possible dimension. Note that dim g% = rk(g) if and only if z is regular and in this
case g0 is a Cartan subalgebra of minimal dimension in g. It is known that the set of
all regular elements of g is Zariski open in g. We consider the restricted Lie algebra

W(m;1). In [20], A. Premet proved that

65



3.2. Socle involves S

Lemma 3.2.2. [20, Lemma 9] The set of singular elements of N (W (m;1)) coincides
with

m—1

No={D1 e N(W(m; 1)) | D} € W(m;1)o)};

see also Lemma [L.5.5.

In [22], A. Premet characterized all regular elements of W (m;1). The following

result on tori will be used in part (a) of the proof.

Theorem 3.2.1. [30, Theorem 7.5.1] Let t C W(m;1) be a torus and set t, :=
tNW(m;1) ). Letty, ... ts be toral elements of t linearly independent (mod ty). Then
there exists ® € G = Aut(W(m;1)) such that ®(t;) = (1 + x;) 9; for 1 <i < s and
D(to) C Doy kw; O;.

Let t be any torus in W(m;1). We denote by (t"*)* the set of all linear functions
a :t — k such that a(t) € F, for all toral elements ¢t € t. It is known that (£*")* is
an [F-form of the dual space t* with Card((t">")*) = p!, where [ = dimt. Note that
O(m;1) is tautologically a W (m;1)-module. Then O(m;1) decomposes as
O(m;1) = B, O(m;1)*, where

O(m; D) ={f € O(m;1) |t.f = A(t)f for all t € t}.

If O(m;1)* # {0}, then we say that A\ € t* is a weight of O(m;1) with respect to t
or a t-weight. We denote the set of all t-weights of O(m; 1) by A(O(m;1)). Note that
A(O(m;1)) € (£)".

Lemma 3.2.3. [22, Lemma 1] Let t be an r-dimensional torus in W(m;1). Then

A(O(m;1)) = (t°")* and dim O(m;1)* = p™" for all X € A(O(m;1)).

Next we consider a particular torus tp which is defined as follows: for any D €
W(m;1), there exist a unique semisimple element D, and a unique nilpotent element
D,, such that D = Dy + D,, and Dy, D,] = 0; see Theorem Let tp denote the
torus of W (m; 1) generated by the semisimple part D of D. For any D € W (m;1), we
also know that there exist homogeneous polynomials ¢y, . .., Ym—1 in k[W(m;1)] with

deg ¢; = p™ — p’ such that D" + > ! ©i(D)D” = 0; see Theorem [1.5.1} Define
r=r(D):=min{0 <i<m—1|p;(D) # 0} for D¢ N(W(m;1)), and (37)
3.
r =r(D):=m for D € N(W(m;1)).

Then the following hold:
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Lemma 3.2.4. [22, Lemma 2(i)] dimtp = m — (D) =m —r and D?" = 0.
In [22] Sec 3.3], A. Premet first observed that

Lemma 3.2.5. [22, Remark 1] If D is a regular element of W(m;1) and r = r(D),
then (ad D)P" ~! maps W (m;1)% = {Dy; € W(m;1)| (ad D)V (D) = 0 for N > 0} onto

the centralizer cw ) (D) = S,  kD¥, and the derivations D,D?,..., D" are

linearly independent.

Then A. Premet proved the following theorem which characterizes all regular ele-

ments of W(m;1). We will use (i) and (iii) in the proof of Lemma [3.2.7

Theorem 3.2.2. [22, Theorem 2] Suppose D € W(m;1) and let r = r(D) be defined
as in (3.7). Then the following are equivalent:

(i) D is a reqular element of W(m;1).
(ii) The kernel of D on O(m;1) is k1 which is 1-dimensional.

(i) There exist zpi1, ..., 2m € {gitx;|r+1 <i < m} for somee; € {0,1} ando € G
such that D7 = 7" 1 Ni(2;0;) for some \; € k, the torus (tp)” is spanned by

Zp41 Org1y - -+ s Zm Om, and DI = 0y +x11’71 O+ -+ le’*l . -xfj 0,.
(iv) All Jordan blocks of D,, have size p".

Sketch of proof. We prove the above statements are equivalent in the following or-
der: (a) (i) implies (ii), (b) (ii) implies (iii), (c¢) (iii) implies (iv), (d) (iv) implies (ii)
and finally (e) (ii) implies (i).

(a) Suppose D is a regular element of W (m;1). We prove by contradiction that
KerD = k1. Suppose dimKerD > 2. Then there exists a nonzero f € KerD N m.
Since p > 2, it is easy to see that if f € m\ m?, then f? # 0. Hence we may assume
that f € m* Note that fD € ¢y (D) and (fD)? = fPDP = 0. It follows from
Lemma and Lemma that fD = XD for some \ € k.

We split the proof into two cases: D ¢ W(m;1)) and D € W (m;1)). Suppose
D ¢ W(m;1) ). Then fD # 0 and we may assume that fD = D¢

r—1

Dy

. It follows that

€ W(m;1)a). As adDly(myuy, = ad Dplw(mpy, it follows from Lemma [3.2.5
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that there exists some y € W(m;1)% such that (ad D,)? ~1(y) = D. Since p > 2, we

have that
D =(ad D% )P ((ad D,)" ~(y))

3.8
eW(m: 1)y, [Wm; L)y, Wm; DI} € W(m: 1)a). Y
This contradicts our assumption that D ¢ W (m;1)). So this case cannot occur.
Suppose D € W(m;1)(p). By Theorem , we may assume that tp C T,,, where
T, is a maximal torus in W (m;1) with basis {x; 01,..., 2, On}. Let {0:,...,60,,} be
the corresponding dual basis in 777. Let v; denote the restriction of 6; to tp. Let ad_;
denote the representation of W(m; 1)y in gl(W(m;1)_;) induced by the adjoint action
of W(m;1)o to W(m;1)_q; see for the Z-grading on W(m;1). Then the set of
tp-weights on W(m;1)_; coincides with A := {—v4,..., -1, }. By Lemma we
know that dimtp = m — r. Since A spans t},, we have that Card(A) > m —r.
For v € A, set n(v) := dimW(m;1)”;. Then n(r) > 1 and >, _, n(v) = m. Set

n := max,ep 1(v). Then one can show that
n<r+1. (3.9)

Write D,, = Zz‘zo D, ;, where D,,; € W(m;1);; see (3.4]) for notations. Since tp C T),,
we have that D,,; € ¢y (m1)(tp) for all 7. In particular, each weight space W (m;1)”,

is invariant under ad_;(D,.). As D, is nilpotent, we get
(ad,l(Dnyo))" = 0. (310)

Since W (m; 1)) is a p-ideal of W (m; 1)), then one can show using Jacobson’s formula
that
K
D" — Dby e W(m;l)y (3.11)

for all K > 0.
Suppose r > 2. Then one can show that p"~! > r + 1. By (3.9) and (3.10)),

1

we have that ad_l(Dgf(; ) = 0. Since ad_; is a faithful representation of W(m;1)o,
we get Dﬁfgl = 0. By (B.11)), we get Dﬁr_l € W(m;1)n). Applying (3.8), we get
D € W(m;1). In particular, D is nilpotent. By our assumption, D is regular. This
contradicts Lemma [3.2.2]

Suppose r = 1. Then Card(A) = m—1or m. If Card(A) = m, then 3, _, n(v) =m
implies that n = 1. By (3.10), we have that ad_;(D,o) = 0. This again gives that

68



3.2. Socle involves S

r—1

Dy € W(m;1)@u). Arguing as above, we get a contradiction. If Card(A) = m — 1,
then one can show that n = 2. Since dimtp = m — 1, we may assume that tp is
spanned by elements t; = z; 0; +¢; (¥ Om), 1 < i < m — 1, for some ¢; € F,. Note
that vy, ...,,_1 are linearly independent and v,, = civy + -+ + ¢p_1Vm_1. Since
Card(A) = m —1, we may assume that v, = vy,_1, Dpo = AN(Zpm—1 0p,) for some A € £,
and

m—2

Ds - Z ai(xi az) + am—l(xm—l am—l +Tm am)

i=1
for some a; € k*. Then ¢y (tp) C W(m;1)e). If A =0, then D, € W(m;1)q).
Applying with r = 1, we get D € W(m;1)). By our assumption, D is regular.
This contradicts Lemma [3.2.2l If A # 0, then D, ¢ W(m;1)1). Then one can
show that ¢y (m)(D) N W(m;1)qy # {0}. By Lemma any nilpotent element of
cw(ms1) (D) is a scalar multiple of D,,. Since D,, ¢ W (m; 1)), this is a contradiction.
So this case cannot occur.

If r =0, then D,, = 0 and tp = T,,. Hence Ker D = k1, the zero weight space of
T, in O(m;1). This shows that (i) implies (ii).

(b) Suppose (ii) holds for D, i.e. KerD = k1. We show that (ii) implies (iii).
Let B denote the zero weight space of tp in O(m;1). By Lemma dimB = p".
Note that the restriction of D to B, denoted D)p, is a nilpotent derivation of B. Let
mp = B Nm be the maximal ideal of the local ring B. By our assumption, mpg is not
D-stable. Hence B is differentiably simple; see Definition [1.6.1] By Theorem [I.6.1]
B = O(r;1) as k-algebras. Since D) is a nilpotent derivation of B and Ker D = k1,
it follows from Lemma and Theorem that there exist y1,...,y, € mp whose

cosets in mp/m% are linearly independent such that

a —1 a —1 -1
D :—+yp __|_...+yp ...yf_
® oy ! Y2 ! !

By Lemma |1.5.1(ii), Der B is a free B-module with basis Dz, .. .D‘pgl. Hence there

exists {b; ;|0 <1i,j <r—1} C B such that

P r—1 )
= (D buDy )
Ay (Z ! B

J=0

for 1 < i < r. This show that the set of partial derivatives {a%_ |1 <i<r}CDerB

can be lifted to a system of commuting derivations of O(m;1).
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Since each derivation 8%1- of O(m;1) maps BNm? to mg = B Nm, it follows that
m% = BNm?. Then mp/m% embeds into m/m?. As a result, there exist y/.,...,y), €
m such that the cosets of y1,..., Y, Yrq, ..., Y, in m/m? are linearly independent.
Since dimtp = m — r and tp acts semisimply on O(m;1)/k1l, we may assume that
there exist Yoi1,...,7m € (£5")* such that y, + k1 € (O(m;1)/k1)Y. Since B =
O(m;1)°, then {7,11,...,Vm} forms a basis of the dual space t5. It follows that
t(y)) = v(t)y: + ~i(t)1 for all t € tp, where 7} : tp — k is a linear function. Then
one can show that 7/ is proportional to ;. So for each i > r 4 1, there exists ¢; € k
such that t(y} 4+ ¢;) = 7i(t)(y 4+ €i). Rescaling the y,’s if need be, we may assume that
g, €{0,1}. Set y; ' =y, +¢; forr+1<i<m.

By our choice of yy, . . ., ym, there is a unique o € Aut(O(m; 1)) such that o~ (x;) =
yifor 1 <i<rando (z;) =y; —¢ forr+1<i<m. Then

DI =coD,o0 ' =d 42t dy4 -+ 2P 2P 0, and
D’ =coD,00 ! = Z Ni(&; + ;) 0
i=r+1
for some \; € k. Since dimtp = m — r and each (g; + x;) 0; is toral, it is easy to see
that (tp)? is spanned by (e,41 + Zy41) Ori1y -« (Em + @) O This shows that (ii)
implies (iii).

(c) Suppose (iii) holds for D and adapt the notations introduced in (b). Let
y=> 1 0 € (E8")*. Then o; € F,. By Lemma , the weight space O(m;1)”
is a free B-module of rank 1 generated by y” = y/71" - - - y%m. Moreover, (Djp)?" ~! # 0.
Since D, (y?) = 0, then D,, acts on each O(m;1)” as a Jordan block of size p". This
shows that (iii) implies (iv).

(d) Suppose (iv) holds for D. Consider the zero weight space O(m;1)° of tp. By
Lemma we see that D, acts on O(m;1)° for tp as a single Jordan block of size
p". Since KerD C O(m;1)?, we must have that Ker D = k1. This shows that (iv)
implies (ii).

(e) Suppose (ii) holds for D. We show that (ii) implies (i). Since we have shown
in (b) that (ii) implies (iii), we get an explicit description of D. So we may assume
that D = Dy + D,,, where Dy, = ZZZTH Aiz; 0; for some \; € k and 2z, = ¢; + x; as in

statement (iii), and D, = 9y 428 " 9y 4 --- 428" -+ 2?71 9,.. Due to the form of D, it

is easy to see that D preserves each direct summand @ _, O(r; 1)z 4" -+ - 2% O of
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W(m;1), where 0 < a; < p—1 are fixed. Note that there are p™~" of such summands.
Moreover, D acts on each summand as a direct sum of Jordan blocks of size p" with
eigenvalue (a,41A\r41+ -+ + @A) — Ak Since the \;’s are linearly independent over
the prime field F,, this eigenvalue is zero if and only if either K < r and a; = 0 for
alr+1 <i<mor K >r+1lax =1and a; =0 for all r+ 1 < i < m except
for = K. Due to the form of D,,, this implies that the kernel of ad D has dimension
r+ (m —r) = m. Hence D is regular and (ii) implies (i). This completes the sketch of
proof. [

Now we want to state Lemma B.2.7 But we need to define W and understand the

following:

Lemma 3.2.6. Let I be the ideal of O(m;1) generated by xsy1,. .., Ty, where s > 1.
Define

W:=101+---+10,.

Let dy = Oy +at ' Oy 4+ a8 2?71 O, be the derivation of O(s;1). Then W is

an ad do-invariant restricted Lie subalgebra of W(m; 1) contained in W (m; 1) o).

Proof. Since [ is anideal of O(m; 1) and W (m; 1) = > 37", O(m; 1) 9;, we can describe
W as IW(m;1), i.e. the set of all fD with f € [ and D € W(m;1). Let fD,gE be
any elements of W, where f,g € I and D, F € W(m;1). By (1.4]), we have that

[fD,gE] = [D(g)E — gE(f)D + fg[D, E].

Since f,g € I and [ is an ideal of O(m; 1), it is easy to see that [fD, gE] € W. Hence
W is a Lie subalgebra of W (m; 1). Since O(m; 1) is a local ring, the ideal I is contained
in the maximal ideal m of O(m;1). It follows that W C W (m; 1) ).

Next we show that W is ad dy-invariant. Let fD be any element of W, where f € [
and D € W(m;1). Note that I is dyp-invariant. Then do(f) € I. By again, we
have that

[dy, D] = do(f)D + fdo, D] € ID + fW (m;1) C IW (m; 1) = W

Hence W is ad dp-invariant.
It remains to show that W is restricted. Let D’ be any element of W (m;1). Note
that D' € W if and only if D'(x;) € I forall 1 <i < m. Let D; € W. Then Dy(x;) € I
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for all 1 < ¢ < m and D; preserves I. It follows that D} preserves [ for all n € Z+,.

Hence

Di(x;) = Dy (Di(a:)) € DY (1) € 1

for all 1 < i < m. Therefore, D} € W and W is restricted.
It follows from the above that W is an ad dy-invariant restricted Lie subalgebra of

W (m;1) contained in W(m;1)(g. This completes the proof. [

Lemma 3.2.7. Let z be a nilpotent element of W(m;1) such that z ¢ W (m;1).

Then z is conjugate under G to dy + u, where

—1
“10s

dy =01+t Oy 4 a2t ta?

with1 < s <m andu € WNW(m;1),-1); see Lemma|3.2.6| for W =101 +---+10p,

and (3.5) for W(m; 1)) = {272, f;0; | deg f; > pfor all j} the component of the
standard filtration of W(m;1).

Proof. Let z be a nilpotent element of W(m;1) such that z ¢ W(m;1l). By
Lemma [3.2.1,, we may assume that

c=Y T () O Y o,
=1

1=s+1

Zdo + Z 1711)_1 e If_1¢i az +ZL'11)_1 cee J]Zs)_l Z @Dz 8i,
i=1

i=s+1
where 1 < s <m, dy= 01 +2% Oy +---+ a2t 2?71 9,
Vi € k[ Xip1, .., X /(XP 4, ..., XE) for 1 < i < s and v; € m,,_,, the maximal ideal
of k[ Xgi1,..., Xin] /(X2 4, ..., XP), for s+1 <i<m.

Let I be the ideal of O(m;1) generated by zgy1,...,%,. Since ¥; € m,,_ for all
s+ 1 < i < m, it is easy to see that z preserves the ideal I. Note that the factor
ring O(m;1)/I is isomorphic to O(s;1) = k[ Xy, ..., Xs]/(XT, ..., XP), and z acts on
O(s;1) as a derivation. This derivation, call it y, has the same form as z except that
we forget the last summand xzf_l R Z;ZSH ; 0; and replace 1;, 1 < i < s, by
their images 1; in O(s;1), i.e. ¥; = 1; + 1} with ¢} € I, and

y:d0+2x’f_1---xf_1@@8i.
=1
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Note also that
doabh T o T Y i e W(msDpory. (3.12)
i=1 i=s+1
We show that the kernel of y on O(s; 1) is 1-dimensional, i.e. Kery = k1. Suppose
the contrary. Then there exists a nonzero f € Kery with f(0) = 0. We want to show
that y(f) # 0. Hence we get a contradiction. Note that f is a linear combination
of monomials * = z{* - 2%, where 0 < a; < p—1and Y7 ;a; > 0. We want
to look at the “smallest” monomial involved in f. Note that the standard degree of
monomials is not a good choice. This is because y = do + > _;_, gt P 95 and

applying dy = &y +a2 ' 9o+ - 422 .. 2?71 9, to &4 in f, the standard degree either

decreases or increases; see (3.15]) and ([3.16]) below. So it is difficult to compare dy(z*)

with (30, o'+ 28714, 0; ) (x?) and the effects of y on the other monomials in f.
This means that we cannot easily deduce that y(f) # 0. Hence we are going to use
a monomial ordering introduced later; see Definition . Let 4" = xff,l/ 2% be

any monomial in O(s;1). Define the | |,-degree of 2" by
A// Za// i—1 _ al +a/2/p+ +a//ps 17

i.e. the p-adic expansion of nonnegative integers with digits . It is known that for a
fixed prime number p, every nonnegative integer has a unique p-adic expansion. Hence
for | =0,1,...,p° — 1, there is a unique 4" € O(s; 1) with |A”|, = [. Note that if the
product of two monomials is nonzero, then the | |,-degree of this product is given by
the sum of | [,-degrees of the monomials; see Remark [3.2.2{iii) and (iv)(a) later.

Consider dy = 0y +a% 9y 4+ 287" - 2?71 9, in y. By Lemma later, we
know that applying dy to any 4 in f, we get

do(z?) = ax?, (3.13)

where 1 < a <p—1and 2 € O(s;1) with |4|, = |A]|, —
Consider Y27 "+ 2?7 "4, 9; in y. We first show that all nonzero summands

in 37 2?7t 2?71, 9, have positive | |,-degrees. Since ¢; € O(s;1), it is a linear

2Note that this monomial ordering was defined after we have proved this lemma. Due to the forms
of dp and u, we defined the | |,-degree of monomials as in Definition see Example [3.2.7)2) and
(3) later for the reasons. Here we are working with the subring O(s; 1) of O(m;1) and the | |,-degree
is the first part >_° pi~L

7,11
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combination of monomials in O(s;1). Then we can write
- "
b= A,

where \a» € k and 4" € O(s; 1) with |A”|, =1 > 0. Hence

28: a7l T 0, = Zs: Z Aaralh P 0

i=1 i=1 AV
Consider each summand 2?~'---2?"'24” 9;. By Example M(l) later, we know
that for 1 < i < s, 9; has | |,-degree —pi~'. If 25" 2P 'x4" 9; # 0, then Re-
mark (iii) implies that 22" --- 2P '24” 9, has | |,-degree

((p_1)+(p—1)p+...+(p_1)pi_1) +l—pi_1
:(pi —1)+1 _pit
=(p' = p" )+ (1 -1).

By our assumption, p > 3. Since 1 < ¢ < s, an easy induction on ¢ shows that

pt—p 1 >p—p°=p—1>2 Sincel >0, we have that [ — 1 > —1. It follows that

((p_1)+(p—1)p+---+(p—1)pi—1)_|_l_pi—1

(' —p )4+ (1-1)>2+(-1)=1>0.
Hence all nonzero summands 24" -+ 2?"&4” 9; in S°7_ a2~ -+ 2P~ 4); 9; have posi-
tive | |,-degrees. Then applying >0, a5~ " .- 28714, 9; to any x4 in f, we get

(Z l’?il e l’?ili/;i (91 ) (CUA) = Z /LA///.’,CA/", (314)
i=1

a
where pan € k and 4" € O(s;1) with |A”|, > |A|,. By B.13), |A'|, = |A], — 1.
Hence |A”|, > |A'],.

Now we look at f and take the monomial of smallest | |,-degree with nonzero
coefficient, say it is &4t = 2 - - 2%, where 0 < a; <p—1and Y ;_, a; > 0. Rescaling
f if need be, we may assume that the coefficient of &t is 1. If a; # 0, then

do(x™) = aye™ = a2t a0 (3.15)

By our choice of 4! and ([3.13)-(3.14)), we have that

y(f) = do(@™) + ) ya,x™ = arz™ + Y a2,
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where v4, € k and 42 € O(s;1) with |Ay|, > |A}|,. Since all 42 in y(f) have
|As|, > |A’],, they do not cancel 4. As a;zt # 0, we have that y(f) # 0. If

a
a1 =---=ag_1 =0 and ag # 0, then 4 = - xds and
A1\ Al p—1 p—1 apx—1 arg+1 a.
do(x™) = agx™ = aga] " -2 2T a2l (3.16)

Hence

where 4, € k and 4 € O(s;1) with |A3], > |A}],. Arguing similarly as above, we
get y(f) #0. So f ¢ Kery. This is a contradiction. Hence Kery = k1.

Note that since z is nilpotent so is y. Since Kery = k1, it follows from Theo-
rem [3.2.2(i) and (ii) that y is a regular element of W(s;1). Then Theorem [3.2.2(iii)
implies that y is conjugate under Aut(W(s;1)) to

dy =0 +al " Oyt a

Since W (s;1) is a Lie subalgebra of W(m;1), we may identify Aut(W(s;1)) with
a subgroup of G = Aut(W(m;1)) by letting o(x;) = z; for all ¢ € Aut(W(s;1))
and s +1 < 4 < m. Since y° = oyo ' = dy for some o € Aut(W(s;1)), then
27 =0z0~ ' = dy+u, whereu € WNW(m; 1)1y = (1014 -+10p) "W (m; 1) (1)
Note that v € W(m;1)(-1) follows from and that G preserves the standard
filtration of W (m;1), in particular, G' preserves the component W(m;1)y_1). This
completes the proof. [

Lemma 3.2.8. Let z = dy + u be as in Lemma m Then 27" € W(m; 1) ).

Proof. Recall that z = dy + u, where dy = 0, —l—:c]l”_l Oy +---+ bt -xi’j 0, and
u e W NW(m;1)p-1); see Lemma [3.2.6)for . By Lemma[l.1.1]

s—1
s s s !
2 =dy +uP + E vy,
=0

where v; is a linear combination of commutators in dy and u. By Jacobi identity, we
can rearrange each v; so that v; is in the span of [wy, [w,_1, [. .., [wa, [wy,u] ...], where

t =p*' —1 and each w,,1 < a <t, is equal to d; or to u.
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We show that [wy, [wi_1, ..., [wa, [wi,u]...] € W and so v; € W. By Lemma[3.2.6]
W is an ad do-invariant restricted Lie subalgebra of W (m;1) contained in W (m;1)).
Since v € W, it follows that [dy,u] € W. It is clear that [u,u] = 0 € W. This
shows that [wy,u] € W. Consider wy. If wy = dp, then by the same reason, we get
[do, [do,u]] € W. If wy = u, then W is a Lie subalgebra of W (m;1) implies that
[u, [do, u]] € W. This shows that [wa, [wy,u]] € W. Continuing in this way and using
the same reasons, we get [wy, [wy_1,[. .., [we, [wi,u]...] € W and so vy; € W for all
0 <1< s—1. Since W is a restricted Lie subalgebra of W(m;1), we have that
vfl € Wforall 1 <[l <s—1. Hence >, vfl e W C W(m;1)(g. Similarly, since
uw e W and W is restricted, we have that «»” € W C W (m;1)(p. By Lemma (i),

we know that d = 0. Hence

s—1
2P =P + ZU;’Z S W(m;l)(o).
=0

This completes the proof. [J

Now we consider the restricted transitive subalgebra 9 of W (m;1) and show the

last two results hold for any d € N (D) such that d ¢ W (m;1)).

Lemma 3.2.9. Let d be any element of N (D) such that d ¢ W (m;1)©). Then d is
conjugate under G to dy + u, where dy + u is the element in Lemma[3.2.7. Moreover,
e W(m;l)(g).

Proof. Let d be any element of V(D) such that d ¢ W(m;1)p. By Lemma we
know that d is conjugate under G to dy + u. Here we want to point out that the use
of the group action does not suppose that D or (D) is G-stable, it is only used to
bring elements of N (D) to a nice form. Since d is conjugate under G to dy + u, there

exists o € G such that d = o(dy + u)o~!. Then
d” = (o(do + u)a‘l)ps = o(dy +u)” o

By Lemma m, (do + w)P" € W(m;1)(). Since o € G, it preserves the standard
filtration of W(m;1). Hence d”” € W (m;1). This completes the proof. [

Remark 3.2.1. Let us denote dy+u € N (D) by z. Note that 2P" € W(m; 1)) implies
that 2P preserves the mazimal ideal m of O(m;1). This will be used in the proof of

Lemma[3.2.15); see step 2.
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Define
M =1+ z(m)

to be the subspace of O(m; 1), where m is the maximal ideal of O(m;1), I is the ideal
of O(m; 1) generated by xsy1,. .., 2, with s > 1, and z = dp+u as in Lemma . We
are aiming for Lemmawhich shows M has the property that M@ka? " . 2P~1 =
O(m;1). To prove that result, we need to consider the image of m under z = dy + u.
In the proof of Lemma [3.2.7, we have seen that applying dy to any monomial in m, the
standard degree of monomials either decreases or increases. It is difficult to get much
useful information. Therefore, we need to define a monomial ordering on O(m; 1). Let

us first recall the definitions of total ordering and monomial ordering.

Definition 3.2.1. [5, p. 55/ A binary relation < is a total ordering on a set X if the
following hold for all a,b,c € X:

(i) Antisymmetry: if a <b and b < a, then a = b.
(i) Transitivity: if a < b and b < ¢, then a < c.
(iii) Comparability: either a < b or b < a.

Consider the polynomial ring k[X7, ..., X,,]. Note that there is a natural bijection

between ZZ, and the set of monomials in k[X,..., X,,] given by

(1, ) > at el
and addition in ZZ, corresponds to multiplication of monomials in k[X1,..., Xy,]. So
if < is an ordering on ZZ, then it gives an ordering on monomials: if (ay, ..., am) <

(Bi,-..,Bm), then " -+ x%m < g7 ... 28m  Recall that

Definition 3.2.2. [5, Definition 1, Sec. 2 and Corollary 6, Sec. 4, Chap. 2/ A mono-

mial ordering on k[X1,..., X,,] is a relation < on 2%y, or equivalently, a relation <
on the set of monomials x{" ---x5m, (Qu,. .., qu,) € 2y, satisfying:

(i) < is a total ordering on 7.

(ii) If (o1, ..y am) < (Br, -+, Bm) and (y1, ..., Ym) € ZZ,, then

(1 +Y15 O+ Ym) < (B1+ 71,5, B + Ym)-

7



3.2. Socle involves S

(iii) < is a well-ordering on 2%, i.e. every nonempty subset of ZZ has a smallest el-

ement under <. This is equivalent to the condition that (0,...,0) < (aq,..., Q)
for every (v, ..., am,) # (0,...,0).

It follows from the above definition that (0,...,0) (or 1) is the smallest element in
7', (or k[Xy, ..., X)) under any monomial ordering.

We are interested in O(m;1) = k[Xq,..., X,,]/(XY, ..., XP), where every mono-
mial x{* -+ 2% in O(m;1) has 0 < a; < p—1for all 1 < i < m. There are many

monomial orderings on O(m;1). In particular, the following is an example.

Definition 3.2.3. [5, Definition 3 and Proposition 4, Sec. 2, Chap. 2] The lexico-

graphic ordering <., on O(m;1) with
X1 <lex X2 <le:p Tt <leac L

. . a’ !
is defined as follows: for any two non-equal monomials z{* - - - x% and z|* - - - T,

a/ 1o .
it xdm <yt xlimoif and only if a; < aj,
where i is the largest number in {1,...,m} for which a; # a.

Next we define the | |,-degree of monomials in O(m; 1). Then it induces a monomial

ordering on O(m;1).
Definition 3.2.4. Let A = (aq,...,as,0511,---,0n), where 0 < a; <p—1. Set

A . _a as As+1 a
T =T ~~-x55x5+1 ‘”ﬂi‘mm.

Define the | |,-degree of T by

Alp = ap™ +p° ) ai
=1

i=s+1
Then we have a version of the total ordering called Deglex:

N _ !/ / !/ !/ / . /
if A= (ai,...,05,0541,...,0y) and A" = (a}, ... ,a,,a, ... a,) with 0 < a;,a; <

p — 1, then we say that A <pegres A’ if either |A|, < |A|, or |A]|, = |A|, and A
precedes A’ in the lexicographic ordering <., defined in Definition (3.2.3|

Remark 3.2.2. (i) Note that 0 < a; < p — 1 are well defined nonnegative integers,

i—1 s—1

and the first summand y ;_, a;p"™ ' = a1 +agp+ -+ - +asp* ' in |A|, is the p-adic
expansion of nonnegative integers with digits a;. It is well known that for a fized

prime number p, every nonnegative integer has a unique p-adic expansion.
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(ii) It is easy to check that DegLez is a monomial ordering on O(m;1). Moreover,

(iii)

we see that DegLex first orders monomials by the | |,-degree, then it uses the

lexicographic ordering to break ties.

Let * and ' be any monomials in O(m;1). If xx? = 2" £0, i.e. all expo-

nents of xy,...,x,, are strictly less than p, then it follows from Definition [3.2.4

that

|A”’p = ’A‘p + |A,|p'

Gs41

Let & = o{* -+ a2zl - 2% be any monomial in O(m;1). Then

Let

and

(a)

(b)

Al = a1+ asp + -+ ap* +p° Z ;.
1=s+1

Q=@p-1)+@-1p+--+@-1p~ " =p°—1,

Q= Qo +p ((m—s)(p—1)).
If 0 < |A], < Qo, then we must have that > " a; = 0. Indeed, if
S =1, then|Al, > p* > Qu, a contradiction. Hence x* = af' - - - x%

with |A|, = a1 + asp + - - + asp*~'. By (i), we know that for a fized prime
p, the p-adic expansion of any nonnegative integer is unique. Hence for

1=0,1,...,Qq, there is a unique monomial x* = x§* - - % with |Al, = I.

Ifp'=Qu+1<|A, <Q then 1 < Y7 4, < (m—s)(p—1) and
0<>7 a;, <s(p—1) by (a). Note that in this case, we could have distinct
monomials with the same | |,-degree and such monomials are easy to con-

struct. We could simply fix ay,...,as and choose agyq,...,a, so that they

1

have the same > " . a;. For example, the monomials x§ " -

p—1
i=s+1 Ts Ts+l

-1
and x5 -

-~ xPrr o have the same | |,-degree which is Qo + p*. By Defi-
nition we have that #8221y <pep ab 2P .

(v) Let us describe O(m;1) using the | |,-degree. Keeping in mind the numbers Qo

and Q introduced in (iv). Since O(m;1) is spanned by monomials

=2t 0<a; <p-1,
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we can describe O(m;1) as
O(m: 1) = span{a 0 < |A], < Q).

Let I be the ideal of O(m;1) generated by xsi1, ..., Tm, where s > 1. Let f be
any polynomial in O(m;1). Then f is a linear combination of monomials = in
O(m;1). Since O(m;1) = I ® O(s;1), these monomials ? are either in I or
in O(s;1). If e € I, then A = (ay,..., 05,51, -, Qn), where 0 < 37 a; <
s(p—1) and 1 <37 a; < (m—s)(p—1). It follows that p* < |Al, < Q. If

xh ¢ I, ie. 2t € O(s;1), then A= (ay,...,as0,...,0), where 0 < >7_ a; <
s(p—1). It follows that 0 < |A|, < Qo. By (iv)(a), we can write f as

Qo
f = ZAAlmAl +g7
=0

where \a, € k, *M = 2{* - 2% € O(s;1) with |A], = 1, and g € 1. We will
come back to this in Lemma|3.2.14], Sec. |53.2.2.

To get familiar with the | |,-degree defined in Definition [3.2.4] let us look at some
examples. Moreover, we want to explain the reason that we define | |,-degree as |A|, =
SoiiapTt+pt Y L a;. Initially, we want to compute z(x*), where z = dy + u
and x* is any monomial in the maximal ideal m of O(m;1). Due to the form of dj,
the standard degree of monomials is not useful. Hence we want to define a monomial
ordering so that dy decreases the “degree” of the monomial, i.e. | |,-degree, whereas
u increases the | |,-degree of the monomial; see Example [3.2.12) and (3) below. As
)

a result, z(x”) is nonzero. Then we want to use these results to show the subspace

M = I + z(m) has the property that M @ ka?~'---22=1 = O(m;1). But later we

S

realize there is an alternative way to prove this and we only need to do computations

for dy; see Lemma and Lemma [3.2.11] However, the | |,-degree of monomials is
still useful for the proof of Lemma as we may lost of control if we are using the
standard degree of monomials.
Example 3.2.1. (1) Let * = 2t -+ %235 -+ a2 € O(m;1). Let
Al '=a1+ -+ a5+ a1+ +an
be the standard degree of ®*. Suppose |A| > 0. Consider the partial derivatives
01,...,0m. Note that for 1 < j <m, if a; #0, then

qjil...l‘am

0;(@") = a;af -2 at,
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Hence the degree of 0; with respect to the standard degree of monomials is —1.
Consider the | |,-degree. Since
Al =a1+ap+-+ap " + - +ap T +p" Y a,

Jj=s+1

1

we see that for 1 < j < s, the degree of 0; with respect to | |, is —p’~t, and for

s+ 1< j <m, the degree of 0; with respect to | |, is —p®.

Consider x*(z; 0;), where 4 € O(m;1) with |A| > 0,5 +1 <i < m and
1 <j <m. Suppose xz; #0. By (1), we know that the degree of =*(z; ;) with

respect to the standard degree of monomials is
A+ (1—-1)=]A| > 0.

Consider the | |,-degree. By Remark(3.2.2|(iii) and (1), we know that for 1 < j <'s,

the degree of ©*(z; 0;) with respect to | |, is

Al + (7 =),

Since |A] > 0, we have that |Al, > 0. Since 1 < j <'s, we have that p* —p’~! > 0.
Hence |Al, + (p* —p"~') > 0. By (1) again, we know that for s +1 < j < m, the

degree of x(x; 0;) with respect to | |, is
[Alp + (0" = p°) = [Alp,

which is positive, too. Recall that uw € (3°7", 10;) N W(m; 1)1y, where I is the

ideal of O(m; 1) generated by xsi1,..., Ty, with s > 1, and
W (ms 1)y = { ™10, | deg f; > pfor all j}.
j=1

Then u is a linear combination of x4 (x; 0;), where iz, s+1<i<m,isa
monomial in I with p < |Al+1<m(p—1), and 1 < j < m. By above, we know
that each x*(x; 0;) has degree | A| with respect to the standard degree of monomials.
Hence applying £ (x; 0;) to any =4 = x‘fll e m with a # 0, the standard
degree increases by |A| > p — 1, and the | |,-degree increases by at least |Al, > 0.
Since &w; € I and I is an ideal of O(m;1), it follows that (x*(x;0;))(z?) € I
and so

u(@) = 3 A,

A//
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where Agn € k and 2" € T with p —1 < |A| = |A"| — |A'| < m(p—1) — 1 and
’Aﬁ‘p B ’A,‘p 2 ‘A|p > 0.

(3) Consider z"---22~1 0,, where 1 < r < s. By (1), the degree of 28" --- 21 9,

with respect to | |, is

(p=D+p=Dp+--+p-1p ) —p =0 =) -p ' =-1L

Since dy = 0y +ab Dy + - + 2V 2P O, and each summand has | |,-degree

—1, it follows that dy has | |,-degree —1.

Now we consider the action of z = dy+ u on the maximal ideal m of O(m;1). Note
that m = m,@® I, where my is the maximal ideal of O(s;1) and I is the ideal of O(m; 1)
generated by xgy1,..., 2, with s > 1. Since dy = 0 +:U’f_1 O+ + xf_ - ~-x§_i Oy

is a derivation of O(s;1), we first consider dy(my).

Lemma 3.2.10. Let dy = Oy 42t 'Oy + - + 28 - 2?71 9, be the derivation of

O(s;1). Let my be the mazimal ideal of O(s;1). Let x* = xlray ' -+ x% be any
monomial in my, where 1 < r < s is the smallest index such that 1 < a, <p—1, and

0<aq;<p—1forr+1<i<s. Then

A1y _ Ay _ 1 p—1_a,—1_0r41 a
do(x™) = a,x™ = a2l _jal a2l

with |As|, = |A1|, — 1. Hence dy(my) is spanned by all monomials 2 € O(s; 1) except

Pl In particular, dimdg(my) = p® — 1.

Proof. Let ' = zfr a7/ -+ 2% be any monomial in mg, where 1 < r < s is the

smallest index such that 1 <a, <p—1,and 0 <a; <p—1forr+1<17<s. Since
dy =01+ 0o+ 422 a0, a2l P O

we have that

as __ As

A1\ p—1 p—1 _ar—1_.ar+1
do(x™) = apai™ -2l a2l = a,x

Since 0 < a,—1 < p—2 < p—1, we see that 2 # 2z~ ... z2~1. By Example|3.2.13),
we know that the degree of dy with respect to | |, is —1. Hence |As|, = |A1], — 1. By
Lemma [L.5.1](iii), we know that dy acts on O(s;1) as a single Jordan block of size p*
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with zeros on the main diagonal. So dim dy(O(s;1)) = p® — 1. Since O(s;1) =m, D k
and dy(c) = 0 for all ¢ € k, we have that dim dy(m;) = p*—1. It follows from the above
calculation that do(m,) is spanned by all monomials 42 € O(s; 1) except 27" - zP~1,
Indeed, since Ay = (p—1,....,p—1,a, — 1,a,41,...,as) with0<a, —1<p—2and
0<aq <p—1forr+1 <17 < s, we see that as r varies from 1 to s, there are
So_(p—1)p*¥" = p* — 1 different possibilities for Ay except (p —1,...,p — 1) (i.e.
p — 1 appears s times). So there are p® — 1 distinct monomials 2 € O(s;1) except
a:’f_l -+ - 2271 This completes the proof. [

Lemma 3.2.11. Let z = dy + u be as in Lemma[3.2.7 Let

M =1+ z(m)

be the subspace of O(m;1), where m is the mazimal ideal of O(m;1) and I is the ideal

of O(m; 1) generated by x5y, ..., 2T with s > 1. Then M is spanned by all monomials
xh =8 x%m € O(m; 1) except 2" -~V In particular, dim M = p™ — 1.

Proof. Let M = I + z(m) be the subspace of O(m;1), where m is the maximal
ideal of O(m;1) and I is the ideal of O(m;1) generated by zsyi1, ..., T, with s > 1.
Recall that z = dy + u, where dy = 9y +a7 ' Dy +--- 4+ 287" ... 2271 9, is a derivation
of O(s;1) and uw € (3.2, 19;) N W(m;1),—1). Note that dy preserves the ideal I.
Since u € Y " 10; and [ is an ideal of O(m;1), we have that u(m) C I. Hence
M =1+ z(m) = I+ dy(m). Consider dy(m). Note that m = my @ I, where my is the
maximal ideal of O(s;1). Since dy(mg) C O(s;1), do(I) C I and O(s;1) NI = {0}, we
have that dy(m) = do(my) @ do(I). Since do(I) C I, we have that

M =1+ z(m)=1I+dy(m) = I ®do(m,). (3.17)

Since [ is the ideal of O(m; 1) generated by xs,1, ...,z with s > 1, then I is spanned
by all monomials x{' - - - z% 257" -+ 2% where 0 < >°7  a; < s(p—1) and

1<, ai < (m=s)(p—1). SodimI =p*(p™~°—1) = p™ —p°. By Lemma|3.2.10

1

do(my) is spanned by all monomials z{*---x% € O(s;1) except xf " -- !

-2P7 and so
dim dy(m,) = p* — 1. Therefore, M = I @ dy(m,) is spanned by all monomials z* =
28 z0m e O(m;1) except 227 - - 2271 In particular, dim M = (p™—p*)+(p°—1) =

p™ — 1. This completes the proof. [
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3.2.2 Nilpotent elements of L

In the last section we have obtained all the results required for nilpotent elements of

D. Now let us consider nilpotent elements of £ = (S ® O(m;1)) x D

Lemma 3.2.12. Let D' = Zﬁ(g_l) s; @ fi +d be an element of L, where s; € S,

fi € O(m; 1) with deg f; =i, and d € N (D) with d € W(m;1)). Then D" € N(L) if
and only if so € N(5).

Proof. Let D' = Z;i(g_l) $; @ fi +d be as in the lemma. We first show that for every
N >1,
npV _ p™Y pY p™N 3
(D) A’ + (s @ fi ) + (other terms in S ® m). (3.18)

By Lemmal|l.1.1

m(p—1) pN N-1 .
N N
(DY = @ +< E:si@)ﬁ-) £
=0 =0

where v; is a linear combination of commutators in Z?i%’ - s; @ f; and d. By Jacobi

identity, we can rearrange each v; so that v; is in the span of

m(p—1)
{wt, |:U)t_1, |:, |:U}27 |:U}1, Z Sl®flj| :|,

i=0
where t = pV ' — 1 and each w,,1 < a <t, 1sequaltoz m(p=1) sz®fz or to d.
We show that [wy, [wi_1,]. .. [wg,[wl,zni(p Vs;,@ fl]...] e Som Ifw =
Zﬁ%’ Ys; ® fi, then [wy, > me-l) o @ fil = 0. Suppose w; = d. By our assump-
tion, d € W (m; 1)) = >_j-, mJ;. It is easy to see that d(O(m;1)) C m. Hence

m(p—1) m(p—1)
{d, Z Si@fi:| = Z s, ®d(f;) € S®@m.

i=0 i=0
This shows that [wl,zyi(g*l) s; ® fi] € S®m. Consider [wy, [wy, Z;Z%D*l) s; @ fill.
If wy, = d, then [d,[w, X" Vs, @ f]] € [d,S®@m] = S®@dm) C S®@m. If
wy =y 1" (0 $; ® f;, then

m(p—1) m(p—1)
{ Z 5 ® fi, {wu Z si®f1}] ceS®0(m;l),S@m]CSm.

i=0 =0

This shows that [ws, [wy, Zm(p Ys; @ fi]] € S ® m. Continuing in this way, i.c. using

that d preserves S @ m and S ® m is an ideal of S ® O(m;1), we eventually get
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[w, [wi_1, [ .., [wa, [wr, Z?i(gfl) $; ® fi]...] € S®m. Since each v; is a linear combi-
nation of these commutators, we have that v; € S®@m for all 0 <[ < N — 1. Consider
vy l, where 0 < [ < N — 1. Since v; is a linear combination of elements in S ® m, it
follows from Lemma and [S®@m,S®@m] C S®m that v/ € S ® m. Continuing

in this way, we get vfl e S®@mforall 0 <! <N — 1. Therefore,
No1
Y o eS®m (3.19)
1=0

. m(p—1) pN
We consider (Zi:O 5 ® fz) and show that

N

m(p—1) p
< Z $i ® fl) = (ngv ® fé’N) + (other terms in S ® m). (3.20)

i=0
Since f; € m for 0 < ¢ < m(p— 1), we have that prN = 0. It follows from Lemmam
that

N-1

o) ¥ mipTl) N N N N 1
(S sen) =S or s S - om0 Tt
=0

i=0 =0 1=0
where v; is a linear combination of commutators in s; ® f;, 0 < i < m(p —1). By

Jacobi identity, we can rearrange each u; so that u; is in the span of

15 =1, [+ -5 (02, [0, 50 @ fo] - - -],

where t = pV~! — 1 and each 7,,1 < a < t, is equal to some s, ® f;, 0 < i <
m(p — 1). Since S ® m is an ideal of S ® O(m;1), one can show similarly that
(D =1, [ -5 [M2s M1, S0 @ fo] ... ] € S®@m. Hence u; € S@mforall 0 <[ < N—1and
ufl eS@mforall 0 <l <N —1. Therefore, ;iglufl € S ®@m. This gives as
desired.

It follows from ([3.20]) and (3.19) that for every N > 1, the p-th powers of D’ is

given by
m(p—1) N N-1 l
N N
(DY =d +( > s@-®fi) +y o)
=0 1=0

— "+ (SgN ® fé’N) + (other terms in S ® m).

By our assumption, d is a nilpotent element of 9 such that d € W(m;1). Hence d
preserves S ® m. Therefore, for N > 0, D’ is a nilpotent element of £ if and only if

So is a nilpotent element of S. This completes the proof. [
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Next we consider elements of the form D = Z;Z(g Vg fi + z, where s; € S,
fi € O(m;1) with deg f; = 4, and z = dy + u € N (D) as in Lemma We first
construct some automorphisms of £; see Lemma [3.2.13] Then we show that D can be

reduced to an element in a nice form; see Lemma (3.2.14]

Lemma 3.2.13. Let §® f be an element of S ® m. Then exp(ad(§ ® f)) is an

automorphism of L.

Proof. The proof is similar to Lemma [3.1.3] in Sec. 3.1} Let § ® f be an element of
S ®@m. We first show that exp(ad(5 ® f)) is an automorphism of S ® O(m;1). Since
f € m, we have that f? = 0. Hence (ad(5® f))? = ad(8? ® f?) = 0. Moreover, it is
easy to check that for any wy,wy € S ® O(m;1),

S L {(ad(® 1)) (wn), (ad(5 @ £))i(ws)] = 0.

171
0<i,j<p,i+j=>p v
Hence exp(ad(5 ® f)) is an automorphism of S ® O(m;1). Then it induces an auto-

morphism of the derivation algebra
Der(S ® O(m;1)) = (S ® O(m; 1)) x (1ds @W (m; 1))
via conjugation. Note that
L=(S®0O(m;1)) x D C Der(S®O(m;1)).

To conclude that exp(ad(5§ ® f)) is an automorphism of £, we need to check that
exp(ad(5 ® f)) preserves L. Explicitly, we need to show that for any d; € D,

exp(ad(§ ® f)) o dy o exp(ad(—5 ® f)) € L. In the proof of Lemma [3.1.3] (see (3.2)),

we did a similar computation. By the same computational method and the following

reasons:
(i) dy is a derivation of O(m; 1),
(i) exp(ad(3 ® f))exp(ad(—5 @ f)) = Id,
(iif) f7 =0,
(iv) (p—1)! = —1(mod p), and

(v) S = ad S via the adjoint representation and hence we may identify S ® O(m;1)
with its image in gl(S ® O(m;1)) under ad,
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one can show that
exp(ad(3 ® f)) ody oexplad(—3® f)) =dy — 5@ di(f) — 3 @ fPHdy(f).  (3.21)

It is clear that exp(ad(5 ® f)) o d; o exp(ad(—3 ® f)) € L. Hence exp(ad(s ® f))

preserves L and it is an automorphism of £. This completes the proof. [

Let H denote the subgroup of Aut(L) generated by exp(ad(5® f)), where §® f €
S ®m. Then H is a connected algebraic group with S ® m C Lie(H). We show
that applying suitable elements of H, the following element of £ can be reduced to an

element in a nice form.

Lemma 3.2.14. Let D = Z?;%Fl) s;i @ fi + z be an element of L, where s; € S,
fi € O(m; 1) with deg f; = i, and z = dy +u € N(D) as in Lemma[3.2.7, Then D is

conjugate under H to

1

/ - —1 !/
Dy =sy@a) a7 + 0 + 2,

where s(, € S (possibly 0), v' € SRI, I is the ideal of O(m; 1) generated by xsi1, ..., Tm,
with s > 1, and z = dy + v € N(D) as in Lemma[3.2.7]

Strategy of the proof. Step 1. Let D be as in the lemma. By Remark [3.2.2(v),

we can rewrite D as
Qo

D=Y syeat vtz
=0

where s4, € S, &M =2 2% € O(s;1) with 0 < [A], =1 < Qy=p°—1,v € S®I,
and z = dy + u € N(D) as in Lemma [3.2.77 We want to show that D is conjugate
under H = (exp(ad(3 ® f))|5®@ f € S@m) to Dy = sh @ a¥ "+ axt~1 4+ o/ + 2 for
some s, € S (possibly 0) and v € S ® I. We first observe that for any exp(ad(s® f))
in H, exp(ad(§ ® f))(v + u) = u + vz for some v3 = v3(§, f) € S® I. Note that
(S@I)N(S®0(s;1)) = {0}. Moreover, all £/ are in O(s;1) and dj is a derivation of
O(s;1). Hence to show that D is conjugate under H to Dy, we just need to show that
S0 54, @ &Y + dy is conjugate under H to sy @ 2% ' -+ 2P~ + dj for some s, € S
(possibly 0). For that, we only need to apply automorphisms exp(ad(§ ® f)) with
§® f € S®m,. Here my denotes the maximal ideal of O(s;1).

Step 2. Let Dy = Zzg)o 5S4, ® x4 4+ dy. We show that Dy is conjugate under H to

1

sy @™ al™l 4 dy for some sy € S (possibly 0). If s4, = 0 for all [, then Dy is of
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the desired form. If not all s,4, are zero, then we look at s with sa, # 0 and take

the one with the smallest | |,-degree, say it is 4% with |Ax|, = K. Then

Qo
Dy = ZSAz ® M + d,.

=K

If 4% = g?~' ... 2P~ then |Ag|, = K = Qy and Dy is of the desired form. If z4x =

28 g% £ 2P P71 then 0 < |Ag|, = K < Qo and there exist 0 < a; < p— 1

for some 1 < i < s. Let 1 <r < s be the smallest index such that 0 < a, < p — 1.
Ar4+1

-1 -1 y
Then % = 27 .ol Tjpfaydt - 2% Let f = xtx = g0 g - 2% € my and

§=(a,+1)"'sa, € S. It follows from Lemma [3.2.10| that applying exp(ad(s® f)) to

Dy, we may assume that
Qo

Dy = Z sy, © T + dy,
I=K+1

where ¢y € S, &% =z - 2% € O(s;1) with |4;], = I. Continue doing the above

1

until we get Dy is conjugate under H to sj@x} " - - 2?71 +d, for some s, € S (possibly

0). It follows that D is conjugate under H to Dj.

Proof. Step 1. Let D = Zﬁ(g_l) s; ® fi + z be as in the lemma. Let I be the ideal
of O(m; 1) generated by 4.1, ..., Ty, where s > 1. Since f; € O(m; 1), it follows from
Remark [3.2.2v) that we can write

Qo
fi=> daaa™ + g
1=0

where \4,; € k, &M = 2' - 2% € O(s;1) with 0 < 4], =1 < Qp = p* — 1, and

s

gi € I. Then we can rewrite D as

Qo
D=) ss@z’+v+z (3.22)
=0

where s4, € S, &M =2 - 2% € O(s;1) with 0 < |4, =1 < Qo =p*—1,v € S®I,
and z = dy + u € N(D) as in Lemma [3.2.7, We want to show that D is conjugate
under H = (exp(ad(3 ® f))|5®@ f € S@m) to D = sh @ 2P - b=t 4+ o/ + 2 for
some s, € S (possibly 0) and v" € S ® I. We claim that this problem can be reduced
1

to show that ZZQ:OO sa4, ® Y + dy is conjugate under H to sj @ 2}~
some sy € S (possibly 0). Take D as in (3.22)) and let exp(ad(5 ® f)) be any element

coxbmt 4 dy for
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in H. By Lemma [3.2.13| (see (3.21)))

Qo
exp(ad(3 ® f))(D) =exp(ad(3§ @ f)) ( Z 54, @ T + do) +exp(ad(5 ® f))(v+ u)

-1

Qo
1
SIREIES 3 IINETNET
=0

7j=1

+do—3@do(f) — 5" @ fP do(f) + exp(ad(5 ® f))(v + u).

We show that exp(ad(3 ® f))(v + u) = u + vs for some vz = v3(3, f) € S ® I. Since I
is an ideal of O(m;1), this implies that S ® I is an ideal of S ® O(m;1). Hence S ® I
is stabilized by all exp(ad($® f)) in H. In particular, exp(ad(§® f))(v) = v; for some
vy =v1(5, f) € S®I. By Lemma [3.2.13| (see (3.21))) again,

exp(ad(5 ® f))(u) =u—5@u(f) — & ® fFu(f).

Since u € ([01+--+ + [0,,), we have that u(m) C I. In particular, u(f) € I.
Hence exp(ad(5 @ f))(u) = u + vy for some vy = vo(3, f) € S® I. It follows that
exp(ad(§ @ f))(v + u) = u + vz for some vz = v3(5, f) = v1(5, f) + v2(8, f) € S® I.
Hence for any exp(ad(§® f)) € H

Qo

exp(ad(5 ® £))(D) = exp(ad(3 @ f) ( Y sa @t t do) ()
PllOQo
—ZsAl®wAl+ZZ (ad 8)7(s4,) ® fla™
7j=1I= 0

+dy —5@do(f) — 5@ fP do(f) + (u+ v3).

Applying another element exp(ad(s; ® f')) € H to the above, we still get

exp(ad(s; ® f))(u 4+ v3) = u + vy for some vy = wvy($1,f') € S® I. Note that
(S®I)N(S®O(s;1)) = {0}. Moreover, all 4 are in O(s;1) and dy is a derivation
of O(s;1). Hence to show that D = Zz oS4, ® &M + v+ dy + u is H-conjugate to

o p—1
D1_50®x1 .-

Pt + ' + dy + u, we just need to show that ZlQ:OO sa, ® T +dp is
H-conjugate to s, ®x’1’_1 -+ 2P~ 4 dy. For that, we only need to apply automorphisms
exp(ad(§® f)) with §® f € S®m, and do computations in O(s;1) and W(s;1). Here
m, denotes the maximal ideal of O(s;1).

Step 2. Let Dy = ZZQ:OO 54, @ x + dy. We show that Dy is H-conjugate to

sh@ah o Pl 4 dy for some s) € S (possibly 0). If s4, = 0 for all [, then Dy is of
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the desired form. If not all s,4, are zero, then we look at s with sa, # 0 and take

the one with the smallest | |,-degree, say it is 4% with |Ax|, = K. Then

Qo
Dy = ZSAz ® M + d,.

=K
If 2% = g87' .27~ then |Ag|, = K = Qo and Dy is of the desired form. If
xAx £ P~ P! then 0 < |Ag|, = K < Qo and we need to apply exp(ad(3 ® f))
to Dy and clear ss, ® £%. By Lemma (see (3.21)), we know that for any
exp(ad(§ ® f)) € H

p—1 Qo

exp(ad(5 ® f))( Z 54, @ M+ Z Z (ad 8)7(s4,) ® fla™
i1 -k J (3.23)

tdy—5@do(f) — @ P do(f).

Let Ag = (ay,...,a,). Since 4% # a:’f_l -+~ 2P71 there exist 0 < a; < p — 1 for some
1 <i <s. Note that if |[Ax|, =0, then a; =0 for all 1 <i <s. Let 1 <r < s be the

smallest index such that 0 < a, <p—1. Then

Ag _ .p—1 p—1_ar .ar+1 as
—l’l .. ZET 11’ Z'rJrl"'Is.

x
Let f = xirx = ottt 2% € my. By Lemma [3.2.10
do(f) = do(@*) = (ar + 1)a s

with [Ag|, = |Ak|, — 1. Let = (a, +1) s, € S. Substituting 5 and f into (3.23),

we get
Qo
exp(ad(5® f))(Dy) = Z sS4, ® '

I=K+1

p—1 Qo
.24

+> Z j(ar +1)7 I(ad 5.4, (54,) ® (25 Y (324

j=11= K+1

+do— (a, + )P ® (K Pt

We want to show that exp(ad(§® f))(Dy) = ZZQ:OKH sy, @ M 4 dy, where sy € S
and A = 2{*-..2% € O(s;1) with |A4;], = I. Look at the second and the last
summands in (3.24)). Since 4% € m, and m, is an ideal of O(s;1), we see that

these two summands are in S ® m,. This implies that every nonzero monomial x*
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these two summands has |A|, < Q. Moreover, we show that every nonzero monomial
x4 in these two summands has |A|, > K + 1. We start with the second summand.
By Remark (iii), we know that for any monomials " and " in O(s;1), if
x'xA" = x4 # 0, then |A"|, = |A'|, +|A"|,. Consider (4%}, where 1 < j <p—1.
By our choice, 4% € m, with |A~K|p = |Ak|,+1=K+1. Hencefor2 <j <p-—1,if
(245} #£ 0, then (24x)7 € m, with | [,-degree j|Ax|, > 2(K +1) > K + 1. Now look
at (a:A}()ja:Al in the second summand. Since [ > K + 1 > 1, every monomial x4 is
in my and has |4, =1> K+ 1. If (24K )izA £ 0, then (2% )z is in m, and has
| |,-degree j|Ax|, + [Ailp > [Axlp + [Ailp > (K + 1)+ (K +1) > K + 1.

Look at (z4%)P~1zA% in the last summand. By above, if (z%)P~! 2 0, then
(z4%)P~! is in m, and has | |,-degree > K + 1. Note that % € O(s;1) and has
|Axl, = K > 0. So if (xz*x)P~LgAx £ 0, then (z*%)P"LzA% is in m, and has | |,-
degree (p — 1)|Ag|, +|Ag|, > (K +1) + K > K + 1.

Hence every nonzero monomial 2 in the second and the last summands has K+1 <
|A|, < Q. Therefore, applying exp(ad(5 ® f)) to Dy, we may assume that

Qo
DO = Z STAZ ®33Al —|—d0
I=K+1

for some s € S and &% =z - 2% € O(s;1) with |4, = 1.

Now look at D, and repeat the above process, i.e. take x4 with the smallest
| [;-degree for which sy # 0. If 4; = (ay,...,a;) = (p—1,...,p— 1), then Dy is of
the desired form. If not, then applying a similar automorphism exp(ad(s ® f)) to Dy

and clear sy, ® . Continuing in this way, we eventually get D, is H-conjugate to

1

sp @y - aP~t 4+ dy for some s, € S (possibly 0). Therefore, D = Dy + v + u is

LooaP 4 dy + o' + u for some ), € S (possibly 0) and

H-conjugate to Dy = sj @ x~
v' € S ® I. This completes the proof. [

1

Lemma 3.2.15. Let D1 = sy @ o} - a7 + v' + 2 be an element of L, where

sop €S, v eS®I, I is the ideal of O(m;1) generated by xsi1,. .., Ty with s > 1, and
z=dy+u e N(D) as in Lemma[3.2.7 Then Dy € N (L) if and only if s; € N(S).

Strategy of the proof. This is a computational proof with the following key steps:
Step 1. Let Dy = s, @ 28" ---2P~' 4+ v/ + z be as in the lemma. We show that

DY = 2" 4 (s) ® (—1)*) + (other terms in S ® m).
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Set w= sy @2t - 2P~1 +¢/. By Lemma m,

s—1
szs =22 4P + Zufr, (3.25)
r=0

where u, is a linear combination of commutators in z and w. We first show that

wP” € S ®m. Then we consider Zi;é uP". By Jacobi identity, we can rearrange each

u, so that u, is in the span of [wy, [wi_1, [. .., [wa, [wi,w]...], where t = p*~" — 1 and
each w,,1 < a <, is equal to z or to w. We consider all such iterated commutators

[wy, (w1, [. .., [wa, [wy,w]...] and show that
ug = (ad 2)P" H(w) = (s @ (—1)*) + (other terms in S ® m),
and forp—1<t=p""—-1<p*t -1,
[we, [wi—1, [. .., [we, [w,w]...] € S@m.

Hence for 1 <r <s—1,u, € S®@mand ¥ € S ®m.

Note that [z,w] = s ® z(z?™"---2P~1) + [2,0/]. To show the above claims, we

1

need to consider the action of z = dy +u on 2} - - - 271 see parts (i)-(iii). Then we

consider commutators in z and w; see parts (iv)-(vi).

(i) We show that for any 0 <1 < p*—1, 0 # di(ah"---2P~1) € m,, where m, is the

maximal ideal of O(s;1).
(ii) We show by induction that for any 0 < < p® — 1,
AP = dl (227 227 Y) 4 (other terms in I) € m, & 1.
(iii) We show that 27" ~!(z?~" ... 2#~1) = (=1)* 4 (other terms in I).

(iv) We show that for any 0 <1 < p* — 1, (ad 2)'(w) € (S®m,) ® (S® I), and
(ad 2)P""Hw) = (sf @ (—1)%) + (other terms in S ® m).

(v) We show that for any 0 <[ < p* — 1, [w, (ad 2)'(w)] € S® I.
(vi) We show that forp —1<t=p " —1<p1 -1,
[we, [wi—1, [. .., [wa, [w,w]...] €S ®@m,

where each w,,1 < a < t, is equal to z or to w. Hence for 1 < r < s —1,

u, € S®@m and P’ € S ®m.
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It follows from the above that D¥" = 27" + (s, ® (—1)*) + (other terms in S ® m).

Step 2. We show that D; € N(L) if and only if s, € AN(S). By the last
step, DY = 27" + (s) @ (—1)*) + (other terms in S ® m). By our assumption, z is
nilpotent. By Lemma , 27" € W(m;1)). Hence zF" preserves S ® m. Applying
Lemmawith D' =DV d=2" sy=s)and fy = (—1)*, we get for N > 1 (see
B19),

s+N s+ N

DV =22 ()P @ (=1)*") + (other terms in S ® m).
Hence for s + N > 0, D; € N(L£) if and only if s € N(S).

Proof. Step 1. Let D; = sh, @ 2%~ '---2?~' 4 o' + 2 be as in the lemma. We show
that

les = 2" + (s ® (=1)%) + (other terms in S ® m).

Set w = sy @' 271 4 ¢/, By Lemma m7

s—1
szs = 2P 4P + ZufT, (3.26)
r=0

where wu, is a linear combination of commutators in z and w. We first show that

w’ € S®@m. Since 8" ---a?~1 € m, then (227" - 22~1)P" = 0. By Lemmall.1.1]

. . . . . 1 _
where 7, is a linear combination of commutators in sy @z}~ --- 2271 and v/. We show

that (v/)P" € S®I. Since v/ € S®I, we can write v/ = Y ' | §;®g; for some §; € S and
g; € 1. Since O(m;1) is a local ring, the ideal I is contained in the maximal ideal m
of O(m; 1). Hence ¢/ = 0 for all i. Moreover, [S®I,S®1I] C S®I. By Lemma|L.1.1]
we have that that (v')? € S ® I. Continuing in this way, we get (v/)?" € S ® I. Next
we show that Zi;é n? € S®I. Since I C m, we have that mI C mnN /I = I. Since

1

sy bl e S@mand v € S® I, we have that

[sh@ab Pt te[SomS®ICSoml CS® 1.

It is clear that [S®I,S®1I] C S®I. So any iterated commutators in sy @5 " --- 22~

s

and v" are in S ® I. Since 7, is a linear combination of these commutators, we have
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that n, € S® [ for all 0 < r < s — 1. By a similar argument as above, one can
show that 7,”" € S® I for all 0 < r < s — 1. Hence Zi;(l) n?" € S ® I. Therefore,
w” =W+ e SelcSeom.

Now we consider Zi;é uP” in (3.26)), where u, is a linear combination of commu-
tators in z and w. By Jacobi identity, we can rearrange each wu, so that wu, is in the

span of [wy, [wi_1,[...,[we, [w,w]...], where t = p*~" — 1 and each w,,1 < a <t is

equal to z or to w. We consider all such iterated commutators and show that
uy = (ad 2)P" " Hw) = (s) @ (—=1)*) + (other terms in S ® m), (3.27)

and forp—1<t=p " —1<p"1 -1,

[we, (w1, [ .., [we, [w,w]...] € S@m. (3.28)

HenceforlSrﬁs—l,ur65®mandufr€S®m.

Recall that z = dy+u, where dy = 0, —Hﬁjlofl Oy + - "Hﬁjloil -

of O(s;1) and u € (101 +---+10,m) N W(m;1),-1); see Lemma for notations.

—1 . . .
2P~ Oy is a derivation

Note that [z,w] = sj ® z(a? " ---2P~) + [2,0']. Since dy preserves the ideal I and so
does z, we have that [z,0'] € [z,5® ] = S® z(I) C S ® I. Hence to show and
(3.28)), we need to consider the action of z on 277" - - zP~1. We split our work into the
following parts (i)-(vi):

(i) We show that for any 0 < I < p* — 1, 0 # di(2?™"---22~1) € m,, where m, is
the maximal ideal of O(s;1).

There are two ways to prove this result: (a) using the | |,-degree of monomials or
(b) using the standard degree of monomials and some results on dy. Let us do both
ways and see the difference.

(a) Let 4 = z{* - - - 2% be any monomial in O(s;1). Note that * € m, if and only
if |A], > 0. Consider 25" ---2?~! where A= (p—1,...,p — 1). Then |A|, = p° — 1.
By Example [3.2.1](3), we know that the degree of dy with respect to | |, is —1. Hence
for any 0 < I < p* — 1, diy(a? " ---2P~1) is a monomial in O(s;1) with | |,-degree
p® —1—1> 0. Therefore, 0 # d(z5"---2271) € m,.

(b) By Lemma [L.5.1](i) and (iii), we know that

A = (=1 (01 +ah ) Ogcpo+ -+l - al) 0,)
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forall 0 < K < s—1and d] = 0. Moreover, d *(z"~"-..2P~1) = (=1)*. Hence
dy(x - a7t # 0 for any 0 < I < p* — 1. We show that dy(«}"---2?71) € m,.
Here we use a similar argument given in [20, p. 151, line -8 and p. 153, line 4]. By

(13.3), O(s;1) is a graded W (s; 1)-module, i.e.

O(s;1) = O(5;1)o @ O(s; 1)1 @ -+ @ O(53 1) s(p—1)-

Looaple mi? Y. Recall

It is easy to see that O(s;1),, C m?” for any > 1. Hence 2}~
that W (s;1) is a free O(s; 1)-module with basis 0y, ...,0s. Then for any D € W(s;1)

and 0 < ¢ < s(p — 1), we have that

Dbt ap ) € m3Prl—e, (3.29)
Sincel < p*—1 = igzlo(p—l)pK, we have that [ = ;{—:10 axp’, where 0 < ag < p—1

and 325! ag < s(p —1). Then

s—1
dlg(ajlf_l Ce 555_1) _ ( H (dgK) K) (3311)—1 . l‘};_l).
K=0
Applying (3.29) with D = d]éK and ¢ = ag for 0 < K < s—1, we get
s—1
dé(a:ff_l .. .xf‘;—l) — < H (dgK)aK> (x;,ly_1 B ‘$€_1) c mz(p—l)—Z‘K:O W
K=0

This proves (i).
(ii) We show by induction that for any 0 <1 < p® — 1,

AP = d (2P 2P7Y) 4 (other terms in I) € my @ 1.

For | = 1, we have that z(z! ™"~ -2?71) = do(a?" - a?™Y) + w(ah " 22 h).
By (i), we know that do(z}'---2?7') € m,. Since u € > o 10; and [ is an
ideal of O(m;1), we have that u(z?"---2P~') € I. It is clear that my N[ = {0}.
Hence the result holds for [ = 1. Suppose the result holds for I = r; < p* — 2, i.e.

2 (PP = @0 (2 P71 4 g for some g € I. Applying z again, we get
ST ) = dp T T ah )  do(g) +u(dy (22 h) 4 u(g)-

It is clear that u(dy' (2§ " -~ 2271)) + u(g) € I. Since dy preserves I, we have that

do(g) € I. Since i +1 < p* — 1, it follows from (i) that dj'*'(z2" - 2271) € m,.
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Hence the result holds for [ = r; + 1. Therefore, for any 0 < | < p® — 1, the result
holds. This proves (ii).

(iii) We show that zP"~*(z?~"... 2P~1) = (=1)* + (other terms in I).

By (i), we know that 22" ~2(z?~" ... a2=1) = @8 *(227" ... 22~ 1) 4 g for some g € I.

Applying z again and using a similar argument as in (ii), we get
Pl = df T @ al T

for some ¢ € I. By Lemma [1.5.1(iii), we know that df —'(z?"...2?~1) = (=1)*.
Hence 27" ~'(2?~"---2271) = (=1)® + ¢ as desired. This proves (iii).

Now we consider commutators in z and w.

(iv) We show that for any 0 <1 < p* — 1, (ad 2)/(w) € (S®@m,) ® (S® I), and
(ad 2)P" 1 (w) = (s, ® (=1)*) + (other terms in S @ m).

Note that for any 0 < I < p* — 1, (ad 2)'(w) = sf, @ 2 (&P -+~ 22~1) + (ad 2)'(v').
Since v' € S® I and z preserves I, we have that [z,v'] € [2,S® ] =S5S®2(]) C S®I.
Then an easy induction on [ shows that (adz)!(v') € S ® I. By (ii), we know that

A aP 1) € my @ 1. Hence
(ad 2)!(w) = sh@2 (zF 7" - 2P+ (ad 2) (V') € sh@(m,DI)+SRI C (Sm,)®(S®I).

Similarly,

(ad 2)"" M w) = s ® P 2P H + (ad 2)P ().

Arguing as above, one can show that (ad 2)?"~!(v') € S ® I. By (iii), we know that

2P (Pt P~y = (=1)° + (other terms in ). Since I C m, we have that
(ad 2)P" H(w) = (s) ® (—1)*) + (other terms in S @ m).

This proves (iv) and (3.27)).
(v) We show that for any 0 <[ < p* — 1, [w, (ad 2)'(w)] € S® I.
By (iv), we know that (ad 2)!(w) € (S ®@m,) @® (S ® I). Then

[w, (ad 2)"(w)] =[s @ a1 -2k~ + 0/, (ad 2)' (w)]

elsh@al™ P 40 (Sem) @ (SeI)] CSeI.

This proves (v).
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(vi) We show that forp—1<t=p*"—1<p* 1 -1,
[wy, (w1, [. .., [we, [wy,w]...] € S@m,

where each w,,1 < a <t,isequal to z or to w. Hence for 1 <r <s—1,u, € S®m
and " € S ®m.
Let us consider all such iterated commutators [wy, [wy_1, ..., [wa, [wi,w]...]. If

wy = w, then [wy,w] =0. If wy =--- = w; = 2z, then (iv) implies that
(ad2)'(w) € (S@m,) & (S®I) =S @m.

Hence we need to consider commutators (adw)?(ad 2)?(w), where 1 < v < t and

f > 0. By (v), we know that [w, (ad z)?(w)] € S ® I. Since w € S ® m, we have that
[w, [w, (ad 2)"(w)]] € [S@M, S| C[S,S]@ml C S®I.

Continuing in this way, we get (adw)?(ad 2)?(w) € S ® I. If B+ v = t, then we are
done. If B3+ < t, then we need to consider [w,, (adw)?(ad 2)”(w)], where w, = 2 or

w. If w, = z, then z preserves the ideal I. Hence
[z, (adw)?(ad 2)"(w)] € [z, S @[] = S®@2(I) CS®I.
If w, =w € S ®m, then by the same reason as above, we get
[w, (ad w)”(ad 2)7(w)] € S ® I.

Hence [w,, (adw)?(ad2)¥(w)] € S® I. If 1 + 3+~ = t, then we are done. If
1+ B8+ < t, then we need to consider [w,, [w,, (adw)?(ad 2)?(w)]], where w, = 2
or w. Arguing similarly, we get [w,, [w,, (adw)?(ad 2)Y(w)]] € S ® I. Continuing in
this way, we eventually get [wy, [w_1, ..., [wa, [w,w]...] € S@mforallp—1<t=
P —1<pl o1,

Since u,, 1 <r < s—1, is in the span of [wy, [w;_1, [. .., [ws, [wi,w]...], we have
that u, € S@mforall 1 <r <s—1. By Lemma[l.1.T]and [S®@m,S®m] C S ®m,
one can show that u?" € S®m for all 1 <r < s — 1. This proves (vi) and (3.28).

It follows from (3.27)) and ([3.28) that

s—1 s—1
DY =2P" P 4 Z w? =2 4w + (ad 2)P N (w) + Z u?
r=0 r=1

=2 + (s) @ (—1)%) + (other terms in S ® m).
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Step 2. We show that D; is a nilpotent element of £ if and only if s is a nilpotent
element of S. By step 1, we know that

DY = 27" 4 (s, ® (=1)°) + (other terms in S ® m).

By our assumption, z is nilpotent. By Lemma we know that z#" € W(m;1)().
Hence 27" preserves S ® m. Applying Lemma [3.2.12 with D' = DY d = 27", sy = s,
and fo = (—1)*%, we get for N > 1 (see (3.18)),

s+N s+N

DV =22 ()P @ (=1)*") + (other terms in S ® m).

Hence for s + N > 0, D; is a nilpotent element of £ if and only if s; is a nilpotent
element of S. This completes the proof. [

3.2.3 The irreducibility of N (L)

We are now ready to prove that the nilpotent variety of £ = (S ® O(m;1)) x D is
irreducible. Recall our assumptions that 2 is a restricted transitive subalgebra of
W (m; 1) such that N(D) is irreducible, S is a simple restricted Lie algebra such that

all its derivations are inner and N'(S) is irreducible.
Theorem 3.2.3. The variety N'(L) is irreducible.

Proof. Let D be an element of £ = (S ® O(m;1)) x D. Then we can write

m(p—1)

D= Y s®fi+d (3.30)

i=0
where s; € S, f; € O(m;1) with deg f; = i, and d € D. Note that the surjective Lie

algebra homomorphism ¢ : £ — D, D + d induces a surjective morphism
) N(L) = N(D).

By our assumption, N (D) is irreducible. By Theorem [1.5.1], V(L) is equidimensional.
If we can prove that all fibres of 12 are irreducible and have the same dimension, then

the irreducibility of V(L) follows from Lemma
Since D is a restricted transitive subalgebra of W(m;1), i.e. D+ W(m;1) =
W(m; 1), there exist elements in 9 which are not in W (m; 1)(g). Hence for d € N(D),
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we have two cases to consider: either d € W(m;1) or d ¢ W(m;1)q). Let us
compute ¢~ (d) in each case.
Case 1: d € N(D) and d € W(m;1)(g). Let D = Z;’;(g_l) $;® fi+d be an element

of £ such that ¢(D) = d; see (3.30) for notations. By Lemma [3.2.12 we know that
D € N(L) if and only if sy € N(S). As a result,

HA) =N(S)@1+Sem+d=N(S)@1+S@m.

Since S ® m is irreducible and N (S) is irreducible by our assumption, it follows that

all fibres 1)~'(d) are irreducible. Moreover,

dim ¢ ~(d) = dim(N(S) ® 1) + dim(S @ m)
= (dim(S ® 1) — MT(S)) + dim(S ® m) (by Theorem [L.5.1iii))
= dim(S ® O(m;1)) — MT(S)
= p™dim S — MT(S).

Case 2: d € N(D) and d ¢ W(m;1)().

Step 1. We compute ¢~'(d) for all d € N(D) with d ¢ W(m;1)q). Then we
deduce that they are irreducible. By Lemma and Lemma [3.2.9, we may assume
that

d=dy+ u, (3.31)

where

==

do:31+xﬁ’_182+---+x71’—1...x187: 0,

with 1 <s<m,ue [0+ +10,)NW(m;1)p_1) and I is the ideal of O(m;1)
generated by xsi1,...,Tp.

Let D = " Vs, @ f; 4+ d be an element of £ such that ¢ (D) = d; see (3.30)
and for notations. Recall the subgroup H of Aut(L) which is generated by all
exp(ad(5 ® f)), where § ® f € S ® m; see Lemma [3.2.13] Note that H is a connected
algebraic group with S ® m C Lie(H). Since exp(ad(s ® f)) = Z?;é %(ad(é ® f))
and D is of the form ([3.30)), it is easy to see that H stabilizes the fibres of ¢. By
Lemma [3.2.14] we know that D is conjugate under H to

1

Dy =sy@ay - ab 40 - d,
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where s, € S (possibly 0), v € S® [ and d = dy +u as in (3.31)). Then D is nilpotent
if and only if D is nilpotent. By Lemma [3.2.15] we know that D; € N (L) if and only
if s) € N'(S). Hence all fibres of ¢ have the form

HWNS) @ 2t + S@l+d) 2 HNS) @2y et + S ).

Since H is connected, N(S) and S ® I are irreducible, it follows that all fibres ¢~!(d)
are irreducible.

Step 2. We show that all fibres of ¢ have the same dimension. By case 1, we
know that dim ¢~ (d) = p™ dim S — MT(S) for all d € N'(D) with d € W(m; 1) In
particular,

dim¢)~1(0) = p™ dim S — MT(S). (3.32)

To finish the proof we just need to show that

dim ¢ ~1(d) = dim¢)~(0)

for all d € N (D) with d ¢ W (m;1)).
Step 2(i). We first show that

dim ¢)~1(0) > dim ¢~ (d)

for all d € N(D) with d ¢ W(m;1). Suppose the contrary, i.e. dim¢~1(0) <
dim ¢~ (d) for some d € N'(D) with d ¢ W (m;1)g). By Theorem m, the set

Wy = {z € N(L) | dim g~ (i(x)) > r}

is Zariski closed in N (L) for every r € Nyg. We now take r = dim~'(0) + 1. If W,
is empty, then we are done. If Wj is nonempty, then it contains w + d € N(L) with
w € S ®m such that dim ¢~ (¢)(w + d)) > r. Note that for all X € k*,

YA w +d)) = Mp(w + d).
Then
UM w +d))) = X (G (w + d)).
So Wi is k*-stable. Since W is Zariski closed, it contains 0. But this contradicts our

choice of r. As a result,

dim¢)~1(0) > dim ¢~ (d) (3.33)
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for all d € N (D) with d ¢ W (m;1)).
Step 2(it). Next we show that

dim+)~*(0) < dim ¢~ (d)
for all d € N (D) with d ¢ W (m;1)(). Consider the morphism
0:Hx (N(S)@ad a2t '+ S® T +d) — ¢ (d)
(h,Dy) — h(Dy).
By the work in step 1, we know that any point in the fibre ¢)~'(d) has the form
0(h,sp@ay -t~ 40 4 d)

for some h € H, s € N(S) and v € S®I. As H acts on the fibre it preserves smooth
points. Hence we may assume that h = 1. Instead of computing dim ¢~ (d) which
is difficult, we can compute the differential of # at a smooth point of the fibre with
h = 1. Since N(S) is irreducible, the set of smooth points in A(.S) is nonempty. Let
sy be a smooth point of N'(S). Then dim Ty, (NV(S)) = dim N'(S). Take

Dy=sh@at ™ aP o 4 d e ¥ Y(d).
Then the differential of 6 at (1, Dy) is

(d0)@1,p,) : Lie(H) & (Ty (N (5)) ® 2P 4 S® ) = T, (dH(d))
(X,Y) = [X,D] +Y.

Since D; is a smooth point, this implies that dim Tp, (¢~ (d)) = dim)~!(d). In order
to show that dim+~1(0) < dim~(d), we just need to show that
dim~(0) < dim Tp, (¥~(d)).
It is clear that
Ty N(S))@at ™2l ' + S @ T C Im((d6),p,))- (3.34)
Moreover, [Lie(H), D1] € Im((df)(1,p,)). Since S ® m C Lie(H), we have that

[Sem, D] =[S®@m,sy@a "2t + o' +d] C Im((df)1,p,)) (3.35)

Observe (3.34) and (3.35]) carefully. We see that Im((df)1,p,)) contains the follow-

ing subspaces:
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3.2. Socle involves S

(1) Ty N(9)) ® 2?7 ...27=1 which has dimension equal to dim N(S).
(2) S®I.
(3) [S@om,sh@a " ap o +d).
Look at the last two subspaces. Note that m = m, & I, where my is the maximal ideal
of O(s;1). Moreover, mI C I. Since S ® [ is in Im((d0),p,)),
[Semsy@al - =[S mal),sgedf -t C S,
and
S@m ] CSeomS®ICSeoml CS®I,
we see that Im((df)n,p,)) contains
S@I+[Se@m,sy@al " 2t~ 40 +d
=S®I+[S®m,d
=S®I1+S®d(m).

Recall that d = dy + u, where dy = 9y +a} Do+ + 2V - 2?71 0, is a
derivation of O(s;1) and w € (I 01+ ---+ 10y,) N W(m;1),-1). Since u(m) C I, we
have that S® I + S ®@d(m) = S® I+ S ®dop(m). Since m =m; B I, dy(my) C O(s;1),
do(I) C I and O(s;1)NI = {0}, we have that dy(m) = do(ms)Bdy(I). Since do(I) C I,

we have that

SRI+S®d(m) = SRI+S@dy(m) = (SRI)B(SRde(m,)) = S®(IBde(m,)). (3.36)

By Lemma|3.2.11|(see (3.17])), we know the subspace M = I+d(m) = [@dy(my) has the
property that M @ka? ™" - .- 2#~1 = O(m;1). By (3.36), we see that the sum of the last

s

two subspaces equals S ® M. This subspace of dimension (p™ — 1) dim S is contained

in Im((d6)(1,p,)) and the complement of the first subspace Ty (N'(S)) ® 24"+ 227,

S

Therefore,

dim Im((d6)(1,py)) > dim(T (N'(S)) @27~ 22™") + dim(S @ M)
= dim N (S) + (p™ — 1) dim §
= (dim S — MT(S)) + (p™ — 1)dim S
= p™dim S — MT(S)
= dimy1(0)  (see (3:32)).
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Since Im((df)(1,p,)) € Tp, (¥ '(d)) we have that
dim ¢~1(0) < dim Tp, (¥ (d)) = dim ¢ ~(d). (3.37)

It follows from (3.33) and (3.37)) that all fibres of ¢ have the same dimension.
By case 1 and 2, we see that all fibres of Z/N} are irreducible and have the same

dimension. Hence NV(L£) is irreducible by Lemma This completes the proof. [

Remark 3.2.3. 1. We verified Premet’s conjecture for a class of semisimple re-
stricted Lie algebras L = (S ® O(m; 1)) X D under the assumptions that S is a
simple restricted Lie algebra over k with ad S = Der S and N (S) is irreducible,

D is a restricted transitive subalgebra of W(m;1) with N (D) is irreducible.
2. A similar argument works for @:_,(S; ® O(my; 1)) x (Ids, @D;), where

(i) each S; is a simple restricted Lie algebra such that ad S; = Der S; and N'(S;)

18 1rreducible, and
(ii) each D; is a restricted transitive subalgebra of W(my; 1) such that N (D;) is

1rreducible.

3. There are further cases to consider such as ad S C Der S and other semisimple
restricted Lie algebras which are not of the form given in Theorem (1.6.3 It is

unclear to the author how to tackle these problems.
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Chapter 4

The nilpotent variety of W(l;n), is

irreducible

In this chapter we assume that k is an algebraically closed field of characteristic p > 3,
and n € N>y, We are interested in the minimal p-envelope W (1;n), of the Zassen-
haus algebra W (1;n). This restricted Lie algebra is semisimple. Recent studies have
shown that the variety N (W (1;n)) := N (W(1;n),) N W(1;n) is reducible [37, The-
orem 4.8(i)]. So investigating the variety N (W (1;n),) becomes critical for verifying
Premet’s conjecture. Note that this chapter contains the main result of the research
paper [3] written by the author of this thesis.

This chapter is organized as follows. We first recall some basic results on W (1;n)
and W (1;n),. Then we study some nilpotent elements of W (1;n), and identify an irre-
ducible component of V(W (1;n),). Finally, we prove that N'(W(1;n),) is irreducible.
The proof is similar to Premet’s proof for the Jacobson-Witt algebra W (n;1); see The-
orem [I.5.2] But the (n + 1)-dimensional subspace V used in W (n;1) has no obvious
analogue for W (1;n),. Therefore, a new V' is constructed using the original definition
of W(1;n) due to H. Zassenhaus. In general, constructing analogues of V' for the min-
imal p-envelopes of W (n;m), where m = (mq,...,m,) and m; > 1 for some ¢, would

enable one to check Premet’s conjecture for this class of restricted Lie algebras.
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4.1 Preliminaries

4.1.1 W(1l;n) and W(1;n),

Let k be an algebraically closed field of characteristic p > 3 and n € N. The divided

power algebra O(1;n) has a k-basis {z(®) = %x“ |0 < a < p*—1}, and the product in
O(1;n) is given by z(@2® = (“;’b)x(‘”b) if 0 <a+b<p”—1 and 0 otherwise. In the
following, we write #(!) as x. It is straightforward to see that O(1;n) is a local algebra
with the unique maximal ideal m spanned by all (%) such that @ > 1. A system of
divided powers is defined on m, f +— f € O(1;n), where r > 0; see Definition m

A derivation D of O(1;n) is called special if D(2@) = x(¢=VD(z) for 1 < a < p*—1
and 0 otherwise; see Definition m The set of all special derivations of O(1;n)
forms a Lie subalgebra of Der O(1;n) denoted £ = W (1;n) and called the Zassenhaus
algebra. When n = 1, £ coincides with the Witt algebra W(1;1) := Der O(1;1),
a simple and restricted Lie algebra. When n > 2, £ provides the first example of a
simple, non-restricted Lie algebra; see Theorem [1.4.2] From now on, we always assume
that n > 2.

The Zassenhaus algebra £ admits an O(1;n)-module structure via (fD)(x) =
fD(z) for all f € O(1;n) and D € £. Since each D € £ is uniquely determined by
its effect on z, it is easy to see that £ is a free O(1;n)-module of rank 1 generated
by the special derivation 0 such that 8(:6(“)) =z D if ] <aqg < p*—1and0
otherwise; see Theorem [1.4.2) Hence the Lie bracket in £ is given by [z® 9,z 9] =
((”{.71) — (Hjjl.fl))x(”j*l) 0if 1 <i4 7 < p" and 0 otherwise; see formula .

There is a Z-grading on £, i.e. £ = @f;j kd; with d; := 2099, Put £;) :=

?;;2 kd; for —1 <1 < p" — 2. Then this Z-grading induces a natural filtration

£= 2(_1) D) 2(0) D) 2(1) DD S(pn_g) o0 (4.1)

on £. It is known that for ¢ > 0,
(

di) lf 7, - 0,
dr = dpi, ifi=p'—1forsomel<t<n-—1, (4.2)
0, otherwise.
\

In particular, £ is a restricted Lie subalgebra of Der O(1;n) and £1) = nil (£());

see [37, p. 3]. We show that this implies that all nonzero tori in £ have dimension 1.
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Consider the surjective map 7 : £y = £(0)/£1). Let t be any nonzero torus in £).
Let 7| be the restriction of 7 to t. Then Ker 7| C £1). Since £(1) is a nilpotent p-ideal
of £y, we have that Ker m|¢ = 0. Hence any nonzero torus t in £ has dimension 1;
see [32, Sec. 2]. As an example, kdy = kx 0 is a 1-dimensional torus in £g).

Note that the Zassenhaus algebra £ has another presentation. Let ¢ = p™ and let
F, C k be the set of all roots of 27 —x = 0. This is a finite field with g elements. Then
£ has a k-basis {e, | @ € F,} with the Lie bracket given by [eq, 5] = (8 — a)eqrp [30,
Theorem 7.6.3(1)]. We will use this presentation in Sec. 1.2.3|

It is also useful to mention that there is an embedding from £ into the Jacobson-
Witt algebra W (n;1); see [37, Lemma 3.1 and Proposition 4.3]. Recall that W (n;1) is
the derivation algebra of O(n;1), where O(n;1) = k[Xy,..., X,]/(X7, ..., XP) is the
truncated polynomial ring in n variables. For each 1 <1 < n, we write x; for the image
of X; in O(n;1). Note that W(n;1) is a free O(n;1)-module of rank n generated by
the partial derivatives 04, ..., 0, such that 0;(z;) = d;; for all 1 <4, j < n; see Sec.
for details. The Zassenhaus algebra £ is the set of all special derivations of the divided
power algebra O(1;n). Note that O(1;n) has a k-basis {2(* |0 < a < p" — 1}. For
each0<a<p"—1,let a= 27;(;10 axgp®, 0 < ax < p—1, be the p-adic expansion of

a. Define
»:0(1;n) - O(n; 1)

n xai—l
2@ H —
- Qi1

=1

(4.3)

see [37, (3.1.1)]. Then ¢ is an algebra isomorphism and it induces the following Lie

algebra isomorphism:

¢ : DerO(1;n) — W(n;1) = Der O(n; 1) (4.4)
D (D),

where (p(D))(u) = ¢(D(¢7*(u))) for all u € O(n;1). Moreover, p(DP) = (D)P for
all D € Der O(1;n); see [37, (3.1.2)]. Since £ is a Lie subalgebra of Der O(1;n), the

above ¢ induces an embedding
L=le: £— W(n;l); (4.5)

see [37, (4.3.2)]. More precisely, ¢ is induced by ¢ defined in (4.3). By a direct
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computation, we have that
n—1
L(a) = .@1 = 81 + Z(-l)llj{_l N .Z'lp_l al+1 .
1=1

Note that 2, has a similar expression to 2 in Lemma [I.5.1] We will use the above
embedding ¢ in the sketch proof of Lemma {4.2.2

Let £, = W(1;n), denote the p-envelope of £ = ad £ in Der £. This semisimple
restricted Lie algebra is referred to as the minimal p-envelope of £; see Remark [1.2.1]
By Theorem , we have that £, = £ + Z?;ll k&"". Here we identify £ with
ad £ C Der £ and regard 0" as 0. Then dim £, = p" + (n — 1). By formula (L.4), we
have that for any 1 <7 <n—1and 0 < a < p"—1, the brackets [8”i,x(“) J] = z@r) 9
if a > p' and 0 otherwise.

Let A denote the variety of nilpotent elements in £,. It is well known that N is
Zariski closed in £,. One should note that the maximal dimension of toral subalgebras
in £, equals n [30, Theorem 7.6.3(2)]. Moreover, £, possesses a toral Cartan subalge-
bra; see [19, p. 555]. Hence the set of all semisimple elements of £, is Zariski dense in
£,; see [18, Theorem 2]. It follows from these facts and Theorem that there exist
nonzero homogeneous polynomial functions ¢o, ..., ¢,—1 on £, such that N coincides
with the set of all common zeros of ¢y, ..., @, 1. The variety N is equidimensional of

dimension p™ — 1. Furthermore, any D € N satisfies

n

D" = . (4.6)

4.1.2 The automorphism group G

An automorphism ® of O(1;n) is called admissible if ®(f™)) = &(f)™ for all f € m
and r > 0. By [36, Lemma 8], this is equivalent to the condition that ®(z®)) =
q)(:v)(pj) forany 1 < j < n—1. Let G denote the group of all admissible automorphisms
of O(1;n). It is well known that G is a connected algebraic group, and each ® € G
is uniquely determined by its effect on z. By [36, Theorem 2|, an assignment ®(x) :=
Zfi;l a;x® with a; € k such that ag #0and a, = 0for 1 < j <n—1 extends to an
admissible automorphism of O(1;n). Conversely, if ® is an admissible automorphism
of O(1;n), then ®(z) has to be of this form. Hence dim G = p™ — n.

Any automorphism of the Zassenhaus algebra £ is induced by a unique admissible
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automorphism ® of O(1;n) via the rule D® = ® o Do &1, where D € £ [26, Theo-
rem 12.8]. So from now on, we shall identify G with the automorphism group of £.
It is known that G respects the natural filtration of £. In [32], Sec. 1], Tyurin stated
explicitly that if ® € G is such that ®(z) = y, then ®(g(x)d) = (/) 'g(y)0 for any
g(z) € O(1;n). Extend this by defining @(api) = (19(8)7’i for 1 <i <n—1, one gets

an automorphism of £,.

It follows from the above description of G that Lie(G) C £(py. More precisely,

Lemma 4.1.1. The set {d; = 20tV0[0<i<p" —2andi#p' —1 for 1 <1 <n—1}
forms a k-basis of Lie(G).
Proof. Let ¢ : A — G be the map defined by ¢t — (z +— x + ta0*Y), where
Ogigpn—Qandz'#pl—lforl <[l <n-—1. It is easy to check that ¢ is a
morphism of algebraic varieties. Note that ¢(0) = Id. So the differential of ¢ at 0 is
the map dot) : k — Lie(G). Hence dyy(k) C Lie(G).

Let us compute dotp(k). The morphism 1) sends A' to the set of admissible auto-
morphisms X = {®, |t € A'}, where

O, (x) = x + tal,
Since ®; is uniquely determined by its effect on x and “admissible” is equivalent to
the condition that ®,(z®)) = ®,(z)®) for all 1 < j <n —1 (see Sec. , we have
that
@, (z#)) = (z + t2 )P = @) 4 4@ =120+ 4 terms of higher degree in ¢

for all 1 < j < n — 1; see Definition [1.4.2{iv). Now consider doptp : k — Tiq(X).
Since X C G is closed in G, we have that Tiq(X) C Lie(G). Passing to Tiq(X), i.e.
calculating 2 (®(x))];—o and %(@t(x(”j)))]tzo, we get

z s 0D,

L)y (=1 (1)
The above results are the same for d; = 20+Y 9 acting on z and x(pj), respectively.
Hence d; € T1a(X) C Lie(G). Note that the set
{dizz(”l)@mgz’§p"—2andi7épl—1for 1<li<n-1}

consists of p" — n linearly independent vectors. Since dim Lie(G) = dim G = p™ — n,

they form a basis of Lie(G). This completes the proof. [
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4.2. The variety N

4.2 The variety N

4.2.1 Some elements in N

In Sec. we observed that any elements of £y are nilpotent, but they do not tell
us much information about A/. The interesting nilpotent elements are contained in the
complement of £y in N, denoted A"\ £(1. They are of the form """ ;0% + f (2)0 for
some f(z) € m and «; € k with at least one «; # 0. In this section, we study elements
of this form in the following way: take D = 7' ;0" + f(2)0 (not necessarily
nilpotent) and we show that D is conjugate under G to an element in a nice form; see
Lemma and Lemma Then we assume that D is nilpotent, i.e. DP" = 0 by
. We do some calculations to check if DP" " € Loy If prt ¢ £(0), then we show
further that D is conjugate under G to an element in a nicer form; see Lemma [4.2.2)]
Lemma and Corollary [4.2.1] In doing this, we get the results required to prove
Proposition in the next section, i.e.

(DeN|D" " ¢ &g} =G(0+kd"+-- + k).

Let us begin with elements of the form a0+ f(x) 0, where ag # 0 and f(x) € m
In [37], Y.-F. Yao and B. Shu proved the following:

Lemma 4.2.1. [37, Proposition 4.1] Let D = ag 0 +f(x) 0 be an element of £ C £,
where ag # 0 and f(x) € m. Then D is conjugate under G to d+ 3.1 Lz =D for

some l; € k.

Sketch of proof. Take D as in the lemma. Then we can write D = Y 7 81 o

for some «; € k with ag # 0. Let ® € G be such that ®(z) = apz. Then

So we may assume that

pr—1
D=0+ Z Bix® 0 = 04+P120+Pox® 04 + Bpn_ 12?7V

i=1
for some f; € k. Let ®; € G be such that ®¢(z) = x + S12®. Then one can check
that

pr—1
(D) = 0o(0+ 3 Bz d) = 0+852D 9+ 852 9+ + Bu_,2l" D g

i=1
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4.2. The variety N

for some 3y,..., B,y € k. In general, if

(bifl P ®O(D) = a +/,Li+1x(i+1) a +N’Z’+2x(i+2) a + “ e + ,U/pnflx(pnil) a

for 1 <i < p— 3, then take ®; € G with ®;(z) = = + 12+, Applying ®; to the

above, we get

B;D; g - (D) = O+t Dt 2D O+l 2@V 9

for some i o, ..., pin_y € k. Consequently, we get

D, 3D, 4 Dy(D) = a+yp71x(p71) a+ypx(p) O4 vt Vpn,lx(p"*” o
for some v,_1,...vp;n_y € k. Set ®, o = Id and take &, € G with &, (z) =
z + v,7P*Y_ Then one can check that

cbp_lq)p_Qq)p_g cee @0(7)) == (9 +l/p_1l’(p_1) a +V;+1I(p+1) 3 +- V;nflf(pn_l) 8

for some v, 1,1},,4,..., v, € k. Continuing in this way, we finally get

Qg Py (D) =0+ Lz V0
=1

for some [; € k. This completes the sketch of proof. [

Then Y.-F Yao and B. Shu assumed that D is nilpotent and they proved that
Lemma 4.2.2. [37, Proposition 4.3] Let D = agd+f(x) 0 be a nilpotent element of

£ C £, where ag # 0 and f(z) € m. Then

(i) D" ¢ L),
(ii) D is conjugate under G to 0.

Sketch of proof. (i) Take D as in the lemma. Then we can write D = Zﬁ’ial ;¥ 9

for some «a; € k with ag # 0. By Jacobson’s formula, one can show that

n—2
DTt = ag’"’l o ¢ Z o o +w
5=0
for some oz;- € kand w € £¢. Since oy # 0, this implies that pr! Z L£). This

proves (i).
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(ii) The proof splits into three steps:
Step 1. Take D as in the lemma. By Lemma {4.2.1] D is conjugate under G to
O+ L1 9 for some I; € k. Since D is nilpotent, it follows from (4.6)) that

(0+> 12" Va)" =o.
=1

We show that this implies that 0+, Lz~ 9 is conjugate under G to 9. Here we
will embed the Zassenhaus algebra £ into the Jacobson-Witt algebra W (n; 1) and use
A. Premet’s results on N (W (n;1)). In Sec. [4.1.1) we have described the construction

process of this embedding. Recall the algebra isomorphism
¢:0(;n) = O(n;1) = k[Xy,..., X))/ (XY, ..., XD)
and the induced Lie algebra isomorphism
¢ : Der O(1;n) = W(n;1) = Der O(n; 1);
see and for their definitions. Then ¢ gives rise to the following embedding:
L=lg: £ W(n;1);

see (4.5)). It follows from the definition of ¢ that

n—1
W(0) = 2 = 0, +Z<—1>lxa’—1 @' O, and
) (4.7)
W0+ 12# D 9) @H—Z Ylah ™ - oy

Note that %, has a similar expression to 2 in Lemma [1.5.1] Since p(D?) = ¢(D)P for
all D € Der O(1;n), we have that

((a+§n:zix<p"—1> ") = (2 + Z Yl )
i=1
Since (8+ > L;z® 1) 8)17” = 0, the above implies that
@1+Z YLt oy ) =0,
ie. 2+ 30 (1) 2?71 9y is a nilpotent element of W (n; 1).

111



4.2. The variety N

Step 2. Set
.@1—1-2 )ik~ -~:Uf*181.

We show that D(n)P" = 0 implies that D(n) is conjugate under Aut(W(n;1)) to 2.
Forn =1, 2, = 0y and D(1) = 9, —,2% " 0;. By considering D(1)?(z;), it is easy to
show that D(1)? = I;(1 — lyz'~") d;. By our assumption, D(1)? = 0. Since 1 — l;z2~"
is invertible in O(n; 1), this implies that I; = 0. Hence D(1) = 0, = 1d(Z;). Suppose

now n > 2. Then one can check that

(=)™t a D) (mod M)

n

=41 (mod9) (by Lemma [1.5.1fiii)).

Here 90t denotes the unique maximal ideal of O(n; 1) generated by z1, ..., x,. It follows
that D(n)?""" ¢ W(n; 1)) = {30, fi0i | fi € M for all i}. Since D(n)”" = 0 and
D(n)?""" ¢ W(n; 1)), it follows from Lemmam that D(n) € Aut(W(n;1)).%;.

Step 3. Let uj,uy € £ Then [37, Lemma A.3] states that ui,uy are in the
same G-orbit if and only if ¢(uy), t(usz) are in the same Aut(W (n;1))-orbit. Set u; =
O+ 30 L=V 9. By @), t(ur) = D(n). Set uy = 9. By [@7), t(us) = . Since
D(n) € Aut(W(n;1)).2;, the above result implies that 9+ > L,z®' D9 € G.0.
This proves (ii). O

Now we consider the other elements of A\ £), i.e. elements of the form
8pt+zz;(1] B o' +g(z)0, where 1 <t <n—1,5; € k and g(x) € m. We want to
show that they are conjugate under G to elements in nice forms. For that, we need
a result proved by S. Tyurin which tells us how admissible automorphisms of O(1;n)

with identical linear part act on these elements.

Lemma 4.2.3. [32, Theorem 1] Let ® € G be such that ®(z) =y = x—l—zj 5 vrl),

where v; € k with v, =0 for 1 <i <n—1. Then

®(0) = (y) "' 0 = 9 (mod L)), and
B@") = 0" —(y) (0" y) 9 = &' (mod L)) for 1 <i < —1,
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4.2. The variety N

Hence for any D = 0 + Zf;(l) BioP + g(x)0 € £, with1 <t <n—1, f € k and

g(r) €m,
t—1

¢(D):apt+25iapi+( )" (50‘“1) Zﬁﬁpy o )8

i=1
Sketch of proof. Recall from Sec. that if ® is any admissible automorphism of

O(1;n) with ®(z) = y (not necessarily with identical linear part), then

®(q(x) ) = (y) ' ®(q(x))0 for any g(x) € O(1;n), (4.8)
and

OO ) = D) for 1 <i<n-—1. (4.9)

In this lemma, we only consider admissible automorphisms of O(1;n) with identical
linear part, i.e. ® € G with ®(z) =y = = + E?Z;lujx(j), where v; € k with
vy =0 for 1 <i <n-—1. By ({£.8), we have that ®(9) = (y')"' 9. We show that
®(0) = 9 (mod £(gy). This is equivalent to show that

(y’)_l 0—0¢€ L) (4.10)

Note that ¢y = 1+ ZJ 5 v;zU~Y which is invertible in O(1;n). Since £y is invariant
under multiplication of invertible elements of O(1;n), we can multiply both sides of

(4.10) by 3’ and show that (1 —y) 0 € £¢). This is clearly true. Hence
<I>(8) = (y')_l 0=0 (mod Q(O)).

It remains to compute ®(9”) for 1 < i < n—1. Since ®(d) = d (mod £(0)), we may
write ®(0) = 9 +¢o(z) 9 for some ¢y(z) € m. By ([(L.9), ®(8) = ®(9)?. By Jacobson’s
formula (Definition [1.1.1[3)) and the fact that £ is a restricted Lie subalgebra of
Der O(1;n), we get ®(0”) = 0* +¢1(x) 0 for some ¢1(x) € O(1;n). Since O x = 0, it
follows that

= (0" x) = B(P)y = (0" +¢1(x) D)y = 0"y + d1(x)y’

Hence ¢;(z) = —(y') 1 (8" y) and so () = & —(y') (0" y) 0. We show that () =
9" (mod £py). This is equivalent to show that —(y')"' (0" y) & € L. By the same
reason as above, we can multiply both sides by —y’ and show that (0" y) 0 € £). Due

to the form of y, i.e. v, = 0, this is clearly true. Hence
®(0P) = 0 —(y) 10" y) 0 = 0 (mod £(0y)-
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In a similar way, one can show that
(") = " —(y) (0" y) O = O (mod £gy) for 2 <i <n — 1.

Let D = 0% + Zﬁ;é B;0"" + g(x)d be an element of £,, where 1 <t <n—1, 5, € k
and g(z) € m. It follows from (4.8) and the above that

t—1
(D) ="+ Bo” +(y) (ﬂ0+c1> Zﬁﬁpy o >a
i=1
This completes the sketch of proof. [

Lemma 4.2.4. [32, Theorem 1] Let D = 0 + 31—} 50" + g(x)d be an element of
£y, where 1 <t <n-—1, ; € k and g(x) € m. Then D is conjugate under G to

t—1

"+ B0" + 2 h(x)0

1=0

for some h(x) = Ep g™ with p, € k.

Strategy of the proof. The proof splits into two parts. The first part (a) was proved

by S. Tyurin; see [32, Theorem 1, p. 68, line -8]. The second part (b) follows from (a)

and Corollary [T.4.1] Explicitly, we prove the following:

(a) Take D as in the lemma. We show that for 1 < j < p™ —pt — 1, if g(x)d =
20 9 (mod £;)) for some ; € k and ®; € G is such that ®;(z) = y; = 2 +;2#"+7),

then

©;(D) =" +> /0" (modL().

We start with 7 = 1 and continue checking the above equivalence until we get D is

conjugate under G to
t_ .
8pt + Z Bz 3”1 (IIlOd S(pn_pt_l)).
i=0

(b) By part (a), we may assume that

D= o +Z@ap +pr—p+n )

for some (i, € k. Note that for any 0 <n < p' —1,

( t
N SO (p Pt ’7) L —pt )
pn _ pt
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The result then follows from Corollary which states that for any 0 < n < p' —1,

the following congruence holds:

n o ot
(p P ‘L‘TI) =1 (modp).
pt—p

Proof. (a) Take D = 0 + 312} 3,0 + g(2)0 as in the lemma. By Lemma [4.2.3] we

know that if ®(z) = y is any admissible automorphism of O(1;n) with identical linear

part, then
t—1 ‘ t—1
O(D) = +3 B +(y) (ﬁo +0lgla)) - X 60"y - o )a
i=1

If g(z)0 = m20 (mod £(1)) for some v, € k and ®; € G is such that ®y(z) = y; =

z + y2z®*Y | then we show that

t—1

O (D)= 0"+ 0" (modLy).
=0

If v1 = 0, then g(x)0 € £n) and the result is clear. If 71 # 0, then we show this
congruence by proving that ®,(D) — 0¥ — Zf;é Bio" € £y, ie

t—1

( ) (BO + (I) Zﬂzap yp — O y1) 0—0p0 € £(1) (4.11)

i=1
Note that y} = 1 4+ y,2*") which is invertible in O(1;n). Since £(;) is invariant under
multiplication of invertible elements of O(1;n), we can multiply both sides of (4.11)
by y; and show that

t—1

(Bo + @y Z@ap Yy — yl) 0—boy, 0 € £a

Since g(x)0 = 1120 (mod £(1)) and ®; preserves the natural filtration of £, in partic-

ular, it preserves £(1), hence

<ﬁo+<1> Z@@pyl 8”?/1)8 —Boyt 0

= (50 + ’71(35 + ’le(phrl)) - Z @’Yﬂ(pt*piﬂ) - ’7156) 0
i=1

— Bo(1 +maz®))d

=0 (mod 2(1))-
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Here we used our assumption that p > 3, i.e. p'—p* > pt—pt~1 > p—1 > 2. Therefore,
D is conjugate to & + Y'_) 50" (mod £1)).

In general, if [ < p" —p! — 1 and D = & + Z;’:é B + ™ 0 (mod £;y) for
some y; € k, i.e. D=0 + 3070 Bi0" + gi(x) O with g,(z) & = 52 9 (mod L), then
applying ®; € G with ®;(x) =y = x + 32? ) to D, we get

t—1

t—1
(D) = 0" + Z Bio" + (y) ™ (50 + ®i(gi()) — Zﬁiapiyl - 3ptyl) 0.
=1

i=1
We show that -

(D)= 0"+ B0"  (mod Ly)).
If 4y = 0, then g(x)0 € £ and the result is clear. If v # 0, then we show this

congruence by proving that

t—1

()™ (ﬁo + @) = Y By — O yz)a Byd € L (4.12)

=1

By the same reason as before, we can multiply both sides of (4.12)) by y; and show
that

t—1

(50 + Qi(gi(x Z By — O yz) 9 —Poy; 0 € Lqy.

Indeed, since ®; preserves £(;), we have that
(50 + Qi(gi(x Zﬁﬁp y— 0 yz) 0 —Boy 0

E(ﬁoJr%(chr%SCpH Zﬁwx(” p”)—yx())a

_ /3()(1 + %x(p +l—1)) o

=0 (mod 2(1)).

Hence D is conjugate to 97 4+ S2') 40" (mod £1y). Then

t—1
D=0"+Y A" + 71200 (mod L))

i=0
for some v, 41 € k. If vy # 0, then applying &, € G with &,4(x) = Y1 =
T +412% T to D we can show that D is conjugate to o' + Z;;é B;0"" (mod Li+41))-
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Continue doing this until we get D is conjugate to 9" + Zi;é .0 (mod Lipr—pt—1))-
Then

t—1
D=0"+> B0 + 7?70 (mod Lpry)
i=0
for some Yt € k. If Y # 0, then we were supposed to apply ®pn_,r € G
with ®pn_t(7) = @ + Ypn_pex®") to D. But since ) = 0 for j > p"™ in O(1;n), the
automorphism ®,»_,: is the identity automorphism and we stop here. Therefore, D is

conjugate under G to
t—1

"+ 0" (mod Lin_pr-1y).
1=0

(b) By part (a), we may assume that

p'—1

t—1
D=0 + Z B;0" + Z fy @ TP 9
=0 n=0
for some 41, € k. Note that for 0 <n < p' —1,

n it + n_ ot
@ =P () — (p pn f;n> g®" ) = ") (mod p)

by Corollary [[.4.1} As a result,

t—1 pt—1
D=9 + Z BioP" + Z 1z ® P2 (mod p)
i=0 =0

t—1 pt—1
— " + Z@iapz 4+ =P Z pin ™ 9.
=0 n=0

Set h(z) = Z:)l p,z™ we get the desired result. This completes the proof. [J

Next we assume that D = 9* + Y2/2) gior" 4 2" ) Egtz_ol 11, 9 is nilpotent.
We check that if DP" " € £0). Let us first consider the case t =n — 1.

Lemma 4.2.5. Let D = 0" + 312 BioP" 2@ ") 27;—0171 1,x MO be a nilpotent

element of £,.

n—1

(i) If B; =0 for all i, then po = py =0 and DP" € Lp).

(ii) (a) Let j > 0 be the smallest index such that B; # 0. Then g = 0 and D"’

s conjugate under G to

n—l_l

n—1

p
oP _i_x(p"fp”‘l) Z l/nx(n)a
n=2

for some v, € k. Hence D"l e Loy ifj > 1.
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(b) In particular, if By # 0, then D" is conjugate under G to """ Hence

n—1

D=0 +> 2,07 for some v; € k with v # 0.

The proof is long as it involves many calculations. Let us first explain the strategy

of the proof.

Strategy of the proof. This is a computational proof and the following steps are
crucial:

Step 1. Take D = 7" +-3.1 2 Bio” +a@" ") o
Since D is nilpotent, then D" = 0 by (4.6 E We first calculate DP which will be used

= 1,z and Dy = O gt > 23,00, By

ni 11,3 as in the lemma.

n—1

in step 2. Set Dy = @ ") ?;:0

Jacobson’s formula
)

n—2
DF =" BP0" + (ad Do)~ (Dy) + pgaya® 0

=0
for some p () € k; see in the proof.

Step 2. We consider the scalars (; in the following two cases and prove statements
(i) and (ii) in the lemma.

Step 2(i). Suppose 3; = 0 for all &. Then D = §" +z@" 2" P il fyx™0.
We show that g = p1 = 0 and DP" " € £(1). By the calculation in step 1, we have

1

that D? = i:o ™ 9 +payz® ~D9; see (4.15). We show that if py # 0, then
DP" £ 0, a contradiction. Hence 119 = 0. Similarly, we show that j; = 0. As a result,
DP € £(1). Since £(y) is restricted, we get Drl e £(1) as desired.

Step 2(ii)(a). Let j > 0 be the smallest index such that §; # 0, and let [ be the

largest index such that 5; #0,ie. 0 <7 <1 <n—2and

nll

= pnl—l-Zﬁ@p—i-xp’pn g Z Nn

We show that yo = 0 and DP" '’ is conjugate under G to

nll

o 4 nnl)z%

for some v, € k. Let us start with the special case j = [. We prove by induction that

for any 1 <r <n—1—j, D" is conjugate under G to
pj'*"“fl

i+ r—1 r—1 n__ j+r
apf + /857(1) 8}7 —|-ZU(p pItT) Z Mm(r)x(n) a
n=0
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for some By 1) € k*po and p,y € k. Here we will use Jacobson’s formula and
Lemma [4.2.4] In particular, D*"' "’ is conjugate under G to

pn 1_1

2—j n—2—j n__,n—1
" +50(1) oP 4" Z [y (n—1—§)T 2 0;

n=0

see . Then we calculate DP" and use DP" = 0 to show that Bo,(1y = po = 0 and
Ho,(n—1—j) = H1,(n—1—j) = 0. This gives the desired result in this case.

For the general case, j < [, one can show similarly that D g conjugate under

G to

- n=3—j -1
AN DT N0 Z vy
i=0
for some A\ € k*pp and \;, v, € k; see ([4.18). Then we show similarly that DP" = 0
implies that A = o =0, \; =0 for 0 <i <n —3—j and vy = 1, = 0. This gives the
desired result.
n—1 -1

Suppose now j > 1. We show that (8p _|_3;(p —pn~1) Zp
[ 19). Since D" is conjugate under G to & +z@"—P"") ZP

yn:c(”) )P € £1); see
"y 2™ 9 and

n—j

G preserves £y, we have that D" ° € £1). As £(y) is restricted, we get Dpn_l € L
as desired.

Step 2(ii)(b). Suppose [y # 0. By step 2(ii)(a), D" is conjugate under G to
apn 1 P —pn— 1) Zp" 1 l

v, = 0 for all . Hence Dp"_1 is conjugate to 9" Then we find an expression for D.

(M 9 for some v, € k. We show that D" = 0 implies that

Let

n—1

S = {D € (o —i—Zk@p +&) NN | D " is conjugate under G to 8”n_1}.

=1

Note that S is a subset of the centralizer cgp(ﬁpn_l). Then we consider elements of
c;;p(@pnA) and show that any D in S has the form D = 9*"
v; € k with 9 # 0.

1

32y, &' for some

nfl_l

Proof. Step 1. Let D =0"""" + Z?:_(f BiOP 4 " P M9 be a nilpo-

n=0
tent element of £,. Then DP" = 0 by (4.6]). Let us first calculate DP. Recall Jacobson’s

formula,

p—1
(D1+Dy) =D} + D5+ 5:(Dy, Dy) (4.13)

=1
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for all Dy, Dy € £,, and s;(Dy, Ds) can be computed by the formula

p—1
d(tD1+D2p 1D1 :ZZSZ Dl,DQ tz 1

i=1

where t is a variable. Set

pn71—1
D, = 2@ " Z (1,2

n=0
and

n—2 _

Dy=0"" +> Bio”

=0

We first show that D? = 0. By Corollary [L.4.1] 2@ 7" g = z0"="""41) (mod p).

n 1

Then Dy =37, @ P49, By Lemma |1.1.1)

pn—lil

DY = 3 (g2 H0) 4w,

n=0
where w is a linear combination of commutators in un:v(pn’pn_hr”)@, 0<np<pvi-1.
By Jacobi identity, we can rearrange w so that w is in the span of commutators
[wp_1, [Wp—2, [. .., [we, [w1,wp] . ..], where each w,,0 < v <p—1, is equal to some
,unx(pn*pn_hr”)@, 0 <n<p*!—1. We show that such iterated commutator equals 0
and so w = 0. Recall the natural filtration {£)}a>—1 of £, where £,y = 0 for
all a > p" —2. Since 0 < n < p"~! —1, we have that unx( "t e Lpn—pn—1-1) for
all n. Then [wy_1, [Wp—2, ..., [wa, [wi,wo]...] € Lppn_pn-1-1)) by Definition m(n)
We show that £,pn_pn-1-1)) =0, i.e. p(p" —p"~' — 1) > p" — 2. Note that

p" =" =) >t =2 = P " —p >t =2 = T —p 2>

We consider the p-adic expansions of these two numbers. By our assumption, p > 3.
Then p—1 > 2. So 2p" +0p" L +---+0p+0 is the p-adic expansion of 2p™. By (1.2)
in Corollary [1.4.1] the p-adic expansion of p"*! —p + 2 is

n

Pt ep+2=> (p—1p +2=(p—1p"+(p—1p" "+ +(p—Dp+2.

=1

Since p — 1 > 2, it is clear that p"** — p +2 > 2p™. Hence Lper—pr-1-1)) = 0 and
SO [wp—1, [Wp—2,[. .., [wa, [wi,wp]...] = 0. As a result, w = 0. By (4.2]), we have that
(,unx(pn*pn_hr”)@)p =0 for all 0 <7 < p" ! — 1. Therefore, D} = 0.
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By Lemma again, we get Db = Z?;OQ Bror™ . By (4.1)) the natural filtration
of £, we have that for any 1 < s <p — 2,

[Dl, (ad DQ)S(Dl)] E [Q(pn,pn—lfl), S(pn7(5+1)p"—171)]
< [Eom—pm-r-1), Lm1-1)]

C L) = span{z® 15},

This last term will appear if and only if s =p — 2. So

n—2

D’ = 50" + (adDo)” (D) + iz Mo (4.14)
=0

for some p) € k.

Step 2. We consider the scalars (; in the following two cases.

Step 2(i). If 5; =0 for all ¢, then Dy = """ By (4.14),

DF = (ad " )PY (D)) + pya® V9.

n—1__

Since """ is a derivation of £ and 81’"71(2220 ", ™M) = 0, we have that
n—l_l

p
D’ = Y g™ 0 +pya® V0. (4.15)
n=0

If p19 # 0, then D? = 150 (mod £(p)). By Lemma m

D=l o 4 HZZ;L; 8" (mod £))
i=0

for some p) € k. As pg # 0, this implies that DP" # 0 (mod £)) and so it is not
equal to 0. This contradicts that D is nilpotent. Hence py = 0. Similarly, if gy # 0
then D? = 20 (mod £(1y). But D" = ,uzl’nflxa # 0 (mod £(1)), a contradiction. Thus
p1 = 0. Therefore, D? is an element of £(;). Since £(;) is restricted we have that
DY € £(1). This proves (i).

Step 2(ii)(a). Let j > 0 be the smallest index such that 5; # 0, and let [ be the
largest index such that §; # 0,ie. 0 <j <[ <n—2and

l pn—l_1
D=+ Z BioP 4 @ ") Z sy 9.
i=j n=0
We first consider the special case j =, i.e.

n—1

pn—lil
D=0"" 48,0 + 2@ =" Z (1™ .
n=0
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We prove by induction that for any 1 <r <n — 1 — j, D? is conjugate under G to

pitr—1

i+ r—1 r—1 n__j+r
apf +557(1) oP +l'(p pItT) Z #m(r)x(n)a

n=0
for some By 1y € k*po and pu,, () € k. For r = 1, the previous calculation (4.14)) gives

n—1,1

p
DP — ﬁ?apwrl Tad (apnfl +Bjap3)p—1 <x(p”—pn1) Z Mnx(n)a) +N(1)37(pn_1)(3.
n=0

Note that
p—l pn71—1
n—1 j n n—1
ad <ap +5jap]) (x(p —p" 1) Z Mnx(n)g)
n=0
p—1 Pl
=ad (Z(_l)mﬁp_l_m(?mpn1+(p—1—m)pj) ( Z Mnx(P"—p"l-Hz)a)
J
m=0 n=0
pn—lil pn—lil
n—1 j
— Z 1y M0 — B; Z pg® T A 4
n=0 n=0
pn71—1
_ n__,n—1__ (., j
+ﬁ§? 1 Z Mnx(p P (p=1)p7+n) 5.
n=0

The above result can be rewritten as py 0 +g(z) 0 for some g(x) € m. Hence
DP = 0" + 1o 0 +g(x) D +pgyz® Do,
Then the automorphism ®(z) = az with o?’" = 37 reduces DP to the form
Dr=9"" + Bo,1) 0 +fi1() 0,

where 8y 1) € k*po and fi(z) € m. Then Lemma implies that DP is conjugate
under G to

pitl_1

Pl +60’(1)a+x(pn_pj+1) Z Mm(l)m(n)a
n=0

for some pi, (1) € k. Thus, the result is true for » = 1. Suppose the result is true for

r=K-—-1<n—1-—j ie D" " is conjugate under G to

pj+K—171
ap]JrK—l _‘_Bgfl—)z apK72 +x(pn—pJ+K—1) Z ,Un,(Kfl)x(n)a
n=0
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for some £y (1) € k™o and g, (x—1) € k. Let us calculate DP" . Set

pj+K71,1

D, = w(p"—pj+K—1) Z Mn,(K—l)x(n) o
n=0

and

-2

D, =" 4

K—2 K
D '4
0.1 9

1

in the Jacobson’s formula (@.13). Then D} € £ and D} = o + ﬂglzlgl "' By
(4.1) the natural filtration of £, we have that

(ad 'Dg)p_l('Dl) € S(pn_pj+K_1) - 2(1).
Similarly, for any 1 < s <p— 2,

[Dl, (ad D2)8<D1)] € [S(pn,pj+K—1,1), £(pn,(s+1)pj+K—1,1)]
C [Cay, Lon—(srpprtc-i-n)]

C Lpr—(s+1)pith-1),

< g(p”f(pfl)pj““l)’
C Lipn_(p-1)pn-2) (since j + K —1<n—2)

C S(l).

K—1

Hence D" = 9" 4 B o + fr(x) 0 for some fx(x) € m with fx(x)0 € £).
By Lemma Dr" s conjugate under G to

P
apj+K + Bg}({;)l apK71 +x(pn_pj+K) Z Mn,(K)ZE(n) a
n=0

for some ji, () € k, i.e. the result is true for r = K. Therefore, we proved by induction
that for any 1 <7 <n —1—j, D? is conjugate under G to

pitT—1

i+r r—1 r—1 n__j+r
o’ + By & PP Z iy ('™ O
n=0

for some £y, (1) € k"o and g,y € k. In particular, P s conjugate under G to

p"71—1

o B 4D N 2™ 0. (4.16)

n=0
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4.2. The variety N

By Jacobson’s formula,

pn71—1
n— n 1— n—1—j n__
D" = T YT 12 0+ fam (1) 0+ ya TV O (417)
n=0

for some f,_;(x)0 € £¢1y and pi,—j) € k. Then
n n—1
DP B 6p (1) o +Zu" o' (mod £(p))

for some p € k. But DP" = 0, this implies that Sy, 1) = 0. Since Sy 1) € k* 1o, we have
that jio = 0. We must also have that pg ,—1-j) = 0 and p; = 0 for all 4. Substituting

these into m, we get

pn—lil
D" = Y 18" O fum () O pgnpyz® TV 0
n=1
= ul,(n_l_j)xﬁ (IIlOd 2(1)).

Then one can show similarly that p; ,—1—; = 0. Hence pe (4.16) is conjugate

under G to
pn7171
n—1 n 1
o TS e
n=2
Ifj <l ie D=0o" " + ZZ ]513” + g®" =" f]:)l_l,unx(")@, then one can

show similarly that D"~ is conjugate under G to

. n—3—j ) prt-1
apn—l + )\8Pn7273 + Z )\z apz +x(pn_pn—1) Z an(ﬂ) a (418)
i=0 n=0

for some A € k*uy and A;, v, € k. Then by the same arguments as above, one can

show that A = o =0, \; =0for 0 <i<n—-3—jand vy = 1 = 0. As a result,

DP" " is conjugate under G to

7711

n—1 771,1
L G E:Vn

Suppose now j > 1. By a similar calculation as in (4.14)) and (4.15)), we get

nll nll

(07" 2l Z vy Z vr 0 + gy O (4.19)
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4.2. The variety N

for some ,u(n,j) € k. This is an element of £(;). Since D" is conjugate under G
to 7" 4 ") I,
As £ is restricted, we have that DY € £(1). This proves (ii)(a).

Step 2(ii)(b). If By # 0, then (ii)(a) implies that DP""" is conjugate under G' to

n—1__

"1, and G preserves £(1), we have that D" € £

nll

8pnl n nl) Z l/xn)a

for some v,, € k. If ¢ is the smallest index such that v, # 0, then

nll

Z vy 0 tpry e 0

for some pu(,y € k. As v, # 0, this implies that D" # 0, a contradiction. Hence v, = 0

for all n. Therefore, we are interested in the set

S = {De ( " 1+Zk8¥’ —|—£) ﬁN!DP i conjugate under G to apn_l}.

=1

Since [D, DP""'] = 0, the above set S is a subset of the centralizer cg, (" ). It is easy
and W(1,n—1),. Since W(1,n—1), is a

n—1

to verify that cg, (9" ) is spanned by 9”
restricted Lie subalgebra of £,, we may regard the automorphism group of W(1,n—1),
as a subgroup of G. Let D = 97" s > % 0" +v be an element of Ce, (827”71), where
vi€kandve W(l,n—1). If v = 0, then D" " = 0 which is not conjugate to o

Sov#0. Ifv g W(l,n— 1), then v = 7,0 for some 7y # 0. It is easy to see that
DP" ' is conjugate under G to " . If v € W(l,n — 1)(0), then v = pjll "\z® 9
with \; # 0 for some i. It follows from Lemma that D is conjugate under G to

nll

pn1+2%0” @) Z A m g

for some A, € k. If v; = 0 for all i, then (i) of this lemma implies that D" e £y
which is not conjugate to o Similarly, if 7 > 1 is the smallest index such that
v; # 0, then (ii)(a) of this lemma implies that Drl e £(1) which is again not conjugate
to 9" Therefore, the set S consists of elements of the form D = & + 37
where v; € k with vy # 0. This proves (ii)(b). O

We see that the last proof involves calculations using Jacobson’s formula and ap-

plications of Lemma . The only property of D that we used is D?" = 0. Hence
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4.2. The variety N

using the same arguments, we can prove a very similar result for nilpotent elements

" + > Lo 4 ") Zz al Nn 9, where 1 <m <n — 2.

Corollary 4.2.1. Let E = oP" + Yo Lo, o0 + "™ Zial unm(") 0 withl <m<
n — 2 be a nilpotent element of £,,.

n—1

(i) If oy = 0 for all i, then EP" € £).

(ii) (a) Let ¢ >0 be the smallest index such that ay # 0. Then EP""* is conjugate
under G to

nll

apnl n nl) Z Vxn)a

for some v, € k. Hence EP"~ ‘e Loy ifqg> 1.
(b) In particular, if ag # 0, then EP"" is conjugate under G to """, Hence

E=0"+3" Ly 0" for some v; € k with v # 0.

Strategy of the proof. By a similar argument as in step 2(ii)(a) of Lemma |4.2.5|

one can show that E#"" ™ is conjugate under G to

m—1 p"_lfl
Dl = (9”7171 + Z afnilim ap1+"—1—m +x(pn7pn71) Z ,un,(nflfm)w(n) 0
=0 n=0

for some i, (n—1-m) € k. Note that D; has a similar expression to D in Lemma #.2.5]
Applying that lemma to Dy, we get most of the desired results. The other results such
as showing that EP"" € £y in (i) and finding an expression for £ in (ii)(b) follow

from the same arguments as in the proof of that lemma.

Proof. Take E = """ + 37"t ;07 + 2@ —#") Zf]:[; " 11,2 9 as in the corollary. By
a similar argument as in step 2(ii)(a) of Lemma [4.2.5] i.e. using induction on r, one

can show that for any 1 <r <n—1—m, EP" is conjugate under G to

m—1 pmtr—1
m-—+r 7 7.+r _ m+r
ap + O{p ap p p 1
7,(
1=0

for some 4,y € k. In particular, ¥~ " is conjugate under G to

nll

m—1
n—1 n—l—m i+n717m n n 1
— E D 14 §
Dl—ap + % 1, :unn lm 77)8
1=0
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Note that D; has a similar expression to D in Lemma [£.2.5] Since E is nilpotent, we
have that E*" = 0 by ([£.6). As E”""'"" is conjugate under G to Dy, this implies that

m—41

D =0.
(i) Suppose «; = 0 for all i. Applying Lemma m(l) to Dy, we get fio (n—1—-m) =
1, (n—1-m) = 0. Then (4.15) in step 2(i) of Lemmam gives

n—1,1

p
D;i] = Z ,un,(nflfm)m(n)0+H(1)x(pn_1)a
n=2

n—m

for some p1(1) € k. Hence Dl e £(1). Since G preserves £(1), we have that £ € Lq).

n—1

As £y is restricted, we have that EP* € £). This proves (i).

(ii)(a) Let ¢ > 0 be the smallest index such that a, # 0. Then EP"~ ™ is conjugate

under G to
m—1 pri-1
n— n—l—m itn—1—m 7 n—
D, = 0P ' -+ Z Ozf 8P+ —l—:L’(p -7 Z ,un,(n_l_m)x(") 0.
i=q n=0

Applying Lemma |4.2.5(ii)(a) to Dy, we get fig(n—1-m) = 0 and D" is conjugate

under G to

n—1,1

n—1

p
P _i_x(p"fp”’l) Z l/nx(”)@
n=2

for some v, € k. Hence (EP" " ™)P"* = EP"""" is conjugate under G to the above

element. It follows from Lemma M(ii)(a) that B € £y if ¢ > 1. This proves
(i) ().

(b) If ag # 0, then it follows from the above and Lemma (ii) (b) that F*"" is
conjugate under G to o"" " Here we used that EP" = 0. By the same arguments as
in step 2(ii)(b) of Lemma one can show that £ = 9°" +Z?:01 ~v; &' for some
vi € k with 79 # 0. This proves (ii)(b). O

4.2.2 An irreducible component of N/

The results in the last section enable us to prove the following:
Proposition 4.2.1. Define Ny, == {D € N'| D" ¢ £y }. Then

Nigg = G(O+k P+ + k).
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(e

Proof. Since (0+ 3.1 ;0 ) =0and (0+3 ) a; 0 )pn_1 = 0", this shows
that any elements which are conjugate under G to 8+Zl 1 9" are contained
in Nieg. S0 G(O+kP +--- + ko 1) C Nieg. To show that N, is a subset of
G(O+kd"+--- + k:(()pnil), we observe that if D; € £y, then D; is nilpotent and
D{’nil € £y C £). Hence Dy & Nyeg. As a result, Nyeg €N\ £y

Let D € N, Note that elements of N\ £() have the form

n—1
> o + f(x)0
=0

where f(z) € m and «; € k with at least one a; # 0. If ap # 0 and «; = 0 for all
i > 1, then (agd+f(x) 0)"" ¢ £() by Lemma M(l) Hence a0 +f(2) 0 € Nyeg.
Take D to be such an element. It follows from Lemma [4.2.2{ii) that D is conjugate
under G to 0. Thus D € G.(0+kd” +--- + k") in this case.

For the other elements of./\/\S(l), let 1 <t < n—1 be the largest index such that
a; # 0, i.e. we consider elements of the form S ;0" + f(2)0. Let ® € G be such
that ®(z) = ax, where ¥ = oy Then ® reduces Y'_, ;0" + f(2)d to

t—1

O+ B +g(x) 0

for some §; € k*a; and g(x) € m. By Lemma o' 3 B0 + g(x) 0 s

conjugate under G to

t—1 pt—1
o' 4 Z BioP + @) Z 1™
i=0 n=0

for some p, € k. If 3; = 0 for all 4, then Lemma and Corollary [4.2.1(i) imply

that
pi—1

n n—1
(Gpt +2 P ") Z ;Ln:l?(n) 8)p € Ly C Lo
n=0
and so elements of this form are not in Meg. Now let 7 > 1 be the smallest index such

that 8; # 0. Then Lemma and Corollary 4.2.1(ii)(a) imply that
pt—1
—1
ap+Z@ap+x ﬂ”Zuwa € £4) C £o),
and so elements of this form are not in Meg. But if By # 0, then it is easy to see that

t—1 pt—1
7 n__ n—1
(8# + E :@@p + (P pt) E ,unzv(”) a)p ¢ o),
i=0 n=0
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and so elements of this form are in N,ee. Take D to be such an element. It follows from

Lemma and Corollary (ii)( ) that D = 97" + S &' for some v; € k with
Y # 0. Let CI>1 € G be such that ®1(z) = yz. Applying ®; to D, we get &1(D) =

O+ A 4 () & for some 7} € k*v;. Hence D € G.(O+k & +---+ k" )

in this case. Since we have exhausted all elements of Ny, this completes the proof. [

Before we proceed to show that the Zariski closure of Mg is an irreducible com-

ponent of A/, we need the following results:

Lemma 4.2.6. Let D = 0+ 3.1 \; 0" with \; € k and denote by co(D) (respectively
ce, (D)) the centralizer of D in £ (respectively £,). Then

(i) ¢e(D) = span{0}.

(ii) ¢cg, (D) = span{0, 0", ... oA

(iii) ce(D) N Lie(G) = {0}.

Proof. (i) Clearly, span{d} C cg¢(D). Since (adD)?"~! # 0 and (ad D)?" = 0, the
theory of canonical Jordan normal form says that there exists a basis B of £ such that
the matrix of ad D with respect to B is a single Jordan block of size p™ with zeros on the
main diagonal. Hence the matrix of ad D has rank p™ —1. This implies that Ker(ad D)
has dimension 1. By definition, Ker(ad D) = ¢¢(D). Hence cg(D) = span{d}.

(ii) It is clear that span{d,d”,...,d"" '} C cg, (D). Suppose v € cg, (D). Then
we can write v = Y7 a; O v, for some vy € L) Since 31 oy o e ce, (D), we
must have that v; € ¢¢, (D). By (i), the centralizer of D in £ is kJ which is not in
£(). Hence v; =0 and ¢g, (D) = span{d, o7, . .. A

(iii) It follows from (i) and Lemma [4.1.1] This completes the proof. [

Lemma 4.2.7. The Zariski closure of Ny, is an irreducible component of N

Proof. By Proposition [£.2.1], it suffices to show that the Zariski closure of
G.(0+kd +---+ kO ) is an irreducible component of A, Set

X = 8+X07

where Xo = k0" +--- + k0" . Note that X = X, = A"!. So X is irreducible.

Moreover, GG is a connected algebraic group and so G.X is an irreducible variety
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contained in A/. Hence dimG.X < dimN. If dimG.X > dim N, then we get the
desired result.

Define ¥ to be the morphism

UV:Gx X —GX

(9,D) — g.D

Since G.X is dense in G.X, it contains smooth points of G.X. As the set of smooth
points is G-invariant, there exists D € X such that U(1,D) = D is a smooth point in
G.X. We may assume that D = 0+ 2?2—11 Ai o” for some Ai € k. Then Tp(X) = Xo
and the differential of ¥ at the smooth point (1,D) is the map

(d@)(l’p) : LIG(G) ) XO — TD(G—X>
(Y,2) = [Y,D] + Z.

Since dim Tp(G.X) = dim G. X, it is enough to show that dim Tp(G.X) > dim N =
p" — 1. This can be done by showing that (d¥)( p) is injective. By Lemma m,
we know that any Y € Lie(G) has the form Y = Z?:l p;z9 0, where ui; € k with

py =0forall 1 <1 <n-—1 By (14),

pr—1 n—1
Y,D] = { Z ) 8,6—1—2/\1- 8”1}
j=1 i=1
p—1 n—1 p"—1 .
- _ Z ,ujzc(j*l) O — Z Z )\iujx(j*pz) O
Jj=1 =1 j=pi+1

Hence [Y, D] € £ for all Y € Lie(G). As £n Xy = {0}, we have that
Ker((d\I/)(LD)) = CLie(G) (D)

By Lemma {.2.6(iii), crie)(P) = {0}. Hence Ker((d¥)up)) = 0 and (dV¥)q py is

injective. As a result,

dim Tp(G.X) > dim Im((d¥)1.p))
= dim Lie(G) + dim X
=(pP"—-n)+(n—-1)=p" —1=dimN.
This completes the proof. [
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4.2.3 The irreducibility of N/

Our goal is to prove the irreducibility of the variety N. To achieve this, we need the

following result:
Proposition 4.2.2. Define Ny, =N \ Ny = {D € N| D" € £)}. Then
dim Niny < dim N

Clearly, Nsing is Zariski closed in V. To prove this proposition, we need to construct
an (n + 1)-dimensional subspace V' in £, such that V N Ny, = {0}. Then the
result follows from Theorem [I.6.8} see Lemma for a similar proof. The way
V' is constructed relies on the original definition of £ due to H. Zassenhaus and the
following lemmas. Recall that £ has a k-basis {e, |« € F,} with the Lie bracket given
by lea,es] = (B — a@)eqrp. Here F, C k is a finite field with ¢ = p™ elements. The
multiplicative group F} of I, is cyclic of order p" — 1 with generator &; see Sec. m
for detail. Since £ is simple, it follows from Theorem [1.2.2{iii) that all its minimal p-
envelopes are isomorphic as restricted Lie algebras. Moreover, £ = ad £ via the adjoint
representation. It follows from Remarkthat the minimal p-envelope £, = (ad £),
is the p-subalgebra of Der £ generated by ad £. We identify £ with ad £. Since £ is a
subalgebra of the restricted Lie algebra Der O(1;n) and {e, | a € F,} is a basis of £,
it follows from Lemma [[.1.3] that

L= > ke, (4.20)
a€Fq,i>0

i.e. £, consists of all iterated p-th powers of e, and £.

Lemma 4.2.8. (i) Let 0 € GL(L) be such that o(ey) := £ tegq for any a € F,.

Then o is a diagonalizable automorphism of £.

ii) Let o be as in (i). Define o(e?') = £7' ¢l oranyi>1and a € F,. Then o
« fa q

extends to an automorphism of £,.

Proof. (i) By definition,

[0(ea),0(ep)] = [ ega, € tegs] = E2(EL — E)egasres = § (B — )eg(arn)

= o([ea, es])
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for any a, 3 € F,. So the endomorphism o is an automorphism of £. Since &#"~! =1,

"~1 —1d. As k is an algebraically closed field, the automorphism o is

we have that o?
diagonalizable. This proves (i).
(ii) Define o(e?') := ffpieg; for any ¢ > 1 and o € F;. We show that o extends to

an automorphism of £,. By definition,
J i opt ) j
o), 0(e)] = [P el 67 el

for any i,j7 > 1 and «, 8 € F,. On the other hand, it follows from Definition [1.1.1}(1)
that

[e’c’j, egj] = —(ad ea)pi_l o (ad eg)pj(ea).

Since ¢ is an automorphism of £ such that o(e,) = £ 'eg, for any a € F,, we have
that
olel e ] = o~ (adea)” "' o (ades)” (ea)
= {7 (adeea)” " o (ad egs)” (eca)
= [g_pleg;v f_pj 62]3]

= [o(eh), a(ef )],
Hence o extends to an automorphism of £,. This proves (ii). O

Note that [eg, eg] = Beg for any 5 € F,. So ad e is a semisimple endomorphism of

£. Since ad £ = £, then ey generates a torus under the [p]-th power map.

Lemma 4.2.9. Let T' denote the p-envelope (keg), in £,. Then T is an n-dimensional

torus of £, such that T'N £ = keg.

Proof. Let T' denote the p-envelope (keg), in £,. Then T = 3 ., k’egi is the p-
subalgebra of £, generated by key; see Definition and Lemma [1.1.3] We first
show that T is a torus of £,. By Definition [1.1.1[1),

%

el e?'] = —(ad o) L o (ad ey)”’ (eo) = 0

for any 4,7 > 0. Hence T is an abelian p-subalgebra of £,. Then we show that T'
consists of semisimple elements. By Lemma M(iii), it is enough to show that e is

semisimple. By Lemma we know that o acts on T as
oef)=¢"el (4.21)
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for all ¢ > 0. Since &"~! = 1, we see that £&1,&77, ... &P are the eigenvalues
of o on T. Moreover, o(ey) = £ teg and o(e]) = €'l = ¢71el". So ey and el
correspond to the same eigenvalue £7! and they are in the same eigenspace. We show
that eq and egn are linearly dependent with ey = egn. Recall that for any «, 8 € F,,
the Lie bracket of £ is given by [eq, e5] = (8 — @)eqrp. Then for any a € F, and i > 0,

we have that

[60 - eg”’ eg] = [607 65] - [68"7 65]

= —(ade,)” (eo) + (ad eg)”" " o (ad e, )" (eo)

=0+0=0.
Similarly, for any o € IF, and 7 = 0, we have that
[eo — eg”, ea) = [eo, €a] — (ad eo)pn (ea) = ey — ae, = ae, — ae, = 0.

We show the above calculations imply that ey — eg’" €3(£,). By , the minimal
p-envelope £, of £ is given by £, = Zaqu,izo k:eg, i.e. £, consists of all iterated p-th
powers of e, and £. It follows from the above calculations that ey — egn € 3(£,). Since
£ is simple, it follows from Theorem [1.2.2[(iii) that £, is semisimple. Since 3(£,) is
an abelian p-ideal of £,, we must have that 3(£,) = 0. As a result, g = e . This
implies that ey is semisimple. By Lemma M(iii), egi is semisimple for every ¢ > 1
and t is semisimple for every ¢t € (keg), = T. Hence T is an abelian p-subalgebra of
£, consisting of semisimple elements, i.e. 7" is a torus of £,.

Next we show that dim,T = n. Since e; = €/, this implies that the [p]-th
power map on 7' is periodic, i.e. egi = egnH for all © > 0. Hence any ¢t € T has
the form ¢t = >0/ uiegi for some p; € k. Thus {eg,ef, .. .,eg"”} spans T. More-
over, it follows from that the eigenvectors e, €ef, ..., eg’"‘l correspond to dis-
tinct eigenvalues €71, 7P, ... € ~7""' Hence they are linearly independent. Therefore,
{eo, b, ... ,egnil} is a basis for T" and dim; T' = n.

It remains to show that 7N £ = key. Note that ey ¢ L. Indeed, if eg € £(g),
then 7' is contained in £(g) as £(g) is restricted. But this contradicts that any nonzero
torus of £ has dimension 1; see in Sec. . Therefore, eq ¢ L. Since eq is
semisimple, we may assume that ey = 042y for some 0 # 2z, € £(). Let us compute

egl for 1 <i <n—1. By Jacobson’s formula, e} = 0" +a; 90 +2z for some a1 € k
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and 0 # 2z € £(g) (otherwise ef is nilpotent). Continue doing this, one can show that

for1 <i<n-—1,

i—1
' pt }: Vel
€o :8 + OéZ"ja +Zi
Jj=0

for some «a; ; € k and 0 # 2; € £(o) (otherwise egi is nilpotent). It is clear that egi ¢ L
forall 1 <i<n—1. Hence T'N £ = key. This completes the proof. [

Remark 4.2.1. It follows from Lemma and the last proof that egi with i > 0
satisfies the following:

(i) a(egi) = ffpiegi for alli > 0.
(ii) egi is semisimple with egi = eg"” for alli > 0.

(ili) eg s an element of £ = £_1) such that eg & £(oy. Hence for any 0 <i <n —1,
we may assume that
i—1
egl = apl + Z 7% 8p] +2;

5=0
for some a;; € k and 0 # z € L. Note that egi ¢ £ foralll < i <
n — 1. Moreover, {eg,e€b, ... ,eg"*l} forms a basis for the n-dimensional torus

T = (l{feo)p.

Since we have proved in Lemma that ¢ is an automorphism of £, then it

preserves the natural filtration {£4)}i>—1 of £ Moreover, we can prove the following:

Lemma 4.2.10. For —1 < i < p"—2, the automorphism o acts on each 1-dimensional

vector space L)/ Leiv1y as &' 1d.

Proof. We prove this result by induction on i. For ¢ = —1, consider the surjective
map 7_; : £-1) = £—1)/L0). By Remark (iii), we know that e is an element of
£(-1) such that ey ¢ £(o). Then the vector space £(_1)/L(g) is spanned by m(eg). This
implies that o acts on £_1)/L) as £ Id. Hence the result holds for i = —1.
Suppose the result holds for =1 <i = j < p*—3,ie. o acts on £(;)/L(j11) as & 1d.
We want to show the result holds for i = j+1 < p" —2, i.e. 0 acts on £(j41)/L(j12) as
§ITId. Since £ = £ + keg and [£, £41)] = L), we have that [eg, £u41)] € Liiv1).-
So we can find for each i € {0,...,p" — 2} a u; € £(;) such that [eg, u;] ¢ £4). By

writing u; as a sum of g-eigenvectors corresponding to the same eigenvalue, we see
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that we may assume that each wu; is a o-eigenvector corresponding to an eigenvalue,

say A;. Then
oleg, ui] = [o(eg), o(u;)] = [€ en, Miwi] = € N\i[eq, il

So £t is the eigenvalue of o on £;_1)/L;). Since i € {0,...,p" — 2}, theni—1 €
{—1,...,p" — 3}. By the induction hypothesis, o acts on £;_1)/Ly) as £ '1Id. So
we must have that £71)\; = €71 and hence \; = £'. Now consider the surjective map
7 0 Luy = L)/ L1y Since u; € Ly is such that [eg, w;] € L), i.e. u; & Ly, then
the vector space £4;)/£(41) is spanned by m;(u;). It follows that o acts on £;)/Lxi41)
as £'Id. Therefore, we proved by induction that for —1 < i < p" — 2, o acts on each

1-dimensional vector space £(;)/£¢4+1) as £ Id. This completes the proof. [

Lemma 4.2.11. Let u denote the element ug in the last proof. Then ku is a 1-

dimensional torus in £ ).

Proof. Recall from the last proof that u € £ is such that [eg, u] ¢ £). Moreover,
u is a o-eigenvector corresponding to the eigenvalue £ = 1, i.e. o(u) = u. We
want to show that ku is a 1-dimensional torus in £). We first show that u is not
nilpotent. Note that v ¢ £). Indeed, if u € £(1), then Remark (iii) implies
that [eg,u] € [£1), L)) € L. But this contradicts that [eg,u] ¢ £4). Hence
u € L) is such that u ¢ £y. If w is nilpotent, then £y would be p-nilpotent. But
this contradicts . Hence u is not nilpotent. Next we show that «” is a multiple
of u. Since u € £(g) and £ is restricted, we have that u” € £). Since o is an
automorphism of the restricted Lie algebra £g), we have that o(u”) = o(u)? = u?. So
uP is o-fixed. By Lemma , the eigenvalues of o on £ are ¥ = 1,¢,...,&" 78
and £7"72 = ¢~ and they all have multiplicity 1. Since both u and u? are o-fixed, it
follows that u? is a multiple of u. Therefore, ku is a 1-dimensional torus in £). This

completes the proof. [
Let us summarize what we know so far.
Remark 4.2.2. It follows from Lemma that

(i) the eigenvalues of o on £ = span{0,x 0,2 9,...,z®" =29 2"~V 9} are £71,
E0=1,¢&,...,67" 3 and 7" 72 = ¢, All have multiplicity 1 except £~ which has

multiplicity 2;
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(ii) the eigenvalues of o on £y = span{z 8,2 9,...,z#" =2 9, 2"~V 9} are £ =
L& ..., 67" 73 and €72 = ¢71. All have multiplicity 1;

(iii) the eigenspace L[i] := {D € £| (D) = £'D} corresponding to the eigenvalue &,
where 0 < ¢ < p™—3, has dimension 1. In particular, the eigenspace £[0] = ku is
a 1-dimensional torus in £(o); see Lemma . Since any torus in a restricted
Lie algebra has a basis consisting of toral elements (see Lemma , we may

assume that u is toral, i.e. uP = u;

(iv) the eigenspace £]—1] = span{ep, v |v € Lpn_9)} and it has dimension 2; see Re-
mark {4.2.1)(i) and ().
We are now ready to prove Proposition [4.2.2| which states that

A/;ing = N\Meg = {D € N‘ DT e ﬂ(o)} has dim./\/;ing < dimN.

Proof of Proposition 2.2, Recall the n-dimensional torus T = S 7~ k:egi in £,
and the 1-dimensional torus ku in £(); see Lemma and Lemma Put
V =T & ku. We want to show that V N Ngne = {0}. Then the result follows from
Theorem [1.6.8 m Suppose for contradiction that V' N N # {0}. Then take a nonzero

element y in V N Ny, We can write

n—1

y = Zx\iegi + pu

i=0
for some \;, u € k with at least one \; # 0.
Case 1. Suppose \g # 0. We want to show this implies that y”"fl ¢ L. But
s ./\fsing by our assumption, this contradicts the definition of -/\/smg-
By Lemma and the facts that ¢ = eg and u” = u (see Remark (ii) and
Remark [1.2.2[(iii)), we have that

n—1
o ( Z el + uu)
i=0

n—1 n—1 nl n2

pnl
u—}—g ur,

. . . . . ’L .
where u, is a linear combination of commutators in u and e} ,0 < i < n —1. We

show that u, € £ for all 0 < r < n — 2. ByLemma4211 u € Loy C £. By Re-

mark [4.2.1(iii), for any 0 < i < n—1, we may assume that e} = o + Z] o Qi " +2

n—1

n—1

Y S (4.22)

'n 3
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for some a;; € k and 0 # 2z € L. So eg € £ is such that ey ¢ £ and for
1<i<n-—1, e‘gi € £, is such that ef)’i ¢ £. Since £ is an ideal in £, and the 9",
0 <i<n—1, commute amongst each other, it follows immediately that u, € £ for
all0<r<n-—2.

Next we show that S 2ut” € k" +kd”" " +---+k " +£. By Theorem [1.4.2]
£ = span{z 9|0 < v < p* — 1} is a subalgebra of the restricted Lie algebra
Der O(1;n). By Definition [L.1.3(ii), £ = {D* |D € £}. Since u, € £ for all
0 <r <n-—2, we have that u?" € £°". Hence Z:};OQ ub € Z?;g £7". By Lemmam
and the fact that £) C £ is a restricted subalgebra of Der O(1;n), we get

n—2
n—3

doer = S L X, RN
r=0

n—2 n—3

Hence Zf;g uf € kP T +kO" T4+ k0P +L as desired.
Now look at p*" " u in ([#.22). Since u € £(0), it follows from the above that we can

write
n—2 n—2
pn—l pr o / pi
wP w4 E ub = E A OP 4z
r=0 i=0

for some \; € k and z € £(. Substituting this and egi = o +Z;;}] Q; j O +z;
(0 <i<mn-—1)into (4.22)), we get

n—2
y =TT Y N0 4z (4.23)
i=0
for some A/ € k and Z € £¢). Since A\g # 0, this shows that Y ¢ L. But
Y € Niing = {D eN|D" ' e 2(0)}, this contradicts the definition of NMyg.
Case 2. Suppose now \g = 0 and let 1 < s < n —1 be the largest index such that
As # 0. Then

y = Z Nl + .
i=1

2n—s—1

We want to show this implies that y? # 0. But y € Ny, in particular, y is
nilpotent with y** = 0. As 2n — s — 1 > n, this contradicts that v is nilpotent.

By Lemma and the facts that ¢ = ey and u” = u (see Remark [4.2.1(ii) and
Remark 4.2.2((iii)), we have that

n—s n—s n—s n—s

n—s n—1 n—2 n—s+1 n—s
v = e+ N e A ey -+ N € + pP u+£ oy,
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where v; is a linear combination of commutators in « and 6151’ 1 <14 < s. By Jacobi
identity, we can rearrange each v; so that v; is in the span of [wy, [wi_1,[. .., [w1,u]...],

where t = p"»*~' — 1 and each w,,1 < v < t, is equal to u or to some egi, 1<i<s.
Arguing similarly as in case 1, one can show that [wy, [wi_1,[...,[wi,u]...] € £.
More precisely, we show that [wy, [wi—1, ..., [wi,u]...] € £). Since o(u) = u and
o(el) = €7 el for 1 < i < s (see Remark [4.2.1(i) and Remark [4.2.2(iii)), the o-

eigenvalue of each such iterated commutator is €%, where
l<p<a<tp’=p"'—p’<p"—p<p'-2

So this eigenvalue is not equal to . Then [wy, [wi_1, [. .., w1, u]...] € L)\ Lpn_2) C

£(0); see Remark 4.2.2| Hence v; € £(g). Since £(g) is restricted, we have that Ufl € L)

and so S P s £(0)- Therefore,

-2 n—s—+1

! p" p
+ Tn—2€ + -+ Yn—s+1€p + fl

n—3S

o n—s P
Yy = A€o+ Y16

for some v; € k, As # 0 and f; € £(g). Note that y*" " has a similar expression to y in

case 1. By Lemma and a similar argument as in case 1, one can show that

n—2
(ypnfs)pnfl _ yp2"7571 _ >\€2TL7571 8pn71 _I_ Z’y; api +f,’
=0

2n—s—1

for some 7} € k and fe L0); see . Since Ay # 0, this shows that y? # 0.
But y € Mg, in particular, y is nilpotent and y?" = 0 by . Since 2n —s—1 > n,
the above contradicts that y is nilpotent. Therefore, we proved by contradiction that
VN /\/Sing = {0}. Then the result follows from Theorem This completes the

proof. [

Theorem 4.2.1. The variety N coincides with the Zariski closure of
Niey=G(O+k +--- + k")
and hence is irreducible.

Proof. By Theorem[I.5.1] we know that the variety N is equidimensional of dimension
p™ — 1. The ideal defining N is homogeneous, hence any irreducible component of A
contains 0. It follows from Lemma that the Zariski closure of N, is an irreducible

component of N'. Let Z1, ..., Z; be pairwise distinct irreducible components of A/, and
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set 21 = Meg. Suppose t > 2. Then Z,\ Z is contained in A/;ing, which is Zariski closed
in N with dim N, < dim A by Proposition Since Zy \ Zy = Zy \ (Z1 N Zy),
this set is Zariski dense in Z,. Then its closure Z5 is also contained in f\/;ing, i.e.
dim Zy = dim N < dimA/;ing. This is a contradiction. Hence ¢t = 1 and the variety N

is irreducible. This completes the proof. [
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