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Abstract

This thesis is submitted as requirement for the degree of Doctor of Philosophy. It

comprises of essentially two parts.

The first deals with materials in a fusion reactor and examines how neutron dam-
age affects material in a fusion reactor, with focus on how this is important for
plasma damage. The methods used are neutron transport, primary event analysis
and molecular dynamics. It found that the neutron damage by 14 MeV neutrons is
restricted to back scatter events within the surface (first 20 microns). Molecular dy-
namics analysis showed that the issue of cascades is heavily dependent on direction
of primary event and the energy of such. Statistical analysis was done to provide a

standard approach for modelling of damage through neutrons.

The second deals with the relaxation of magnetic flux ropes with an emphasis on
kink unstable flux ropes. A relaxation model was developed which shows good
approximation to simulation results of merging magnetic flux ropes. Subsequently,
work was done to establish the physical processes involved in relaxation. This was
done by examining magnetohydrodynamic (MHD) simulations of two flux ropes, one
unstable and one stable. It was found that there is is a clear distance at which merger
does not occur any more. Furthermore, a critical current seems to be a requirement

at the edge a stable flux rope.
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Chapter 1

Introduction

The following thesis is submitted as a requirement of the degree of Doctor of Philo-
sophy (PhD) at the University of Manchester. It was done under the umbrella of
the Fusion Centre for Doctoral Training (Fusion CDT) and was funded by Engineer-
ing and Physical Sciences Research Council (EPSRC grant code: EP/K504178/1).
I (the author) would also like to recognise the service provided by the University
of Manchester I'T Services allowing the use of the CSF and RedQueen computing
clusters and the N8 consortium for their services and allowing the use of the Polaris

computing cluster.

The PhD itself commenced purely as the topic of the Synergistic Effects of Neutrons
and Plasma on Materials in Fusion Reactors. However, part of the funding and CDT
programme requirements dictated that a secondment into a fusion-relevant subject
separate from the core topic had to be conducted for three months. It was then that
work into relaxation of solar and Tokamak plasmas was commenced where the focus
was to create an analysis using helicity conserved relaxation for merging magnetic
flux ropes. The results yielded during this secondment were considered of benefit to

academia, and I requested that I be allowed to pursue both topics over the remainder
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of my PhD. All stakeholders within the project agreed and this thesis is the resulting

product.

The thesis is written in the style where individual Chapters are written such that
they could be adjusted and then published in an academic journal. It is divided into
two core parts which deal with each of the individual topics. Parts III and IV wrap

the thesis as a whole. The following is a summary of all the Chapters in this thesis.

Chapter 1 - Introduction
Part I Synergistic Effect of Neutrons and Plasma in Fusion Materials

Chapter 2 - Introduction and Literature Review: Review of relevant ma-

terial theory, neutronics, molecular dynamics, and the fusion material problem.

Chapter 3 - Considering Surface Damage Due to High Energy Neut-
rons in Tungsten Using Monte Carlo Neutron Transport and Bin-
ary Collision Approximation - Work in collaboration with Paul Mummery
(Manchester), Christopher Race (Manchester), and Kieran Gibson (York): De-
tails of an investigation of 14 MeV neutrons in tungsten using simulation (MCNP
and SRIM) within a slab based geometry. Personal contribution includes running

the simulations, post-processing, and analysis of results.

Chapter 4 - Neutronics Analysis in a Spherical Shell - Work in collab-
oration with Mark Gilbert (Culham Centre for Fusion Energy): Details of an
investigation of 14 MeV neutrons in tungsten surrounded by a moderator us-
ing simulation (MCNP) and subsequent analysis of primary events (SPECTRA-

PKA) within a shell based geometry. Personal contribution includes adjustment
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of spherical shell simulation to obtain relevant results (modification to include
more surfaces for recording tallies and fluxes), passing fluxes through SPECTRA-

PKA, subsequent analysis, and conclusions.

Chapter 5 - Statistical Description of Primary Events in Tungsten
using Molecular Dynamics - Work in collaboration with Christopher Race
(Manchester) and Daniel Mason (Culham Centre for Fusion Energy): Molecu-
lar dynamics investigation (LAMMPS) of the statistical nature and behaviour of
primary event cascades within tungsten. Personal contribution includes bench-
marking, setting up, and running of simulations, and statistical analysis of results

obtained.
Part I1 Relaxation and Merger of Plasma Magnetic Flux Ropes

Chapter 6 - Introduction and Literature Review: Introduction to plasma

physics, plasma relaxation, and coronal heating.

Chapter 7 - A Relaxation Model of Coronal Heating in Multiple
Interacting Flux Ropes - Work in collaboration with Philippa Browning
(Manchester) and Alan Hood (St. Andrews), published in Astronomy and Astro-
physics in March 2017: Detailing the development of an analytical model for
the relaxation and merger of kink unstable and multiple flux ropes (the content
has been modified slightly to fit into this thesis better). Personal contribution
includes development and benchmarking of relaxation model from algebraic ma-

nipulation to computation.

Chapter 8 - Magnetohydrodynamic Simulations of Twisted Magnetic
Flux Ropes - Work in collaboration with Philippa Browning (Manchester) and
Alan Hood (St. Andrews): Magnetohydrodynamic simulations (MHD) of mul-

tiple flux ropes to determine the specific conditions under which relaxation will
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take place. Personal contribution includes modifiction of avalanche simulations

to obtain results and post processing of these.
Part IIT Effect of Plasma Instabilities on Fusion Materials

Chapter 9 - Applying an Edge Localised Mode Relaxation Model for
Damage in Fusion Relevant Tungsten: A letter style Chapter laying the
ground work for using relaxation to model Edge Localised Mode (ELMs) in-

stabilities in Tokamaks and how these may result in enhanced material damage.
Part IV Concluding Statements
Chapter 10 - Summary of Work

Chapter 11 - Future Work

1.1 Review of Nuclear Fusion

Fusion is a nuclear reaction that occurs by two nuclei merging to form another
nucleus. As this occurs, the difference in binding energy results in a mass defect. This
in turn, through Einstein’s principle, results in a release of energy. This elementary

process is described in textbooks such as Feynman et al. (1963).

When one looks at (Figure 1.1) how nuclear binding energy varies depending on the
number of nucleons in a nucleus. On this graph, it is noted towards the left hand
side of the curve; if two nuclei were to merge the overall energy would be in excess of
the required binding energy and mass energy. This is the process that fusion energy

relies on.
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Average binding energy per nucleon (MeV)
Fey

0 30 60 a0 120 150 180 210 240 270
Number of nucleons in nucleus

Figure 1.1: Nuclear binding energy
Source: Wikimedia Commons

Fusion energy is in fact the energy that powers the sun. Other fusion reactions of
interest in the race towards achieving fusion energy currently use deuterium and
tritium (isotopes of hydrogen) since this is considered the most efficient due to its
high energy output and the high temperature of reaction (due to the Carnot cycle

efficiency (Cengel and Boles, 2013). Significant fusion reactions are listed below:

4+ H 0.42MeV °H + B + 0., (1.1)
2H 421 2P 3he, (1.2)
242 O sy g (1.3)
*H+3H 17594 eV sHe +n. (1.4)

The hydrogen-hydrogen (Equation 1.1) reaction does not yield enough energy for an
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earth based power plant to be viable. Of current primary interest towards commer-
cial fusion is the deuterium-tritium (DT - Equation 1.4) reaction. From this point

forth, we shall limit our attention to mostly this reaction.

Within a fusion reaction, the requirement is that the two nuclei be bought close
enough to be capable of fusing (Kikuchi, 2010, 2011). With a nucleus being com-
prised of neutrons and protons, one needs to overcome the Columb barrier in order
to be able to cause the reaction to occur. The particles are thus required to be
heated in order to provide them with the necessary energy. This requires an un-
usually high energy (0.48MeV = O(10°)K). However, by manipulating a process
referred to as quantum tunnelling, we can achieve this reaction in O(107) K which is
still remarkably high! At this energy level, the D-T atoms ionise. This creates what

is referred to as a plasma and in principle can be contained within magnetic fields.

Over the course of this thesis, two regions in which nuclear fusion takes place will

be examined. Specifically, these are the tokamak and the solar corona.

1.1.1 Tokamak

The Tokamak is a cylindrical helical device that uses electro-magnets in order to
contain plasma (Wesson, 1987). The Tokamak was invented in the Soviet Union in
the late 1950s. At a time when work to contain plasma was underway, the Tokamak
concept was found to have done so with remarkable results. The Tokamak can
be visualised as a giant doughnut (formally a toroid). Two magnetic fields are
formed: the poloidal and toroidal fields by virtue of outer coils and helical windings

respectively. These are illustrated through Figures 1.2, 1.3 and 1.4.
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Inner Poloidal field coils
(Primary transformer circuit)

Outer Poloidal field coils
(for plasma positioning and shaping)

Poloidal magnetic field

Resulting Helical Magnetic field Toroidal field coils

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)

Figure 1.2: Tokamak concept
Source: EFDA

Figure 1.3: Joint European Torus (JET) with plasma inset
Source: EFDA/CCFE
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Poloidal field coil

Figure 1.4: JET layout
Source: EFDA/CCFE

1.1.1.1 Empirical scaling

The initial Tokamak was found to be able to contain plasma for approximately 100
ms (Wesson, 1987). This was short due to the plasma cooling down far too quickly
as a result of electron collisions, impurities and outward drifts. These problems are
mitigated by increasing the size of the Tokamak as a result of reducing electron
density, increasing the region in which the plasma can be contained, and reduce
the chance for impurities to enter the core plasma. This led to the development of

empirical scaling.
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Figure 1.5: Scaling of plasma containment time using a power law (1.5) against
experimental time (Yushmanov and Takizuka, 1990).

Figure 1.5 shows a plot of experimental confinement time for various Tokamaks
against empirical scaled time based on the ITER-89 power scaling (Yushmanov and

Takizuka, 1990) which states:

= 48'103'[0.85BOQTL—O.IP—0.5R1.5/€0.560.3M0.57 (15)

Where I is the plasma current (MA), B is the toroidal magnetic field strength (T),
n is the average density (10" m™3), P is the absorbed power (MW), R is the major
radius of the Tokamak, x is the elongation of the contained plasma, € is the inverse
aspect ratio (major to minor radius) of the Tokamak, and M is the hydrogen isotope

mass.

As one can see, there is a high correlation to the major radius. On this basis, the
current fusion road map is moving towards developing ITER and DEMO which are

large radius devices.
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1.1.1.2 First Wall, Limiters, Divertors

Particles tend to drift outwards from within the Tokamak vacuum vessel. Therefore
one can see that eventually, the entire wall will be covered with plasma. To avoid
this the Tokamak uses the concepts of limiters and divertors which arise from the
principle that solid surfaces are sinks for plasma (plasma recombines into neutral
ions) (Stangeby, 2000). The limiter cuts through a close fluxed surface and becomes
a solid surface within it. A divertor on the other hand uses a current carrying
conductor that bends the magnetic field and forms open field lines on the divertor

surface. A cross section view of the various configurations is illustrated in Figure

1.6.
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SOL

Figure 1.6: Diagram showing various plasma facing configurations
(a) No divertor/limiter (b) Limiter configuration (¢) Divertor configuration
SOL is the Scrape Off Layer
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Without a divertor or limiter, the heat load is uniform and thus difficult to extract
from a power plant. Furthermore, a divertor or limiter configuration will allow for
selective treatment of plasma facing components. Due to their versatility, divertors

look likely to be the dominant concept (Maisonnier et al., 2005).

The material is expected to primarily be that of tungsten. Tungsten is chosen due
to its high melting point and low sputtering yeild Maisonnier et al. (2005); Cottrell
et al. (2006) and will be the candidate material for any fusion reactor (Aymar,
2001). As such, most of this thesis will focus on tungsten. Tungsten, however, has
the additional issue of brittleness when it is cool. It is hoped that this will be an
issue that is mitigated in a steady state reactor, which will have a higher operating

temperature.

1.1.1.3 Reaction Thermodynamics

The particle energy is released kinetically through the reaction particles. It is noted
that the DT reaction normally emits a 14 MeV neutron and 3.5 MeV alpha particle.
Since the reaction kinetics dictates that the energy must be distributed between
these two particles, the spectrum normally is not very spread. This can be seen
in light of work done (Matsuura and Nakao, 2009) which saw the variation of the

spectrum while using a neutral beam to produce a DT plasma (Figure 1.7).
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Figure 1.7: Energy spectrum of particles within a fusion environment (Matsuura
and Nakao, 2009).

1.1.2 Coronal Heating and Avalanche Models

The coronal heating problem was realised during the analysis of emission released
by the corona (Parnell et al., 2012). It was found that the outer atmosphere (the
corona) of the sun was emitting as a result of heavier ions which implied that it must
be at a higher temperature than the photosphere. Measurements suggest that the
corona measures at nearly a million Kelvin whereas the chromosphere is only of the

order 1000 K (Klimchuk, 2015).
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Figure 1.8: Plot of temperature as a function of depth of the solar atmosphere.
Source: NASA

Classical heat transfer mechanisms do not explain the disparity as shown in Figure
1.8. As a result, work has subsequently been done to suggest mechanisms by which
this could occur. Reviews (Parnell et al., 2012; Asgari-Targhi et al., 2013; De Moortel
et al.,, 2015) suggest there are two fundamental mechanisms by which this may
happen. The first is the DC (direct current) mechanism which suggests that heating
is a direct result of reconnection. The second is AC (alternating current) which is
done through resonant Alfven wave transfer. The DC mechanism has the advantage
that it readily explains self organisation of the coronal loops on the surface of the
sun. However, there has been no clear proof of either method. This is primarily due
to the fact that computational power is insufficient to simulate a significant portion

of the solar surface.

Magnetic reconnection (DC) has been specifically investigated in the work of Long-
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cope and Tarr (2015). A non-potential field is known to contain free magnetic energy.
Examples of non-potential fields includes twisted and braided flux ropes. A flux rope
is defined as a cylinderical self contained region of plasma. The geometry of these can
be specific when theoretically required (such as cylinderical). Through this thesis,
references to flux ropes will be cylinderical regions that can be treated in isolation.
These fields can arise as a result of footpoint motion in the chromosphere. As a
standard model, twisted ropes can result in the ideal kink instability and there is
evidence of kink instability in the solar corona (Liu et al., 2007; Liu and Liu, 2009;
Srivastava and Dwivedi, 2010; Wang et al., 2015). However, it is quite unlikely that
a large number of flux ropes will be twisted at the same time. Therefore, the idea
of an avalanche model was proposed (Lu and Hamilton, 1991; Charbonneau et al.,
2001) and shown in simulations. Merger of multiple ropes had already been sug-
gested as a possible mechanism for coronal heating (Gold and Hoyle, 1960; Melrose,

1997; Kondrashov et al., 1999).
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Part 1

Synergistic Effect of Neutrons and

Plasma in Fusion Materials
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Chapter 2

Introduction and Literature Review

A good understanding of the problem can be gained by looking at the paper (Wirth
et al., 2011). The problem presented with materials that will eventually be used in
a fusion is that they will have to face extreme conditions that we do not have a lot
of experience with. Furthermore, these conditions are not isolated. To simply break

down the various phenomenon occurring:

e The deuterium-tritium plasma and subsequently fusion reaction is going to

create:

— 14.1 MeV average neutrons

3.5 MeV alpha particles

— Ion irradiation from the plasma on to the material surface

High heat loads on the material surface (for DEMO, this is expected to

be 20 MW per sq. meter)

— Formation of a potential (Debye sheath) on the edge of the surface
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The problem is that these problems are not isolated. For instance, the interaction
between plasma and material causes sputtering (ejection of atoms from the material
surface) which in turn affects the plasma; the plasma is going to impose a heat load
on the surface, the conduction of which will vary with neutron and ion damage; the
material properties of the reactor will change with the reactor operation. There are a
multitude of effects occurring at various time scales and length scales. Furthermore,
as far as our current physical understanding goes of these effects, they are likely to
affect one another. Through this literature review, it shall be noted that these do

possibly affect one another.

Currently, the candidate material we have for a demonstration reactor is tungsten
and therefore all work concerning plasma facing components and surface neutronics
is done with this material in mind. To that effect, work done on investigation of
transmutation in a fusion environment (Cottrell et al., 2006) finds that due to the
nature of the neutronics within a fusion reactor a large amount of transmutation
is expected to occur. This is primarily due to a resonances of high capture cross
sections for tungsten absorption. Figure 2.1 shows how the cross-section varies with

incident neutron energy.

\

............ gy (Mev)

Figure 2.1: Cross-section of (n,y) reaction for W-184 (an isotope of Tungsten)

The work is done primarily through FISPACT (an inventory code that calculates
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the nuclides left in a geometry based on neutron flux data presented in Sublet et al.
(2017)) analysis following a neutron analysis which understands the distribution of
neutron energetics through the reactor. It is to here noted that even though the
reaction in question (deuterium and tritium) produces 14.1 MeV neutrons, through
collisions through the reactor will actually cause a distribution of neutrons of various
energies. Neutron transport allows us to come up with a steady state distribution
of this. The work found that significant amounts of rhenium and osmium would be
present as a result of tungsten irradiation. To be specific: the plasma facing side
is expected to be 95.3 atomic % tungsten, 3.0 atomic % rhenium and 1.7 atomic
% osmium after 5 years of service in a conceptual fusion power plant (Maisonnier

et al., 2005).

The neutronics itself are currently only solvable through theory or simulation (with
the latter being the dominant approach). This is due to the fact that currently there
are no facilities that can generate 14 MeV neutrons. However, with years of fission
experience and the problem of neutron moderation and damage being key concerns,
there are well developed methods for modelling these. Sources (Gilbert et al., 2012,
2013) have been working with these to come up with a reliable methodology for
understanding the damage that can be expected in a steady state fusion reactor.
The primary work here is on developing neutron fluxes within a DEMO reactor, how
this is likely to develop as damage and the effects this causes such as transmutation

damage and helium embrittlement.

Their work involved profiling the fluxes and then using these to prepare a model
for the damage. This they did by constructing a full model based on the DEMO
conceptual design (Maisonnier et al., 2005) and then running it through the neut-
ron transport code MCNP (Monte Carlo n-particle). Subsequently the fluxes were

used with data tabulated using the NJOY nuclear data processor coupled with the
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European EFF-1 library for neutron data to generate damage cross-sections. This
yielded a damage profile for metals as a function of depth. However, this data is

vastly sensitive to the library used as can be seen from the subsequent work done

by Gilbert et al. (2013).

In a presentation the problem of the conditions for plasma facing components within
ITER is discussed (De Temmerman, 2000). This is further emphasised in a paper
by Roth et al. (2009). The key issues commented on were the conditions the plasma
facing surfaces would be subject to, the factors impacting the lifetime of these, dust

generation and tritium inventory.

Work done suggests that within ITER an expected flux of the order 10** particles
per second of deuterium and tritium can be expected during operation at the first
wall with the order increasing to 10?* at the divertor surface. ITER is expected to

operated at the 500 MW power output mark (Aymar, 2001).

Based on this understanding limiting factors for the plasma facing components
primarily is that of erosion. Based on calculation using the B2-EIRENE (Schneider
et al., 2006) coupled code for fluid edge analysis and Monte Carlo neutral transport;
an expected 48 grams of beryllium and 26 grams of tungsten at the divertor is expec-
ted to be eroded per shot which corresponds to 0.12 and 0.05 nanometers per second
(8 and 0.12 during peak loads) respectively at the first wall. Within the divertor,
the tungsten could be expected to erode 48 grams per shot (2 nm/s). Tungsten
erosion is primarily expected to occur due to sputtering due to impurity atoms such
as argon. These are expected to be introduced into the plasma as the allow for easier
transition from L-mode of confinement to H-mode (Maggi et al., 2014). The differ-
ence between L-mode and H-mode is the gas pressure at the edge of the Tokamaks,
which is higher in the latter. This is done by introducing impurities (nuclides acting

as catalysts to the fusion reaction) within the Tokamak chamber.
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Due to the brittleness of tungsten and beryllium (which is expected to be enhanced
due to neutron activity) it is expected that there will dust formation (Fortuna-
Zale$na et al., 2017). This dust is going to be a major radioactive source and may
also contain trapped tritium. For the purposes of analysis it is normally assumed

that all erosion leads to dust formation as a conservative estimation.

Another concern is that of tritium retention. Tritium is a controlled substance. It
is therefore expected that the amount that can be stored on site will be limited.
Furthermore, any tritium that is retained within the structures is also likely to
count towards this inventory with calculations being conservative. Work has been
done to determine the extent of this (Barabash et al., 2003; Kwast et al., 1996).
This work involved placing material samples within fast fission reactors to provide
damage using neutrons greater than 1 MeV. When beryllium was irradiated up to
an expected damage of 40 dpa, it was found that the tritium retention was increased
by a factor of 10. Tritium is retained due to the formation of vacancies and of grain
boundaries forming traps for transmuted tritium. Within tungsten, it was noted that

the neutron energies were not high enough to cause activation within the material.

Another paper on plasma edge material interaction issues based on ITER (Federici
et al., 2003) talks primarily about the issue of Edge Localised Modes (ELMs). Type
I ELMs are capable of discharging about 30% of core energy (ITER is expected to
operate at 500 MW [Aymar, 2001 while DEMO could operate at 5 GW fusion power
(Maisonnier et al., 2005)). It is expected that ITER will operate within the ELMy
H-mode criterion and therefore materials will need to be capable of handling these
intense loads which could go up to 2 M.J/m?. Tt is expected that during the ELM
events, materials such as tungsten will melt and erode. Tungsten is expected to melt
and then eventually be eroded at the divertor target. Conservative estimates suggest

that extreme conditions possible within ITER can limit the divertor performance

43



with the criteria for divertor replacement (withstand 3000 normal DT plasma shots)
unlikely to be attained. If however ELMs can be limited to within 1-1.5 M.J/m? this
may not be an issue. It should be noted however that ELM criteria are currently in
their infancy with a large portion of the physics still to be investigated. Measures

for what the energy dissipated are currently based on empirical evidence.

Another condition of plasma damage that is currently being investigated as a likely
problem within fusion environments is that of fuzz formation. The mechanism for
this is described as helium atoms clustering and forming voids. This is shown in
Figure 2.2 and is described in literature (Kajita et al., 2009; Doerner et al., 2011).
The exact physics of the process is currently uncertain. Temperature variation seems
to show an increase in fuzz formation (on the basis of the fuzz layer thickness) and
so does an increase in flux but this reaches an equilibrium when coupled with erosion

mechanisms through sputtering and erosion.
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Figure 2.2: TEM image of fuzzy tungsten

Source: Courtesy of Aneeqa Khan through work done at DIFFER and LENFF.

The matter of plasma and neutron synergistically interacting has not received a lot
of attention in the past because of the fact that this is only recently expected to
be a problem with deuterium tritium capable devices such as ITER and DEMO.
One aspect that requires possible direct examination is that of sputtering since
the theoretical mechanism is based on cascade damage resulting in atoms being
given enough energy to be displaced and then overcome the surface energy. Dated
work on this has been found in papers such as (Harling et al., 1975, 1976; Keller,

1968). The discussions here are on occasion slightly counter intuitive. All papers
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categorically state that theoretical values for sputtering ratios are quite small (of the
order 10~° atoms sputtered per incident neutron) for neutrons of a fusion energy level
(~14 MeV). However, there have been experiments that suggest otherwise obtaining
sputtering ratios higher than expected. On the other end of the spectrum in Keller
(1968), the authors did not find any sputtering in their experiment, however noted
that they had previously obtained a sputter ratio of 0.5. Examination of this paper
(Keller, 1966) shows the presence of thermal neutrons as well which could potentially
be the responsible factor here. Keller (1968) talks about how sputtering is dependent
upon mean free paths and how higher mean free paths indicate less likeliness of
sputtering. Furthermore, sputtered particles were actually observed to have been in
the from of micron sized chunks (Harling et al., 1975). The overall trend however
seemed to have settled towards lower orders of sputtering which is theoretically to be
expected. This raises multiple questions. Firstly on the nature of neutron damage at
the surface, secondly the exact nature of neutron interaction (which is largely based
on experimental cross sections) and finally on sputtering mechanisms. A more recent
paper (Ye et al., 2000) seems to have resolved this using a Japanese fusion neutron
source (which has since been shut down) stating that sputtering is indeed as low
as theory predicts. The methodology however is slightly cumbersome and does not

report sputtering values in a typical fashion.

The fundamental problem of materials used in a fusion environment is not simply of
their lifetime within the condition but also of how they affect the plasma. Erosion
and sputtering are expected to be very significant as well as affecting the plasma
environment. One of the mechanisms by which this happens is Bremsstrahlung
radiation (Figure 2.3) where electrons lose their energy interacting preferentially
with high Z (atomic number) atoms. This is examined as a mechanism for heat loss
in the paper Post et al. (2004) where the aim however was to use these mechanisms

to reduce heat loads at plasma facing surfaces.
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Figure 2.3: Mechanism of Bremstrahlung radiation

The paper Watanabe et al. (2011) is a key example of synergistic effects of plasma
and neutron irradiation using ion irradiation as a proxy for both of these. A sample of
tungsten was first irradiated by 2.4 MeV Cu?T ions up to 1 dpa and then irradiated
by deuterium ions. The results were analysed through TEM and then through
annealment desorption. This analysis showed that the deuterium underwent higher
absorption at the increased damage due to vacancies and other forms of damage

acting as traps for the deuterium. Figure 2.4 illustrates this result.
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Figure 2.4: Deuterium (D3) and deuterium hydride (DH) desorption in pure tungsten
following ion irradiation (Cu®T)

An important consequence of this experiment is that it raises questions for tritium
retention within plasma facing components since tritium is a controlled substance
and is likely to have limited on site volume presence. Therefore, not only will
well developed models allow for understanding possible routes to mitigation of this
problem, it will also allow for better understanding of how much tritium is retained.
Conservative models would hamper reactor operation by limiting further inventories

of limited fuel.

Throughout this thesis therefore, a significant aim will be to investigate the beha-
viour of neutrons. The 14 MeV neutrons have a mean free path in the centimetre

scale and therefore it is a question of what sort of impact they will have on the
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direct surface (explained in Chapter 3). Therefore, it will be the purpose of this part
to understand how neutrons create primary events and what effect this will have
on the surface since the surface is the region of the first wall (on the micro meter
scale) that would be likely to directly interact with plasma. To this end, three direct

investigations are done:

1. Neutronics of 14 MeV neutrons in a slab geometry,
2. neutronics of 14 MeV neutrons in a shell geometry, and

3. molecular dynamics investigation of primary events in tungsten.

2.1 Basic Theory

2.1.1 Material Damage Theory

This section will be focused on developing an understanding of key phenomenon that
occur in materials at an atomistic level. It is this that will define how the material
is likely to behave and the consequence of continued particle impact. The basis
for this approach is referred to as crystallography which states that materials are
in a specific crystal structure. These theories can be found comprehensively stated
in books such as Hammond (2002); Kittel (2010); Borchardt-Ott (2012). Over the
course of this Chapter, when defects are discussed; the primary source for these will
be the textbooks Hirth and Lothe (1949); Kelly and Knowles (2012). Where other

sources are used these shall be stated.
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2.1.1.1 Point defects

We commence with a discussion of point defects. Point defects are classified as
either vacancies or interstitials. Consider a perfect crystal arrangement. A vacancy
is defined as an empty site within this regular lattice. An interstitial is a site where
there is either an extra atom in a position not part of the regular lattice or an atom
that is different to atom in the crystal structure (i.e. a different element). These are

illustrated in Figure 2.5.

Vacancy

00000000
000 0000
00000000

Interstitial

Substitutional interstitial

Figure 2.5: Illustration of point defects. Self-interstials are a special case where the
interstitial atom is the same as a overall material.

Point defects are a common phenomenon that occur in crystal theory due to damage
by particle irradiation due to “collision cascades”. In this scenario where we do not
consider substitutional interstitials, one can see how interstitials and vacancies are
required mostly to go hand in hand (referred to as Frenkel Pairs). Collisions create
primary knock on atoms which when they leave their original site form a vacancy.
Where they come to rest, they are likely to form interstitials unless they simply re-
place a lattice site. In the latter case this would also eliminate a vacancy. Therefore,
in the absence of additional particles and loss of particles through processes such as

sputtering the number of interstitials and vacancies are equal. Ziegler et al. (2010)
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provides a brief physical model of how collision cascades occurs. Take Ej; to be the
displacement energy of an atom at its perfect lattice site. When a collision occurs,
based on momentum and energy conservation calculations one can determine the
energies of the two particles under consideration (Ejand Fy where Ejis the post col-
lision energy of the incoming particle and Fj is the post collision energy of the lattice
atom). If E, is greater than Fj; then a displacement will occur. If E; is greater than
E4 a vacancy will be formed otherwise the incoming particle will replace the site and
Eiis released as a photon. If both Fiand Fsy are less than Ey; then an interstitial
will be formed. This model is referred to as the Kinchin Pease model (Kinchin and

Pease, 1955).

Displacement energy is something that can be calculated and is often done during
electronic structure (ab initio) or molecular dynamics calculations. Using the prin-
ciples of the conservation of energy and a perfect lattice, these can be evaluated.

The theory has been adopted from Dudarev (2013).

The formation energy of a vacancy is given by:

N —1
E¢(vacancy) = En_q — (T)EN’ (2.1)
Where Ey is the energy of a perfect equilibrium crystallic lattice of N atoms and

En_1 is the energy of the same crystal with a single vacancy (therefore N — 1 atoms)

after the lattice has been allowed to relax.

The formation energy of a self interstitial atom is given by:

N+1
E¢(sel f interstitial) = Enyq — (T+)EN (2.2)
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2.1.1.2 Dislocations

Point defects typically are hard to image directly with the current state of technology.
What are however easily observable are dislocations. Dislocations are defined as
faults occurring in the lattice structure. Here we shall consider the screw dislocation
and the edge dislocation. Dislocations are commonly defined using the concept of
Burgers vector which is illustrated in Figure 2.6. The Figure shows a simple cubic
structure. A circuit is drawn around the imperfection which is then superimposed
onto a perfect lattice. In order to close the circuit on the perfect lattice a vector is

required which is the Burgers vector.
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Figure 2.6: Burgers vector
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An edge dislocation is defined as one whose Burgers vector lies normal to the disloca-
tion length. A screw dislocation has its Burgers vector in parallel with the dislocation
length. These are illustrated in Figure 2.7 where EE’ is an edge dislocation and SS’

is a screw dislocation within a simple cubic structure.
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Figure 2.7: Dislocations
(a) Edge dislocation (b) Screw dislocation

Edge dislocations occur in nature. Materials are not entirely perfect crystals and
as such these result in dislocations as well as other defects such as stacking faults
(where the crystal is out of alignment). However, it is believed that these are what
are responsible for the variable properties of materials. A potential mechanism for
forming dislocations is the agglomeration of point defects which allows the system

to achieve a lower energy state.

2.1.1.3 Defect clustering

Defects (in particular point defects) are not stationary. They move about within
the material and are typically eliminated at either the surface or a grain boundary.
These typically result in changing material properties and other effects such as he-
lium embrittlement through helium interstitials formed as a result of transmutation
migrating to the grain boundary. Effects such as these are typically modelled using
methods such as kinetic Monte Carlo. Methods for doing this can be found in papers
such as Kotomin and Kuzovkov (1992); Kotomin and Zaiser (1993); Kotomin et al.

(1994).
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2.1.1.4 Thermodynamics

Typically, due to the many bodied nature of a solid; it is quite cumbersome and
difficult to actually be able to describe what is observed at the continuum scale.
One treatment, however, involves using thermodynamic principles to quantify the
behaviour. For instance, the free energy of the system can be determined by the

number of point defects in the system,

G=H-TS, (2.3)

Where G is the Gibbs free energy, H is the enthalpy which is a function of the
internal energy, 1" is the temperature and .S is the entropy of the system. Through
statistical mechanics it is understood that the entropy is a function of the number

of various formations the lattice can take,

S = kpln(W), (2.4)

N!
W =N
= = 2.
Cn (N —n)n!l’ (2:5)

Where kp is the Boltzmann constant, W is the number of different configurations

of N lattice sites with n point defects.

These methods allow determination of methods such as the number of point defects

in a system through understand the enthalpy of formation.

The Kinchin Pease method (Section 2.1.1.1) is another example of energy consider-

ations to quantify defect production.
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2.1.2 Sputtering

Sputtering is defined as the ejection of atoms from the target surface by ion impact.
An ion that has a high enough threshold energy to breach the surface energy of the
target and then provides energy to the atom to escape the surface (Ziegler et al., 2010;
Stangeby, 2000). However, it is not as simple as demonstrated in Figure 2.8, which
shows that this is not a linear function (which would be expected if the phenomenon
was fully addressed by the explaination). The data are obtained through by work
done by Eckstein et al., 1980; Biersack and Eckstein, 1984; Eckstein and Biersack,

1985; Eckstein, 2005.
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Figure 2.8: Plot of tungsten sputter yield due to deuterium atoms as a function of
the inciden ion impact energy
Sputter yields due to deuterium ion impacts, the yield atoms ejected per ion
impact.

Work is currently being done in determining the physical processes involved, however
functional models are sufficiently developed (Sigmund, 1987). The linear sputter

yield Equation states:

Y = ABp, (2.6)
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Where Y is the sputter yield, A is the material constant as a function of the surface
potential, interaction cross section, mass and number density, and Ep is the energy
deposited per unit length. This has sufficient parameters to allow for an accurate

enough description of light energetic ions.

Sputtering is a problem as this becomes a source of heavy atoms into the plasma
(Stangeby, 2000). These take heat away from the core through Bremsstrahlung radi-
ative heat loss causing heat loss in the plasma (Post et al., 2004) and eventual plasma
collapse. Losing heat in the core through various physical processes is currently the

limiting factor for sustained fusion.

2.1.3 Plasma damage and ion transport

Aside from sputtering, one of the other primary effects of plasma damage is to im-
plant ions into the first wall. As such, these require ion transport treatment through
materials. This can be done using either binary collision simulation, molecular dy-
namic simulations or experimental procedures. Here we provide a brief view of how
ions behave in material. For a more extensive treatment, the reader should refer to

texts such as Ziegler et al. (2010).

Ion damage theory examines the effects of an incoming atom with the basis largely
in the standard atom model and electrostatic forces. Consider charged ions going
through an array of nuclei and electrons. These all interact through electrostatic
forces and here we shall consider an ion and a target in isolation. The kinetic energy

of the ion is given by:

Ei = —myvj, (2.7)



Where FJ is the kinetic energy, m, is the mass of the ion, v; is the velocity of the

ion. The potential energy is given as:

q142
Ep = ke | =

) (2.8)
Where E), is the potential energy, k. is the Coulomb constant, ¢; is the charge on the
incoming particle, ¢o is the charge on the target and r is the separation between the
two. The distance of closest approach therefore is found when all the kinetic energy
approaches zero and is converted to potential energy. Therefore, one may simply

equate the potential and kinetic energy.

1 q1G2
§m1vf:kc\ . I (2.9)
2keq1q2
=] 5 ] (2.10)

One can observe that r approaches zero as v approaches infinity. One can therefore
compute how the particles get scattered by considering forces operating at very small
time steps (the essence of molecular dynamics) or using a Monte Carlo approach
where an event takes place at some stochastically determined point. One can now
draw several straightforward conclusions. Firstly, direct nuclear scattering is less
frequent than electrostatic scattering. In fact, Ziegler (1999) states that work done
shown this to be very low. This can be understood in stark contrast with how
neutrons travel further than ions and therefore have a completely different damage
profile. Secondly, since electrons are far more numerous than nuclei, most of the
energy lost is in fact to electrons. It does not matter that the electron is not as

massive since distance of closest approach is independent of target mass. It should
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be noted however that this a simple treatment. It does not take into account (for
instance) electrons surrounding a nucleus. Lattices are held together with atoms
having a potential energy due to this bonding. If enough energy is provided to

overcome this, the atom is displaced. This is the basis on which ion damage works.

Figure 2.2 shows the formation of fuzzy tungsten which occurs when plasma ions
(in this case He ions) enter the material surface and then coalesce to form porous
regions. The mechanism for this is provided in Kajita et al., 2009 with models for
how this is expected to grow in Doerner et al., 2011. Based on the theory of plasmas,
the primary damage it seems will be from ion impacts and thus can be fully resolved
using these theories. The manner in which they will differ is going to be based on
their length and time scales. This can be seen in the illustration obtained from

Wirth et al., 2011 in Figure 2.9.
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Figure 2.9: The various effects expected on materials within a fully functioning
fusion reactor.
Source: Wirth et al. (2011)
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2.1.4 Neutronics

Another dominant phenomenon within a fusion environment is that of neutrons.
Neutrons and neutronics are therefore are essential towards a proper understanding

of the problem at hand.

2.1.4.1 Neutron transport

Neutron transport is defined by a single equation which is standard. This equation

is referred to as the neutron transport equation and is defined as follows.

N
aa_t +vQVN + ovN = / / fo'v'N'dE'dQY + Q, (2.11)
oJE

Where N represents neutron density as a function of position r, angle of travel
), energy F, and time t. o is the nuclear cross section which is a function of
angle of impact and energy. v is the neutron velocity. f is a probability factor for
scattered neutrons. () is a source term (such as fission or fusion neutrons). The
dashes represent where other energy groups that scatter into the energy level under

consideration are used.

The neutron transport equation (and other relevant theories) can be found in nu-
merous textbooks such as Reilly et al. (1991); Lewis and Miller Jr. (1993); Lewis
(2010)). It can be easily derived by considering a neutron balance. Considering neut-
rons within an energy range, angular and spatial region (in the case of the neutron
transport equation, all of these discretisations are infinitesimally small); neutrons
can only exit by either travelling out or by undergoing a scattering reaction. They
can also enter the group by either being scattered in or through a source. These

phenomenon are covered in the equation.
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2.1.4.2 Elastic and Inelastic Scattering

The scope of neutronics within this report shall be concerned with scattering primar-
ily because fission is essentially non existent within shielding materials by require-

ment.

When a neutron collides with a nucleus either an elastic or inelastic scattering will
occur. Elastic scattering is when the neutron and nucleus combined conserve mo-
mentum and energy while inelastic scattering occurs when the collision excites the
nucleus which is is later emitted as gamma radiation. These are illustrated in Figure

2.10.
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Figure 2.10: Depiction of neutron-nucleus scattering interaction.
(a) Before collision (b) Elastic Scattering (c) Inelastic scattering

2.1.4.3 Cross-sections and Optical Model

The cross section is a critical parameter in determining nuclear behaviour as can be

seen from Equation 2.11. The cross section (o) is defined as:
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N, = ¢o, (2.12)

Where N, is the number of reactions occurred and ¢ is the incoming neutron flux.
Typically cross section determination is done experimentally. An approach for this
is to expose a material to neutron beam and measure the flux emitting from the
sample using time of flight methods at facilities such as the CERN nTOF facility.
This approach can be seen in papers such as Belloni et al., 2013. Figures 2.11 and

2.12 show an imagined setup and a time of flight facility to do this.

Outgoing neutron flux

Incoming neutron flux

Figure 2.11: Setup for measuring neutron cross section.
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Figure 2.12: CERN nTOF facility
Source: cern.ch

This data is tabulated amongst various national databases which are compiled into
an overall comprehensive library which is referred to as JANIS managed by the
Nuclear Energy Association (NEA). An example of a cross section is provided in

Figure 2.13.
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Figure 2.13: Cross-section of elastic collisions for tungsten-186.
Source: JANIS database

Experimentation does involve looking at bulk behaviour to infer nuclear properties.
Furthermore it does not answer the intrinsic behaviour of how neutrons behave
within material since if it was simple collisions occurring then one would assume that
the probability for a collision is the same regardless of the incident neutron energy.
This may be important in an attempt to determine mechanisms of plasma and
neutronics interaction. There have been some successes in determining a theoretical
approach towards cross section evaluation through quantum mechanics treatment.
This overall approach is referred to as the optical model (in reference to treating
neutrons as an optical wave). We shall present a basic idea of how this works without
an in depth derivation or solution since this has not been examined thoroughly within
the scope of the project. It is here to present an idea of the complexed physics
involved. The presentation is based on postulates presented in Hodgson (1971);
Schwabl (1992). We commence by restating the definition of the cross section in line

with a scattering cross section analysis.

do  dN(Q) 1
= (2.13)
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Where dN () is the number of neutrons scattered into a solid angle §2. The flux can

be stated as:

b= /_OO Jdt. (2.14)

o0

h
J= %(wo * Vihg — 1o Viy), (2.15)

Where j is the current density, A is Planck’s constant and 1)y is the wave func-

*

tion (* indicates conjugate). Equation 2.15 is obtained from quantum mechanics

derivations. The wave function follows Schroedinger’s equation which states:

Hyx = B, (2.16)

h2

Where H is the Hamiltonian of the system, E is the energy eigenvalue, F is the
kinetic energy and Fp is the potential energy. The ¢y which is the wave function at
time 0, is the superposition of the solutions to the Schroedinger Equation (Equation

2.16).

Yo(z,to) :/Aklbk'%- (2.18)

This lays out the initial basis for the quantum mechanical treatment of cross sections.
Solutions require further treatment of the potential function which can be found

within references Hodgson (1971); Schwabl (1992).
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2.1.5 Molecular Dynamics (MD)

Molecular dynamics (MD) is an approximation that deals with atomistic behaviour.
It uses an inter atomic potential to approximate behaviour between atoms. This
allows for simulations of larger systems (up to a few million atoms versus electronic
structure that can only deal with a few hundred at best). The interatomic poten-
tial can be developed through either universal potential functions (for example ZBL
developed during work for SRIM (Ziegler et al., 2010)) or through electronic struc-
ture calculations using fitting methods such as the embedded atom model (EAM)
(Nordlund et al., 1997; Daw et al., 1993).

The methodology for molecular dynamics will be based on information provided in

the manual for MD code LAMMPS (Plimpton, 1995).

Molecular dynamics typically treats atoms as Newtonian particles acting under clas-
sical physics. Inter atomic potentials provide the energy between two atoms as a

function of their distance.

By = J(r), (2.19)

Where Fj; is the energy between atom ¢ and j as a function of the separation r. The

rate of change of momentum is defined as the force.

—m— =F, (2.20)

Where m is the mass, v velocity, ¢ time and F' force. The velocity of an atom can

be determined through kinetic energy and thermodynamic equivalents.
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1 1
E = -mv* = ZkgT. 2.21
5 Skn (2.21)
These highlight the fundamentals of molecular dynamic simulations. However, actual
Equationtions are a lot more elegant with thermodynamic treatments a core part

of the problem to develop equilibrium models by equating thermal and potential

energy that binds atoms together in order to determine the state (solid, liquid or

gas).

2.1.5.1 Embedded Atom Model

The Embedded Atom Model (EAM) (Daw et al., 1993) takes the idea of a potential
a step further. A pair-potential has the problem that it fails to account for energies
of various multi-body configurations. Therefore the embedded atom model develops
the potential by fitting various multi-body configurations (such as interstitials, diva-

cancies, etc.) and ensuring that a pair-potential represents these. The Equationtion

for the EAM is given by:

1
E;=F.()_ ps(ryy)) +§Z¢a6(7“z‘j)7 (2.22)
i#j i#j
where 7;; is the distance between two atoms, F' is an embedding function, p the
electronic density, ¢ is the pair potential function, with o and 3 representating the
kind of molecular species (or the specific atom). Algorithms such as Ercolessi and

Adams (1994) can be used to fit the potential.
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2.1.5.2 Electronic Effects and Two-temperature Model (TTM)

Within higher energy projectiles, electronic effects result in significant drag on it
thus reducing the actual nuclear damage caused (Sigmund and Schinner, 2002).
Within molecular dynamics, this is treated by the two-temperature model (Duffy
and Rutherford, 2007; Khakshouri and Duffy, 2009; Zarkadoula et al., 2014a,b).
The two temperature model treats electronic effects by considering the electronic
system as a heat sink. By considering a finite element analysis, the projectile loses
energy to electronic system which is converted into heat therein. This is found to
be a good approximation to the electronic effects as demonstrated in Race et al.
(2010a,b, 2013). The fundamental equation for the two temperature model is given
by:

oT,

Cepeg = V(KGVT8> — gp(Te — Ta) + gSTc/m (223)
where C, is the specific heat, p. is electronic density, k. is the electronic thermal
conductivity, and T is the temperature (7" refers to the initial temperature of the
system). a and e refer to the atomic and electronic subsystems. The coupling

parameters are g, (electron ion interaction) and g, (electronic stopping coupling

parameter).
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Chapter 3

Considering Surface Damage Due to
High Energy Neutrons in Tungsten
Using Monte Carlo Neutron
Transport and Binary Collision

Approximation

3.1 Introduction

This Chapter is presented as a result of work done while investigating the synergestic
effects of plasma damage and neutron irradiation. As such, it was noted, that most
conclusions to the afore stated phenomenon were based on using ion damage exper-
iments as a proxy. It was therefore deemed necessary to investigate what neutron
damage would likely be. Computational modelling methods were used to determine

the nature of surface damage in comparison to bulk damage within tungsten, the
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candidate material for fusion reactors. In particular, we use Monte Carlo neutron
transport and binary collision approximation codes. A simulation setup to record
collisions within a slab of tungsten and then isolate the collisions within the surface

to determine the varying nature of damage was performed.

3.2 Literature and Motivation

As the world pushes towards developing viable fusion energy, questions are raised
over being able to withstand and maintain the extreme environment within a reactor.
In particular, material challenges are a severe hindrance. These are highlighted
elsewhere (Wirth et al., 2011). To simply list some of the problems that materials are
likely to face in a functioning fusion reactor are: 14.1 MeV average energy neutrons;
the production of 3.5 MeV alpha particles; ion damage from plasma formed when
forcing a deuterium-tritium (DT) fusion reaction; high heat loads on material surface
(within DEMO this is expected to be 20 MW per sq. meter (Maisonnier et al.,
2005)); the formation of a potential (Debye sheath) on the surface. While these
conditions are extremely challenging individually, there is also further concern that
these effects may influence each other. This is a problem since the design life of
the divertor monoblocks in a commercial fusion reactor is aimed to be at 5 years.
In particular the “synergestic effects” of plasma and neutron damage are of primary
concern. The possible synergistic effects are illustrated in Wirth et al. (2011). A
fundamental problem with fusion neutron damage is that currently it is hard to
generate this experimentally in a manner that is representative of a reactor. This
is because, 14 MeV neutron sources are rare and less likely to be developed due to
the difficulty in operating and the timescales involved in realistic irradiation due to
low fluxes. Therefore, the damage is mimicked using ion damage experiments (or

in some situations fast fission reactors). Work which examines these problems are,
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for example, Barabash et al. (2003); Kwast et al. (1996); Watanabe et al. (2011);
Tyburska et al. (2009). All these point to a multitude of problems such as difference
in heat transport properties which will likely affect plasma interaction within the
material at, for example, the limiters and divertors. Furthermore, a key problem
identified as a direct result of these experiments is that of tritium retention. All
work points to enhanced tritium retention, possibly due to the fact that the voids
formed by the neutron damage are likely to become traps for tritium. However, there
is a problem with these simulated experiments. They do not take into account the
penetration of neutrons. 14 MeV neutrons have a mean free path of approximately
3 c¢cm within tungsten. This was calculated using the cross section obtained from
library values. In this case, the cross section for W-182 for 14 MeV neutrons from
the JEFF-3.2 library is 5.31 barns. The concept of a mean free path, )\, is explored in
standard textbooks of nuclear physics and /or engineering (Duderstadt and Hamilton,
1976; Was, 2007). Probability for collisions takes the form of P(collision) = 1—e™*
where z is the distance from the surface. On substitution, it is clear that neutrons are
unlikely to cause a lot of collisions near surface, which is the scale over which plasma
damage occurs. Therefore, damage that interacts must be those caused by neutrons
back scattered after an event within the depth of the target. This concept is further
explored by neutron sputtering experiments. Sputtering is an event characterised
by cascades which eventually result in an atom being given enough energy to be
displaced in a specific direction and then escape to the surface (Sigmund, 1987).
One can therefore see that if the range over which the energy deposited of a particle
is large, sputtering is less likely. Studies have shown very little sputtering due to
fast neutrons (approximately two orders of magnitude less than the equivalent energy
ion) (Harling et al., 1975, 1976; Ye et al., 2000) . Therefore, there is motivation to

examine exactly what the state of the surface will be through neutron damage.
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3.3 Methodology

To calculate damage using neutrons, computational methods are used. Here, two
codes are interfaced: namely MCNPAC and SRIM (Ziegler et al., 2010). MCNP
(Goorley et al., 2012) is an n-particle Monte Carlo code used to simulate the trans-
port of neutrons. SRIM is a binary collision code that is used to evaluate damage in
materials (SRIM is the abbreviated form of Stopping and Range of Ions in Matter).
A similar method is described elsewhere in Khorsandi et al. (2006). Firstly, the
damage source is simulated in MCNP. A point source of 14 MeV neutrons is used
and targeted towards a 100 cm deep tungsten slab (a point source is suitable since
the analysis is collapsed later into 1D and is a simpler simulation). All collisions
are then recorded and stored (within MCNP, this is approach is referred to as the
ptrac card). These contain the energy a neutron has prior to a collision. This needs
to be analysed to determine the energy of a primary knock on atom using the hard
sphere approximation (Ziegler et al., 2010). This provides us with a Equation for

the recoiling atom as:
AFEo My M,

Err = ——M
T (M + My)?

sin’0), (3.1)

where Epr is the transmitted energy, Ej is the incident energy of the neutron, M,
is the mass of the neutron, M is the mass of the target atom, and @ is the recoil

direction. The problem is simplified by assuming isotropic scattering:
(3.2)

The calculated transmitted energy is used as input into SRIM. SRIM forms an “invis-
ible ion” to simulate the effects of a primary knock on atom (PKA) giving the output
as Displacements/Angstrom-Ion which are converted to Displacements/Angstrom-

Collision (Figure 3.1). The area under the curve thus represents the total number
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of displacements per neutron collision.

Area=361.6
dx=4.999E+09
4.0x107
©
Q 3.0x107 -
(@)]
C
<
a4
& 2.0x107
UX -1
e
Q@
Q
o
&
A 1.0x107 -
0.0 v T T
0.0 5.0x10° 1.0x10"

Distance (Angstrom)

Figure 3.1: Pre-processed data from SRIM for bulk tungsten damage

A DEMO conceptual design (Maisonnier et al., 2005) suggests that DEMO would be
expected to operate at 5 GW. This is equivalent to 3.12 x 10*2 MeV s~!. Each DT
fusion reaction outputs 17.6 MeV and is responsible for one neutron. This provides
the neutron fluence as 1.77 x 10?'s~!. The poloidal cross section of the Tokamak is
approximated as a semicircle of radius 6 m. Considering that the major radius would
be 9.55m, the total surface area is assumed as 1.851 x 107 cm?2. This allows one to
derive a neutron flux of 9.56 x 103e¢m =257, One can now determine the damage
in standard displacement per atom (DPA) terms. Since through SRIM the displace-
ment due to each collision is obtained, this is normalised for the atoms present in
the volume considered. A major assumption here is the number of collisions due to
each neutron as each neutron generates multiple events. This parameter is estimated
using the collision data obtained by averaging over the number histories within the
simulation. This information is then used to scale the per collision displacements to

per neutron collision in terms of DPA per second. This is further multiplied by a
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time factor (3.15x 107 s per yr) to provide the annual DPA. This provides an average

value which can be used to scale the damage values to represent the variation with

depth.

3.4 Results and Discussions

100 cm

14 MeV Point Source

=
(W]
~ R

Figure 3.2: Setup for MCNP simulation.
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Figure 3.3: Trajectory of neutrons within the slab geometry in Cartesian coordinates.

A 100 cm slab of tungsten was subject to a source of 14 MeV neutrons using 10°
particles. The setup is illustrated in Figure 3.2 and the flow of neutrons visualised
in Figure 3.3. This number was used because it was the largest practical simulation
that could be run. This was then processed to provide the damage (Figure 3.4).
Within the bulk the collisions per neutron were found to be approximately 24. It
should be noted that the bulk collisions would appear to be lower than expected.
This is possibly due to the fact no reflective or peridoic boundary conditions were

used in the simulation, which results in neutrons escaping the region.
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Figure 3.4: Damage prediction for full (non-surface simulation) 100 cm slab of tung-
sten
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Figure 3.5: Surface (20 micron) damage illustration due to 14 MeV neutrons
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The damage would appear to correspond to trends one would expect. One should
note that these predictions are dependant on the cross-section library used, as il-
lustrated in Gilbert et al. (2013). It may appear that these damage levels are high
but it should be noted that the assumptions of hard ball collision and all collisions
being elastic scatters explain this. Similarly, a simulation was set to record only the
collisions that occurred within the surface (20 micron depth). Since more trajector-
ies could be reasonably processed in this scenario, the simulation was increased to

process 10® neutrons (Figure 3.5).

Counts
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Energy bins

Figure 3.6: Histogram of collisions occuring in the surface

The disparity between the bulk and the surface damage is clear. This leads one
to consider the fundamental nuclear physics that is in operation to result in this
disparity. It has already been previously stated that by observation of literature
and texts, the likley candidate for extensive damage in the surface is back-scattered
neutrons. It is therefore imperative to examine the nature of these. An attempt to
do so is made in the histogram shown in Figure 3.6. While there are some events that
are of the 14 MeV energy, the large majority of them are within the thermal region

(0 to 1 MeV). Furthermore, the 14 MeV neutrons are only likely to result in a single
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event, causing surface damage, and then carry on to greater depths. The neutrons
that cause damage are likely to be at a lower energy and therefore have significant
local impact. However, it is difficult to be more qualitative by looking at simply one
localised region. It would however be clearer if a continuous distribution could be
determined allowed the change in damage to be seen. An attempt is made to do this
here by analysing the bulk collisions. It has been suggested that the damage has a
linear relation to the energy of the collision/event (Equation 3.1). Therefore, a tally
was conducted where the energy of collision was converted to eV and summed for all
events within a small region of 35 microns. This was then plotted onto a cumulative
histogram as a semi-log plot (Figure 3.7). As one can observe the collisions “step up”
at approximately the 10* micron(cm scale). Eventually after the 10° micron mark,

most collisions have occurred.
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Figure 3.7: Semi log cumulative tally of collision energy

Another analysis was subsequently conducted where 40 micron slices were taken all
the way from 0 to 40 cm in the material. The resulting events were put into 1 MeV

bins. It should be noted that this is before the event and therefore not specifically
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a primary knock on (PKA). This is demonstrated in Figure 3.8. It should also be
noted that each slice was its own simulation. Therefore the trend observed is more
credible since the results are completely independent of one another. It can clearly be
observed that there is a peak in the 0 to 1 MeV distribution in the subsurface. These
are the events that are more likely to cause localised damage. The flux distribution
in Figure 3.9 which shows the neutron flux at various surfaces. Notice that as one

progresses into the material, the tail (thermal events) rises.

3.5 Conclusion

With these results, it should be evident that surface damage will be significantly
less than the bulk damage particularly when one considers the problem of a mean
free path. This is highlighted in works (Harling et al., 1975, 1976; Ye et al., 2000)
which considered neutron sputtering which again classify the lack of sputtering due
to the high mean free path. However, there are certain improvements that could be
made. Future work plans on investigating the continuous distribution of the damage.
One of the ways we expect to do this is through either simplified analysis or using
numerical approaches to the neutron transport problem. Furthermore, the quality
of the simulation could also be further improved. For instance, reflective boundary
conditions would be more indicative of neutrons coming in from all other sides and
stopping the neutrons from escaping. Currently however, this was computationally
difficult due to the number of events generated. Also, using the number of neutron
events as a multiplier in the damage calculator is also cumbersome and probably

unreliable.
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Chapter 4

Neutronics Analysis in a Spherical

Shell

4.1 Introduction

One of the key problems for a fusion reactor is that of 14 MeV neutrons and their
deleterious effects on the behaviour of the materials forming the reactor. These are
likely to create synergistic effects with the plasma damage which has been reviewed

in works such as Wirth et al. (2011).

A previous study done (Hussain et al - in prep, Chapter 3) suggests that if 14
MeV neutrons directly impact a material, they would only likely affect in deeper
regions of the material. However, it was also noted that the reason for this is
that the neutrons cause localised damage once they have been moderated. These
moderating capabilities may be affected by the material. Therefore there was an
aim to create a study that would investigate the effect of moderated and back-

scattered neutrons. The work itself is an extension of a previous work conducted
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by Gilbert and Sublet (2016). The work simulated a tungsten shell surrounded by
a homogeneous mixture of ferritic steel and water. This mimics a fusion reactor
better since it has neutrons produced in a vacuum and attacking a tungsten shell

surrounded by structural material.

4.2 Methodology

During the study, two fundamental methods of simulation were coupled. These were

primarily MCNP6 (Goorley et al., 2012) and Spectra-PKA (Gilbert et al., 2015).

Monte Carlo N-Particle (MCNP) is a particle transport code developed at Los
Alamos National Laboratories. It uses a probability based random number gen-

erator based on cross-sections. Further details of this approach can be found in

references such as Lewis and Miller Jr. (1993); Lewis (2010).

Spectra-PKA is a tool for resolving primary events following the calculation of neut-
ron flux within a system. It does so by deriving cross sections for primary events
and then coupling these with the neutron flux to create a final profile. This is funda-
mentally more accurate than the hard sphere analysis that is used to derive damage
or primary events from programs such as SRIM since the tool also applies quantum
mechanics corrections to the profiles thus providing a potentially more accurate res-
ult. Details can be found within Ziegler ef al. (2010); Stoller et al. (2013). The

primary events are given as primary knock-on atoms (PKA).

Within MCNP a spherical vacuum of radius 10 c¢m is surrounded by a 2 cm thick
tungsten layer which is then further surrounded by a homogeneous mixture of steel
and water up until the depth from the centre is 50 cm. The setup is illustrated in

Figure 4.1. The entire simulation is constructed using surfaces layered one on top of
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another with the surfaces20 pm apart. This is done to provide multiple surfaces to
record fluxes on since the aim of this study is to determine the effect of back-scatters
on damage in a fusion environment. It should be noted that surface 1 is the first layer
of tungsten and surface 20001 is the edge of the steel-water mix. The Figure shows
a cross section of this setup with pink indicating tungsten and the blue indicating
the homogeneous steel-water mix. The surrounding is a vacuum. 107 particles were
used which passed all of MCNP checks and also seem to show clear trends within

the subsequent results.
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Figure 4.1: Spherical shell setup for simulation of transport of 14 MeV neutrons

The setup involves a point source of neutrons at [0, 0, 0] (which is the centre of the
simulation) and then recording the fluxes through each of the surfaces. A total of
174 energy groups between 0 to 14 MeV are used to record the flux. The flux for
each individual surface is then passed through Spectra-PKA to get an analysis of
the primary events occurring within the solid materials. The aim is to understand

the energy of a primary event and its exact location.
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Figure 4.2: PKA profile for spherical shell, courtesy of M. Gilbert (CCFE) using a
Spectra-PKA analysis.

4.3 Results

Figure 4.3 shows the overall primary events within the simulation based on the
surface number. Two quantities measured are shown: the average PKA energy and
the number of PKAs per second. It should be noted that the PKAs are based on 1
neutron per second from the point source and are normalised for area on each of the

surfaces.

One of the clearest observations is the sudden spike in the number of primary events
corresponding with a sharp decrease in the energy of these. It can be noted that this
occurs at the interface of the tungsten and the steel-water mix, the latter behaving
mostly as a moderator. This becomes obvious due to the clear decrease in the energy
of the primary events. Another observation is there is peak in the number of events

within the steel-water mix.
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Figure 4.4: PKA flux spectrum for Spectra-PKA in a spherical shell simulation.

Figure 4.4 shows the profile from the primary events within the tungsten shell at
various depths given by the surface number of these depths. As one can note, there is
a change within the tail or lower energy primary events and a decrease in the higher
energy ones as one goes deeper into the tungsten shell. Figure 4.5 shows the compar-
ison of the primary events within the simulation. As one can note, there is a clear
difference in the profiles within the moderator and the tungsten shielding. There
appears to be fewer higher energy primary knock ons in the moderator although it
must be remembered that the difference in materials will result in fundamentally
different PKAs. For instance, the maximum energy of a primary knock on that can

be achieved by the tungsten is 300 keV.
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4.4 Discussion

As can be seen from Figure 4.3, the peak in the number of primary events is similar
to the peak as observed in (Hussain et al - in prep, Chapter 3). This suggests that
there is some sense that there is likely to be a spike in primary activity within the
depth of the material. The possible reason for this could be due to the dropping
off of higher energy neutrons which end up being moderated and causing further
localised damage (Figure 4.5). However, there is going to be a clear peak in damage
consequently in the surface of tungsten due to the back-scatters, the evidence of this
can be seen in the number of primary events which tend to gradually decrease and

subsequently the high average energy of these primary events.

This has a couple of consequences for the issue of synergistic effects within fusion
reactors. Firstly, since we are now in a position to create very specific primary
event profiles for the near surface; any experiment which uses ion damage as a proxy
to neutron damage can be tailored to create very specific scenarios. Secondly, the
issue of damage in the surface is quite likely the result of backscatters rather than the
direct events. Therefore, in order to investigate the synergistic effects of plasmas and
neutrons, it may not be necessary to have 14 MeV neutrons but sufficient conclusions

could be made using fast neutrons.

4.5 Conclusion

As we have demonstrated in this work, we have a clear methodology for obtaining
the primary event spectrum through various configurations. It should be noted that
the values themselves should be treated cautiously since the simulations are merely

“representative”. However, they do tend to very clearly highlight the physical effects

90



that are likely to take place. We have managed to show a clear significance of backs-
cattered neutrons on the damage on the surface and in a fusion reactor as a whole.
It would be the aim of future work to delve simulations using Object Kinetic Monte
Carlo (OKMC) and Molecular Dynamics (MD) to paint a more specific picture of

the surface damage and its implications for the synergistic effects.
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Chapter 5

Statistical Description of Primary
Events in Tungsten using Molecular

Dynamics

5.1 Introduction

Within the fusion community, there is a clear question about the synergistic effect
of plasma and neutrons on materials in fusion reactors (Roth et al., 2009; Roth
and Schmid, 2011; Watanabe et al., 2011; Markelj et al., 2013b,a, 2014; Tyburska
et al., 2009). Currently, there is a trend to use ions as proxy for neutron damage
(Abromeit, 1994) since there are no viable 14 MeV neutron sources that can be used
to provide comprehensive material testing. However, as previous work has shown
(Hussain et al 2017 - in prep, Chapters 3 and 4), there is clear indication that these
may not be viable or indeed very careful consideration needs to go into designing

such experiments.
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This work is subsequently the next stage in investigating the nature of the primary
events. It was deemed that molecular dynamics would be the most appropriate
method to show cascade evolution from inception to stability. The aim is to build a
comprehensive database of cascades and come up with clear statistical parameters
for defining displacement cascades. This work is as much a development of method
as of specifying quantitative parameters for future design and engineering. Seven
directions were chosen (Figure 5.1), which were done considering the symmetry of
a BCC lattice. Furthermore, three energies were chosen to demonstrate a suitable
range of energy levels of damage. Specifically, these were 3 keV, 10 keV, and 100
keV. Figure 5.2 shows some samples of cascades at various energies and shows how

the chosen energies represent onset of features such as branching.

1105 10.50.5

107505

110 ¢ 100

1050

Figure 5.1: BCC lattice and subsequent consideration of symmetry for directions of
primary knock ons.
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5.2 Methodology

5.2.1 Molecular Dynamic Setup

The molecular dynamics code LAMMPS was used to set up the simulation and
OVITO (Stukowski, 2012; Stukowski et al., 2012) to do the visualisations and ana-
lysis where a Wigner Sietz analysis was used to identify point defects. The potentials
used were of the Embedded Atom Model (EAM) style (Daw et al., 1993), coupled
with the ZBL potential for short range interaction (Ziegler et al., 2010), and the
two-temperature model (TTM) (Duffy and Rutherford, 2007) where parameters for
the model were obtained from (Zarkadoula et al., 2014b). The TTM was included to
account for electronic effects within a material. This has been shown to be a good
approach for the simulation as shown through the quantum mechanic derivations

and comparisons done in the works of Race et al. (2010a, 2013).

The simulation was setup to have a single atom defined as the primary knock on
within the setup. The simulation was run for 50 picoseconds in multiple stages to
improve computational time and simulation accuracy at the same time. The time
step is extremely refined at the initial 5 ps, done by estimating the maximum velocity
and having the time step cover only ten percent of the lattice parameter. This is
generally the displacement stage where a spike of damage exists. A further 10 ps
is done at a larger time step representing the recombination stage. Finally the last
35 ps are done at a large time step which represents the final stage of relaxation.
The temperature was set at 1000 K for the simulation which would be a realistic

expectation for bulk fusion operating temperatures.
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5.2.2 Statistical Analysis

In order to create a system whereby the results for the cascades could be standard-
ised, we conducted a statistical analysis on all of the datasets that were generated as
a result of the molecular dynamics simulations. The four statistical moments were
calculated for all cascades. These (the mean (T), variance (0?), skewness (7;), and

kurtosis (k)) are given by the expressions:

1
T = — Qs 51

o’ = %Z(w — 1), (5.2)

K= 1 Z(Iz — )% (5.4)

Prior to determining the expressions however, a covariance analysis is conducted
and the coordinates are transformed. This is to find the correct axis to find the
moments upon. The significance of this can be observed from Figure 5.3. To do
this, the eigenvectors of the covariance matrix must be determined (details of this

can be found in texts such as Srivastava (2010)). The covariance matrix is given by:

Ozz Oyzr Ozz
Ozy Oyy Ozy |

Oxz Oyz Ozz
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Where:

1 1 _
Oy =—5 > D> 5w = )i — ) (5.6)
=1 j=1
Y ¥
7 E
X X

Figure 5.3: Depiction of how the basis for finding the statistical moments can af-
fect the visualization of the cascade shape. Note how the cartesian vectors do not
represent the system as well as the eigenvectors.

After this, the quantities are fitted onto a skewed normal curve for visualisation
purposes. The probability distribution function and the statistical moments are

given by:

— g2t T ,
f(x) e . ez.dt, (5.7)
_ 2
T =&+ woy/—, (5.8)
T



o? = w1l - =), (5.9)

47%\[%_)2 (5.10)

It should be noted that the skew normal curve cannot depict the kurtosis of a
distribution. However, this was found to be the most suitable for depicting the

shape of the cascades.

5.3 Comparison of Potentials

For this study, two fundamental potentials were used. Both of these are of the format
of Embedded Atom Model (EAM) details of which can be found in works such as
Daw et al. (1993). One was the Juslin Wirth potential (Juslin and Wirth, 2013), the
other was a potential developed at the Culham Centre for Fusion Energy (CCFE)
by Daniel Mason (2017 - private communication). The latter potential correctly
predicts the instability of a tungsten di-vacancy which was a fundamental finding of
work done by Becquart et al. (2010). While simulations were conducted with both
potentials, analysis was only done for the Mason potential since the Juslin Wirth

potential has already been used in a similar study done by Setyawan et al. (2015).

5.3.1 Basic Defects

‘ Units = eV H 111 Interstitial H 110 Interstitial H 10 0 Interstitial H Vacancy Formation ‘
‘ Juslin Wirth Potential H 9.517 H 10.16 H Not available/calculated H 3.632 ‘
‘ Daniel Mason Potential H 8.969 H 9.756 H 10.0679 H 3.730 ‘
‘ DFT H 9.55 (Juslin and Wirth, 2013) H 9.84 (Juslin and Wirth, 2013) H Not available/calculated H 3.6 Clark et al. (2001) ‘

Table 5.1: Fundamental defect energies for the two potentials and comparison to
DFT calculations.
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As can be observed from table 5.1, the Daniel Mason energy appears to under predict

the energy requirements for the formation of defects except in the case of a vacancy.

It is unclear what effect this would have since the energies are the fundamental

quantities that affect how a potential is fitted. A remarkable difference is observed

in the displacements produced as is shown.

5.3.2 Displacements

700

# D. Mason Cascade

600
B Juslin Wirth Cascade

NRT

500 - Linear (D. Mason
Cascade)

s
=}
a

Frenkel Pairs after 50 ps
w
=}
a

200 A

100

y = 3.8053x- 13.434
R? =0.9973

y=2.3116x-9.6485 HH

0 20 40 60
PKA Energy

80

100

120

Figure 5.4: Comparison of defects produced in simulations using the two EAM

potentials.

As Figure 5.4 demonstrates, both potentials fundamentally show that the displace-

ments are far less than what is predicted by the NRT model (Stoller and Greenwood,

2001; Ziegler et al., 2010). The NRT model is an empirical model of the number
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of defects produced. This is important since the NRT is now fundamentally recog-
nised as a upper limit to the number of displacements. What the MD simulations
however also show (since the results were plotted 50 picoseconds after initiation) is
that there is a relaxation healing process. This should be noted when engineering

nuclear materials since materials are likely to heal further over longer timescales.

5.4 Statistical Overview of Displacement Cascades

Figure 11 depicts all the cascades as visualised using the skewed normal distribution.
Table 5.3 specifies the exact numbers that were obtained. As can be clearly seen,
there is evidence of electronic effects causing spreading of defects. There is also
evidence of the electronic effects resulting in larger distances for the centre of mass
of the defects. These are expected observations based on materials theory. What
is not observed is a remarkable difference of the distance of centre of mass at high
index directions. This warrants further investigation since it is generally considered
that low index directions (ones where the unit vector of the direction is smaller), due
to the presence of molecules directly and close in the path of the projectile, result
in much higher damage. At higher energies however, there is clearly less spread and
more focussed damage indicating that the electronic effects do dampen the projectile
significantly before it causes damage. Generally the shapes appear to be spherical
with few exceptions. The shapes appear to be so due to the overlapping of the

resulting skew normal curves (Appendix A).
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y

Sim Energy Direction Mean Variance Skew Mean Variance Skew Mean Variance Skew Distance
0 3 keV 111 6.75 2.23 -0.71 7.65 28.45 0.07 5.66 12.29 -0.03 11.67
1 3 keV 110 10.07 89.05 -0.68 9.39 20.93 -0.71 -0.79 28.92 -0.55 13.79
2 3 keV 100 11.97 22.47 0.08 1.71 44.74 -0.69 1.88 25.24 0.44 12.23
3 3 keV 110.5 4.45 7.55 0.02 6.21 2.66 0.70 2.73 2.79 -0.68 8.12
4 3 keV 1050 16.29 84.67 -0.65 9.74 75.63 0.29 -1.66 66.03 -0.68 19.06
5 3 keV 10.50.5 7.47 52.56 0.06 3.84 7.22 -0.17 2.96 17.27 0.51 8.90
6 3 keV 10.75 0.5 14.42 81.92 0.16 7.17 76.53 -0.15 1.74 7.65 0.43 16.20
7 3 keV 1 0.875 0.5 7.72 8.18 0.38 5.69 10.34 -0.54 1.79 24.01 -0.51 9.76
8 3 keV 1 0.625 0.5 8.76 29.40 0.29 6.43 7.32 -0.59 4.03 14.05 0.67 11.59
9 3 keV 1 0.625 0.25 10.75 43.82 0.54 10.05 107.48 0.29 0.90 58.33 -0.18 14.75
10 10 keV 111 19.53 201.64 -0.11 2.41 127.94 -0.66 16.97 161.78 -0.67 25.98
11 10 keV 110 15.96 19.25 -0.57 11.45 81.06 -0.71 0.91 65.47 0.66 19.66
12 10 keV 100 13.35 148.92 0.69 -4.18 144.31 0.68 1.99 155.43 -0.27 14.13
13 10 keV 110.5 9.74 12.21 -0.27 11.09 78.49 0.07 2.40 62.19 0.36 14.96
14 10 keV 1050 17.76 287.73 -0.28 7.61 279.97 -0.63 -4.77 241.54 -0.01 19.90
15 10 keV 10.50.5 9.34 62.11 0.39 4.31 15.48 0.68 4.36 21.18 0.71 11.17
16 10 keV 10.75 0.5 14.44 64.86 0.49 6.04 82.80 0.18 3.21 407.85 0.69 15.98
17 10 keV 10.875 0.5 13.42 62.24 -0.38 8.19 68.51 0.64 4.95 32.83 -0.22 16.48
18 10 keV 10.625 0.5 23.86 9.18 0.39 14.84 603.64 0.06 0.07 726.66 -0.53 28.10
19 10 keV 1 0.625 0.25 23.47 548.33 0.62 5.98 446.11 0.42 6.76 572.93 0.47 25.14
20 100 keV 111 19.18 339.69 0.37 31.78 1563.01 0.70 22.44 775.00 0.65 43.38
21 100 keV 110 55.66 18918.52 0.66 -26.70 17731.24 0.66 -55.78 16947.28 0.65 83.20
22 100 keV 100 96.61 8173.76 -0.70 11.66 8044.15 -0.70 18.48 5193.73 -0.67 99.05
23 100 keV 110.5 -0.43 23858.66 0.71 -13.55 11708.96 0.41 59.19 13458.85 0.69 60.73
24 100 keV 1050 84.31 8820.68 -0.52 50.43 9089.44 -0.52 12.39 9435.71 -0.47 99.02
25 100 keV 10.50.5 60.50 42.64 0.70 23.75 15.53 0.14 23.38 68.73 0.19 69.07
26 100 keV 10.75 0.5 83.18 4.16 -0.54 68.89 4.50 0.69 49.64 298.56 -0.02 118.86
27 100 keV 10.875 0.5 83.68 17.56 0.69 81.09 29.49 0.70 62.22 141.02 -0.69 132.09
28 100 keV 10.625 0.5 -18.68 8550.33 -0.66 104.08 8116.95 -0.67 47.46 7863.57 -0.66 115.91
29 100 keV 1 0.625 0.25 118.66 848.45 -0.64 68.47 412.46 -0.21 19.84 305.68 0.11 138.42

Table 5.3: Tabulated statistics from simulations done for primary knock on cascades
formed in tungsten using the D Mason potential.
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5.5 Conclusion

As far as the molecular dynamics investigation of the cascades goes, there were three

main focuses:

1. The shape of cascades,
2. The variance of displacements with direction,

3. Building a database for the characterisation of primary events.

Within the shape, it would appear for lower energies (up to 10 keV), one could char-
acterise that a spherical container with random particles should be appropriate since
these strongly appear to have a speherical shape. This we infer from the overlapping
nature of the curves which is clearer in Appendix A. Indeed work done by De Backer
et al. (2016) shows that there is no significant difference when using various random
distributions close by for lower energy. For higher energies however, the directions
will need to be taken into account and therefore there will need to be appropri-
ate representation of secondary events or directions a projectile can take. Whether
these would appropriately represented using statistical averages is an investigation
for Object Kinetic Monte Carlo (OKMC) methods since they build to the appro-
priate length and time scales. It should be noted that the resolving of divacancies
seems to have resulted in lowering the number of displacements in the D Mason
potential. This may however simply be a result of the increased energy required to

form defects and therefore may need re-fitting to ensure appropriate results.
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Part 11

Relaxation and Merger of Plasma

Magnetic Flux Ropes
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Chapter 6

Introduction and Literature Review

6.1 Basic Plasma Theory

6.1.1 Kinetic description of plasma

Assuming we are dealing with a region that consists of charged particles and nothing
else, we are in a position to completely define the material of interest using charged
particle physics. This can be described by the following equations (Feynman et al.,

1963):

Maxwell’s equations

v.E=", (6.1)
€0
0B
- .2
VxE 55 (6.2)
V.B =0, (6.3)
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] FE
CQVxB:i+a

— 6.4
Charge conservation
) dp
Jj=—= 6.5
Vij=—50 (6.5)
Lorentz force
F =q¢(E+ v x B), (6.6)
Motion
d(mw)
F = 6.7
), (67)

Where V is the gradient operator, F is the electric field, p is the charge density, €
is the permittivity of free space, B is the magnetic field, ¢ is time, ¢? is the speed of
light squared, j is the current, F' is the force on the particle, ¢ is the charge of the

particle, v is the velocity of the particle, and m; is the mass of the species.

In order to completely model a plasma, individual particles are resolved using equa-
tions . This is referred to as the kinetic description of plasma. This is quite cum-
bersome since plasmas are expected to have 10?3 particles (Aymar, 2001) which is
currently computationally prohibitive even with assumptions. If one is only con-
cerned with the steady-state situation, one may use a Monte Carlo approach in
order to obtain quantities such as particle fluxes on the wall etc. This too however
may be prohibitive in a fusion environment to gain statistical significance with a

myriad of varying behaviours.
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6.1.2 Fluid description of plasma (MHD)

In order to be able to make plasma analysis approachable, a common approach is to
treat plasma as a continuum. This is typically referred to as the fluid description of
plasma or magnetohydrodynamics (MHD). This form shall now be concisely derived
based on typical approaches which can be found in textbooks such as Hazeltine and

Waelbroeck, 1998.

dz
Plasma out

.................. > R ..>
..................... > ssssssessesraanann >

.................. > R ..>

Plasma in

..................... ’ R ’

.................. > dy R Y -
................. > ssssssesneannas ..>

dx

Figure 6.1: Unit volume for plasma flow

Figure 6.1 shows an infinitesimal volume which we shall use to consider our flow of
plasma. We shall consider a single species for the derivation (either ions or electrons).
These can later be coupled by considering either a collisionless plasma or collision
and subsequent neutralisation. Treating as a continuum, we define our particles

using a distribution function.
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dn = f(z,v,t).dv, (6.8)

Where n is a small section of particles, f is the distribution function in terms of
x (position), v (velocity) and ¢ (time). We shall be working in the velocity phase

space.

We can expect a change in the distribution based upon collisions within the volume.

We shall disregard other sources for the moment.

C'is the collision function which is a function of the distribution function. Expanding

the differential using the chain rule:

df 0f | 0f 0r, _ Of v, _8{+ Vf+5 v.f=C(f).  (6.10)

dt ot Ox; Ot  Ov,, Ot 0

Equation 6.10 is also known as the Vlasov equation and relates the change in distri-

bution to collisions within the plasma. We shall now assume a collision-less plasma.

Noting that v.Vf = V(fv) — f.Vv, Vo = 0, [ f.d°v = n, nu = [vf.d*v and

dv

T =a= % where F' is force, m is mass, u is the fluid velocity (as opposed to

the particle velocity) and a is acceleration; we integrate the collision-less Vlasov

equation over the velocity phase:

on of 5
8t+v +m/Fav.d'v—O. (6.11)

Based on integration by parts: - fFaf v = LFf% — [fE.dPv = 0 by
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stating that there are going to be no particles at the extreme end of the velocity

spectrum and a similar approach with the second term. Therefore we have:

on

=0. 12
at—i—Vnu 0 (6.12)

This can be recognised as the continuity equation.

Integrating over an entire volume we obtain:

ON

o + [ Vnu.dV = Source. (6.13)

Here we could possibly modify the collision function and use it as source (negative

sink) to account for a collisional plasma.

To obtain the force momentum balance, we consider the control volume illu

0 .
a(p) = V.(pw) = PV.0 4+ 15% 4 Quise (6.14)

strated in Figure 6.1. Relative velocity (the difference between the fluid and particle
velocityu — v) is used to determine the momentum change. Using the principle of

Newton’s rate of change of momentum is the force on the body:

dp  Omnu 3
T o + V/m(u v)(u—v)f.d’v=F, (6.15)
on ou 5

m(ua + na) +mV [ (uu — uv — vu+vv)f.d’v=F. (6.16)

The products wv and vu integrate to zero. We define the pressure tensor:
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P = m./vvf.d?"v, (6.17)

And the force due to Lorentz force (equation 6.6). We obtain:

(uz—? + n%—?) +mVuun = —VP +ng(E +u x B), (6.18)
on ou
(ua + na—) + mnuVu + muVnu = —VP +nqg(E +u x B), (6.19)

Subtracting the product of mu and the continuity equation (equation 6.12):

(u% —|—naa—) +mnuVu+muVnu— muaa—? —muVnu = —-VP+nqg(E+ux B),

(6.20)

(%—? +uVu) = -VP +nq(E +u x B). (6.21)
The fluid equations which are basically equations 6.12 and 6.21 can now be used for
a variety of purposes. They can be used for general plasma flows by fixing n as the
overall plasma or solved individually for various ion species and electrons. Therefore,
for a D-T plasma, we would have six equations plus the Maxwell equations along
with a criterion to provide closure to the problem. While this is tedious it is still

significantly less intensive than solving the full kinetic description for all particles in

the system.

Furthermore, now that we have both the kinetic and fluid descriptors for plasma, we
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can move on to examine the effects we expect within a fusion environment. Plasma

particles move along field lines.

6.2 Magnetic Reconnection

Magnetic reconnection is a phenomenon that is observed in both laboratory and
astrophysical plasmas. Magnetic reconnection occurs when oppositely directed fields
are pushed together in a highly conductive plasma. It may also occur if oppositely
directed fields simply occur in a plane (2D) rather than actual 3D topologies being
oppositely directed. This causes a localised breaking of the frozen in condition,
resulting in a change in the magnetic topology. This in turn results in the conversion
of magnetic energy, into kinetic and thermal energy on timescales faster than the
global resistive diffusion. Within the corona the phenomenon has been proposed
to involve twisted magnetic field lines that then relax into a minimum energy state
(Taylor, 1974, 1986; Priest and Forbes, 2000; Bhattacharjee, 2004; Schnack, 2009;
Zweibel and Yamada, 2009; Yamada et al., 2010).

Magnetic field lines are generally moving through the fluid and can then twist and
combine with other field lines which is what results in field lines that are twisted.
This process has been observed in astrophysical plasmas and is referred to as stressing
(Klimchuk, 2015). Magnetic reconnection in laboratory plasmas (i.e Tokamaks) is
a result of forced merging compression experiments. In this scenario, two toroidal
flux tubes are formed which are then bought together. When the two meet and
twist they then relax into a minimum energy state. The benefit of this is in the
observation that the energy that is released as a result of the process heats up the
plasma. As such the amount allows attainment of ion temperatures up to 1 keV (Ono

et al., 2011). Furthermore, heat losses are minimised (possibly through the short

110



timescales and the large spatial distribution of reconnection) which allows efficient
heating of plasma (the fundamental aim Tokamak plasmas is to be hot enough to

achieve nuclear fusion) .

6.2.1 Sweet Parker Reconnection and Current Sheet Para-

meters

Many details of magnetic reconnection are still unclear. However, it has been shown
through numerical studies that there is often the formation of a Sweet Parker current
sheet before the topological reorientation of connecting flux ropes into one (Biskamp,
1984, 1997) which appear to follow particular scaling laws. Within a reconnection
event, it may be described using the Equation < u >=< FE, >< vy > where u
is the upstream velocity, E, is the reconnection rate and v, is the Alfven velocity.
The resistivity of the plasma affects the behaviour of the current sheet. This is
understood by considering that u.Bs = 1jm = ¢ where u,,andB, indicate the
upstream values of the velocity and magnetic field, 7 is the resistivity and j,, is the

current density at the x point (Figure 6.2) and ¢ is a constant.
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Figure 6.2: Diagram of Magnetic Reconnection
Source: Biskamp

Setting that B o< n~" right in front of the diffusion layer (where v is some constant):

B = jm0, (6.22)

Where ¢ is the current layer thickness and then considering the length of the current

sheet (A) from Ohm’s law and mass conservation:

2

; (6.24)

2

Computations find that v = 5. This suggests that the reconnection reaches the

system size very quickly at which point it is independent of the resistivity (Parker,

1957; Biskamp, 1984, 1997)
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6.2.2 Hyper-Resistivity

Fluid modelling of merging compression has found that if simple ohmic resistivity is
considered, then the reconnection event takes longer with oscillatory motion within
the approaching flux tubes observed (Browning et al., 2014, 2015). A correction to
this is to use the Hall MHD equations which is also included in the work of Stanier
et al. (2013) discussed later. These include an additional resistivity term of nz(V?2J)

which can be interpreted as an electron viscosity term.

An alternate explanation is that it could be a term represented as fluctuating mean
magnetic field — which is the premise of the Boozer (1986) generalized Ohm’s law
derivation. This is further supported by the Equationtion of Hall MHD Stanier et al.
(2015) which includes ny through:

OGB+V x (BxV,) =-nV x (VxB)+nyV x (Vx V’B). (6.25)

Hyper resistivity reduces the oscillatory behaviour. Due to the uncertain physics of
hyper resistivity, Browning et al. (2014) conducted parameter scans which tended

to show a more realistic reconnection timescale as well.

6.2.3 Constant Rate of Reconnection

In the presence of high guide field and hyper resistivity — a key result was that of a
normalised reconnection rate being independent of size of the system simulated (i.e.
the length of the flux tubes merged) (Stanier et al., 2015). The rate was also found
to be of a similar value when considering either fast dispersive waves (Larmour
radius much greater than ion skin depth) or without these (ion skin depth much

greater than Larmour radius). There was more variation to be found with the later
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however the former gave a constant rate of 0.15. The normalised reconnection rate

was defined as:

1 awr
(iva)(2.B) 0t

1
< El >=—]

= ! (6.26)

where FE, is the reconnection rate, 1" is the temperature, v, is the Alfven speed, B

9% is the rate of change of flux.

is the magnetic field, and <

6.2.4 Plasma Heating in Merging Plasmas: Experimental Res-

ults

A study conducted by Ono et al. (2011) investigated the temperature of species
following a magnetic reconnection event. This was conducted in Tokamaks TS-
3/TS-4 (R =20 ¢cm and 50 cm,n = 5% 10, B = 0.05T') with the distinction being
that there was no guide field. The resultant event raised the ion temperature from
10 eV to up to 200 eV, giving a release of 230 J of magnetic energy (80% of energy
went into heating). Another study conducted by Inomoto et al. (2015) in the UTST
Tokamak was done with a centre field solenoid (i.e. no toroidal field and no guide
field). Here in conclusion they found two fundamental results of their reconnection
experiments. Firstly they plotted initial magnetic energy (which seems to lie near
to be equal to 0.11/2 where Ip is the poloidal current) compared to the released
magnetic energy. The magnetic energy released seems to be equal to 0.0337% which
seems to indicate that 30% of energy is released (which would subsequently heat
plasma). In this situation (where the reconnection was within 30ps), it is found that

the ion and electron temperatures are quite heavily scattered.

In order to comment on the variation in electron and ion heating due to guide

fields (or lack thereof) Inoue et al. (2014) conducted a 2D PIC (particles in cell)
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simulation of the reconnection region. This allowed a simulation with and without
a guide field and examine the effects. The simulations were conducted in general
terms rather than for specific conditions therefore allowing the commentary to be
more comparative in nature (Stanier et al., 2012, 2013, 2015). Initially without
commenting on the distribution; the results suggest that with a guide field there was
a near complete dissipation of poloidal field energy flux with the gains going towards
the plasma energy (approximately 55%), plasma acceleration (10%) and the toroidal
magnetic energy flux (30%). Whereas the no guide field condition saw a loss of nearly
80% poloidal energy flux of which mostly all energised the plasma. This subsequently
led to an investigation on how the species were specifically heated. With a guide
field, the distribution of energy between ions and electrons is approximately 2:1. The
contribution to ion enthalpy is only 1/3, the rest in involved in ion acceleration. The
authors argue that the guide field results in a field aligned electron current along
the seperatrix which then in turn generates an out of field magnetic flux. There
is the suppression of non-linear ion dynamics due which results in lower enthalpy
gain than without a guide field. The increased energy for ions in zero guide field is
also argued due to the existence of an electrostatic potential which results in ionic
acceleration. This potential diminishes as a guide field is introduced. Also, it is
argued that a guide field electronically traps electrons close to the sepearatrix. This
is demonstrated by the fact that the particles demonstrate increased enthalpy and
energy close to the seperatrix in the presence of a guide field while without one there

is a broader spatial distribution.

6.3 Relaxation and Helicity Conservation

In work conducted on reverse field pinch (RFP) plasma experiments (Taylor, 1974,

1986), it was proposed that a plasma flux rope approaches a largely stable con-
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figuration after achieving a minimum energy state. The dimensionless energy of a

magnetic field is defined as:

1
E=- / B%dv, (6.27)
2 )y

where B is the magnetic field integrated over the volume (V') Taylor relaxation theory
(Taylor, 1974, 1986) begins by proposing that a stable plasma having undergone
transition does so by achieving a minimum energy state with the constraint that the

helicity and axial flux is conserved which are defined as:

K = / A.BdV, (6.28)
Vv
VxA=B, (6.29)
- / B.dS, (6.30)
S

where K is the helicity, ¥ is the axial flux, and A is the magnetic potential. Helicity
can be visualised as streamlines within a fluid flow remaining constant. Magnetic
helicity, specifically, quantifies linkage and topology in a flux rope. While flux con-
servation can generally be accepted as true in a closed system, the matter of helicity
conservation is a little more involved. The matter is fully explored in the work of Finn
and Antonsen Jr. (1985). The minimum energy state is then given by V x B = aB
where « is a constant and related to current by a = MUJ]"B—IE (where j is the current

vector), and the solution of which is of the form of a Bessel function:
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B, =0, (6.31)

Bg = Bljl(OéT'), (632)

B, = By Jy(ar), (6.33)

Jo and J; are the zeroth and the first Bessel functions of the first kind. The «
parameter is given by the invariance of helicity and axial flux in a flux rope of radius

a.

K I aalJi(aa) + J3(aa)] — 2Jy(aa) i (aa)

w2 27TCL[ Ji(aa)

. (6.34)
There have been works which have frequently shown that Taylor relaxation is a good

approximation for the energy released during the relaxation of a flux rope. Works

that show this include Bareford et al. (2013); Dahlburg et al. (1988).

6.4 Hydrodynamic and Plasma Stability
Hydrodynamic stability deals with issues of stability within fluid like systems that

can resolved using the Navier Stokes equations (or similar). A good review of general

fluid stability can be found in texts such as Drazin and Reid (2004). As such the
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fundamental equations are given by,

D(pu) _
b =0, (6.35)
paa—lt1 +puV.u=F, (6.36)

where u is the velocity of the fluid, p the density, ¢ time, and F is any force acting
on the system. Equation 6.35 reduces to Vu = 0 when the fluid is considered to be
incompressible. The forces typically consist of solid body forces, viscous forces, and

pressure forces.

Within a plasma system, the typical Navier Stokes equations must be extended to
account for the fact that the species in a plasma are charged, and therefore subject
to electromagnetic forces. These are taken into account in the force term of the
Navier Stokes equations. However, due to the additional terms, the system requires
extension in the form of Maxwell’s equations to provide closure. These equations
are referred to as the Magnetohydrodynamics (MHD) equations. A form of these is

given by,

dp

S+ V) =0, (6.37)
ou .

Py TPuVau=—Vp+jxB+pg, (6.38)
%_1? =V x (uxB), (6.39)

1
j=-V xB, (6.40)

L
V.B=0, (6.41)

where B is the magnetic field vector, j is the current vector, and p is the permeability.

Derivations for these can be found in texts such as Priest (2014).

Within fluid stability there are fundamentally two approaches to dealing with the
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mathematical Equationtion: linear or non-linear. Both approaches commence by
defining a perturbation to the system (such as fluid velocity, u = ug + u; where wg is
the undisturbed velocity and u; the perturbation). Linear methods involve looking
at the stability threshold under small perturbations whereas non-linear systems are
more concerned with the direction a system would move towards under arbitrary
disturbances. Full descriptions of stability analysis can be found within texts such
as Drazin and Reid (2004), Priest (2014), Wesson (1987), and (for a more rigorous
mathematical description) Jordan and Smith (1999). Within this document, only

linear analysis will be focussed on. This can be done in two ways.

If a perturbation is defined as a periodic function (u; = Ce" ™+ where C is the
amplitude, m and ¢ are the wave numbers) then one could proceed to adopt this
within the appropriate system of equations. Then once can determine whether the
potential energy of the system is in a stable state or not. Alternatively, one could
construct an eigenvalue problem and examine the behaviour of the time constant.
This would allow one to observe if the system would appear to "grow" implying an

instability.

For instance, the linearised potential energy of a plasma system is given by.
1
oW = —3 /deV, (6.42)

where £ is the physical displacement of the system due to a disturbance. The force
can be obtained from the relevant system of equations. If one observes a decrease

in potential energy (i.e negative §1) then the system would be unstable.

For the eigenvalue approach, simply place a functional form of the disturbance (for
instance, approximating as a wave using Euler’s approximation). The flow is then

deemed to be unstable if (for instance) the analysis dictates that the velocity would
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grow exponentially.

The ideal kink instability is (as is in the name) an ideal MHD instability. Ideal
refers to the fact that occurs in the absence of resistive component (i.e, the system
of MHD equations will show an instability even if resistance is considered negligible.

A perturbation for this can be of the form (Priest, 2014):

£ = MR MR— QR +IPL R, (643)
where 7, ¢, z (R specifically is the radius of the flux rope) are the coordinates of a
polar system, B is the magnetic field, and £ is the displacement or perturbation. m
and k are the mode numbers. Subsequent analysis shows (Hood and Priest, 1979;
Baty, H.; Heyvaerts, 1996; Evstatiev et al., 2006; Delzanno et al., 2007; Priest, 2014)
that the kink instability is achieved when the flux rope is perturbed (or twisted)

greater than a specific angle ¢.
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Chapter 7

A Relaxation Model of Coronal
Heating in Multiple Interacting Flux

Ropes

7.1 Introduction

Recently, it has been shown using 3D magnetohydrodynamic (MHD) simulations
that one kink-unstable flux rope can trigger energy release in a stable neighbour
Tam et al. (2015). If the two ropes are initially sufficiently close, the unstable rope
interacts with the stable one, releasing free magnetic energy from both flux ropes,
with the two ropes merging through magnetic reconnection into a single twisted flux
rope. This has important implications for coronal heating, since stored energy can
be released even if a flux rope is stable. Subsequently, Hood et al. (2016) considered
a set of 23 twisted loops, one unstable, with the remaining 22 loops stable, showing
that the onset of instability in the one unstable loop triggered a series of mergers

with the stable neighbours, with energy released in bursts as the loops merge in turn.
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Such numerical simulations are very computationally demanding, and it is not viable
to explore a wide parameter space. For this reason, a simpler, semi-analytical model
has been developed. To this end, the methodology used within Taylor (1974, 1986)

becomes apt for developing such a model.

Browning et al. (2014) uses relaxation to model merging flux ropes, with applica-
tion to merging-compression formation in the MAST spherical Tokamak, and then
applied to interacting solar coronal flux ropes. However, the initial state in this
model represents adjacent flux ropes separated by current sheets, which does not
address the onset conditions for flux rope merger and cannot readily be applied to

the situation modelled numerically by Tam et al. (2015) and Hood et al. (2016).

Our aim here is to develop a relaxation model in which the initial state consists of a
number of twisted magnetic threads in force-free equilibrium. The final relaxed state
as the threads interact, and potentially merge, is determined using Taylor theory.
The approach is developed and tested for a pair of flux tubes, and benchmarked
against the 3D mumerical simulations of Tam et al. (2015). The methodology is set
out in Section 7.2, with results presented in Section 7.3. Then, in Section 7.4, we
extend the model to a system with a large number of flux ropes, making a comparison
with the numerical results of Hood et al. (2016). Conclusions are presented in Section

7.5.

7.2 Theoretical approach and methodology

7.2.1 Initial field configuration

Our aim is to consider the interactions of a number of discrete twisted magnetic

threads that are initially in force-free equilibrium. Therefore, following Tam et al.
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(2015) and Hood et al. (2016) we model each individual thread as a cylindrical force-
free flux rope (radius R; and length L) with zero net-current (see also Melrose (1991);
Hood et al. (2009); Bareford et al. (2011)).Thus, the azimuthal field By is zero at the
edge of the flux rope. In between the threads, there is a uniform axial field B, = B..
Initially, all fields are continuous, so that B,(R;) = B.. We non-dimensionalise the

equations by setting:

B* L
B=>", L

= . -]_
o L=T (r.)

We set the initial radius R; = 1. Since our model is one-dimensional, the length is
only a linear scaling factor, but for comparison with previous work, we specifically set
L = 20. To non-dimensionalise the analysis, the magnetic permeability is also set to
unity (po = 1). Comparisons requiring numerical values are obtained by considering
typical parameters for a coronal loop, for example, By = 0.01 T, p = 1.67 x 10712 kg
m~3, and Ly = 1 Mm; a single unit of energy represented in this work corresponds

to 7.96 x 1019 J (=~ 10%° J).

In order to develop and benchmark the model, we first consider two initial flux ropes,
but later (Section 7.4) we extend this to multiple flux ropes. A suitable model for
the initial field, allowing direct comparison of our relaxation model with numerical

simulations, is given by Hood et al. (2009); Tam et al. (2015):




B, = 0. (7.4)

The initial magnetic field is chosen to be force-free (i.e. j x B = 0). Since the
flux rope arises from localised twisting at the photospheric footpoints, the azimuthal
field (By) must vanish at the edge of the rope (hence the field is continuous with
the surrounding purely axial field). Thus, by Ampere’s law, the net axial current
along the loop must vanish. Indeed, the axial current associated with the fields in
equation 7.2 changes sign between the centre of loop (r = 0) and the edge (r = 1),
allowing the net current to be zero (see Hood et al. (2009)). Hence, the configuration
arises as a result of localised twisting within the two regions of the photosphere. The
parameter A quantifies the twist in the flux rope. One observes this relationship by

considering the angle of rotation of a field line from one end of the loop to the other,

. LBQ (1 — 7’2)3

(r) = AL : (7.5)
B.
B ey
hence the twist on axis » = 0 is simply
Qo = AL. (7.6)

In order to ensure that each flux rope has an identical field at » = 1, allowing

continuity with the surrounding uniform field, it is required that

Bo\/1- % =B, (7.7)

is the same for each flux rope, where B, is the external field (a constant axial field).

B, is set to 0.7329, which corresponds to By =1 and A = 1.8.
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As the twist is increased, the ropes will become kink-unstable. Previous calculations,
taking line-tying at the ends of the flux ropes (Hood and Priest, 1979; Bareford
et al., 2011) into account, show that the ropes are linearly-unstable to the ideal kink
mode at \.;; = 1.586. Note that this value will change if the aspect-ratio L/R; is
changed. There is a strict upper limit on the allowable value of A, since B, must be

real (A\jq = 2.438).

The magnetic helicity (K) is defined as:

K:/A.de, (7.8)
14

where A is the magnetic vector potential, such that V x A = B. Since the loop is not
fully bounded by a magnetic surface, the expression for helicity must be adjusted
to ensure gauge-invariance (Finn and Antonsen Jr., 1985). The most convenient
implementation of the gauge-correction for a geometry such as ours, in which the
field at the two ends of the loop z = 0 and L is identical, is to consider the loop to
be a periodic system, that is, an infinite-aspect ratio torus. The necessary "gauge-
correction" term arising due to an unspecified flux through the torus can be made
to vanish by specifying A,(R) = 0, where R is the loop radius (Bevir et al., 1985;

Browning et al., 2014).

The aim here is to have an analytical model. However, given the form of the profile
for B,, the vector potential cannot be found analytically. Therefore, a polynomial
approximation for B, up to the seventh order is used. This is shown to provide a
high degree of accuracy in section 7.2.8. Such an approximation was used instead
of numerical integration since calculation of helicity requires repeated integration,
and it is convenient to have explicitly analytic expressions for the various quantities.

This approximation is only used to provide expressions for the helicity and the axial
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flux; other quantities such as energy can be calculated directly from equation 7.3.

Therefore, B, is given by:

7
B, = Z cr. (7.9)

n=0

The coefficients are determined by using a least squares polynomial fit after evalu-

ating the field for a specific \.

The expressions for energy, axial flux, and helicity are derived subsequently.

7.2.2 Energy
The magnetic energy is given by:

1
1%:i/B%V:wL/}u£+B@m. (7.10)
2 1% R

Using

2 2
&:&w—%+%@wW—M%hﬂﬂ By = BoAr(1 —r?)%, (7.11)

and performing the integration, the magnetic energy is given by:

E—BQM1—V) (7.12)
— 0TS T e :
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7.2.3 Axial flux

The axial flux must be calculated using the approximate B,, and is given by

7
U = / B.dS = 27r/ rB.dr = 271'2
S R n=0

7.2.4 Helicity

Ch

n +

Calculating first the vector potential A, where V x A = B:

For cylindrical fields as used here, A = (0, Ay(r), A.(r)), hence

Defining

0A, 0A, __

0z or B@,
10(rAg) _ 10A, _
r  Or r 00 BZ'

1
A, = —/ By.dr, Ay = —/rBz.dr.
R " JRr

Requiring that A,(r = 1) = 0, gives
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(7.14)

(7.15)

(7.16)

(7.17)



K = / (AgBy + A, B.)dV, (7.18)
14

. 7 .
and using B, = ) _, C,r", gives

(n n )Tn+1 (] _ 7-2)4 E C’nr”]dr. (l . )
=0

1
K= QWLBO/ (Ar?(1—r?)?
0

n

Multiplying out the brackets and integrating gives

! 1 1 1 3 3
K= 27TBO)\L;C"[8(71+2)_2(n+4)+(n+2)(n+4)+4(n+6)_(n+2)(n+6)
1 3 1 1
~2(n+8) * (n+2)(n +8) * 8(n+10) (n+2)(n+ 10)]
! 96
= 2mBoAL ; T DOm0y 20
, 1A
E = BinL(; — 7). (7.21)
K= 27TBO)\LiC %0 . (7.22)
=" (n+2)(n+4)(n+6)(n +8)(n + 10)

It should be noted in all the above expressions that, for fixed external field B,, the
field on the flux rope axis, By is given as a function of A according to equation (6).

Thus, magnetic energy is indeed an increasing function of twist (\).

For a system of multiple threads, the energy, axial flux, and helicity are determined

as the summation of the individual quantities for each flux rope. Note that the
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external (current-free) field makes no contribution to helicity, but does affect the
total energy and axial flux - although the latter quantities will only alter if the
volume of this region changes (since the field B, is uniform and unchanging); this is

discussed further in Section 7.2.5.

7.2.5 Relaxed state

The Taylor relaxation model (Taylor, 1974, 1986) determines the lowest energy state
obtainable with the total helicity conserved. This predicts a magnetic field, which
is a linear force-free field (V x B = aB) with the value of a determined by the
constraints that the helicity (K) and axial flux (V) are the same as in the initial
state. This is usually accomplished by conserving the dimensionless ratio K/¥?. In

a cylindrical configuration, the relaxed state is given by

BQ == B1J1(Oé7">, Bz - By]()(Oé’f’), (723)

where Bj is a constant (the magnitude of the relaxed field on axis) and Jy and J;

are the zeroth and first order Bessel functions of the first kind.

In the following, we assume that the relaxed state is a cylindrical flux tube with
radius Ry. The external (potential) field remains unaltered during the relaxation
process. Unlike the laboratory situation, relaxation in the solar corona is a free
boundary problem (Dixon et al., 1989). The simulations strongly suggest that the
relaxed field is a flux tube of approximately circular cross-section, and it is likely
that a circular boundary should give lowest energy (by analogy, for example, with

the shape of bubbles).
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The external field outside the flux ropes is unchanged during the relaxation pro-
cess. It should be noted that, in general, the full field configuration in the relaxed
state thus contains a current sheet at the flux rope boundary (the magnetic field is
discontinuous). This is observed to some extent in simulations, although the sheet
becomes a layer of finite width (see also Bareford et al. (2013)). A current sheet is
also predicted in models of localised relaxation applied to the edge region of Toka-

maks (Gimblett et al., 2006).

For the relaxed state (equation 7.23), the normalised helicity, with the gauge-invariance

condition A,(R; = 0), can thus be shown to be

5 _ L OéRf[Jg(OéRf) + Jf(OARf)] — QJU(OéRf)Jl (CYRf) (7 24)
\112 27TRf J12(Cka) ’ ’

(in agreement with Taylor (1974, 1986)).

7.2.6 Relaxation calculation

We begin by developing the relaxation model to represent as closely as possible the
3D MHD simulations undertaken by Tam et al. (2015), thus testing and benchmark-
ing the approach. As in Tam et al. (2015), four cases for the initial field, each with
two ropes, were considered. The cases vary in terms of the twist A, and whether
or not they merge in a magnetic reconnection event (which in the simulations is
controlled by the distance between the threads). In the simulations, merging occurs
when the two flux ropes initially just touch at a single line (i.e. the centre of the
second flux rope is exactly 2R; away from the centre of the first). If the flux ropes are
sufficiently separated, they do not interact and it is likely that there is a maximum
separation below which interaction occurs. The Taylor relaxation model does not

explicitly model the location of the initial flux ropes, but we can specify whether
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the final state should be a single flux rope, or whether the flux ropes should relax

individually, in order to compare with the relevant simulations.

In order to provide direct comparison with the numerical results, a “simulation box”
can be defined. The simulation box is defined as a rectangular cross-section region
outside the flux ropes with a uniform axial magnetic field B, = B, = Bgy/1 — A—;,
of dimensions 8 by 4 by 20. When a simulation box is used, the total energy of the
system includes a contribution from the external field. A simulation box setup is
illustrated for cases 2 and 4 in Figure 7.1. The energy of the external region remains

unchanged if the the volume of the flux tubes remains constant, but may change

otherwise.

As discussed above, the relaxed state is assumed to be cylindrical but it is not
immediately clear what the radius of the final flux rope should be. Simulations of
the relaxation of a single unstable twisted flux tube show that the relaxed state has
limited extent a little larger than the initial flux tube, which is a form of "partial
relaxation" (Bareford et al., 2013). Thus, initially, we considered the outcomes
of the relaxation model treating the final radius (R;) as an unspecified variable,
with the energy change recorded accordingly. Various approaches were then used to
determine the final radius. The first is simply a conservation of volume (thus the
total cross-sectional area of the initial and final flux ropes is the same). The second
is equating the magnetic pressure to the background magnetic pressure (which is
unchanged during the relaxation process, as the external field is unchanging), which
is illustrated in equation 7.2. The third constraint takes account of the fact that
the dissipated magnetic energy is converted into thermal energy and, hence, the
gas pressure inside the flux rope increases, and should be added to the magnetic
pressure. This is illustrated in equation 7.27, where an ideal gas has been assumed

and ~ is the adiabatic index. Constraints 2 and 3 maintain force balance across
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Figure 7.1: Azimuthal field lines of flux ropes as initially setup (a) and then relaxing
to form a single flux rope (b) in an 8 x4 x 20 simulation box. The final state depicted

is specific to cases 2 and 4.
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the interface between the twisted flux rope and the external field. Constraint 1 has
no particular physical justification but is simple to apply and appears to match the
simulations quite well, and will be shown to produce rather similar results in terms
of energy released. Another possible constraint could have been that of By(R;) = 0.
However, since the magnetic pressure constraint finds that By =~ 0, this is deemed

redundant.

To summarise, the radius is constrained by:

e Constraint 1: Conservation of volume between the initial and final flux ropes,

nropes

Y 7RL=nR]L = R;=/Y R (7.25)

e Constraint 2: Equating magnetic pressure at the edge of the final flux rope
to the background magnetic pressure,
)\2

BX(Ry) + By(Ry) = B! = Bi(1 — —). (7.26)

e Constraint 3: Equating the sum of magnetic pressure at the edge of the final

flux rope and built up gas pressure to the background magnetic pressure,

(BAR) + BAR) = im0 -2y (7.1

OFE(y—1
0E(y—1) -2 7

1

Vol 2

The methodology is then as follows. An initial field is selected, as described in
Section 7.2.7. The value of « in the final state is calculated by equating the helicity
of the final flux rope (normalised with respect to axial flux - which is also conserved)
to the total helicity of the initial flux ropes (equation 7.22), for a given radius of the

final flux rope, R;. For constraints 2 and 3, Ry is iterated to achieve the required
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Table 7.1: Initial field conditions for the relaxation of two flux ropes.

Case 1 Ropes not touching and relaxing separately; Ay = 1.8, Ay = 1.8.
Case 2 Ropes touching and merging; \; = 1.8, Ay = 1.8.

Case 3 Ropes not touching, unstable rope relaxing separately; A\ = 1.4, Ay = 1.8.
Case 4 Ropes touching and merging; A\; = 1.4, Ay = 1.8.

pressure balance. The energy release, which is presumed to be converted into plasma
thermal energy, is then simply the difference between the energy of the initial state

and the final state.

7.2.7 Cases studied

In order to benchmark the relaxation model, we first develop it for the same cases
studied numerically by Tam et al. (2015). The various cases for the initial field

considered are given in table 7.1.

Thus cases 1 and 2 have two unstable flux ropes, while in cases 3 and 4, one flux
rope is unstable and the other is stable - hence the latter will not release any energy
unless somehow disrupted. In cases 2 and 4, the flux ropes merge into a single flux
rope. In cases 1 and 3, the unstable flux rope (A = 1.8) relaxes individually to

constant state.

Later, in Section 7.4, we also consider a much larger array of flux ropes, representing

the avalanche situation simulated in Hood et al. (2016).

7.2.8 Validation of field approximation

We first check the accuracy of the polynomial approximation to the axial field profile

(equation 7.9; see Figure 7.2). Here, excellent agreement is shown between the
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approximation to the field (equation 7.3) and the exact force-free field.

Within Figure 7.2, one observes that the fit is very good since only three curves can
be visually observed despite six being plotted, which allows confidence in using the
approximation. Further confidence is provided by matching the B, profiles (Figure

7.3) to the ones in Tam et al. (2015).

The initial total magnetic energy for cases 1 and 2 was found to be 175.52 and for
cases 3 and 4 to be 174.37 (in dimensionless units). These are in good agreement

with the associated values reported in Tam et al. (2015).

7.3 Results

7.3.1 Effect of the radius of final flux rope

Initially, the radius Ry of the final flux rope was varied to observe the dependence
of the energy output on this quantity, bearing in mind that the relaxation is a "free
surface problem" in the corona. Figure 7.4 shows the energy release from two flux
ropes merging into one (as in cases 2 and 4) as a function of the final radius, Ry.
Similarly, Figure 7.5 shows the energy released due to a single flux rope relaxing (as
in the case of the unstable flux ropes in cases 1 and 3). The energy is calculated
both with a "simulation box" (in which the magnetic energy of the external region

varies) and without (in which only the energies of the flux ropes are included).

If two flux ropes relax into a single rope, and volume is conserved, the radius of
the final flux rope will be /2, as indicated by the vertical line in Figure 7.4. Note
that if the volume is conserved (which is similar to the situation in a laboratory
plasma confined within a rigid container), the energy change is negative - as ex-

pected for a relaxation to a minimum energy state. In this case, we expect that
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Figure 7.2: (a) Approximating polynomial and exact function for axial field B, (r),
demonstrating the quality of fit, for A = 0.8 (approximate, orange dashed, and exact,
black), A = 1.4 (approximate, pink dashed, and exact, blue), A = 1.8 (approximate,
dark blue dashed, and exact, green). Note that only three curves are visible since
the exact and approximate curves are almost identical. (b) The difference between
the exact and the approximation function for A = 1.8.
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Figure 7.3: Initial axial field B, for two flux ropes, using the approximate polynomial,
for case 4; the flux ropes centred at (0,0) and (—2,0).
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Figure 7.4: Energy change for two flux ropes merging and relaxing against final
rope radius, both with (green, A\; = 1.4 Ay = 1.8; orange, \; = Xy = 1.8) and
without (black, \; = 1.4 Ay = 1.8; blue, \; = Ay = 1.8) a simulation box. Positive
values represent an increase in energy from the initial to final state. The vertical
line represents conservation of volume.
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the released magnetic energy is converted into thermal energy. Initially, as demon-
strated in simulations (Browning et al., 2008; Hood et al., 2009; Tam et al., 2015)
some magnetic energy is converted into kinetic energy associated with reconnection
outflows, but this is viscously dissipated as a relaxed state is approached. If the flux
tube volume decreases significantly, the magnetic energy rises, due to the increase
in energy caused by compression dominating the decrease due to relaxation; we do
not expect this situation to arise in practice (as some external work would need to
be done to compress the flux ropes). Conversely, there is an increasing conversion

of magnetic energy into heat as the flux tube volume increases.

Furthermore, note that when volume is conserved, the cases with and without "sim-
ulation box" are identical - because the axial field external to the flux ropes is
unchanged in both magnitude and volume through the relaxation, and hence makes
no contribution to the energy change. The released energy depends quite strongly
on the choice of final radius, and we now consider the possible ways in which this

can be determined.

7.3.2 Calculation of energy release and comparison with sim-

ulations

We now apply the three constraints that might determine the radius of the relaxed

flux rope, as set out in Section 2.3 (egs. (7.25) to (7.27)).

For constraints 2 and 3, the radius is determined by iterating R; until the appropriate
pressure balance is attained. The energy release is calculated for initial fields for each
of the four cases, which can then be compared with the outcomes of the 3D numerical
simulations Tam et al. (2015). The latter are calculated as the difference in magnetic

energy between the initial value and that at the end of the simulation; we note that
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Figure 7.5: Energy output for a single flux rope relaxing (A = 1.8) against final rope
radius (Ry) with (red) and without (black) a simulation box.
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Table 7.2: Results of the Taylor model compared to the MHD model.

Case Final Radius Taylor §F MHD J/F
Constraint 1 Constraint 2 Constraint 3 MHD (estimate) Constraint 1~ Constraint 2 Constraint 3
1* 1.0 (each) 0.999 (each)  1.018 (each) 1.0-1.5 -2.70 -2.608 -3.88 -3.031
2 1.414 1.412 1.445 1.3-1.5 -3.26 -3.164 -4.69 -3.069
3* 1.0 (each) 0.999 1.006 1.2-1.5 -1.35 -1.304 -1.94 -1.5
4 1.414 1.413 1.437 1.4-1.5 -2.36 -2.29 -3.41 -2.3

Note: *Case 3 only considers one flux rope (in the Taylor model) resolving itself since the first
rope is stable, case 1 is twice that of case 3. The force free parameter («) for case 2 is 0.258, for
case 4 is 0.2133, and for a single kink unstable flux rope of A = 1.8 is 0.510.

this has some margin of uncertainty, since the energy is still changing to some extent.
From Table 2, it can be seen that there is generally good agreement between the
numerical MHD result and the relaxation model. Also, the calculated energy release
does not depend strongly on the choice of constraint. Some discrepancies between
the numerical energy release and the relaxation predictions arise; both because the
numerical simulations do not necessarily achieve full relaxation by the end of the
simulation and because the expansion in loop radius observed numerically for a
single relaxing loop is not fully accounted for by any of our constraints. The final
radius for two merging loops is much better predicted by our model (all constraints

giving little change in volume) than for a single loop.

Constraint 3 is arguably the most physically correct, as it accounts for the loop
expansion due to plasma heating. However it is quite complex numerically, as it
requires multiple stages of numerical iteration. The energy release predicted by the
relaxation model in this case is somewhat larger than the numerical value: this
may be because the fully relaxed state is not attained by the end of the numerical
simulations. Constraint 1 (constant volume), on the other hand, has no clear physical
justification, but is simple to apply, and the calculated energy release agrees relatively
closely with the other constraints. Therefore, this could be useful in future modelling.
Here, we choose to use Constraint 2 in the following sections, as this gives the best
agreement with the numerical results and is relatively simple to apply. We may also

compare the predicted final radius from the three constraints with the outcome of
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the MHD simulations; however, it is difficult to measure this accurately from the
simulations, and this cannot be used to discriminate between the three proposed
Constraints. It does appear that when an individual flux rope relaxes (as in cases
1 and 3), there is a clear expansion of the rope, which has been suggested to be
approximately 1.2 times the initial radius (Bareford et al., 2013). The analysis of
Bareford et al. (2013) suggests that this is due to the unstable twisted flux rope
reconnecting with the surrounding axial field and thus ‘eating into’ the untwisted
field region. This effect is not accounted for in our model, although it could be. The
extent of this expansion is determined essentially by the nonlinear amplitude of the
kink instability, but at present, we have no way to predict this a priori, and this is

a subject for future investigation.

In general, there is very good agreement between the energy changes predicted by
the relaxation model and the outcomes of the simulation. Furthermore, there is a

very clear consistency in the trends of variation between the different cases.

7.3.3 The dependence of energy release on initial fieldline

twist

The major advantage of the relaxation approach is that the energy can be calculated
easily for a wide parameter space, and thus (in contrast with numerical simulations,
which are very demanding of computer resources), we can explore how coronal heat-
ing varies with the paramaters of the twisted flux ropes. Thus, having benchmarked
the approach against the simulations, we now investigate how the energy release
varies with the flux rope twist, quantitified by the parameter A. We thus calculate
the energy change for the full range of possible initial twists for a pair of flux ropes.

For each pair of A values, the initial energy and helicity are calculated as described
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Figure 7.6: Contours of energy change for two flux ropes merging and relaxing with
various A. The dotted line represents Ay = Aq.

in Section 2.1 above (with the set of coefficients C), determined for each ). The ex-
ternal field B, is held fixed, so that the peak axial field By is determined by equation
7.7. The flux ropes are assumed to merge, relaxing to a single constant-a flux rope.
The resulting energy change is illustrated in the form of a contour map in Figure
7.6. Note that, in order for relaxation to happen at all, at least one flux rope must
be unstable, so the region in which both values of A are less than approximately 1.6

should be excluded.

As one can observe, the contours depict an increasing output of energy for higher

overall twist. Furthermore, the energy output seems to be dominated by the con-
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tribution of a highly unstable flux rope, as the contours are closely parallel to the z
and y axes, respectively, for larger twist. We also note that the energy output rises
strongly as A increases towards its upper limit (i.e. A\pq: = 2.438, beyond which B,
becomes imaginary), tending to infinity at this limit. It should be noted that this is
purely a mathematical artefact of the flux rope configuration, infinite energy is not
physically possible! However, whilst the general increase of energy release with field
line twist is entirely expected, this singular behaviour is an artefact of the chosen
mathematical model. The dependence of energy change on twist is further shown in
Figure 7.7, which considers two identical initial flux ropes A = A\; = Ay (correspond-
ing to the dotted line on Figure 7.6). Figure 7.8 shows the variation of the force-free
parameter (o) with varying twist; the other flux rope is fixed at A = 1.8. One can

observe that the parameter increases as the twist increases.

7.4 Large multi-threaded flux ropes

One strength of the Taylor model is its ease of applicability to larger regions, and
more complex initial fields, without an increase in computational requirements.
Hood et al. (2016) used 3D MHD simulations to demonstrate an avalanche of heat-
ing in an array of 23 twisted flux ropes, consisting of one unstable rope surrounded
by stable ropes. However, such simulations are highly demanding of computational
resources. We, therefore, consider this situation using the relaxation approach. The
initial conditions were set to have one central flux rope unstable at A = 1.8 sur-
rounded by stable flux ropes, A = 1.4, as depicted in Figure 7.9. In the simulation
described by Hood et al. (2016), an avalanche was observed as the unstable flux
rope “absorbs” the other flux ropes in a cascading sequence, releasing energy from

the stable twisted flux ropes in succession.
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Figure 7.7: Energy output as a function of twist for two initially identical flux ropes
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Figure 7.8: Variation of o vs. Ay, where \; is fixed at 1.8.
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Figure 7.9: Simulation setup for 23 flux ropes merging. The Figure shows current
density in the midplane z = L /2, taken from the early stage of the MHD simulations.
The central rope is the unstable flux rope (A = 1.8) while the rest are stable (A = 1.4).
Note that the central unstable flux rope shows signs of the initial kink instability,
with a current sheet forming at the right-hand side of the loop. Originally published
in Hood et al. (2016)
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Table 7.3: Results of the Taylor model compared to the MHD model for the 23 flux
rope simulation.

Final Radius Taylor §F MHD F
Constraint 1 Constraint 2  Constraint 3 MHD (estimate) Constraint 1 Constraint 2 Constraint 3
4.12 4.12 4.18 4.2-4.8 -15.1 -14.9 -22.2 -14.2

Note: It should be noted that only 18 ropes relaxed in the simulation and the
energy output from the Taylor model is provided up to this point only.

The approach in applying the Taylor model is similar to the preceding work; at each
stage, the individual energies and helicities are calculated, then superimposed to
find the total value. However, we now extend the approach described for two flux
ropes in Section 7.3 to superimpose the flux ropes one at a time, providing a direct
comparison to the avalanche model. Thus, first a stable flux rope and an unstable
one are relaxed into a single flux rope (as in case 4 above). Then, this is combined
with a further stable flux rope, and relaxed into a new combined (larger) flux rope -
and so on. At each stage, helicity is conserved, and the energy change is evaluated.
The results are presented in Table 7.3, and illustrated in Figure 7.10. For these
purposes, it is assumed that each relaxation takes the same time, and this timestep

has been chosen to match the overall time for the simulations.

In this case, the Taylor and MHD models are seen to be in very good agreement.
It is further observed that the energy drop between each step is slowly approaching
a constant energy release. A possible explanation is as follows. The Taylor model
assumes a fully relaxed state. As each additional stable flux rope (which are identical,
with A = 1.4) is absorbed, almost all the free energy of this rope is released. Once
the energy output is dominated by the A\ = 1.4 flux ropes rather than the single
unstable (A = 1.8) one, then the energy output is simply directly proportional to
the number of flux ropes merged. It is noted that in the MHD simulation, only 18
flux ropes merged. It is unclear whether or not there would be further merging if the
simulation were run for longer. However, this could not be checked without risking

inconsistency due to numerical errors. One possible explanation for the termination
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Figure 7.10: Energy release from merging of individual flux ropes showing the MHD
simulation (red) and relaxation model (black). The arbitrary time step depicts the
number of flux ropes that have been absorbed into the reconnection process. The
MHD time has been normalised to scale to the Taylor model. This is needed since
the Taylor model does not provide a time factor.
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Figure 7.11: Variation of force-free parameter, «, for the avalanche model.
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of the avalanche is provided, however, by observing the force-free parameter («) for
the avalanche model (Figure 7.11). As one can observe, the parameter appears to
have an exponential-type decay. This suggests that as it approaches a minimum
value, the current sheet surrounding the relaxed field (the Taylor model is not zero
at the edge therefore resulting in an azimuthal current sheet) will become very weak
after a large number of threads have merged, and no longer be sufficient to cause a

disruption in the neighbouring flux ropes.

7.5 Discussion & Conclusions

We have presented a model for the energy released as one, two or many twisted flux
ropes relax, and in (some cases) merge into a single flux rope, based on a helicity-
conserving relaxation as hypothesised by Taylor (1974). A direct comparison shows
that the Taylor model and 3D MHD simulations (Tam et al., 2015) are in good
agreement. This has been demonstrated for various cases of pairs of twisted flux
ropes. Furthermore, the relaxation model has been successfully compared with a 23-
flux-rope simulation, showing excellent agreement with the outcomes of numerical

simulations by Hood et al. (2016).

The model is based on the concept that relaxation and energy release may be
triggered by kink instability in a single unstable flux rope. This may trigger the
release of stored magnetic energy from neighbouring magnetic threads which are
stable. This scenario has important consequences for understanding how the solar
corona is heated. The avalanche of heating will occur if the threads are sufficiently
close together, but the exact conditions under which the avalanche proceeds (or
stops) should be a topic of further investigations. What is important is that some-

times a large number of threads may release their energy, whilst in others, only one
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or two threads release energy. Thus, a distribution of heating events, or "nano-
flares", of different sizes, is expected. Furthermore, within an individual avalanche,
the heating is bursty and time dependent. The relaxation model can easily predict
the energy release, for given initial and onset conditions (number of threads merging,

number of unstable threads and so on).

One challenge in applying relaxation models to the solar corona - as opposed to
laboratory plasmas - is that solar coronal fields have no conducting walls and, thus,
calculation of the relaxed state is a "free boundary problem" (Browning, 1988; Dixon
et al., 1989). We assume here that the final relaxed state has circular cross-section
- which indeed appears to be the case in the numerical simulations. However, some
means to predict the radius of this flux rope must be provided. We propose that this
is determined by pressure balance at the boundary between the flux rope and ambi-
ent field, and calculate this both allowing for the increase in thermal pressure due to
magnetic energy dissipation, and also without this effect (considering magnetic pres-
sure only). One observation that warrants further investigation is the fact that the
volume of the flux ropes is very well conserved when magnetic pressure is assumed to
balance at the boundary. If it could be demonstrated that this applies more gener-
ally in all flux tube mergers, this would be an interesting result and provide simpler
conditions for future analysis. In the case of a single unstable flux rope relaxmer-
geding, the final relaxed state has been shown to have somewhat larger radius - for
a range of initial twist profiles, this has been shown to be typically approximately
a factor of 1.2 times the initial radius (Bareford et al., 2013). This is attributed to
the unstable flux rope reconnecting with the surrounding axial field, an effect which
we do not consider here. Future work is required to further investigate the factors
that determine the radius of the final flux rope. Nevertheless, our predictions based
on magnetic pressure balance are in good agreement with simulations. Relaxation

in unbounded systems can also be interpreted as a localised relaxation (Bareford
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et al., 2013), in which the relaxation extends over a limited region. Indeed, it is im-
portant to recall that Taylor theory predicts only the lowest energy state that could
be attained, and that full relaxation may be not be achieved. For example, when
the initial field has a braided structure, numerical simulations demonstrate that the
final relaxed state consists of two parallel weakly twisted flux ropes, each of which
approximately corresponds to a Taylor state, but which do not merge into the lower
energy overall constant-« field (Pontin et al., 2010). Furthermore, two flux ropes
with opposite twist will release more energy if they relax than if the twists were in
the same sense; but it is less likely that the relaxation will happen in this case, since
the azimuthal fields at the interface between the ropes do not reverse. However,
if one of the flux ropes is kink-unstable, the helical distortion may be sufficient to
allow reconnection, although the reconnection may be slower in this case. Further
investigations with 3D MHD simulations are required to determine the conditions

under which twisted flux ropes merge into a Taylor state.

It is worth noting that a consequence of allowing relaxation over a localised region is
that a current sheet (usually) must form between the relaxed field and the ambient
axial field (Gimblett et al., 2006; Bareford et al., 2013). Indeed, there is evidence of
such a reversed current layer in the 3D numerical simulations (Bareford et al., 2013;
Tam et al., 2015; Hood et al., 2016), although naturally the current layers in this
case have finite width. In the case of multiple flux ropes, it appears that this current
layer plays a role in the merger of adjacent threads as the avalanche proceeds (Hood

et al., 2016).

There are naturally some discrepancies between the outcomes of numerical simula-
tions and the theoretical predictions. On the one hand, the simulated fields may
not attain a fully relaxed state, as this depends on there being sufficient small-scale

turbulence and reconnection throughout the volume to dissipate the free energy and
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re-distribute the currents. Thus, the energy release predicted by relaxation theory
is an upper bound on the actual energy release. The final state in the numerical
simulations is still full of small scale current sheets, and the spatial distribution of
a does not appear to be particularly constant. Nevertheless, the magnetic fields
(which average over the small scale current structure) are relatively well represen-
ted by constant-a fields, and the final energy is even better approximated by the
relaxed-state value, since small departures from a mimimum-energy state give quad-
ratic deviations in energy. The predicted energy release also depends on the size of
the relaxed flux tube. Our model seems to under-estimate this somewhat (particu-
larly in the case of a single relaxing flux rope, as discussed above), and this effect

causes the predicted energies to be lower than the actual values.

The successful development of this model could potentially pave the way for determ-
ining outputs of larger and more complex systems, allowing more realistic modelling
(potentially) of Active Regions of the solar corona. This is because the Taylor model
is not restricted by the number of ropes simulated, particularly due to the fact that
the system is setup as a simple superposition in the case of multiple flux ropes. This
allows for very rapid calculation times, regardless of system size. Thus, it would be
easy to simulate large numbers of flux ropes, with variations in size, and twisted
to different degrees (including the possibility of twists of opposing sign, which are
readily accounted for in the relaxation model). In future, we propose to use further
numerical simulations to devise simple ‘rules’ as to when flux ropes merge or not,

and then to use these to simulate complex systems of flux ropes.
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Chapter 8

Magnetohydrodynamic Simulations

of Twisted Magnetic Flux Ropes

8.1 Introduction

The coronal heating problem, as defined within Klimchuk (2015), involves under-
standing how the corona achieves the high temperatures it does compared to the
chromosphere. A postulated mechanism for this is the twisting of footpoints in the
chromosphere that result in a “charging” up of the coronal loops that then relax to
heat the corona. Priest and Cowley (1975); Browning and Van der Linden (2003),
postulated that a mechanism for this to occur would be the ideal kink instability in
a single magnetic flux rope. This could trigger an avalanche effect that then results
in enhanced coronal heating. Such a mechanism was suggested in previous studies
that suggested a cellular automaton model, and was proven in a simulation by Hood

et al. (2016).
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8.2 Approach and Methodology

Following the development of a relaxation model (Hussain et al., 2017), it is clear
that the a relaxation model with a magnetic pressure constraint is a good approx-
imation to results of MHD simulations that involve multiple interacting flux ropes
which evolve following a kink instability (Tam et al., 2015; Hood et al., 2009, 2016).
However, it is noted that relaxation is blind to the physical process of whether or not
flux ropes undergo merger or relaxation. For an individual flux rope, the trigger for
relaxation is clear, i.e. kink instability will force the flux rope to acquire a minimum
energy state. However there are questions as to whether this flux rope will trigger a
stable flux rope to also undergo relaxation and (as a result) a merger. As a result of
analysis and simulation, we have developed a few fundamental questions regarding
merging flux ropes that we hope to comment on using MHD simulations. These
questions are as follows: 1) What is the maximum distance under which an unstable
flux rope will interact with a stable flux rope to result in relaxation and merger?
2) Is there a minimum threshold for the twist of a stable flux rope below which it
will not be triggered by a kink unstable flux rope? 3) How long does the relaxation
process take? 4) At what point in an avalanche will the relaxation process no longer
occur? To answer these questions, a series of MHD simulations were carried out.
These all involved two flux ropes with varying centres and twist parameters. The
MHD simulations in general operate in the following conditions. The MHD systems

of equations, solved in the code Lare3d (Arber et al., 2001) are given as:

dp
i —V.(pv) (8.1)
%(pv) = —V.(pvv) + 1/uo(VxB)xB — VP + V.S (8.2)
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0B

5 = Vx(vxB) = Vx(n(VxB)/u) (8.3)

Where p is the mass density, v, B, S, j are the velocity, magnetic, stress tensor, and
current vectors, 7 is the anomalous resistivity, and () is the viscous heating. Lare3D
is a Lagrangian remap code (Caramana et al., 1998; Owen and Shashkov, 2014) and
works by solving the equations of MHD on a staggered grid for multiple time steps.

The time step as a non dimsionalised function of the Alfven time.

The simulations simulate two magnetic flux ropes which are defined by the following:

By = Bor(1 —r?)3 (8.5)
B, = BO\/(l - A; + %2(1 —r2)T — A2p2(1 — 2)6) (8.6)

The field is a force free field where the X is the twist parameter. It was originally
developed by Hood and Priest (1979) when investigating the ideal threshold for the
ideal kink instability. In this case and field, the kink instability is A..;; = 1.586 and
the maximum twist possible is \,,,. = 2.438 since we have a condition that the field

must be real.
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Figure 8.1: Energy (dimensionless) output from flux rope simulations. The lines
show various simulations. In situations of two flux ropes, two A(twist) parameters
are given. In situations where the flux rope is reversed, a minus sign is used. Half
distance and quarter distance refer to 0.5 units and 0.25 units of separation be-

tween the edge of the flux ropes (normalised to Alfven wavelength). but probably
interesting

Figure 8.1 shows the various simulations that were done for this investigation. The
1.4 & 1.8 curve is the same simulation as done in Tam et al. (2015) and shows that
a kink unstable flux rope causes the relaxation (and merges with) a neighbouring
stable flux rope. Subsequently, simulations were done by setting the edges apart
by 0.25 units and 0.5 units. Simulations were also done with a reverse twist since
extending the simulations of Hood et al. (2016) show that the reversed flux ropes

might also relax. Single kink unstable flux ropes are also done for reference.
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8.3 Maximum Separation

With regards to the minimum distance required to cause a stable flux rope to undergo
relaxation, three simulations were carried out with two flux ropes. All of these
involved one stable flux rope (A = 1.4) and one kink unstable flux rope (A = 1.8) with
the difference being the separation between these. The simulations are dimensionless.
The distance between the origins of the two flux ropes are 1) 1 unit, 2) 1.25 units,
and 3) 1.5 units. Therefore, in the first kind the edges of the ropes touch each other,
in the second they are 0.25 units apart, and in the third they are 0.5 units apart. We
observe that simulations 1 and 2 result in the stable flux rope relaxing and merging
but simulation 3 only results in the unstable flux rope undergoing relaxation on its
own. Therefore, we state that the maximum distance is somewhere between 0.25

and 0.5 units.

Furthermore, as can be seen from Figure 8.1, the time at which the merger occurs
is directly affected by the distance. Simulation 1 (1.4 & 1.8, green line) shows no
clear distinction between relaxation of the unstable flux rope and stable. However,
with the quarter distance (1.4 & 1.8 quarter dist, burgundy), this is triggered ap-
proximately 150 Alfven times after the initial relaxation process. The half distance
shows that there is no clear drop in energy showing that the stable flux rope does

not undergo relaxation.

8.4 Twist in Stable Flux Rope

Simulations showed that stable flux ropes as low as A = 0.6 did undergo relaxation.
Since this is very low twist and does not yield an excessively large free energy, we

did not lower the twist any further.
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Figure 8.2: Simulation of two merging flux ropes: A\; = 0.6 and Ay = 1.8

8.5 Reverse Twist

As a result of extending the avalanche (Hood et al., 2016), it was observed that
the simulations with reversed flux ropes underwent relaxation (A. W. Hood, Private
Communication). However, given the nature of Lare3D, there was a suspicion that
this was a result of numerical errors since the effect was observed sufficiently late into
the simulation. Therefore, in order to investigate this, a two flux rope simulation
was done with a reversed stable flux rope next to a kink unstable flux rope (Figure
8.3). In one of the simulations done, a merger was observed while not in an identical
second simulation. Therefore, it was suspected that this was a numerical error. It was
confirmed when the simulation was repeated with a refined mesh, which confirmed
no merger of the two flux ropes. We are confident that the normal results do not
have this problem since they match previous results (Tam et al., 2015) as well as

being in line with expectation.
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8.6 Relaxation Trigger

Considering an avalanche model that was first shown in Hood et al. (2016), the
authors show that a single unstable flux rope can cause an avalanche of energy
release. The simulation shows that a stable flux rope can cause relaxation in up
to 17 flux ropes, within a grid of 23 tightly packed flux ropes. Within Hussain
et al. (2017), we observed that the relaxation parameter for the force free field in
an avalanche appears to have an exponential decay as one increases the number of

stable flux ropes merged to the final relaxed state as shown in Figure 8.4.

0.2 -

0.1 H

0.0 : . .

0 1|0 20
Arbitrary Time Step (n flux ropes merged)

Figure 8.4: Relaxation alpha with number of flux ropes merged

Relaxation analysis is blind to when should stable flux ropes no longer merge. How-
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ever, the relaxation parameter is directly correlated to the current since it is a force
free field. T but probably interestinghe relaxed field is of the Bessel form (Taylor,
1974):

B@ = BlJl(ar)
Bz = Bljg(ON")
V x B=aB

In order to investigate this effect, we try and observe the current at the edge of the
stable flux rope. We commence by observing the current at the edge of the stable
flux rope in the quarter distance simulation. We do this by measuring the magnitude
of the current along the line [-1.25, 0, -10] to [-1.25, 0, 10] (Figure 8.5). As one can
observe, there are spikes of magnitude greater than 5. A similar line out for the half
distance simulation ([-1.5, 0, -10] to [-1.5, 0, 10] and Figure 8.6) is shown to compare.
We occasionally observe that the spikes within the quarter distance simulation reach
over 5 (which is when anomalous resistivity is triggered) suggesting that there may

be resistive instabilities.
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Figure 8.5: Simulation of two merging flux ropes 0.25 units apart depicting a line
out of current magnitude on the edge of the stable magnetic flux rope (marked with
X).

The images (Figure 8.5) show that for the simulation where there is no separation,
the current seems to average at 2 units throughout the simulation. When compared
to the results for the half distance (Figure 8.6), we only see spikes on occasion but

not a consistent current value that also appears very late into the simulation.
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Figure 8.6: Simulation of two merging flux ropes 0.5 units apart depicting a line out
of current magnitude on the edge of the stable magnetic flux rope (marked with X).

Another effect noticed is that of a magnetic wave that is produced as the kink
unstable flux rope undergoes relaxation. This is observed within the 0.5 distance

simulation by observing the magnetic field (B,) along a line midway between the
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two flux ropes (line out depicted in Figure 8.7). The graphs suggest the presence of a
wave. Taking the Fourier transform of B, at the point [0.3, 0, 0] (Figure 8.8) over all
time steps also suggests that there is a wave present. However, further work needs
to be done to properly confirm since the sharp peaks in the graphs could suggest
an under resolved mesh. Furthermore, the wave needs to be classified (longitudnal,

torsional, etc) aswell.
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Part 111

Effect of Plasma Instabilities on

Fusion Materials
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Chapter 9

Applying an Edge Localised Mode
Relaxation Model for Damage in

Fusion Relevant Tungsten

The previous sections of this thesis describe essentially two separate strands of
work. Here, we present some preliminary suggestions for how these two approaches
(plasma-material interactions and relaxation theory) could be brought together, in
order to understand the effect of Edge Localized Modes in Tokamak plasmas on the

walls.

Edge localised modes or ELMs are pressure driven instabilities within the plasma
(Connor et al., 1998, 2008). They are seen to exist under a confinement condition
called H-mode (for high confinement as opposed to L-mode). H-mode confinement
times are typically double that of L-mode (Stangeby, 2000). Initially it was found
that heating the plasma would reduce the confinement time until it was heated up
to a certain threshold. This however comes with the trade-off that the build up of

energy drives instabilities that is released through the edge of the plasma (therefore
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on the plasma facing surface). It is a periodic disturbance classed from Type I (high
energy, low frequency) to Type III (low energy, high frequency). Type IT ELMs are
expected for Tokamak operation in H-mode for Tokamaks such as ITER and DEMO
since completely eliminating them would have the consequence of massive pressure

build up.

The mode of operation for ELMs can be seen in the illustration of pressure versus
the position along the chamber where it can be seen the pressure build-up collapses
under an ELM operation (Figure 9.1).

A

Pressure

Core

Post—EtM'

»
| i

Distance (x)

Figure 9.1: Plot of plasma pressure against position(Maggi et al., 2014)

The principle can be illustrated through the concept of potential energy. One can

form a functional form of the potential energy by stating that:

d
—W = [ Fod 1
dtW / v.dV, (9.1)
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which is the power Equationtion where W is the work done, F' is the force, v is the
velocity and V' is the volume phase. Therefore, we can approach this and having an
appropriate Equationtion for the force and the work, can obtain a functional form
equilibrium situation. Such a Equationtion is provided in Connor et al., 1998. Aside
from energy dissipation, ELMs could be useful for dispersion of impurities. However,
with such a sudden burst of energy and impurities, these are likely to make a heavy
impact on the materials that will eventually be used to construct fusion reactors.

The dangers of the instabilities was mentioned in works such as Wirth et al. (2011).

A study conducted on the Joint European Torus (JET) (Harder et al., 2016) showed
a difference within the inter-ELM and intra-ELM phases of operation. It can be
fairly assumed that this effect is likely to be larger since the aim of the fusion
community is to build a steady-state fusion reactor. It may be that the effects could
be mitigated due to the increased surface area. However, since this would need
to be properly assessed, there is sufficient motivation to develop a model that can
assess the outcome. We propose a relaxation model that, coupled with material
sputtering theory, could provide a simple analytical model to determine the extent
of the effect as well as investigate the result of various variables. Furthermore, we
propose molecular dynamic simulations of sputtering that would be able to take into
account the effect of neutron damage which could be used in conjunction with recent
work (Gilbert et al., 2015, Hussain et al.,2017 - in prep) that show the spectrum of

primary events. A sample setup is shown in Figure 9.2.

Helicity conserving relaxation was originally developed within the works of Taylor
(1974, 1986), which developed the model for Reverse Field Pinch experiments (RFP).
Within this work, it was proposed that the energy of a plasma tube approaches a
minimum energy state whilst conserving helicity. Thus, the functional to minimised,

and the associated contraint are:
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5W:/B%@ (9.2)
14

K:/ABW; (9.3)
\%4

Where A is the vector potential of the magnetic field, B and K is the helicity.
Within RFP, the final resulting magnetic field is the force free field which is the

solution of:

Vx B = uB, (9.4)

where 0 is a scalar constant. It should be noted that the derivation has been success-
fully applied to various scenarios such as Bevir et al. (1985); Gimblett et al. (2006)
which apply the analysis for toroidal devices and Bareford and Browning (2015);
Hussain et al. (2017) which apply it to coronal loops. This suggests the versatility

of the method and the strength of the physical principles involved.

Gimblett et al. (2006) derived that the energy released as a result of an ELM event

is given by the equation:

—ﬂvzA¢A¢¥+LJ+%K%—2AMA;Hn—m+2%—L¢ (9.5)

where a is the minor radius of the Tokamak, k; is the skin current density at location
i (therefore k, is the edge skin current density), A; is a characteristic dimensionless
distance depicting the distance from ¢ to the the resonant surface, I; is the toroidal

current density, n is the toroidal wave number, and m is the poloidal wave number.
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Once an energy output for a given configuration is obtained one can apply this to
a given number of particles impacting the surface. An estimate for this could be
obtained by fixing a temperature 7" for the system and then using a kinetic analysis.
Subsequently, the number of particles eroded can be considered by using either SRIM

or molecular dynamic simulations, which can be setup as depicted in Figure 9.2.

Figure 9.2: Molecular dynamics simulation setup for sputtering of continuous and
damaged samples.
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Part IV

Concluding Statements
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Chapter 10

Summary of Work

Three fundamental pieces of work were done within the first part (synergistic ef-
fects of plasma and neutrons on materials in fusion reactors). These were, neutron
transport in a slab geometry, neutron transport in a spherical shell geometry, and

molecular dyanmics investigations.

Firstly, an investigation into neutron transport behaviour within a slab geometry
was carried out. The specific aim of this was to determine how 14 MeV neutrons
affected the surface of a material. The surface was defined as 20 micrometres. This
length was chosen as the right scale for commenting on the effects of plasma damage
synergistically interacting with neutron damage. The surface damage turned out to
be negligible due to the high mean free path of 14 MeV neutrons. Furthermore, any

damage caused in the surface was due to backscatters.

Given the significance of backscatters, it was deemed that an investigation to this
effect must be carried out. To this end, a geometry consisting of a hollow tung-
sten shell surrounded by a homogenous steel-water mix was employed in a neutron

transport simulation. This showed damage within the surface. However, it also
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showed that the nature of the damage at the surface was significantly different to
the nature of damage further on. This is because of the average primary knock on
energy increasing with depth, in contrast to the frequency of these events decreasing.
This effectively results in an exponentially decaying damage trend with a constant

damage at the surface.

A natural consquence of this was to commence an investigation that characterises
neutron damage cascades as individual primary events. This was done using mo-
lecular dynamics. The aim here was to provide reasonable descriptions that could
be used to generate cascades as well as examine how behaviour varies with change in
energy and direction of primary knock-ons. The work used eigenvector analysis to
determine principle axis of cascades and provided reasonable statistical descriptions.
Fits were done to the skewed normal distribution and results provided However, the

work is very much in its infancy.

Within the first part of the thesis, it has been shown that the matter of neutron
damage cannot be simply taken as a function of damage. Neutron damage has sub-
tleties; for instance, it is affected by geometry and by the initial setup. Furthermore,
the understanding of how primary events result in damage is still unclear. However,
within this thesis, we have managed to show methods that could be used to provide
good setup for future experiments. Furthermore, it has also been shown that the
issue of synergistic effects of plasma and 14 MeV neutrons may not be as worry-
ing since it is the back scatters that are far more important to the issue of surface

damage.

The second part (relaxation of merging magnetic flux ropes in fusion and solar
plasmas) focussed on developing analytical models for energy released due to various
instabilities using relaxation theory.

Firstly, a helicity conserving relaxation model was developed for coronal loops which
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found good agreement with simulations of two merging flux ropes as well as an
avalanche model. This method was powerful enough to be able to use it for expanding
the parameter space (something which cannot be easily done using simulations due
to computational expense). It was also found that the relaxation of cylindrical flux
tubes resulted in a final state that conserved volume. Reasons for exactly why are

unclear and warrant further investigation.

Relaxation theory, being an analytical method, is blind to the physical possibility
of a flux rope relaxing. Therefore MHD simulations were conducted which found
that the distance between interacting flux ropes and the level of critical current on
the edge of a flux rope are key factors in determining whether relaxation is likely to
happen. To develop a large scale model, work needs to be done on determining ideal

magnetohydrodynamic stability as a function of aspect ratio.

Overall, a model has been developed for calculating the energy release in multiple
interacting flux ropes. The accuracy and ease of use has been shown to be satisfactory
which makes it a candidate for being able to use on larger scales. We have also
managed to narrow down the physics about the conditions under which mergers and

relaxation will occur in the avalanche process.
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Chapter 11

Future Work

The following is planned as future work:

e Development of damage profiles for shell geometry neutronics analysis,

e Further comparison of D Mason potential to Juslin Wirth potential and in-

vestigation of reliability,

e Development of object kinetic monte carlo (OKMC) simulations of neutron
damage and then introduce plasma damage within these for slab and shell

geometries,

e Create algorithm for determining parameters for using ions as a proxy for

neutron damaged surfaces,
e Investigation of stability criterion for kink unstable flux ropes,
e Investigate nature of possible wave in merging flux ropes,

e Development of a Monte Carlo large scale model for multiple interacting flux

ropes using relaxation modelling,
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e Development of model for ELM erosion of first wall materials in fusion reactors.
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Appendix A: All Cascade

Visualisations of Primary Neutron

Events Using Molecular Dynamics

The following are all the skewed normal curves used to visualise the cascades formed.
The overlays (the vectors that are presented with each graph) are the eigenvectors

of the covariance analysis. Details can be seen in Table 5.3.
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