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Abstract
The transient temperature fields induced by welding processes largely determine the
size of the fusion and heat-affected zones, the microstructures, residual stresses and
distortion both in the vicinity of the weld and in the final component as a whole. An
accurate prediction of these fields relies heavily on the representation of the welding
heat source, both in space and in time.
The double-ellipsoidal heat source model proposed by Goldak and co-workers has
been widely used to simulate the heat transferred from an electric arc to a component
and to compute the induced transient temperature fields. This double-ellipsoidal
distribution has worked well for many welding applications, but it is less appropriate
when representing the heat transfer at the base of a groove whose width is narrow in
relation to its depth. Similarly the conical heat source models used to represent the
electron beam welding process, when applied in keyhole mode, are less appropriate
when the keyhole terminates within the component, such as in the case of a partial
penetration weld.
In this work, the double-ellipsoidal heat source model is extended, and alternatives
presented, to account for a wider set of welding scenarios, including narrow weld
groove geometries and keyhole welding scenarios. A series of mathematically robust novel heat source models is presented and the models are validated against
experimental data obtained during the application of various welding processes to
an important grade of pressure vessel steel, namely SA508 Grade 3 class 1 steel.
The calculation of the transient temperature fields during welding is extremely computationally expensive using numerical methods. Where available, and appropriate,
analytical solutions are presented for these novel welding heat source models, coupled with analytical methods for accounting for time dependent heat input rates,
to not only reduce computational cost but also to achieve precise predictions of the
temperature fields. This, in turn, has the potential to contribute to improvements
in safety assessments on critical welded infrastructure through improved predictions
for the evolution of microstructure, mechanical properties and the levels of residual
stress and distortion in welded joints.
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1. Introduction
Welding is defined by the American Welding Society (AWS) as a localised coalescence
of metals or non-metals produced by either heating of the materials to a suitable temperature with or without the application of pressure, or by the application of pressure
alone, with or without the use of filler metal. Arc welding, the now dominant means
by which to join metallic components, began shortly after the required electrical
power became available at the end of the 19th century. Now, in the 21st century
there are various methods with which to generate the high intensity heat required
for localised melting of metallic components; an electric arc, a gas flame, a laser
source, an electron beam, friction, or ultrasound sources are used separately or in
conjunction with one another to create welded joints. Many industries rely heavily
on the welding process for the fabrication of metallic structures and components.
Industries where welding is particularly prevalent are the shipbuilding, aviation, oil
and gas and both civil and defence nuclear industries.
The effects of local heating from the welding heat source comprise the formation
of the molten weld-pool, which may lead to the incorporation of imperfections and
defects in the weld, the heat input alters the structure of the component at a microscopic level. These micro-structural changes may result in volumetric changes
of certain regions leading to distortion of the welded component from its original
shape and residual stresses induced in the component after cooling to its room or
service temperature. These changes in the welded component due to the welding
heat source generally have a negative effect on strength and structural integrity of
the component and mean that in a welded structure the weld region is often the
most susceptible to failure. When the welds fail, often the whole structure fails
rendering it incapable of satisfactorily performing its intended design function.
Over the coming decades, the global civil nuclear industry is set for a massive expansion in order to deliver a secure, sustainable, low-carbon energy future for a
growing population. Around £1,180 billion investment is planned globally to build
new nuclear reactors and decommission those currently in-service whose operational
lifetimes are drawing to a close [1, 2]. In the United Kingdom the nuclear industry
plans to incorporate 16 GW of new nuclear power generation into the existing energy
portfolio of coal, gas and renewable sources by 2030 [3]. This broadly translates to
12 new nuclear reactors at sites in the U.K. currently earmarked for development.
The relative lack of new-build nuclear reactors means a lot of the research efforts
in the nuclear sector, within the UK, have been focused upon repair and maintenance, leading to possible life-extensions particularly for the advanced gas-cooled
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type reactors. The agreement to build these new nuclear facilities has led to significant interest within the industry to re-evaluate the current best practice methods
for the construction of a nuclear facility. A result of this has been the development of research centres at various academic institutions throughout the U.K. The
presented work was completed within the scope of the New Nuclear Manufacturing
(NNUMAN) programme at the University of Manchester. As such a portion of the
project funding was provided by various industrial collaborators, including RollsRoyce. NNUMAN is a major programme delivering new long-term research into
innovative manufacturing techniques for the future needs of the UK nuclear industry. The programme focuses on early-stage research into a range of manufacturing
technologies, the most promising of which will go into advanced development at the
Nuclear Advanced Manufacturing Research Centre (Nuclear AMRC) and National
Nuclear Laboratory (NNL) [4].
A nuclear power plant contains thousands of welds, some in more structurally significant locations than others. Welds located in the primary circuit of a nuclear power
plant, the closed circuit of reactor coolant used to extract and transport thermal
energy from the nuclear fuel and moderator to the secondary circuit where steam is
raised for electricity generation, come under the most scrutiny with regard to their
structural performance. If a weld fails in the primary circuit, a release of radioactive
material would occur, the severity of the radioactive contamination would depend
on many factors but predominantly the location of the weld failure. Structurally
the most important component of the primary circuit is the reactor pressure vessel
(RPV). It is within this vessel that the nuclear fuel, moderator and control rods are
housed. The RPV is typically constructed from multiple sections of thick ferritic
steel with belt-line welds, the vessel is then clad with austenitic stainless steel for
corrosion resistance [5, 6]. Should a belt-line weld fail in a pressurised water reactor
the pressure drop would cause almost instant vaporisation of the liquid in the reactor and a massive release of radioactive material that would contaminate not only
the area immediately adjacent to the power plant but also many miles away due to
a radioactive plume entering the atmosphere. This weld around the belt-line of the
thick-sectioned vessel must withstand high pressure and temperatures throughout
the lifetime of the reactor as well as a high radiation field [7]. Should there be a
release of radioactive material of this kind the reactor would need to be contained
to prevent further releases of radiation. This containment and clean up of the radioactive material would come at a great financial and environmental health cost,
naturally no further power generation would take place at the plant .
Catastrophic failure of welded structures such as the unexpected brittle fracture
of bridges in Europe in the 1930’s and the failure of American naval ships in the
second world war stimulated welding research in the 1940’s [8]. Due to the lack
of computational power and mathematical framework at this time an experimental approach was taken, developing fracture toughness and metallurgical tests. An
exception to this was Rosenthal’s work on steady state heat transfer [9]. As computational power increased so did numerical techniques for the solution of heat transfer
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problems [10, 11, 12, 13, 14]. The prediction of residual stress distributions in thick
section components is particularly useful as their thickness makes measurement of
residual stress with non-destructive x-ray and neutron imaging difficult and time
consuming [15, 16]. Prediction of the mechanical state of a welded component is
heavily dependant on the predicted thermal field. The accuracy of simulated thermal fields relies heavily on the representation of the heat source in the solution
technique utilised. The mathematical description of the welding heat source then is
crucial, should a heat source model be representative of the welding process, it may
be possible to simulate the thermal effects of a particular welding process and subsequent mechanical changes induced. An accurate representation of the heat source
in welding thermal simulations replaces a number of physical phenomena operating
within the molten region of the weld, such as buoyancy driven convective flows and
surface tension driven flows, which affect the flow of heat from the high intensity
heat source through the component. The replacement of these physical phenomena
with a welding heat source distribution achieves the correct temperature distribution outside the fusion zone where only classical heat flow in a solid is modelled.
Ultimately it may be possible to optimise a given welding process or set of welding
parameters without the need for costly experimental trials.
Heat source models exist for various welding processes in the literature. In the case
of welding with an electric arc, heat sources have been formulated for a scenario
where the welding torch is incident on an infinitely flat plate; most arc welding is
performed in the base of a groove where the groove is gradually filled to form the
joint. These heat source models have been successfully applied when the heat source
is at the base of a groove, however in the scenario where the groove is particularly
narrow it is proposed that heat transfer directly to the walls of the groove will be
important. Recently, improved weld structural performance has been achieved with
a weld groove geometry that is deep with respect to its width. It is predicted that
in these narrow groove welding geometries there will be heat transfer directly to the
walls of the groove that is unaccounted for in the current models. In the electron
beam welding process, the thermal effects of partial penetration welds have not been
thoroughly investigated with respect to the abrupt termination of current state of
the art heat source models. There are no consistent means by which to account for
the partial penetration of an electron beam in a conducting medium.
Once an accurate representation of the welding heat source is found, it is possible
to predict the transient temperature field generated in a component subject to this
heat source. The solution of this temperature field is found by employing numerical
methods, or in certain cases analytical solutions to solve the heat equation in a computational domain representative of the component being welded. The calculation
of the transient thermal field, induced in a computational domain by the application
of a heat source, is extremely computationally expensive using numerical methods
when compared with the cost of analytical solutions. Numerical methods are often chosen because of their ability to simulate very complicated geometries as often
arise in arc welding scenarios. However, in certain cases the simplifications made
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in the generation of analytical solutions by the Green’s function solution technique
are appropriate, such as the electron beam welding process and friction stir welding
process. In these processes it would be attractive to compute the analytical solution
in order to calculate the transient thermal field in a more computationally efficient
manner. Within the analytical solution method it would be desirable to account for
transient heat input rates in order to account for ramping and pulsing of the heat
source as well as sudden abrupt decreases in heat input that may represent a sudden
loss of power in the welding process.

1.1. Aims
The work presented in this thesis is focused on the thermal modelling of various
welding processes. The overarching aim of the presented work is to predict the time
varying temperature field generated in a component being welded, accurately and
computationally efficiently. As such, new volumetric heat source models are presented and, where permissible, the analytical solutions to the transient temperature
fields generated by these novel heat source models are also computed and presented.
The summarised objectives of the project are as follows:
• Investigate the effects of the welding groove geometry and
applied heat source model on the transient temperature field
induced in components subject to a welding heat source
• Develop mathematically robust heat source models that accurately account for scenarios where an arc welding heat source
is located at the base of a groove
• Investigate the heat source distribution for electron beam welding cases
• Determine when the heat transfer to the walls of a welding
groove are important with regard to the thermal solution
• Apply analytical solution techniques where the welding geometry is appropriate
• Incorporate transient heat input rates into the analytical solutions to account for sudden losses of power and pulsing of
the welding heat source

1.2. Structure of Thesis
Following this introduction, a literature survey is presented highlighting areas of
interest in the thermal modelling of welding processes and various methods available
to predict the transient temperature field in a welded component. This literature
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survey will serve as a foundation that the original work presented is built upon. As
the thesis is presented in the alternative format, a series of manuscripts are presented
as chapters. Each chapter of original work aims to highlight separate contributions
to the field.
In chapter 4 the analytical solution for the transient temperature field, induced by
the commonly used double-ellipsoidal heat source, is presented. In this work, novel
analytical solutions accounting for heat losses from the computational domain are
presented for the first time for arc welding scenarios. The analytically computed
thermal fields are then compared with those measured experimentally.
The following chapter, chapter 5 is presented, extending the commonly used doubleellipsoidal heat source model. The heat source model is extended to more accurately
represent an arc welding scenario where the heat source is located at the base of a
narrow groove; in this chapter the extension of the double-ellipsoidal model is shown
to accurately represent both narrow-groove arc welding processes and electron beam
heat sources. As the geometry of the electron beam welding process is favourable for
the solution of the heat equation by analytical means, with no simplifications of the
problem other than constant thermal properties, the following chapter, chapter 6, is
then presented detailing the computation of this analytical solution and validation
with two electron beam welding processes.
Three novel heat source models are then presented in the penultimate chapter,
chapter 7. These heat source models are validated, by comparing the temperature
fields induced in a computational domain against those measured experimentally
in a submerged arc welding process. In this chapter, for the first time, a spatial
distribution in heat is presented that is not Gaussian in nature. This ’piriform’
distribution is shown to give better agreement when compared with the experimental
measurements.
In the final chapter of original work, chapter 8, the construction of a novel, volumetric, heat source model is presented. This heat source model is designed to be
representative of the friction stir welding process. In this work the temperature field
is again computed analytically as the geometry of the friction stir welding process is
suitable. In this work the flexibility of the analytical solution technique is demonstrated by means of accounting for time, and position, dependent heat input rates
with the computed temperature fields compared with those measured experimentally
collated from the literature.
Following the original work chapters, the industrial relevance of the presented work
is detailed including a short description of a patented technology arising from the
project. Conclusions are then drawn from the presented work. Finally proposals for
future work will be made based on the results of the project.
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Overview
In this literature survey the mechanisms of heat transfer from various welding heat
sources will be outlined and the significance of the transient temperature field induced in the component discussed. As the project was completed within the scope
of the NNUMAN (New Nuclear Manufacturing) programme at the University of
Manchester, there is a focus within this literature survey towards joining activities
currently under investigation within NNUMAN. The core welding processes under
review are: narrow-groove arc welding processes, electron beam welding processes
and friction stir welding processes. The reason for focussing on the aforementioned
welding processes was twofold; firstly these welding processes are highlighted as advanced welding techniques with particular industrial and academic interest, secondly
due to the interest in these processes within the NNUMAN programme there were
readily available experimentel data sets with which to validate theoretical predictions within the project.
Methods for solving the heat conduction equation in order to predict this transient
temperature field will then be considered. The accurate prediction of this temperature field will, in most cases, depend on the representation of the welding heat source
mathematically and, as such, various representations of the welding heat source will
be outlined.

2.1. Welding Processes
A wide variety of methods are used in the joining of metallic components and are
collectively grouped together as welding processes. These processes have a range
of energy densities and as such the mechanism by which joints are formed vary
between the processes; each welding procedure has advantages and disadvantages.
The mechanism by which heat is transferred from the various heat sources to the
component will be discussed. The thermal energy associated with temperaturedependent motion of particles is known as heat. Consider two bodies, in thermal
contact, if there exists a temperature difference between the bodies the second law
of thermodynamics indicates that heat will flow from the hotter body to the colder
body.
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2.1.1. Arc Welding
An electric arc is initiated following the application of a voltage through a normally
non-conductive media between a positive anode and negative cathode causing a current to flow between the electrodes. If the current density is insufficient to generate
an arc the discharge is characterised as a glow discharge, in this case the potential
difference between the electrodes is high but relatively little current flows. Characteristics of the electric arc are used to define regions based on behaviour; there
is a voltage drop at the anode as well as at the cathode known as the anode and
cathode fall voltages, the portion of the arc located between the anode and cathode
fall voltages is known as the arc column. The arc column is electrically neutral and
as such there exists a constant electric field within the arc column. The anode and
cathode regions, conversely, are not electrically neutral; the distances over which
the cathode and anode fall voltages occur are very small and so the electric field in
these regions, the voltage gradient, is extremely high. These electric fields help accelerate charged particles from the respective electrodes into the arc plasma column.
At the cathode electrons are evaporated as the thermal energy they receive exceeds
the work function of the material, this is known as thermionic emission. In certain
cases, the temperature at the cathode is insufficient for thermionic emission of electrons, in this case the electrons are extracted from the cathode surface by the force
exerted by the significant electric field in the cathode fall zone. In the arc column,
energy is absorbed maintaining the gas at a temperature at which it is conductive to
electricity. The arc column temperature is maintained by ohmic heating due to the
electrical resistance across the arc gap [17, 18, 19]. This energy dissociates more gas
molecules and ionizes the resulting atoms, sustaining the current through the arc.
At the anode the electrons condense and release their kinetic energy. The minimum
possible arc power is the power required to evaporate electrons from the cathode
and simultaneously balance heat losses to the cathodic electrode and from the arc
column [20].
If the portion of heat transferred to the work-piece is sufficiently high, melting will
occur in the region of the arc. Portions of the work-piece geometry melt and flow
together. Additional material is often fed into the arc column to be melted to
increase the volume of the weld pool and fill a joint. Following coalescence in the
weld pool the region cools below the solidus temperature causing solidification of
the weld pool. The region of the weld where material has been in the liquid phase,
cooled and re-solidified is referred to as the fusion zone (FZ). Adjacent to the fusion
zone there exists a region where the heat from the welding heat source has not
been sufficiently intense to cause melting to occur but nevertheless has caused the
material microstructure to change. This region is referred to as the heat affected
zone (HAZ).
There are many variations on the theme of melting parent material with an electric
arc. In some cases the electrode is continuously fed into the arc column region and
melts to fill the joint. These processes are known as consumable electrode processes.
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Consumable electrode processes are often favoured as the heat transferred to the
electrode from the arc column is not conducted away in the same manner as nonconsumable processes. Instead the heat is returned to the work-piece as the electrode
melts and so the heat transfer efficiency, η, (the fraction of arc energy transferred
to the work-piece compared with the total energy in the circuit, sometimes referred
to as the arc efficiency) for consumable electrode processes is generally higher [21].
Another major variation in arc fusion welding processes are the various methods
available to prevent oxidation at the weld region by insulating from the oxidising
effects of the atmosphere. The two most popular methods of protecting against
oxidation in the weld region are to submerge the arc in a granular fusible flux known
as submerged arc welding (SAW). Oxidation may also be prevented by blanketing
the arc in a non-oxidising gas such as Argon.
Submerged arc welding, originally developed by the Linde-Union Carbide Company,
utilises a consumable solid or flux cored electrode. The molten weld and the arc
zone are protected from atmospheric contamination and oxidation under a blanket
of granular fusible flux as shown in Figure 2.1. When molten the conductivity of the
flux increases and a current path is established. This thick layer of flux completely
covers the molten metal preventing spatter and sparks as well as suppressing the
intense ultraviolet radiation and fumes that would be given off without its presence.
The process is normally limited to the flat or horizontal-fillet welding positions due
to the requirement of the flux to remain on the part by gravity.
Gas tungsten arc welding (GTAW), also known as tungsten inert gas (TIG) welding,
is an arc welding process that uses a non-consumable tungsten electrode as shown in
Figure 2.2. The weld area is protected from atmospheric contamination by an inert
shielding gas, and a filler metal is normally used. Argon is typically used as the
shielding gas as it does not readily interact with the weld chemistry, and provides
good arc striking characteristics. All welding positions are possible in GTAW and
the process is very stable and reliable. However, compared to other arc welding
processes such as submerged arc welding, the deposition rate of the GTAW process
is relatively low.
Plasma arc welding (PAW) is a similar process to GTAW in that an arc is formed
between a tungsten electrode and the work-piece. However, the positioning of the
electrode within the body of the welding torch the plasma is separated from the
shielding gas envelope. The plasma is then forced through a fine-bore copper nozzle
which constricts the arc and the plasma exits the orifice at high velocities. The high
momentum of this plasma jet allows penetration completely through the weld pool
forming a nearly symmetric, funnel-shaped cavity often referred to as the keyhole.
The weld pool then extends through the work-piece and surface tension forces aid
with its adhesion to the solid region. During welding, metal melts in the region near
the plasma jet, flows around the keyhole, and solidifies to form a weld in the rear
portion of the pool. Weld pool surface shape and keyhole geometry are important
in determining the shape and mechanical properties of the final weld [22, 23]. The
keyhole is formed when the plasma jet completely penetrates the weld-pool [24].
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(a) A cross section through the welding axis
of the submerged arc welding process.

Literature Survey

(b) An image of the submerged arc welding
process. Results from the pictured experiment will be presented

Figure 2.1.: A representation and experimental image of the Submerged arc welding
process at the base of a groove.
In PAW the keyhole is produced and maintained mainly by the pressure of the arc
plasma, rather than by the recoil pressure of the evaporating metal as in electron
beam and laser welding [25, 24].

2.1.2. Electron Beam Welding
In electron beam (EB) welding, a focussed beam of high energy electrons is directed
at the joint where welding is required. Upon impact with the component, these
electrons rapidly transfer their kinetic energy, by means of elastic and inelastic collisions, to heat over a distance of roughly a few millimetres. Electron beam welding
is often performed under vacuum conditions to prevent dissipation of the electron
beam through collisions in the atmosphere. Electron beam welding of materials has
a number of decisive advantages over conventional techniques; the focused electron
beam is one of the highest power density sources and thus high processing speeds
are possible with the production of narrow welds with a narrow heat affected zone
[26]. The level of weld distortion in an electron beam weld is significantly lower
than that present in arc fusion welding processes. The distortion produced by up
to 50 electron beam welds side by side on one plate is less than that obtained with
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Figure 2.2.: GTAW welding process with the arc located at the base of a groove.
one submerged arc weld on a similar plate of the same thickness [20]. The narrow
HAZ and high processing speeds are possible with the electron beam process, as
the high power density causes localised vaporisation in the vicinity of the incident
electron beam. This vaporisation proceeds through a capillary region in the melt
that is often called a keyhole [27, 28, 29]. The keyhole is then maintained by the
pressure due to electrons in the beam (electron pressure) and by the pressure produced by the vaporisation of the liquid metal (vapour pressure). There also exists
a recoil pressure due to the velocity of the particles evaporating from the surface of
the keyhole. The keyhole in an electron beam welding process will not be formed if
the power density of the source is insufficient to cause vaporisation. The spot size of
the incident electron beam plays an important role in determining the power density. The liquid metal surrounding the keyhole has a density and so due to gravity
seeks to flow to the base of the keyhole. This gravity force coupled with the surface
tension of the liquid metal seek to close the keyhole. The surface tension in the
molten liquid seeks to minimise the surface area of the keyhole [20]. If the power
density of the electron beam source is too high, the motion of the vaporisation front
through the material is faster than radial conduction of heat. In this power density
range, welding is not possible, however, the power density may be used for cutting
processes.
The penetration depth of an incident electron beam weld is related to the beam
power density. Welding of thick sections is possible in a single, full penetration,
weld if the power in the beam is high enough. At lower beam power densities,
the keyhole does not extend through the whole thickness, this is referred to as
partial penetration. A full penetration and partial penetration electron beam weld
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are shown in Figure 2.3. Figure 2.4 shows power densities associated with various
welding processes [30, 20].

Figure 2.3.: Partial and full penetration in the electron beam welding process.

Figure 2.4.: Energy density and associated processes for various fusion welding
heat sources [30, 20].

2.1.3. Friction Stir Welding
Friction stir welding (FSW) is a relatively new solid state joining process patented
in 1991 by The Welding Institute (TWI) UK [31, 32, 33]. FSW is performed at
much lower temperatures than the conventional welding, and therefore is often used
in the manufacture of aerospace components where the base materials, namely aluminium alloys, are difficult to weld using conventional fusion welding techniques as
the formed welds contain poor solidification microstructure and porosity in the fusion zone; FSW of nickel alloys and steel is also promising [34]. The FSW process is
performed using a non-consumable rotating tool with a specially designed shoulder
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and pin; this tool is lowered into the join between two abutting plates to be joined
until the shoulder rests on its surface. After an initial dwell period as the tool is
lowered into the work-piece the tool then traverses along the joint of the two plates
as shown in Figure 2.5[35, 34]. The friction stir welding process is divided into three
discrete processes, these being the dwell period at the start of the weld, the traverse
period as the tool moves and the dwell period at the end of the weld as the tool
stops and is extracted. The rotating tool produces heat via friction between the tool
and the work-piece and moves the material in its vicinity to produce the joint. The
heating is accomplished by friction between the tool and the work-piece and plastic
deformation of the work-piece. The localized heating softens the material around
the pin and a combination of tool rotation and translation leads to movement of
material from the front of the pin to the back of the pin. The vertical displacement
of the tool is controlled to guarantee that the shoulder maintains contact with the
top surface of the work piece. In the FWS process the majority of the heat is generated by the shoulder [36, 37]. As a result of this process a joint is produced in
‘solid state’ [37, 33]. Friction stir welding is currently successfully applied in the
aerospace, automotive and shipbuilding industries and is also seen as a possible way
to seal nuclear waste containers for disposal in a repository [38, 39, 40].

Figure 2.5.: Representation of the FSW joining process.

2.1.4. Significance of the Induced Thermal Field
The peak temperature and cooling rate at a given region in the vicinity of a weld
has a great impact on the mechanical and microstructural behaviour of the weld.
During the welding process, temperature changes in a given alloy produce solid
state transformations. These microstructural transformations cause changes in the
alloy that manifest themselves as changes in the macro-scale material properties.
Heating and cooling induce localized volumetric changes. The region of the weld
that achieved temperatures great enough to cause melting, FZ and the region where
microstructural changes occurred, HAZ, are shown in a simple cross section through
the welding direction in Figure 2.6 [41]. The HAZ may be subdivided into separate
regions depending on how much grain growth and austenisation occur, which is
itself a function of the peak temperature achieved at a given point within the HAZ.
The HAZ is comprised of the coarse grained zone, fine grained zone, inter-critical
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zone and over-tempered base metal region past which the base material structure is
unchanged [42, 43].

Figure 2.6.: Simple weld cross sectional diagram showing the fusion zone (FZ) and
the heat affected zone (HAZ).
During welding, large thermal stress gradients are generated in the vicinity of joints,
due to localised heating and subsequent cooling of the weld zone. Residual stresses
often remain in the component and affect the in-service performance of welded structures. In particular, low temperature brittle fracture, fatigue, stress corrosion cracking, and buckling can be significantly aggravated by residual stresses in welded components [44, 15]. The integrity of large nuclear components such as reactor pressure
vessels, depends largely on the residual stresses that are introduced during the welding process. In the operating temperature range of commercial nuclear RPV’s, the
temperature is not sufficiently high for creep effects to dissipate residual stresses.
In the temperature ranges at and around the welding location the parent material
and filler material mix and fuse. Metallurgical processes proceed in the weld pool,
regions of the metal solidify and re-crystallise and microstructural transformations
take place during heating and cooling. The induced thermal field, therefore, determines the welding residual stresses not only directly through he thermal strains, but
also indirectly through the transformation strains which accompany the changes in
state and microstructure [45]. Residual stresses, distortion, hydrogen content and
the structure of the FZ and HAZ are largely determined by the transient thermal
field in the component undergoing welding[46, 47, 48, 30].
Researchers have experimentally investigated the effect of the induced thermal field
and the effect of welding process parameters on the magnitude and distribution of
this this thermal field. Akkus investigated the effect of sheet thickness, current density on speed of cooling, and distribution of temperature in resistance spot welding
by experiment. In this work, it is found that thicker sheets have higher temperatures
in the weld zone [49]. Heat generation in the welding zone was affected by current
density and sheet thickness. Researchers have often used k-type thermocouple to
measure the transient temperature at various points on welding specimens in order
to validate thermal models [50]. In the literature many researchers have failed to
achieve sampling rates of the thermocouple data greater than 1Hz. A high sampling
rate of the thermocouple data is required, especially in regions close to the weld
region, in order to capture the peak temperature of the point [51]. Validation of
thermal simulations to the welding process require high quality experimental data
with which to compare predicted thermal results.
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Simulating the welding process numerically enables the properties of the weld to be
predicted and ultimately may lead to optimisation of welding processes to mitigate
any residual stress and distortion effects. Prediction of the transient thermal field
which drives the mechanical and microstructural change in a welded component
relies on the accurate representation of the welding heat source in the simulation
[52].

2.2. Simulating Transient Thermal Responses due to
Heat Sources
Time-intensive and costly development of welding procedures through experimentation is often necessary to optimise the mechanical performance of welded joints.
Many welding experiments must be performed to generate conclusions that are statistically significant. It is advantageous then to be able to predict the transient
temperature field in welded components to inform predictions of the mechanical
properties of the final welded component. The accurate prediction of the temperatures generated within a component due to a welding heat source, enables the
welding process to be optimised without the need for the costly experimental trials
that have traditionally been used to make improvements to welding processes. The
accurate prediction of the transient temperature field requires explicit knowledge
of the mechanism by which heat is transported through a component being welded
and, as will be shown, an accurate representation of the welding heat source.

2.2.1. The Heat Equation
By Fourier’s law, the flow rate of heat energy, through a control surface, is proportional to the negative temperature gradient across the surface, q = −k∇T , where
k is the thermal conductivity and T the temperature, ∇ is the gradient operator
[53]. Fourier’s law applies to any body that is homogeneous , isotropic , and of
macro-scale size. In a solid body that contains variations of temperature, heat flows
from a region of high temperature to a region of lower temperature. The heat equation, as shown in Equation 2.1, is derived from Fourier’s law and the principle of
conservation of energy; this equation describes how temperature varies with time in
a thermally conductive domain.

ρcp

∂T
− k∇2 T = q
∂t

(2.1)

where ρ and cp are the mass density and specific heat capacity respectively; q ≡
q(x,y,z,t) is the rate of internal heat generation which represents an applied heat
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source or sink rate in the region. In some cases, exact solutions of the heat equation
are available; in other cases the equation must be solved numerically using computational methods. This theory was applied to moving heat sources in the late
1930’s by Rosenthal and Rykalin [9]. This partial differential equation describes
the distribution of heat (or variation in temperature) in a given region over time.
The temperature T(x,y,z,t) , as a function of both spatial and temporal co-ordinates
satisfies the heat equation, at every point in the region.
For an accurate representation of the physical process of welding the heat equation
alone is not sufficient. Information must be specified as to the interaction of a mathematical model with the universe in which it resides. These boundary conditions,
the heat equation and the initial temperature field are the equations that must be
solved to compute the transient thermal field due to an applied heat source and are
referred to, collectively, as the boundary value problem [54]. Boundary conditions
often applied in welding thermal analysis, include Dirichlet and Neumann boundary conditions where the value of temperature or its derivative may be specified
respectively. Radiative and convective boundary conditions are readily applied in
solution procedures. On a given surface where such a boundary condition is ap, where
plied neglecting a prescribed heat flux, h(T − T0 ) + σε(T 4 − T04 ) = −kn ∂T
∂n
kn , h, σ, and ε are the thermal conductivity normal to the surface, heat transfer
co-efficient for convection, Stefan-Boltzmann constant and emissivity respectively.
Such a boundary condition is useful to accurately represent the welding process. T0
is the ambient temperature [55].
2.2.1.1. Heat Transport phenomena in liquid metals
It is important to recognise that fluid flow in welding processes has a significant effect
on the distribution of heat in the viscinity of a given heat source. Three laws of
conservation govern heat and mass flows; the conservation of mass is expressed by the
continuity equation, the conservation of momentum is expressed by the momentum
equation and the conservation of energy is expressed by the energy equation [55].
In arc welding, the plasma jet impinging onto the surface of the metal pool acts
both as a distributed heat flux falling on the surface and as the source of a spatially
non-uniform current that passes through the pool. The passage of the current gives
rise to an electromagnetic force field, owing to its interaction with the generated
magnetic field; this force field may produce a recirculating motion in the molten
pool of an arc weld if its magnitude is sufficient. The temperature differences in
the molten weld region give rise to a buoyancy force which also generates motion
in the fluid [56]. Surface tension gradients are generated at the free surface of
the weld due to variations in solute content as well as a thermal gradient across the
weld pool surface[57, 58]. A liquid with a high surface tension pulls more strongly on
surrounding liquid than one with a lower surface tension. The presence of a gradient
in surface tension will naturally cause flow in the molten weld pool away from regions
of lower surface tension. The surface tension of the molten weld-pool decreases as
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the temperature of the region under consideration increases. These surface tension
gradients, first investigated by Marangoni, generate a shear stress in the weld pool
and cause flow; this effect is referred to as Marangoni flow [58, 59, 60, 55].
Ideally a comprehensive model of a welding process would take into account the fluid
flow effecs [56]. The explicit solution of coupled thermal-flow fields is extremely computationally expensive. However, it has been shown to be appropriate to represent
these complex fluid flow effects with a volumetrically distributed heat source, if
an appropriate heat source model is chosen [61, 62, 63, 64]. This heat source is
chosen such that it accurately represents the heat distribution by these fluid flow
phenomena. Using this heat source representation the heat equation, heat source
model, boundary and initial conditions are sufficient to obtain an accurate induced
temperature field.

2.2.2. Outline of Solution Techniques
Consider a set of equations that describe some physical phenomenon. If one were
able to obtain a solution to this set of equations, the ideal solution would be of such
a form that it could be written down in its exact form as a combination of known
parameters. If such a solution were found, the behaviour of the model would be
known under any circumstances. These types of solutions are called analytical and
are often referred to as a closed form solution. Analytical solutions are often only
found for simple models or are drastic simplifications of more complex problems. An
alternative method to achieve a solution to a given problem are numerical techniques
[65]. For a differential equation, that describes a behaviour over time, the numerical
method starts with the initial values of the variables and then uses the equations
to estimate changes in these variables over a brief time period. Strictly speaking
numerical methods are approximations to the solution, although, extremely good
agreement with known analytical solutions for certain cases is often found, when the
spatial and temporal discretisation is high, or the discretisation is high in specific
areas of interest. The accuracy of the result computed by numerical methods is
extremely dependent upon the discretisation of the problem in space and time. The
computational cost is high, and the calculation time is often long. The three most
widely used numerical methods to solve partial differential equations are, the finite
element method (FEM), finite volume methods (FVM) and finite difference methods
(FDM). FEM has a prominent position among these methods [10].

2.2.3. Finite Element Method
In finite element analysis, the computational domain under consideration is discretised into elements connected at nodes. Global equations for the domain can be
assembled from finite element equations using connectivity information. Analogous
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to the idea that connecting many tiny straight lines can approximate a larger circle, many simple element equations are combined over many small sub-domains to
approximate a more complex equation over a larger domain [65, 66]. The early pioneers of weld modelling, Hibbitt and Marcal [10], Friedman [14, 13], Westby [67],
Masubuchi [11], and Andersson [12], utilised finite element models for the thermal
analysis of welding and subsequent mechanical analysis; finite element simulation
is generally the preferred tool by which to simulate the welding thermal problem.
Many researchers have now employed the finite element method for the solution of
various welding thermal and structural problems.
The temperature range involved in the welding thermal problem means that the
effects of phase change and temperature dependent thermal properties may need to
be considered. In the solid to liquid phase transition it is typically assumed that
the latent heat is evenly distributed during the solidification and melting processes
between the solidus and liquidus temperatures [68]. Some authors have used an
alternate model for the release of latent heat applied to the solidification of aluminium. In this model a higher proportion of the latent heat is released in the
upper part of the solidus to liquidus interval [69, 70, 71]. As the heat in the weld
pool region is not only conducted but convected due to fluid flow some researchers
have imitated this. Some researchers have utilised increased thermal conductivities
at temperatures greater than the liquidus temperature to account for convection
effects [12, 72, 60, 73]. Directional conductivities can also be employed where the
thermal conductivity has different values depending on direction [74, 75]. Where
temperature dependent thermal properties are known for the material under consideration, they are generally used in welding thermal analysis. Bianco et al employed
temperature dependent material properties as well as radiation and convection heat
losses and concluded that surface heat losses strongly affected the temperature distributions in the work-piece [63]. Zhu concluded that the thermal conductivity has
some effect on the distribution of the transient temperature field during welding.
However, the specific heat and mass density have negligible effect on the temperature field whether they are functions of temperature or not for aluminium [76].
Zhu also concluded that an accurate transient thermal field may be computed by
using temperature averaged thermal properties [76]. In order to consider cooling,
convective and radiative heat losses must be considered [77, 78, 79]. Gutierrez and
Araya numerically computed the transient temperature distribution generated by a
mobile heat source, simulating the laser welding process considering convection and
radiation effects [80].
When simulating the thermal problem in the welding process, there are generally
two methods by which to induce heat flow in the simulation; one may prescribe a
temperature or prescribe a volumetric or surface incident heat flux in order to represent the high intensity welding heat source. Many researchers, instead of applying
a heat flux, have prescribed a liquidus temperature throughout the weld bead region [44, 81]. Ravichandran et al applied a temperature distribution model to the
case of a circumferential arc weld applied to spherical and cylindrical components
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[82]. Jones et al prescribed the liquidus temperature as a boundary condition as opposed to throughout the volume of the weld bead region [83, 84]. In some cases this
temperature volume was permitted to advance to simulate the moving heat source
[68]. The block dumping method is often used where a coarser representation of the
heat input is sought. In the block dumping method all the weld beads exist in the
numerical simulation from the beginning, with their temperature prescribed at an
initial time. The thermal field then evolves as per the heat equation [85, 86, 87, 88].
This prescription of the temperature at the start of the simulation for all weld beads
simultaneously, can significantly reduce the computational cost of the thermal simulation and give a reasonable thermal stress prediction [88, 89]. Many authors agree
that the most accurate representation of the heat input in a numerical simulation is
to prescribe a distributed heat flux as a thermal load [90, 91, 47, 72, 92, 75].
With increasing computational resources, many researchers are simulating the liquidsolid interaction effects, explicitly solving fluid flow and surface tension effects of the
weld pool on heat transfer [93]. Droplet detachment from welding electrodes and
molten material addition are considered and the temperature distribution in the
molten weld-pool is often sought [94, 95]. These techniques are clearly very valuable
however, the results are very process dependent and computationally expensive and
as such have mostly been computed for a bead on plate with a stationary electric arc
impinging scenario. Few of these simulations consider the temperature distribution
outside of the arc plasma. There are a few simulations, however, of arc behaviour
at the base of welding grooves [96].
In the FSW process, the viscous flow of material around the tool has a significant
effect on the temperature field in the component. The thermal simulation of the
FSW process often accounts for these effects explicitly, solving coupled thermal and
flow fields [97]. If the flow is not solved for explicitly, then a surface flux is imposed
and the domain considered as a solid. Chao et al assumed a constant surface heat
input at the tool-material interface and used numerical methods to compute the
temperature field in the tool and work-piece respectively [98]. In most pure thermal
models of the FSW process, the heat generated by friction and plastic dissipation is
modelled by a surface heat flux between the tool and base material in a numerical
simulation [99, 98, 100, 101, 102, 103]. The main unknown parameters in the surface
flux based approaches are the coefficient of friction between the tool and work-piece,
under the assumption of sticking and sliding, and the yield stress and dimensionless
slip rate of the material [100]. Unlike fusion welding processes, where the heat input
is controlled externally the sticking and sliding events in the FSW process have an
effect on the heat transferred to the work-piece and therefore the temperature field in
the FSW process. As such, a volumetric heat source representing the process has not
been presented in the literature, as the heat input rate may be highly temperature
dependent itself and without accountancy of this time dependent heat input rate, a
volumetric heat source representation of the process may not be appropriate.
The advantage of heat flux distributions over modelling the processes that affect
the heat transfer explicitly, are that the heat flux distributions predict the correct
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temperature outside the molten region and the re-solidified regions. The replacement
of the explicit solution to these physical phenomenon with a heat flux distribution
may be readily applied to multiple processes.
Numerical simulations have increased in complexity from 2D to 3D simulations as
computational power has increased [104]. This increase in computational power has
also enabled the representation of the welding heat source to be investigated for
various welding processes as solution schemes were refined around the weld-line of
the simulation. As will be discussed the representation of the welding heat source
has evolved. In the case of arc welding, from a point source to an area source,
then to a Gaussian distributed area source before finally being represented as a
volume distribution. Rosenthal’s point source model was extended by Chandra
for the estimation of thermal field in a pipe with a mobile heat source for the
solution of thermal fields in a girth butt weld [105]. In the case of beam welding
processes the line and area heat sources have been improved upon and the most
accurate representation of the heat source has been found to be a three dimensional
conical distribution [74, 106, 107, 28, 78, 108]. Arguably the most representative
numerical models of the welding process consider a finite computational domain
and account for radiation and convection heat losses from surfaces. Temperature
dependent thermal properties are used. The heat source is represented by a three
dimensional volumetric distribution which travels in some direction with a prescribed
velocity [47, 46, 48, 109, 110, 111]. The recent advances in computational power have
meant that the spatial discretisation around the heat source location may be highly
refined. Sufficient refinement is achieved such that, the effects of the volumetric
heat source distribution may be investigated and extensions to the most commonly
used heat source, the double-ellipsoidal distribution, may be proposed such as the
elliptical distribution [109, 110, 111]. Gery investigated the effects of the heat source
distribution, energy input and welding speed on temperature changes using the
double-ellipsoidal heat source model [112]. This has highlighted the sensitivity of
the thermal solution to the heat source distribution and welding process parameters.

2.2.4. Analytical Solution Techniques
Analytical solutions are usually based on a number of simplifying assumptions. Constant material properties are used and the domain over which the transient temperature field is being computed is considered to be infinite. Analytical solutions
computed over infinite domains have historically been used to verify finite element
solutions. The most powerful method to obtain solutions to the heat equation is
the fundamental solution. The fundamental solution describes the response of an
infinite domain to an instantaneous local impulse of heat. This unit impulse is considered as an infinitely high heat spike at the origin at some time, i.e. the Dirac delta
function δ as shown in Figure 2.7 [113]. The fundamental solution may be found
by performing a Laplace transform of the heat equation [?, 114, 115]. Rosenthal
was among the first researchers to develop an analytical solution of heat flow during
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welding, predicting the shape of the weld pool in two and three dimensions based on
conduction heat transfer [9]. Rosenthal introduced the moving co-ordinate system
to develop solutions for the point and line heat sources and applied this successfully
to a range of welding problems. This analytical approach to the heat flow problem
made it possible for the first time to analyse the welding process, by considering
the parameters used in the welding process, namely the current and voltage passing through the welding torch as well as the propagation of the torch and the weld
geometry.

Figure 2.7.: The fundamental solution to the one dimensional heat equation for an
applied heat impulse, δ, at the origin in an arbitrary reference frame.
Using the method of images in conjunction with the fundamental solution, the
Greens function for finite geometries may be computed, by placing fictitious heat
sources outside the region under consideration to construct Dirichlet or Neumann
boundary conditions [114]. Greens functions, named after physicist George Green,
are functions used to solve inhomogeneous differential equations subject to specific
initial and boundary conditions. The thermal response of a domain due to an applied heat source term is found by taking the convolution of the Greens function
with the heat source and integrating appropriately over space and time. This gives
the temperature increase at a given point up to a given instant in time. The fundamental solution has been used by many authors to compute the thermal response
induced in an infinite domain due to the double-ellipsoidal heat source distribution [116, 117, 118]. Ngyugen et al used the fundamental solution to compute the
thermal response in infinite and semi-infinite domains [119, 120]. However, a slight
mistake in transferring from the stationary to moving reference frames yielded an
error in the finite domain solution. Roshyara utilised the Greens function for a finite
domain, commenting on the work by Nguyen, in order to compute analytically the
thermal response caused by a double-ellipsoidal heat flux distribution with thermally insulating boundary conditions [121]. The Greens function solution method
discussed, generates solutions to the heat equation in infinite domains and domains
in which specified boundary conditions are orthogonal. Generally speaking Greens
functions can only be found for cuboid three dimensional domains. As a result the
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Greens function solution method does not deal with the complex geometry of a machined groove in the case of arc welding geometries as the domain in this case is
not orthogonal. In the case of arc welding in the base of a groove, some authors
have used the fundamental solution and the double ellipsoidal heat source model
to approximate the transient thermal field in order to reduce computational time,
however such approximations are prone to error.
The Greens function method is not appropriate for the case of arc welding at the
base of a groove. If the welding geometry consisted of cuboid components butted
together before the application of the welding heat source, the Greens function
method for computing the transient thermal field would be appropriate. In EB and
FSW processes this is indeed the case and as such no analytical solutions have been
produced for these processes as appropriate heat flux distributions have not been
found.

2.3. Heat Source Models
The interaction of a welding heat source with the weld pool in a complex physical
phenomenon that is difficult to model rigorously. The distribution of pressure and
shear from the arc source, droplets from the electrode, the effects of surface tension,
buoyancy forces and molten metal viscosity combine to cause weld puddle distortion
and considerable stirring. The effect of the digging and stirring in the weld pool
means that any heat input into the arc welding process is effectively distributed in
the region around the arc. Many researchers have experimentally investigated the
effect of the process parameters on weld pool size and distribution [122, 123, 124].
As discussed, there are generally two methods by which to simulate the welding heat
source in numerical solutions: the prescription of temperature in the model or the
prescription of a heat flux in the computational domain. It is generally considered
that the most accurate representation of the welding heat source is achieved by
prescribing a heat flux in order to account for the stirring and body force effects
in the weld pool. Thermal modelling of the welding process has, in the last two
decades, focussed on achieving a more accurate representation of welding processes.
The overarching aim of any heat source model is to represent the welding process
as accurately as possible. Such heat source models enable the heat equation to be
solved, with appropriate boundary conditions, both numerically and analytically
such that the computed transient thermal field is itself representative of the welding
process. The accuracy of the heat source definition is essential in the prediction of
the two most important zones, fusion zone (FZ) and heat affected zone (HAZ), the
peak temperatures and temperature distributions in the welding plate. The heat
source models have, gradually, over time become more representative of the welding
processes being modelled and predicted thermal fields closer to measured thermal
fields in experimental trials.
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In this literature survey the evolution of representations of heat are discussed. Where
appropriate the various heat source models are transformed to the same co-ordinate
system and this co-ordinate system convention is used in all future work. The heat
source models are discussed and some limitations highlighted.

2.3.1. Point Line and Area Heat Source Models
According to the thickness, spacial extent of the work-piece and the pattern of heat
transfer during the welding process, Rosenthal simplified the welding heat source into
three types: point type, line type and area type [9]. Rosenthal’s models assumes
infinite flux and temperature at the source.
In the case where the weld bead is deposited upon the surface of a thick work-piece,
where the deposited heat travels in all three spatial directions, Rosenthal considered
as a point source, q (x, y, z) = Qδ (x, y, z), where Q is the magnitude of the energy
input rate to the work-piece from the heat source, Q = ηV I, η is the heat transfer
efficiency between the arc and the work-piece, I and V are the current and voltage
passing through the heat source respectively [45]. Rosenthal then stated that in the
case of welding a plate that is thin in its depth, y direction, but infinite in the x
and z dimensions and has a weld bead deposited in the x-z plane, the temperature
perturbations in the y-direction through the plate thickness can be ignored, such that
the heat propagates in two directions. In this case the heat source can be regarded
as a line along the plate thickness. In the case of butt-welding in bars and welding
rods, Rosenthal assumed a uniform temperature distribution in the section of the bar
which is equivalent to heat propagation for a small area with constant temperature.
The heat source is therefore defined as an area source [9]. Myers et al discussed the
errors associated with Rosenthal’s models and the corresponding solution technique
used to determine the transient thermal field. Rosenthal’s analytical solutions are
subject to a serious error in or near the welding fusion zone (FZ) and the heat
affected zone (HAZ). The infinite temperature at the heat source assumed in this
model, and the temperature sensitivity of the material thermal properties, increase
the error as the distance to the heat source is decreased [125].

2.3.2. Surface Distributed Gaussian Heat Source Model
Pavelic et al first suggested that the heat source should be distributed and proposed
a Gaussian heat flux distribution, deposited on the surface of the work-piece. Friedman continued this work and along with others proposed an axis-symmetric surface
Gaussian Distributed heat source to express the heat flux as shown in Figure 2.8
[13, 126].
The heat flux q(r) can be expressed by Equation 2.2.
3r 2

q(r) = Qmax e− R2

(2.2)
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Figure 2.8.: Gaussian surface heat flux distribution.
Where the magnitude of Qmax for this heat source type is given by Equation 2.3,
this is the maximum heat flux in the centre of the heat source.
Qmax =

3Q
πR2

(2.3)

where R is the radius of the heating spot within which 95% of the heat is deposited
[126]. The Gaussian disk distribution has been used in numerical simulations and
been shown to achieve significantly better temperature predictions in the FZ and
HAZ than Rosenthal’s models [127, 14, 13]. Paley and Westby suggested that instead
of a two dimensional distribution, the heat should be distributed volumetrically in
order to represent the arc pressure effects and convection processes in the molten
weld pool [67, 128].

2.3.3. Goldak’s Volume Distributed Heat Source Model
Goldak et al proposed a volumetric heat source model acting on a plate due to
an applied arc. An axis-symmetric heat source model was proposed initially before
extending into a non axis-symmetric model. The magneto-hydrodynamics of the arc
and the fluid mechanics of the weld pool are approximated by a flux or power density
distribution, selected to predict the temperature field as accurately as possible for
the bead on plate scenario. For arc welds, accurate results are obtained with a power
density distribution in which surfaces of constant power density are ellipsoids and
on radial lines the power density obeys a Gaussian distribution [46, 48].
2.3.3.1. Ellipsoidal Heat Source Model
Goldak et al initially proposed a semi-ellipsoidal heat source in which heat flux is distributed in a Gaussian manner throughout the heat source’s volume. The heat flux
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for a point within the semi-ellipsoid is given by Equation 2.4. The transformation
relating the fixed (x, y, z)and the moving(x, y, ξ) co-ordinate systems is:ξ = z − vt
where v is the velocity of the welding torch. The parameters of the ellipsoid a, b and
c in the directions x,y and ξ respectively are defined such that the power density
falls to 0.05Qmax at the surface of the ellipsoid [48].
√
!!
6 3Q
x2 y 2 ξ 2
√ exp −3 2 + 2 + 2
q(x, y, ξ) =
abcπ π
a
b
c

(2.4)

Results gained with this heat source showed that the predicted temperature gradients in front of the welding arc were less steep than the experimentally observed
ones, and temperature gradients behind the arc were steeper than those measured
experimentally [48, 46].
2.3.3.2. Double Ellipsoidal Heat Source Model
In order to overcome the discrepancy between the predicted and measured temperature gradients in front and behind the arc, two ellipsoidal heat sources were
combined as shown in Figure 2.9, the front half of the source is the quadrant of one
ellipsoidal source and the rear half of the heat source is the quadrant of another
ellipsoidal heat source[48, 47].

Figure 2.9.: Goldak double-ellipsoidal volumetric heat source.
For a point within the first semi-ellipsoid in front of the arc (ξ ≥ 0), the heat flux
is described by Equation 2.5:
√
!!
6 3Q rf
x2 y 2 ξ 2
√ exp −3 2 + 2 + 2
qf (x, y, ξ) =
(2.5)
abcf π π
a
b
cf
And the heat flux trailing the arc is given by:
√
!!
6 3Q rr
x2 y 2 ξ 2
√ exp −3 2 + 2 + 2
qr (x, y, ξ) =
abcr π π
a
b
cr

(2.6)

Where rf and rr are the heat input proportions in the front and rear ellipsoid quadrants respectively [46, 129, 73, 47, 48]. In the derivation of the double ellipsoidal heat
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source model the limits of integration are from 0 to infinity in the depth direction
and so a factor of 2 is incorporated to account for this since rf + rr = 2 following
the integration of the two ellipsoids. Then it can be shown that rf = 2cf/cr +cf and
rr = 2cr/cr +cf . It should be noted here then that this factor of 2 is to ensure all the
heat is deposited in the y ≥ 0 region of the domain and as a natural result of this if
an integral of the heat flux distribution over all space is performed the result would
be 2Q, twice the heat input. Strictly speaking, a condition should be imposed that
no heat flux is present in the y < 0 region to ensure good heat accountancy. This
may be particularly important at the base of a groove as the heat source approaches
the walls of the groove.
The double ellipsoidal heat source model has been widely used since its inception in
order to model the arc welding process [130, 119, 131, 112, 132, 133, 129, 62, 134, 90,
135]. The double-ellipsoidal heat source model has proven to be extremely effective
at representing a wide range of welding processes including GTAW, PAW and SAW
processes [91, 116, 73, 61, 136, 137]. Electron and laser beam welding processes have
also been simulated with the double ellipsoidal heat source where the penetration
depth of the beam is low [138, 64, 139].

2.3.3.3. General Goldak Double Ellipsoidal Heat source
A general double ellipsoidal heat distribution model was developed by Hongyuan
et al [140]. This model is again derived for a flat plate but includes angular
terms to better describe scenarios where the arc is not perpendicular to the surface of the work-piece, due to various kinds of interference[140]. The incarnations
of the Goldak double ellipsoidal heat source discussed in subsubsection 2.3.3.1 and
subsubsection 2.3.3.2 reduce to special cases of this model. The deflection of the arc
is treated relative to the plate.
Suppose after deflection of the arc the included angle between the arc and the
welding direction is δ, the included angle between the arc and the width direction is
β and the included angle between the arc and the depth direction is γ, these angles
are the perturbation angles.
The parameters a, b and c in the directions x, y and ξ respectively are defined such
that the power density falls to 0.05Qmax at the surface of the ellipsoid. After arc
deflection the parameters a, b and c at which the power density falls to 0.05Qmax
change to sina β , b cos γ and sinc δ respectively [140]. This is the mathematical description for a general single ellipsoidal heat source undergoing deflection. Similar to the
situation where the arc is normal to the surface of the plate the temperature gradients in front of the welding arc were less steep than the experimentally observed
ones. The temperature gradients behind the arc were steeper than those measured
experimentally; two general ellipsoids are combined. For a point within the first
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semi-ellipsoid in front of the arc (ξ ≥ 0), the heat flux equation becomes:
1

qf (x, y, ξ) =

6 × 3 2 × rf Qsin β sin δ
1

π 2 πabcf cos γ

x2 sin2 β
ξ 2 sin2 δ
y2
exp −3
+
+
a2
b2 cos2 γ
c2f

!!

(2.7)
And the heat flux trailing the arc is given by:
1

qr (x, y, ξ) =

6 × 3 2 × rr Qsin β sin δ
1

π 2 πabcr cos γ

!!

x2 sin2 β
ξ 2 sin2 δ
y2
exp −3
+
+
a2
b2 cos2 γ
c2r
(2.8)

If the arc is perpendicular to the work-piece surface, then angles βand δ are both
π/2 radians and the angle γ is 0. Substituting theses angular values into the general
double ellipsoidal heat flux distribution returns the more familiar Goldak double
ellipsoidal distribution as described by Equation 2.5 and Equation 2.6 [140, 46]. The
general ellipsoid heat source model has been validated by comparison with measured
results of the temperature evolution during twin wire welding, the results obtained
by the general double ellipsoid model are more accurate than those obtained using
the normal double ellipsoid model, the former takes arc deflection into account [140].
In the double ellipsoid heat source model described in subsubsection 2.3.3.2, there
are 8 welding parameters to be considered. If continuity of the function over
the ξ = 0 plane is used, these are a, b, cr , cf , v, η, V and I as described in
subsubsection 2.3.3.1 and subsubsection 2.3.3.2. These parameters must be specified when simulating the welding process [112]. The spatial extent of the ellipsoid
disks is usually estimated from cross-sectional measuring of a previous weld. In order
to do this, a weld must be destroyed by having a cross section and longitudinal cut
taken through it, measuring the spatial extent of the FZ in the x,y and z directions
and equating these measurements to a and b in the x and y directions and cr and cf
for the rear and forward parts of the flux in the z direction. Christensen proposed
a non-dimensional method for the prediction of the weld pool dimensions in arc
welding [141]. This computed the isotherm where melting of the material would
occur for an idealised point source. This led to Christensen’s operating parameter
which correlates the predicted and actual ellipsoidal parameters. This method can
be applied to the double ellipsoidal heat source to achieve estimates on the a, b, cr
and cf welding parameters, but is generally not accurate. A similar method was
proposed by Bibby for deep penetration laser or electron beam welds [142]. Both
non-dimensional methods underestimated the size of the weld-pool. Good agreement between actual and computed weld pool sizes is obtained, if the chosen heat
source parameters are actually 10% lower than the measured weld pool dimensions.
If the ellipsoid semi-axes (a, b, cr and cf ) are too large then the heat, Q, to the
work-piece is spread over a larger volume and so the peak temperature is too low
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in the model compared with the actual weld-pool. Studies into the sensitivity of
the generated temperature field due to the double-ellipsoidal heat source parameters have been performed [143, 112]. The heat transfer efficiency between the arc
and the work-piece, η, has been investigated for a bead on plate scenario [144, 145].
Calorimeters are used to measure the energy input to the work-piece [146]. The effects of weld geometry on arc efficiency, η, for example depositing a weld bead in the
base of a weld groove, has not been thoroughly investigated. When at the base of
a narrow groove geometry, the effects of thermal radiation and convection currents
impinging on the walls of the groove increase the arc efficiency as less energy will
escape from the work-piece, this would be interesting to investigate experimentally.
Francis and Cantin performed a variation on the typical calorimetric study into arc
efficiency by performing welds on electrical grade conductor aluminium to ensure
the thermal gradients present in the material after welding equalised soon after the
weld was complete. The components were thermally insulated and had thermocouples attached in order to relate the temperature rise of the aluminium blocks to the
heat input from the welding arc. This was then used to investigate the effects of
various changes in shielding gas composition, current balance and arc length [123].

2.3.4. Oval Heat Source
One of the only alternatives to the double-ellipsoidal heat source model is the oval
heat source model used by Ghosh [110, 109, 111]. Ghosh et al found that for the
SAW process the best suitable heat source shape is in the form of an oval. The
distribution is shown in Equation 2.9.
√
h 
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2 abcQ 1
2
2
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2
√
exp
−
ax
+
by
e
+
cξ
q(x, y, ξ) =
2
π π e m4c

(2.9)

In the oval heat source model, as the parameter m tends to zero the distribution
tends to the ellipsoidal distribution proposed by Goldak (if the heat source parameters have the same convention). The oval heat source is a neat addition to he library
of heat sources available in the literature. However the validation of the model is
insufficient as the experimental data available to the authors is not of a high enough
time resolution in the peak temperature region [110].
2.3.4.1. Heat Source Models for Deep Penetration Welds
In welding processes where the power density is high such as plasma arc welding
(PAW) the Goldak double ellipsoidal heat source is no longer sufficient. As the
plasma arc impinges on the melt pool of the weld, its high velocity and therefore
momentum can cause the weld pool to be distorted as its velocity increases, which
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affects heat transport through the liquid region. This distortion means the arc can
penetrate through the molten pool and form a hole through the weld pool, which
is usually referred to as a keyhole. Due to this keyhole effect the thermal energy
from the arc can penetrate much further into the plate than in submerged arc and
gas tungsten arc welding. These high power density welds have a high penetration
to width ratio. Moving the welding arc and the associated keyhole will cause the
flow of molten metal surrounding the keyhole to the rear of the arc region where it
re-solidifies to form the weld bead.
In the case of laser welding, a moving Rosenthal line heat source have been used
to simulate the laser heat source [147, 148, 24]. Swift-Hook and Gick [107] approximated Rosenthal’s solution and predicted that the proportion of power needed
to cause melting as a function of the incident power reaches a maximum of 48%.
Bunting and Cornfeld obtained a relationship between the power density incident on
a material and the resulting cut speed due to a cylindrical beam by integrating the
line source solution over the area of a circle while investigating laser cutting [149].
Steen et al combined the point and line source to predict the typical ’nail head’
appearance of keyhole welds [106]. This idea enabled the estimation of the power
actually absorbed by the weld. The position of the point source could be varied–on
or within the metal. Here the line source represents absorption down the keyhole
and the point source represents the plasma radiation from the plume. It was suggested that the melt width in the lower part of the weld is directly proportional to
the strength of the line source. As this model assumes an infinitely thick specimen,
it is inappropriate for thin work-pieces [106, 148]. This combination of point and
line heat sources was extended to be more representative of thin section welds by
using the method of images by Akhter et al [150]. In Akhters method a number of
point sources were combined with a line source, the strength of which varied with
depth. This produced predicted melting isotherms closer to those observed in experiments. Kaplan also accounted for the non-linear nature of the fusion isotherm,
integrating point sources of an appropriate intensity along a curve in the interior of
the material, rather than along a straight vertical line [151]. This method however
required prior knowledge of the fusion zone by experimental macro-graphs. Surface
distributed Gaussian heat source models have also been used to represent deep penetration welds arising from laser and electron beam heat sources [60, 26]. Difficulty in
matching predicted fusion zone boundaries to experimentally observed ones meant
that a three dimensional volumetric heat source was sought [152, 153, 154, 28]. Sonti
et al simulated the laser welding process with a modified double ellipsoidal model, in
two dimensions, and translated the result to a three dimensional case quasi-steadystate in order to predict the weld pool dimensions with reasonable success [155].
Wu proposed a three dimensional conical heat flux distribution that considers the
heat intensity distribution along the work-piece thickness, as shown in Figure 2.10
[156, 157].
The deposited heat intensity is maximum at the top surface of the work-piece. Along
the thickness of the work-piece (y-axis) the heat intensity decreases linearly At any
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Figure 2.10.: Conical heat source schematic, often used in the modelling of keyhole
welds.
plain perpendicular to the y-axis the heat intensity takes on a Gaussian distribution.
Therefore the three-dimensional conical heat source is a series of Gaussian heat
sources with different distribution parameters and the same central maxima values
propagating into the thickness of the work-piece. At any plane perpendicular to the
y-axis the heat flux may be described by Equation 2.10:
2

− 3r2

q(r, y) = Qmax e

r
0

(2.10)

Where r0 is the distribution parameter, and r is the radial co-ordinate. The height
of the conical heat source is H = ye − yi , where ye and yi are the y co-ordinates of
the top and bottom surfaces respectively; the radii at the top and bottom are re
and ri respectively. The distribution parameter r0 decreases linearly from the top
to the bottom of the conic region and it can be expressed as:
ye − y
r0 (y) = re − (re − ri )
(2.11)
ye − yi
It can then be shown [156] that:
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− 3r2
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9ηV Ie
e
3
π (e − 1) (ye − yi ) (re2 + re ri + ri2 )

(2.12)

Wu et al also established a model in which the heat flux through the thickness
decreased logarithmically, simulating the ’bugle’ like fusion boundary often seen in
plasma arc welding. This modified conical heat source model did not accurately
predict the fusion zone boundary. This is perhaps in part due to the logarithmic
nature of the proposed heat source model [156].
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2.4. Motivation for the Presented Work
It is clear from the literature survey that all heat source models presented for arc
welding are derived for a flat plate and make no consideration for heat transferred
directly to the walls of the welding groove geometry. The general solution procedure
appears to involve determining the arc efficiency based on the average distribution
of heat into a component subject to an arc welding heat source. One might expect
then that, if the temperature were measured close to the welding groove at the top
of the groove and at the bottom of the groove, the current state of the art heat
source models would under-predict the temperature at the top of the groove and
over-predict the temperature at the base of the groove; this effect is expected to
decrease as the groove width-to-depth ratio increases and the geometry tends to
that of an infinitely flat plate.
It is hypothesised that as the welding joint geometry tends to a flat plate, that the
double-ellipsoidal heat source model should be an accurate representation of the arc
welding heat source. Conversely, consider a welding joint geometry that is infinitely
deep and infinitesimally wide with an arc weldin heat source located at its base. It
is hypothesised that the double-ellipsoidal heat source model does not accurately
represent the heat source. In this case and that the double-ellipsoidal heat source
should be extended to incorporate direct transfer of heat to the walls of this groove.
There must then be some point when this infinitesimally narrow groove is opened
that the heat source representation tends to that of the double-ellipsoidal model.
In the case of beam welding processes, particularly EB welding, where the beam
terminates in the component (partial penetration), the current abrupt stop in the
distribution of heat presented in the conical model at the keyhole termination location is not expected to accurately represent this beam termination. Certainly this
effect may be difficult to validate as the resultant temperature field may only be
slightly altered, however one may picture that a more representative description is
required as the heat transfer peters out at the end of a keyhole than the step change
as is currently presented.
In the thermal modelling of the FSW process, it would appear that the most physically representative results are obtained when the thermal and flow fields are coupled
and solved explicitly. Currently no attempt has been made to present a distributed
heat flux expression in order to account for these flow effects in a simulation without
explicitly solving for them. Such a distributed heat flux model may be more representative than the surface flux based approach, without the computational cost and
effort required in the explicit solution of the flow of material around the pin of the
tool.
In the EB and FSW welding cases the boundary conditions are orthogonal. As such
if a representative volumetric heat source were available, the temperature field in a
finite region representing the welding process could be computed analytically. This
is a difficult task in the FSW process as a representative volumetric heat source is
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not presented in the literature and as such the process is often simulated explicitly
to account for the complex stick and slip variations in the heat transfer rate. It
may be advantageous then to account for a time varying heat transfer rate and
propose a general volumetric heat source. If this were possible and successful, it
would offer huge advantages in the thermal simulation of the FSW process and the
EB process as any simulated results would be free from numerical uncertainties due
to the discretisation performed in numerical methods.
Within the NNUMAN programme heavily instrumented welds have been performed
for narrow-groove GTAW, submerged arc welding and electron beam welding. Noting the existing gaps in the literature and the high quality experimental data available for these welding processes these are the processes which will be selected for
modelling and further investigation. Additionally friction stir welding will be investigated as the author recognises the need for a analogous heat source model for this
process.
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3. Commentary
Presented in chapter 4, chapter 5, chapter 6, chapter 7 and chapter 8 are original
contributions to the field of weld thermal modelling. In chapter 4 the analytical solution to the Goldak double-ellipsoidal heat source model, as discussed in
subsubsection 2.3.3.2, is presented. As more advanced welding processes were investigated, such as the narrow-groove welding process, were investigated it became
necessary to investigate extensions and alternatives to the double-ellipsoidal heat
source model. chapter 5 details the first extension to the double-ellipsoidal heat
source model and shows how this new heat source model may be applied to both
narrow-groove arc welding processes and electron beam processes. In this chapter
the heat equation is solved numerically.
Following the development of the heat source model as discussed in chapter 5 it was
apparent that for typical electron beam welding geometries, where the boundary
conditions were orthogonal, analytical solutions for the now validated heat source
model could be sought in the same manner as discussed in chapter 4. Therefore in
chapter 6 the analytical solution to the heat source model presented in chapter 5
is presented and compared with experimentally measured thermal responses in two
electron beam welds.
The heat source model presented in chapter 5 and then analytically solved for in
chapter 6 performed extremely well when compared with experimentally measured
thermal responses. However there existed a gap in the literature as all proposed
volumetric heat source models are based on a Gaussian distribution in heat, an alternative spatial distribution is presented in chapter 7 along with other novel Gaussian based heat source models. In this work the proposed heat source models are
validated against experimental data from a submerged arc welding process.
The final original work chapter, chapter 8, proposes and validates a novel heat source
model for the friction stir welding process. This FSW volumetric heat source model
is subsequently solved analytically and the computed thermal field compared with
experimentally measured thermal fields from the FSW process. The inception of
the heat source model presented in this chapter arose from a discussion in a NNUMAN welding meeting where it became apparent that the geometry of the FSW
process means that an analytical solution for the thermal field, although possible,
required the development of an appropriate volumetric heat source description that
was flexible enough to describe the process adequately.
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Part II.
Contribution to Field

38

4. Analytical Solution to the
Transient Temperature Field for a
Bead-On-Plate Arc Welding Case
In this work the analytical solution to the transient temperature field, induced by
a moving double-ellipsoidal heat source model, is validated against a bead-on-plate
arc weld. The resulting temperature field is compared against a numerically field
using the finite element method. The Green’s function accounting for convective
heat losses from the surface of the domain is also included.
The motivation to pursue analytical solutions to welding problems initially arose
from an unforeseen delay in the commencement of the welding experiments within
the NNUMAN programme. Fortunately there existed an interest in analytical solutions and a relative lack of work in the literature on analytical solutions in the
past decade. The development of the idea was performed by the candidate and once
a satisfactory solution was computed experimental data was gathered to validate
the analytical solution. The experimental work was completed by the chief welding
engineer at the University of Manchester, Mr Paul English, with the primary author
completing all other work within the paper including computation of the analytical
solution, and the numerical solution to the thermal problem using commercial finite element software. The paper was written by the primary author with guidance
given, following an initial draft, by Prof. Yates and Dr Francis. This work was
presented at the 22nd the structural materials in reactor technology in San Francisco. Following the presentation many researchers were interested in the analytical
solution method as a means to reduce computation time, particularly on geometries
where multiple welds were to be performed. An extensive discussion between the
author and a representative from the ITER fusion reactor project in Cadarache,
France, occurred and they were keen to explore the method for thermal simulations
of the construction of their proposed reactor.
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ABSTRACT
The transient temperature fields induced during welding influence the magnitude and distribution
of residual stresses, the sizes of the fusion and heat affected zones, the evolution of the material
microstructures, material properties and, ultimately, the fracture toughness. The ability to predict these
transient temperature fields is therefore crucial as it underpins our ability to assess whether safety-critical
welded components will be able to operate satisfactorily throughout their intended service lives.
In this paper, an analytical solution is presented for the transient temperature field induced by a
moving double ellipsoidal heat source in finite bodies with both insulating and convective boundary
conditions. Our work presents an extension of the analytical solution proposed by Roshyara et al (2011),
who computed the transient temperature field in a finite domain with insulating boundary conditions; and
Nguyen et al. (1999) who first attempted using Green’s functions to calculate the transient thermal field
in infinite bodies. The approach described in this paper is also based on the application of Green’s
functions derived by the Laplace Transform method. We present an analytical solution for a combination
of insulating and convective boundary conditions. In addition, we also present a mathematical description
of the ramp up and ramp down of the heat source power that occurs at arc strike and when the arc is
extinguished.
The solutions presented in this work have been assessed through a comparison of predicted
transient temperature fields computed using the finite element method and against temperatures measured
experimentally for the case of an autogenous single weld bead on a plate. The transient temperature fields
predicted by the analytical solutions, particularly those where convection from the surface of the plate is
included, are in excellent agreement with both the finite element models and the experimental data. It is
expected that this work will contribute to applications in the modeling of microstructure evolution,
thermal and residual stress analysis and welding simulations of realistic structural geometries.
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INTRODUCTION
Large thermal stress gradients are generated during welding, in the vicinity of joints, due to
localised heating and subsequent cooling. These can cause weld cracking or distortion resulting in
component failure, reduced service life and loss of functionality. Welded structures can also become
susceptible to hydrogen embrittlement and other detrimental phenomena as a consequence of this
transient temperature field as discussed by Withers et al (2001). It is important therefore to understand the
temperature evolution, particularly in high integrity steel components, where the application of the heat
source causes microstructural changes that can lead to a decrease in structural integrity.
Finite element analysis, (FEA), is currently the preferred tool by which welding simulation is
performed. The thermal analysis of a welding process involves the solution of a heat transfer problem
with a highly concentrated heat source in motion, as used by Hibbitt et al. (1973). In welding analyses,
the moving double ellipsoidal heat source model, proposed by Goldak et al. (1984) is one of the most
widely used heat source models. One of its virtues is that it can accommodate a wide variety of fusion
welding techniques. FEA is computationally expensive in welding analysis; the highly concentrated heat
source requires the mesh to be refined along the welding path. The solution and validation of FEA
transient temperature fields is time consuming and can be demanding on computation resources. It is
therefore desirable to have an analytical solution for the transient temperature field in a finite domain
when subjected to a welding heat source, with realistic boundary conditions, on the domain
Analytical solutions are usually based on a number of simplifying assumptions; constant material
properties are used and the domain over which the transient temperature field is being computed is
considered to be infinite, as was assumed by Nguyen et al. (1999) and Fachinotti et al. (2011). Analytical
solutions computed over infinite domains have historically been used to verify finite element solutions.
Recently analytical solutions for the transient temperature field have been investigated more rigorously in
order to provide better solutions against which to benchmark FEA results. The infinite domain of
previously computed solutions means they are inaccurate as the size of the work-piece being considered is
reduced.
To compute the Green’s functions for a certain set of boundary conditions, either the method of
images or the Laplace transform method can be used; as discussed by Roshyara et al. (2011) and Cole et
al. (2011). Heat kernels formulated by the method of images contain singularities at the location of the
heat source; they also do not satisfy the imposed boundary conditions accurately. In this paper the
Laplace transform method is used to formulate Green’s functions for both a finite plate with insulating
boundary conditions and a finite plate with insulating boundary conditions and a convective boundary
condition for the surface where the weld bead is deposited. The accuracy of the computed analytical
solutions is shown to be equal to that of the FEA solutions for orthogonal geometries.
Presented in this paper is an analytical solution for the transient temperature field induced in a
finite domain where the surface of the plate, upon which the weld bead is deposited, experiences heat
losses due to convection and all other faces are thermally insulated. This is the first time that heat losses
due to cooling laws have been accounted for in analytical models. A mathematical function to describe
upslope and downslope of the welding input power is also hypothesized. This closed form analytical
solution accounts for differing ramping rates as the arc is struck and extinguished. The analytical solution
agrees very well with experimental results obtained.
HEAT SOURCE MODEL
In a solid body that contains variations in temperature, heat flows from a region of high
temperature to a region of lower temperature; this heat flow is associated with the vibrational energy of
atoms and molecules. By Fourier’s law (1822) this heat flow is related to the transient temperature field in
the domain, Ω. For an accurate analysis of the physical behaviour of welds the first step is to compute this
transient temperature field, T (x,y,z,t), for the component being welded. For a given material and joint
design, this temperature field largely determines the size of the fusion zone (FZ), the region of the weld
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where melting and re-solidification occurred, and heat-affected zone (HAZ).In order to understand the
mechanisms by which micro-structures in the weldment change, and therefore limit or exploit these
changes, it is important to understand how the heat is distributed from the welding torch, and how this
heat is dissipated throughout the geometry of the weldment.
For welding processes in which the momentum transfer effect of the arc on the weld pool is large,
Goldak et al. (1984) derived a model to describe the volumetric heat flux acting on a plate due to an
applied arc. For arc welds, accurate results are obtained with a power density distribution in which
surfaces of constant power density are ellipsoids and on radial lines the power density obeys a Gaussian
distribution. In order to overcome the discrepancy between the predicted and measured temperature
gradients in front and behind the arc, two ellipsoidal heat sources were combined as shown in Figure 1,
the front half of the source is the quadrant of one ellipsoidal source and the rear half of the heat source is
the quadrant of another ellipsoidal heat source.
Consider a moving Cartesian co-ordinate system (x, y, ξ) where the welding heat source travels
down the z-axis at a constant velocity v. The transformation relating the fixed (x, y, z) and the moving (x,
y,  ) co-ordinate system is   z  vt . The heat source is initially located at z=0 and at t=0.

Figure 1. Double ellipsoidal volumetric heat source, Goldak et al (1984).
From the Goldak heat source model the volumetric heat flux for a point in the domain Ω is given by
Equation 1.
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Where rf and rr are the heat input proportions in the front and rear ellipsoid quadrants respectively: Q is
the energy input rate from the arc given by the equation Q=ηVI, where η,V and I are the arc efficiency,
arc input voltage and arc input current respectively: a,b,cr and cf are the are the respective radii of the
flux distributions defined such that the flux falls to 5% of its peak value at their spatial location.
Extension of Goldak Heat Source
During welding it is necessary to ramp up and down the welding input power at the beginning
and end of the weld respectively. After the arc is struck, the contact volume in the domain heats up. This
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increase in temperature increases the electrical impedance of the volume. Increased impedance serves to
oppose the passage of current through the volume. There is a time delay between the power source
registering the effects of this increase in impedance and increasing the input current/voltage to account for
this; hence the non-linear increase in input power even when a linear increase in requested, as
documented by Egerland et al. (2001).
In order to account for this a ramping function was derived, a graphical representation of this
ramping function is shown in Figure 2. This shows a case where the arc power upslope began at 45s, the
ramping up rate is greater here than the downslope ramping down rate, which is again common when
welding. The ramping function accounts for the increase and decrease in power supplied to the welding
arc.

Figure 2. Ramping function used to model upslope and downslope of the welding input power.
The ramping function takes the form shown by Equation 2.
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Rup and Rdown are constants controlling the ramping up and down rate respectively, the constants zstart and
zend are the locations of the welding arc strike and end points along the welding axis and v is the velocity
of the welding torch. The function is derived such that the fractional power is 1% of the total power at
zstart and zend. The ramping function can also be used to model cases where there is an instantaneous
ramping up and down of the power input at locations at zstart or zend respectively by setting Rup or Rdown to
large values. The extended Goldak heat source that takes into account the ramping up and down is given
by the product of Equation 1 and Equation 2 as shown in Equation 3.

q  qG  R

(3)

GREEN’S FUNCTION FORMULATION
For transient heat conduction a Green’s function describes the temperature distribution caused by
an instantaneous local heat pulse. The Green’s function for a given geometry and set of homogeneous
boundary conditions is a building block for the temperature distribution due to a functional initial
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temperature distribution, time and position varying boundary conditions and time and space varying
internal energy generation q.
Heat conduction in a homogenous solid is described by the linear partial differential equation
shown in Equation 4 below.

c

T
 k 2 T  q
t

(4)

In this equation ρ, k and c are the mass density, thermal conductivity and specific heat capacity
respectively; q≡q(x, y, z, t) is the rate of internal heat generation which represents an applied heat source
or sink rate in the domain Ω. This partial differential equation describes the distribution of heat (or
variation in temperature) in a domain over time. The temperature T (x,y,z,t), as a function of both spatial
and temporal co-ordinates, satisfies the heat equation, at every point in Ω. The fundamental solution of
the heat equation in one dimension is given by the Green’s function shown in Equation 5 below, as shown
by Cole et al. (2011).

K  x  x ' , t  t ' 

 x  x'2 
exp 
x  x' , t  t '  0  
4 t  t '
 4 t  t '
1
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Where α=k/(ρcp) is the thermal diffusivity. This fundamental solution describes, in an infinite body with
an initial homogenous temperature distribution, the temperature increment at position (x, t) if an
instantaneous point heat source were applied at (x’, t’). Figure 3 shows a graphical representation of this
fundamental solution as a function of the spatial offset of the point heat source to the observation location
(x-x’) for various values of α(t-t’). Note how as α(t-t’)→0 the fundamental solution tends toward the
Dirac delta function introduced by Dirac (1953), K (x−x’t−t’)→δ. From the definition of the Dirac delta
function the area under each of the curves in Figure 3 is unity; as t increases (t-t’) increases and the K(xx’,t-t’)function spreads out and the maximum decreases. This function can be used to find the temperature
field in the domain due to an applied heat flux or initial condition as described by Cole et al. (2011).

Figure 3. The fundamental solution, as used in transient 1D heat conduction formulation.
Two and three dimensional Green’s functions can be found by multiplication of one-dimensional
Green’s functions for Cartesian co-ordinates, for most boundary conditions if the domain is homogenous
and the geometry orthogonal. The three dimensional fundamental solution, K(x-x’,y-y’,z-z’,t-t’), is
therefore given by Equation 6 below.
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This fundamental solution is the solution that has been used most commonly by previous authors to
model transient temperature fields.
Insulating Boundary Conditions
The fundamental solution is limited in that it assumes an infinite heat sink. However, by
considering initial and boundary conditions on the finite domain Ω, Green’s functions can be constructed.
If only conduction is being considered the weldment can be modeled by considering insulating boundary
conditions at every face. In three dimensions it can be shown, via the Laplace transform method, that the
Green’s function that describes this, G(x-x’,y-y’,z-z’,t-t’), is given by Equation 7 shown below.
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B, D and L are the spatial extent of the plate in the x, y and z directions respectively.
Convective Boundary Condition
For large heat inputs the analytical expression with all insulating boundaries on the domain is not
an accurate representation of the physics of the problem as there is no accounting for heat loss from the
domain by cooling. There will be heat losses from the domain. Consider a domain where all the
boundaries are insulating, except for the surface boundary at y=0 along which the welding torch passes,
let us allow convective heat losses from this surface. For this we consider a constant convective heat
transfer co-efficient h. It is sensible to apply a convective loss boundary condition on this face alone as
this face experiences the greatest difference in temperature compared to its environment and the
convective loss coefficient is a function of temperature difference. The Green’s function for this condition
will not be derived here due to lack of space but it can be demonstrated through a Laplace transform that
the Green’s function for convection at y=0 and insulation at y=D is given by Equation 8.

G  y  y ' , t  t ' 
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  m t  t ' 
  cos  m 1  y   cos  m 1  y'  (8)
exp





2
2
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The eigenvalues βm are the positive roots of the equation βmtan[βm]=BNuss. BNuss is the Nusselt
number, the ratio of convective and conductive heat transfer at the boundary. Figure 4 shows the
graphical representation of the eigenvalue problem for a Nusselt number of 0.05.
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Figure 4. Eigenvalue problem for convective boundary condition at y=0 and Neumann boundary
condition at y=D.
The integral over the y-dimension of this Green’s function with the y-component of the Goldak
heat source yields a complex expression; the real part of this expression must be taken.
THERMAL ANALYSIS FROM GREEN’S FUNCTIONS
In order to compute the temperature increase at a given observation point, all contributions from
the heat source q must be summed up over the domain, up until time t. Due to the linearity of the heat
equation and assuming the heat has been constantly input from t’=0, the temperature increase at position
(x, y, z, t) due to functional heat source of magnitude q(x’, y’, z’, t’), is given by is given by Equation 9
below, as described by Fachinotti et al. (2011).
t BDL

T x, y, z, t       qx' y' , z ' , t 'Gx  x' , y  y' , z  z ' , t  t 'dz ' dy' dx' dt ' (9)
0 0 0 0

Following the computation of this integral the temperature field can be viewed graphically. Figure 5
shows the cross section through the welding axis of the domain at z=185 mm at the instant the welding
heat source is over this location and 4 s later. In the figure only half the plate is rendered; this is done in
order to reduce computational time; detailed are the faces in the x and y directions where the boundary
conditions are applied. Insulating boundary conditions are also applied on both faces in the z direction for
this case.

Figure 5. Cross section through the welding axis of domain at z=185mm for instant the welding heat
source is directly over the cross-section and 4s later.

22nd Conference on Structural Mechanics in Reactor Technology
San Francisco, California, USA - August 18-23, 2013
Division I

EXPERIMENTAL PROCEDURE
To validate the analytical solutions experiments were conducted with relatively thin sections of
S355 structural steel. The thickness had to be great enough that the arc would not penetrate the plate and
cause a change in the geometry but not so thick that the solution tended to that of the fundamental
solution for a semi-infinite plate. S355 steel was chosen as the material properties are well known and it is
readily available. K-type thermocouples were attached to the surface of the steel and recorded the
temperature at four points as the arc passed along the bar. The bar was suspended on two steel struts at
either end to provide the insulating boundary conditions. The welding torch passed over the plate at a
height of 2 mm from the workpiece at a constant velocity of 1.667 mm s-1. At 40 s the arc ignited, ramping
up to full power rapidly, 150 mm was then traversed by the arc before the power ramped down to 20 A
over 5 s. Figure 6 shows the experimental setup where the autogenous weld bead can be clearly seen.
Abaqus Standard was used for the FEA analysis, using 10 node quadratic tetrahedral elements
with a biased mesh such that the node density was greatest along the path of the heat source; the
minimum node spacing along the welding axis was 0.6% of the model length. As a comparison, the FEA
simulation took approximately 150 hours to run on a 3.4 GHz PC with 4 Gb of RAM after meshing the
whole domain; the analytical solution took 8 hours to compute the temperature profile corresponding to
the co-ordinates of the four thermocouples.

Figure 6. Experimental setup.
RESULTS
Figures 7 and 8 show the experimental results from three of the thermocouples as well as the
analytical solutions for a completely insulated domain and an insulated domain with a convection
boundary condition applied at the plates surface (y=0). In the case with the convective boundary a Nusselt
number of 0.05 is assumed; this is equivalent a ratio of convective to conductive heat transfer of 5%. The
welding parameters a, b, cr and cf were found by measuring the spatial extent of the FZ in the x,y and z
directions; values of 4.75 mm, 3.1 mm, 3.5 mm and 7.6 mm were used respectively. During the welding
experiment, a constant current power supply was used. The input current was set at 260 A and the input
voltage was set at 10.5 V, although after measuring the input voltage with a voltmeter it was found that
the losses in the wires between the power supply and the torch reduced the input voltage to 10.2 V. An arc
efficiency of 0.82 was used according to tabulated arc efficiencies compiled by Franche (1993). The
spatial extent of the weldment was 51.5 mm, 29 mm and 303 mm in the x,y and z directions respectively;
therefore the values of B, D and L used were 25.75 mm, 29 mm and 303 mm respectively due to the
symmetry of the problem. The density, specific heat and thermal conductivity of the steel were 7.7×10-6
kg mm-3, 460 J kg-1 K-1 and 0.025 W m-1 K-1 respectively.
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Figure 7. Comparison between experimental data, FEM simulation and analytical solutions (both
insulating and convective) for point (10, 0, 185).

Figure 8. Comparison between experimental data, FEM simulation and analytical solutions (both
insulating and convective) for point (20, 0, 185).
DISCUSSION
Our new analytical solution for the case with insulating boundary conditions and convective top
surface agrees well with the experimental data. The fully insulated boundary condition solution agrees
well with the FEA model for the same conditions. The main differences in both sets of boundary
conditions occurred around the arc strike where the experimental data showed an earlier rise in
temperature and a slightly earlier peak temperature than either the analytical solution or the FEA model.
Our approach is more than an order of magnitude faster than the finite element model for the same
computing power, and shows promise for further development.

22nd Conference on Structural Mechanics in Reactor Technology
San Francisco, California, USA - August 18-23, 2013
Division I

CONCLUSIONS
The solution presented is the first analytical solution to account for both insulating and convective
boundary conditions. The use of these boundary conditions when combined with the application of the
welding heat source means this mathematical model of the domain takes into account heating as well as
cooling of the domain.
A novel addition is presented to model the upslope and downslope of the welding input power.
This approach, when applied to the analytical and finite element solutions, gave good agreement with
experimental results. This approach allows more realistic processes to be modelled where the input power
is not constant.
The derived analytical solutions were compared with experiments for autogenous single bead on
plate welds. The results agree extremely well when convection was considered from the surface where the
weld bead was deposited, with a constant Nusselt number of 0.05.
The results obtained by the finite element method with are equivalent for the case of insulating
boundaries; thus the method presented provides an approach to calculating the transient temperature field
in components that is not dependent on mesh density or element choice. This may lead to new approaches
to estimating residual stress distributions in welded components by the combination of finite element
models and analytical solutions of the transient temperature field.
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5. Double Ellipsoidal-Conical Heat
Source Model
In this work, a new volumetric heat source model is presented. The new heat
source model, named the double-ellipsoidal-conical (DEC) heat source model, is an
extension of the double-ellipsoidal heat source model. The proposed DEC model
better represents the effect of direct heat transfer from the arc, when located at
the base of a narrow-groove joint geometry, to the walls of the groove. The heat
source model also shown to give accurate predictions of the transient temperature
fields induced in a keyhole electron beam welding process. The heat source model
is validated with experimental data from a GTAW and EB welding process.
The idea for the DEC heat source model arose after the literature survey into advanced welding techniques. Following the literature survey it became apparent that
there was a gap in the literature around volumetric heat source distributions that
could accurately represent the transfer of heat directly to the walls of the welding
groove geometry. The idea was then developed by the candidate and the DEC heat
source model produced as detailed in the manuscript below. In this work all heat
source model derivations and modelling work were performed by the primary author.
Guidance was provided by Dr Francis and Prof. Smith as to the most appropriate
welding processes with which to validate the DEC heat source model. Experimental
work was performed by the chief welding engineer at the University of Manchester,
Mr Paul English, with the electron beam experiments performed at TWI under the
instruction of Prof. Smith. Dr Balakrishnan performed the metalographic work
required to measure the fusion and heat affected regions of the welds such that the
primary author could compare the experimental results with theoretical predictions
from the modelling work. The paper was written by the primary author with contributions to the introduction made by Dr Francis. Following various drafts of the
manuscript Prof. Smith gave guidance on items to include in the paper in order to
have a higher impact. The first draft of the manuscript has been submitted to the
Journal of Materials Processing Technology.
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Abstract

The double-ellipsoid heat source model proposed by Goldak has been widely
used as the basis for modelling heat transfer in arc welding operations for more
than thirty years. This model has proved to be extremely eective for a wide
range of arc welding operations. However, the application of the Goldak model
is less appropriate for keyhole-laser or electron-beam welding operations, or in
situations where arc welding takes place within deep narrow grooves. In this
paper the Goldak model is extended to a double-ellipsoidal conical heat ux
model in order to accurately describe transient temperature elds for a wider
range of geometries and welding processes. The new extended model was validated through comparing predicted welding thermal cycles with those measured
for a single pass electron beam weld, as well as those measured in a multi-pass
narrow groove gas-tungsten-arc weld. In both cases, excellent agreement was
obtained between predicted and measured thermal transients.

Keywords:

Arc Welding, Computational Weld Mechanics, Electron Beam
Welding, Heat Flux Model, Heat Transfer, Thermal Analysis

1. Introduction

Fusion welding is the most common method for assembling large metallic
structures. Fusion welding involves the use of a concentrated heat source to
bring about localised melting so that the parts being joined can fuse together
as a single piece. This localised heating leads to the generation of steep temperature gradients and rapid thermal transients, which in turn lead to large
variations in micro-structure and mechanical properties, and to the generation
of substantial levels of residual stress. Withers and Bhadeshia (2001) produced a
literature overview of the origins of residual stresses and the techniques used for
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their measurement. In the case of safety-critical components, such as those that
arise in nuclear, power generation, oshore and in related sectors, it is critical
that these thermal transients are quantied with a high level of condence. Lidbury (1984) neatly reviews the signicance of residual stress prediction within
light-water nuclear reactors. The aforementioned review articles state the importance of residual stress prediction and the diculty arising in these predictions when the processing history of a component is complicated. Given
that many safety-critical components will have complex geometries and/or processing histories, such quantication is often contingent on the application of
numerical models. The use of nite element models for the prediction of residual stresses within is common both within academia and industry. Deng et al.
(2008) made residual stress predictions based on the nite element method in
austenitic stainless steels. These predictions were validated experimentally and
shown to be in agreement with the simulation. Elcoate et al. (2005) performed
a similar numerical analysis for a multi-pass repair weld. In order for a residual
stress prediction to be made in the aforementioned works, and indeed all works,
an accurate thermal history must be obtained or predicted for the component
as discussed by Bonifaz (2000). The accuracy of numerical predictions for transient thermal elds will in turn hinge on an accurate description of the welding
heat source as discussed in great detail by Goldak et al. (1984) for the case of
arc welding heat sources. Mackwood and Crafer (2005) review the importance
of the heat source representation in laser and beam welding processes.
Rosenthal (1941) rst applied Fourier's law to moving heat sources, which
were represented as either a point source, line source or plane source of heat.
These idealisations produced reasonable predictions for transient temperature
distributions away from the heat source, but led to errors in the predicted temperatures within the fusion zone (FZ) and the heat-aected zone (HAZ) as well
as close to these regions. These errors in the thermal eld occured as these
representations of the heat ux distributions were not representative of the true
distributions, and melting and solidication phenomena were not considered as
discussed by Myers et al. (1967) . Pavelic et al. (1969) rst suggested that the
heat source should be distributed, proposing a Gaussian distribution of heat
ux acting on a plane surface of the work-piece. Subsequent works by Anderson
(1978), Krutz and Segerlind (1967) and Friedman (1978) are particularly notable as their work suggested that, instead of a surface ux distribution, the heat
should be distributed volumetrically to account for the depression of the weld
pool free surface under the action of arc pressure. Paley and Hibbert (1975)
used a constant power density distribution within the fusion zone in a nite
dierence analysis. However, no criteria for estimating the spatial extent of the
fusion zone were oered. Goldak et al. (1984) proposed a non-axisymmetric
heat source distributed in three dimensions in order to better account for the
depression of the weld pool surface owing to the arc pressure, based on a doubleellipsoidal representation. This model has proved to be extremely eective at
describing the arc as a heat source in a wide variety of applications, accurately
representing an electric arc impinging on a at plate, and has been used to
model arcs present in the base of a groove geometry as shown by Henwood et
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al (1988) and more recently Gery et al. (2005). However, in the time since
the double-ellipsoidal model was rst proposed, there has been an increase in
the application of narrow-groove arc welding process variants, which generally
involve the preparation of deep and narrow weld grooves for welding thick sections of material as described by Kang and Na (2003). This increase has been
driven by the desire to reduce the volumes of ller material that need to be
deposited, thereby reducing joint completion times. Similarly, the utilisation of
keyhole welding techniques based on the laser and electron beam (EB) welding
processes has also increased. Sun and Karppi (1996) review the electron beam
welding process, discussing the mechanism behind the keyhole formation and
instabilities arising within the keyhole. The nature of keyhole welding is also
very dierent to that of an electric arc impinging on a at plate, and it would
not be appropriate to apply the Goldak heat source to such weld congurations.
In many instances researchers have represented lasers and electron beams
with line or conical heat sources for welds in the keyhole conguration. A
good example of this is the work by Runnemalm et al. (2005). Wu et al.
(2006) proposed novel three dimensional conical, and modied conical, heat
sources for the representation of the heat source in deep penetration welding
processes such as plasma arc welding and electron beam welding. In this work
the conical heat source model is shown to more accurately represent the heat
source is deep penetration welding processes. However, approaches for such
weld congurations tend to vary and do not account accurately for the beam
terminating in the domain at the end of the keyhole, such as would occur in the
case of incomplete penetration, described by Mackwood (2005). As such, there
is a clear need to identify a heat source model that can accommodate a variety
of weld congurations ranging from, on the one hand, an arc impinging on a
at surface, to a full penetration keyhole weld conguration on the other. In
this paper the heat source model proposed by Goldak is extended to a doubleellipsoidal conical heat ux model to enable the model to account for scenarios
in which heat is transferred to surfaces that are not at. Such scenarios arise in
multipass narrow groove arc welds and laser welds, as well as in keyhole laserand electron beam welds. Friedman (1978) describe scenarios of However, they
also arise in bead-on-plate welds when the welding currents are high enough for
the arc pressure to cause depression of the weld pool. One of the aims in this
work was to develop a model that simplies to the equivalent of the Goldak heat
source for the case where the weld pool surface is at, since that is a scenario
that is familiar to the weld modelling community.
We begin by describing the double-ellipsoidal conical heat ux model. We
then describe the application of this heat source model to thermal analyses for
the cases of a multipass narrow groove arc weld in a 30 mm thick SA508 steel
plate, and a keyhole electron beam weld in a 30 mm thick SA508 steel plate. The
performance of the model is then assessed based on a comparison of predicted
thermal transients with those measured using thermocouples attached to the
weld test pieces. The performance of the proposed model is also compared with
the predictions arising from the application of the Goldak heat source model.
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2. Double-Ellipsoidal Conical Heat Source Model

According to Fourier's law, heat ow is related to the transient temperature
eld in the domain. The temperature, T (x, y, z, t), as a function of spatial
co-ordinates, (x, y, z), and time, t, satises the parabolic dierential equation
known as the heat equation, at every point in the domain:

ρcp

∂T
− k∇2 T = q
∂t

where ρ, cp and k are the mass density, specic heat capacity at constant pressure and the thermal conductivity respectively; q(x,y,z,t) is the rate of internal
heat generation which represents the heat source or sink rate in the domain.
Typically q(x,y,z,t) has been represented by the double ellipsoidal heat source
model proposed by Goldak for the case of arc welding, and the three dimensional conical distribution for beam welding processes and plasma arc welding.
The double ellipsoidal heat source has been shown to accurately represent
the heat ux from an electric arc traversing across the surface of a at plate.
However, in cases where the weld conguration deviates signicantly from an
arc impinging on a at plate, this distribution should be modied in order to
account for heat transfer by convection and radiation to the walls of deep and
narrow grooves. In the gas-tungsten arc welding (GTAW) process, for example,
the gas shielding enables signicant quantities of heat to be transported to the
walls of the groove by forced convection and, as there is no fusible ux concealing
the arc, by radiation transfer.
Consider a gas-tungsten electric arc traversing across the surface of a at
plate. For given welding conditions, there will be a distance, perpendicular to
the welding line, over which the heat ux will decay to a fraction (say 5%) of
its peak value. If the same gas-tungsten arc were now transposed to the base of
a narrow groove this distance would necessarily change, since some portion of
the arc energy would now be transferred directly to material located above the
base of the groove, through mechanisms such as radiation and forced convection.
Clearly such transfer would not occur in the case of a at plate as no material
would be located to either side of the electric arc. This heat decay as a function
of distance from the weld line must then be related to the geometry of the
groove.
In the proposed model, below the base of the groove the power density obeys
the veried double ellipsoidal distribution proposed by Goldak and decreases to
a given fraction of the peak power in a Gaussian manner in three dimensions.
Above the base of the groove, the distance over which the power density decreases by a given fraction is related to the bevel angle applicable to the wall of
the groove. Therefore, above the base of the groove, surfaces of constant power
density look like conical sections with dierent semi-major axes fore and aft of
the arc location. In contrast, below the base of the groove, surfaces of constant
power density lie on double-ellipsoids with dierent semi-major axes fore and
aft of the arc location. These surfaces of constant power density are shown, for
cases of an arc and electron beam weld, in Figures 1a and 1b respectiveley.
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For an electron beam incident on a at surface the heat ux distribution
is analogous to that of an arc at the base of a narrow groove. The focusing of
the electron beam results in a Gaussian distribution of electron energies incident
upon the domain surface. These electrons rapidly transfer their kinetic energy to
the work-piece via scattering interactions, and toward the centre of the beam the
electron energies may be sucient to vaporise the base material. The resulting
vapour pressure can displace molten metal, enabling subsequent electrons to
travel further into the material. Toward periphery of the beam, electrons will
tend to have lower energies, and fewer collisions will be required in order for their
energy to be transferred to the work-piece. Therefore, as the beam penetrates
the domain, the eective radius of the Gaussian energy distribution decreases
as the kinetic energy of the electrons therein is converted to thermal energy.
There will also be some transfer of energy from the beam axis toward the beam
periphery and, as such, the electron energies on the beam axis will gradually
decay with increasing depth of penetration. This gradual decay in electron
energies will determine the penetration depth since, at some point, the electron
energies will no longer be sucient to cause vaporisation of the molten metal. At
this position on the beam axis, the heat ought to be deposited to the work-piece
in a Gaussian manner from the end point of the beam in the domain. Therefore,
above this position on the beam axis, surfaces of constant power density again
lie on conical sections, and below this position surfaces of constant power density
lie on appended ellipsoids as shown in Figure 1b.

(a) A representation of the DEC
heat source traversing along the
base of a narrow groove welding
geometry.

(b) A representation of the DEC
heat source model used to model
the electron beam process

Figure 1: Representations of the DEC heat source model for an electric arc at the base of a
narrow groove (a) and for an electron beam incident at the surface of a conducting domain
(b). The parameters yi and dg are shown; yi represents the initiation location of the heat
source model in the y-dimension and dg represents the transition plane between conical and
ellipsoidal regions of the distribution.

The heat sources in the GTAW and EB processes may be represented by
the same model; one in which regions of constant power density lie on surfaces
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as shown in Figures 1a and 1b. The Goldak heat source model employs two
appended ellipsoids, one leading and one trailing the axis of the heat source
and, in general, dierent parameters are applied to each ellipsoid. The same
approach has been preserved for the model proposed in this work.
A heat source model divided, as has been discussed, into two quadrants in
the depth direction, and again into two quadrants in the direction of travel is
therefore divided into four quadrants. In order to nd the mathematical form
of the distribution consider a Cartesian domain (z, y, ξ) separated into four
quadrants by planes at y = dg and ξ = 0. The y = dg plane is analogous to
the base of the groove in the arc welding analysis and to the termination point
of the keyhole in the case of EB welding analysis. The point y = yi is set to
correspond with the arc initiation point, in the vicinity of the tip of the tungsten
electrode in GTAW and is used as an integration limit during the derivation of
the heat source model. The locations of the y = dg and y = yi planes are shown
in Figure 2.

Figure 2: Comparison between arc, partial penetration electron beam, and full penetration
electron beam welding techniques

The transformation relating the xed (x, y, z) and the moving (x, y, ξ) coordinate system is ξ = z − vt where v is the velocity of the welding torch or
electron beam source. The full derivation of the heat source model is outlined
in Appendix A. For the region y ≥ dg , i.e. below the base of the groove
in the arc welding case, the distribution is double ellipsoidal. For the region
yi ≤ y ≤ dg the distribution is double conical. The input voltage, current and
heat transfer eciency from the arc to the work-piece are represented by V, I
and η respectively. The heat ux , in W m−3 , for any point within the domain
is then given by Equation 1.
It must be noted that, should the DEC heat source be applied in a numerical
simulation, where some portion of the heat source resides outside the numerical
domain; such that the integral of the heat uxes over all integration points in
the mesh yields a total heat ux value below the applied total heat ux value.
In this case the proportion of the heat source that is immersed in the substrate
material needs to be accounted for in numerical analyses. In this work, this
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eect is accounted for by distinguishing between the true heat source power, Q,
and the apparent heat source power, Q∗. The true heat source power will be
familiar to many researchers and is given by Q = ηV I , where η is the process
eciency, V is the welding voltage and I is the welding current. In the case
of EB welding the product of voltage and current can simply be replaces by
the beam power. In contrast, the apparent heat source power, Q∗, is given by
Q∗ = Q/S = V Iη/S , where S is a shape factor that represents the proportion
of the proposed heat source that is immersed in the computational domain.
Thus, the shape factor simply serves to correct for the fact that part of the heat
source will not be generating heat because it resides outside the domain (i.e.
the substrate material). In simple cases, such as for a full penetration electron
beam weld, the heat source will be fully immersed in the substrate and the value
of S will be unity. A shape factor approach has previously been used by other
researchers and in commercial software such as the FEAT weld modelling tool
software. The authors wish to emphasise that this approach to representing
the heat source does not involve any arbitrary parameters. Four parameters
are needed to determine Q∗, namely V , I , η and S . The rst two are set by
the operator during welding operations, while S is entirely determined by the
weld groove heat source geometries, and η can be measured for a given welding
process and compared with published values.
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where Γa = a − ((a − ai ) ((dg −y)/(dg −yi ))), Γcr = cr − ((cr − cri ) ((dg −y)/(dg −yi )))
and Γcf = cf − ((cf − cfi ) ((dg −y)/(dg −yi ))). The tting parameters; Rrde , Rfde ,
Rrconical and Rfconical are found by matching the ux distributions at the origin
in the moving reference frame and are given in Equations 2, 3, 4 and 5 as:
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with Sr = cr (2a + ai ) + cri (2ai + a) and Sf = cf (2a + ai ) + cfi (2ai + a). A
more complete explanation of the derivation of the DEC heat source model
is provided in Appendix A. The parameters a, ai , b, cr , cf , cri and cfi are the
heat ux parameters that determine the spatial gradient of the heat ux. The
parameters a , b, cr and cf operate in the double ellipsoidal portion of the ux
distribution and are dened such that the power density falls to 0.05Qmax at
these locations along their respective axes; ai , cri and cfi are dened such that
the power density falls to 0.05Qmax at the y = yi plane following the approach
of Goldak. The proposed heat source conguration is compared with the Goldak
heat source in Figure 3.

Figure 3: Schematic diagram of DEC heat source model showing double-ellipsoidal and doubleconical regions visualised as surfaces of constant power density.

bg is the location along the x axis where the power density reaches its maximum. The parameter bg may itself be a function of time, bg (t), in the case
where the welding heat source is weaved for better fusion. This leads to a ux
distribution that looks like that pictured in Figures 1a and 3. Examining the
functional form of the heat source model it can be seen that as dg − yi tends
to zero, the parameters Rrconical and Rfconical tend to zero and all the heat is
present in the double ellipsoidal component of the distribution. Similarly as the
b parameter tends to zero Rrde and Rfde tend to zero and all the heat energy is
deposited in the conical portion of the heat ux model. In the case of the EB
process the values of the heat source parameters in their respective directions
are closer; a to ai , cr to cri , and cf to cfi and so the heat ux distribution takes
the form shown in Figure 1b.
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3. Validation of Model

Validation of the DEC heat source model was performed by comparing measured thermal transients, obtained from a single pass full penetration EB weld
and a 25 pass narrow groove GTA weld, with nite element predictions incorporating the DEC heat source. The experiments were performed on SA508 Grade
3 Class 1 steel parent material. This steel has industrial signicance, as it is
used to manufacture critical components in the primary circuit of pressurised
water reactors, such as the reactor pressure vessel, steam generators and the
pressuriser.

3.1. Gas Tungsten Arc Welding

The GTAW process was performed on a SA508 Grade 3 Class 1 specimen
30 mm thick, 145 mm wide and 410 mm long with a groove machined along
its length. The 15 mm wide groove was deep with respect to its width. The
groove region was 240 mm long, with a 6 mm radius, a 1◦ groove angle and a
3 mm root face, as shown in Figure 4. The specimen was instrumented with an
array of thermocouples; a schematic diagram of the specimen and corresponding
instrumentation is shown in Figure 5.

Figure 4: Experimental set-up for the 25-pass GTAW weld before application of the electric
arc.

3.2
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Electron Beam Welding

Figure 5: Schematic diagram showing the cross section through the length plane of the specimen at z = 205 mm. The groove geometry and thermocouple locations are visible. All
dimensions are in mm .

A series of twenty ve weld beads were deposited with SD31Ni1/4Mo ller
wire. The average arc voltage and the travel speed for each pass were 11.2 V
and 75 mm min−1 respectively with an inter-pass temperature being maintained
between 150 − 165 ◦ C . Table 1 shows the welding current for passes 1-25. The
chemical compositions for the SA508 steel and the ller wire are given in Table
2.
Table 1: Welding currents for the 25 pass GTAW weld.

Weld (n)
Current (A)

1
175

2
190

3
220

4-7
275

8
300

9-14
325

15
350

16
375

17,18
325

19,20
350

The electrode was weaved in the case of GTAW, and maintained at the
boundary of the groove (±7.5 mm from the centre of the groove) for 0.3 s before
traversing to the adjacent wall.
Table 2: Chemical compositions of SA508 Grade 3 steel and ller wire (wt. %).

SA508 parent
Filler wire

C
0.16
0.10

Mn
1.43
1.47

Ni
0.77
0.88

Mo
0.52
0.25

Si
0.27
0.20

Cr
0.23
0.03

Co
0.004
0.004

Fe
Bal.
Bal.

3.2. Electron Beam Welding
The joining of two plates, each 85mm wide, 30mm thick and 300mm long
to form a plate 170mm wide was performed in a partial vacuum in the 2G
position (i.e. with the beam horizontal) as shown in Figure 6. The electron
beam current and voltage were 90 mA and 150 kV respectively, and the beam
traversed along the seam between the two plates at 200 mm min−1 . Figure 6

21-25
325

3.3
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shows the experimental set-up for the EB weld, and a schematic diagram of the
instrumentation is given in Figure 7.

Figure 6: Experimental set-up for the EB weld before application of the electron beam.

Figure 7: Schematic diagram showing the cross section through the EB specimen at z =
150 mm; thermocouple locations are also visible. All dimensions are in mm .

3.3. Temperature Measurement
Both specimens, i.e. for the GTAW and EB welds, were instrumented with
k-type thermocouples. The thermocouples are eective at measuring temperatures in the range between −200◦ C and 1350◦ C . The sensitivity of the thermocouples is ±0.004T where T is the temperature of the hot junction. The GTAW
specimen was instrumented with twelve thermocouples in an array, at a position
that was 205 mm along the welding axis, as shown in Figure 5. The EB specimen was instrumented with eight thermocouples in an array, at a position that
was 150 mm along the welding axis, as shown in Figure 7. The data sampling
rates for the GTAW and EB procedures were set at 5 Hz and 1 Hz respectively.

3.4. Metallography
Cuts were made, using electrical discharge machining (EDM), along the
welding axis of the EB and GTAW specimens post-weld. The EDM sections
were polished and etched in order to locate boundaries corresponding to the
fusion zone (FZ) and heat aected zone (HAZ), and specically the position
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corresponding to a peak temperature equal to the AC1 temperature, in order to
compare these with predictions made by simulations. The EDM sections were
initially polished using 180 grade coarse grit SiC sheets. The grade of the polishing sheets was then increased to 400 grade, 600, 800 and 1200 ne grit abrasive
sheets. The ne polishing was performed using abrasive cloths impregnated with
diamond particles with sizes of 9 microns and 3 microns, respectiveley. 2% Nital
solution was used to etch the specimens. This process revealed two distinct regions. The smaller of these regions exceeded the melting temperature for SA508
steel and is the fusion zone of the weld. At greater distances from the fusion
boundary, the thermal cycle peak temperatures decrease progressively and more
ne-grained structures are formed. Eventually the thermal cycle peak temperature decreases below the AC1 temperature and the parent material structure is
only tempered; the larger region visible in the macro-graphs separates the partially transformed inter-critical zone and the over-tempered regions in the HAZ
as discussed by Alberry (1989). Francis et al. (2007) investigate the solidus and
AC1 temperatures in SA508 and nd them to be approximately 1500◦ C and
700◦ C respectively.

3.5. Modelling
The predicted thermal eld was computed using the Abaqus nite element
software. Three dimensional, transient, heat transfer analyses were performed
using 10 node quadratic tetrahedral (DC3D10) elements. The meshes produced
to represent the GTAW and EB cases can be seen in Figures 8a and 8b respectiveley.

(a) Finite element mesh used in the simulation of the 25 pass narrow groove GTAW
process.

(b) Finite element mesh used in the simulation of the EB process.

Figure 8: Finite element discretised spatial domain used to model the narrow groove GTAW
and EB welding processes. DC3D10 heat transfer elements were used in the simulation procedure.
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The DEC heat source model was written in a FORTRAN subroutine along
with gap conductance and user dened eld subroutines to appropriately activate the weld beads. Temperature dependent thermal properties were used for
the parent and ller material. The latent heat capacity for SA508 steel was
assumed to be the same as similar steels in the literature, and was specied
as 270 × 103 J kg −1 between the solidus and liquidus temperatures, which were
taken to be 1500 ◦ C and 1539 ◦ C respectively.

3.5.1. GTAW Modelling

In the nite element model for the GTAW process 176265 DC3D10 elements
were used. The nite element mesh was graded such that more elements were
present close to the welding path and in the weld beads, as can be seen in Figure
8a. The simulation was divided into 25 steps, with the weld beads activated
in their corresponding step, with material properties assigned appropriately using the user dened eld subroutine. Convective and radiative heat loss was
included from the surfaces of the domain, corresponding to surfaces in the experiments, from which convection and radiation could occur. The convective
heat transfer coecient, h, and the emissivity, ε, were found by investigating
available literature and then ne tuning with cooling rates from thermocouple
data and were found to be 2 × 10−6 W mm−2 K −1 and 0.6 respectively. Each
process was simulated using both a double ellipsoidal heat source model as well
as the proposed DEC heat ux distribution.
Prior to tting any heat source parameters an expression describing the
weaving of the electrode in the GTAW weld was found using the information
from the welding process, the pause time of the arc at the groove walls, and
observations made during the experiment. A restricted sinusoidal function was
used to model the bg parameter after variables were found that set the time
spent at peak deection to the 0.3 s recorded in the experiment, as is shown in
Figure 9.

Figure 9: Modied oscillatory function for simulating weave in the GTAW process; here the
displacement in the x direction, bg is plotted as a function of time.

The rst parameter that was found was the apparent eciency term, η/S ,
that in the case of the DEC heat source, accounts for the heat transfer eciency
from the arc to the work-piece as well as the spatial extent of the heat source
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itself. The apparent eciency term was found by matching the peak temperatures at the far-eld thermocouples. The tting of the remaining heat source
parameters was performed by initially, rather arbitrarily, setting the parameters
in the welding axis cr , cri , cf and cfi to values of 4, 6, 1 and 2 mm, respectively.
The value of dg was assumed to be the base of the groove (following the arguments stated in the model defenition) for the rst pass, 28 mm. The groove
was lled over 25 passes, so it was assumed that each weld bead therefore was
28/25mm thick and for a given weld pass number, n, the value of d was given
g
by 28−28/25 n. The value of the yi parameter with respect to dg was then found
by matching the predicted temperature rise with the experimentally measured
temperature rise, for each weld pass, in two thermocouples. The closest thermocouples to the groove on the top and bottom of the specimen were chosen
in order to t the height of the conical portion, ensuring a representative distribution of heat with respect to measured experimental data. Once this had
been performed it was noted that the groove geometry was such that the values
of a and ai should be similar, as the groove bevel angle is small. This tting
process involved several iterations before the nal values of the parameters were
obtained. The values of these parameters are shown in Table 3. The eciency
parameter for the double ellipsoidal heat source was found by matching the far
eld thermocouple responses on the lower face of the plate to give the best t
further away from the heat source location.
The apparent eciency term, η/S , in the DEC heat source model is a combination of the true process eciency, η , and geometric factors relating to the
weld groove; a signicant portion of the DEC heat source model is located in
the free space of the weld groove and as such is required to be multiplied by a
geometric factor, 1/S , to arrive at the eective eciency term used to simulate
scenarios where a weld is performed at the base of a groove. If the entirety
of the heat source model were present in the simulation domain, as is the case
when simulating the electron beam weld, the geometric factor is, trivially, 1 and
therefore the apparent eciency is equal to the process eciency. Therefore,
when utilising the DEC heat source model to simulate a welding process at the
base of a groove geometry, the apparent eciency, η/S , term may therefore be
greater than unity. The volume integral of the heat source portion in free space
could be performed in order to account for this if desired. It should be noted
that the process eciency may be measured using calorimetry and the geometric
factor in the numerical model may be found by summing, and time-averageing,
the heat ux at the integration points of the numerical mesh. As such there is
no loss in condence in the model and the eciency tting procedure for the
DEC model has the same generality as for the double-ellipsoidal model.
Table 3: Welding Parameters used for the DEC heat source model and the Double Ellipsoidal
heat source model

pass
n

DEC
DE

a
3.7
3.8

ai
3.75
-

b
3.0
2.5

cr
4.0
4.0

cri
6.0
-

cf
1.0
1.5

cfi
2.0
-

dg
28− 28/25n
28− 28/25n
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Table 4 shows the process eciency, determined through temperature increases measured at the farthest thermocouples from the weld-region, as a function of weld-pass number. Table 4 also shows the shape factor, S used in the
simulation and the height of the conical component in the heat source model,
d g − yi .
Table 4: Welding pass number, process eciency, dg − yi , and shape factor S for the 25 pass
NGTIG process.

n
η
d g − yi
S

1
0.81
18.0
0.25

2
0.73
17.0
0.37

3
0.69
13.0
0.46

4
0.63
9.0
0.51

5
0.61
7.5
0.62

6
0.57
6.5
0.68

7
0.55
5.5
0.72

8
0.54
5.0
0.75

9
0.57
4.0
0.82

10
0.56
3.0
0.89

It is worth recognising at this stage that as the weld groove is lled and
decreases in depth that the heat source representation tends to that of the
double ellipsoidal heat source; the height of the conical component reduces over
the rst 10 passes and the tted process eciency term tends to ∼ 50% which
is comparable to values used in simulations utilising the double ellipsoidal heat
source model.

3.5.2. EB Modelling

The nite element model representing the electron beam process contained
146374 DC3D10 elements. The nite element mesh was graded to incorporate
more elements in the vicinity of the heat source as shown in Figure 8b. The EB
experiment was performed in a partial vacuum and so only radiation heat loss
boundary conditions were applied, to all exposed faces, in the simulation. An
emissivity value, ε, of 0.5 was found by matching the cooling rates of the thermocouple data to the simulated thermal response. The electron beam traversed
along the length of the specimen at x = 85 mm, therefore the bg parameter
was set to 85 mm accordingly. The eciency parameter for the EB process was
found by matching the responses of thermocouples furthest from the joint. This
yielded a tted process eciency of 58%. Once the eciency had been found the
heat source parameters could be tted. The EB diameter used in the experiment
was 2 mm, therefore the ai parameter in the heat source model was set to this
value. As the weld was a full penetration weld it was known that the value of a
would be smaller than ai but the magnitude would not be signicantly dierent,
a value of 1.75 mm was chosen. The value of the dg parameter was initially set
to be the depth of the plate, 30 mm, as the beam fully penetrated the domain.
The parameters in the welding direction cr , cri , cf , cfi and b were then set to
values of 3, 4, 0.5, 2 and 0.01 mm respectively in order to iterate through heat
source model congurations. This tting process required several iterations to
nd the best match with the thermocouple responses. Following these iterations
it was found that the value of dg gave a better t to the thermocouples on the
back of the plate if instead its value was set to 28.5 mm and the value of b was
set to 3 mm. The values of the heat source parameters used in the FE model
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are shown in Table 5, all units are in mm unless otherwise stated .
Table 5: Welding Parameters used for the DEC heat source model in the simulation of the
EB process

Parameter
Value

a
1.5

ai
2.0

b
3.0

cr
4.0

c ri
4.0

cf
1.0

cfi
2.5

ηa
0.58

dg1
29

yi
0

a Heat transfer eciency is dimensionless

Runnemalm et al. (2005) noted that improved thermal results and the typical 'nail-head' fusion zone prole in the weld macro-graph are obtained when
modelling EB processes if an additional surface heat component is summed to
the through thickness heat source component. The eect of an additional surface heat component was investigated by summing a second DEC heat source
with a considerably shorter length scale dg2 − yi . In the simulation using two
DEC heat sources the heat fraction in each heat source was allocated in proportion to the length scale; the same parameters were used for both DEC heat
sources except the dg2 for the second DEC heat source was set to 0.6 mm, such
that 2% of the heat input was present in the second DEC heat source. During
the tting of the DEC heat source parameters in the EB case it was found that
this second DEC heat source had little eect on the thermocouple responses
but it inuenced the shape of the predicted solidus and AC1 peak temperature
isotherms near the surface of the plate where the beam entered, producing the
familiar 'nail-head' cross section in the fusion zone.

4. Results

4.1. GTAW
The tted heat source parameters for the narrow groove GTAW process
are shown in Table 3. The tted process eciencies for the DEC and doubleellipsoidal heat source models are shown in Table 4; as are the geometric factors,
S , and the height of the conical component of the DEC model for the various
welding passes.
Figure 10 shows the comparison between the experimental data during the
third weld pass, and the thermal responses of the numerical model to the double
ellipsoidal and DEC heat source model, for the two thermocouples closest to the
joint region.

4.1
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GTAW

(a) Thermocouple 5

(b) Thermocouple 8

Figure 10: Comparison between thermocouple data and predicted thermal responses for two
thermocouples for pass 3 of the narrow groove GTAW process. These traces are representative
of all passes.

Figure 11 shows the recorded increase in temperature for three representative thermocouples, together with the predicted temperature increases at these
locations due to the DEC and double-ellipsoidal heat source models respectively,
for the rst nine weld passes.
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GTAW

(a) Thermocouple 5

(b) Thermocouple 8

(c) Thermocouple 11
Figure 11: Temperature increases recorded experimentally at three thermocouple locations
along with those predicted by the proposed DEC heat source model and the double ellipsoidal
heat source models .
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It is clear from Figure 11 that the DEC heat source model gives a more
accurate temperature prediction, particularly for the thermocouples on the topsurface of the specimen, than the double-ellipsoidal model particularly for the
initial weld passes where the welding geometry is particularly deep with respect
to its width. The DEC heat source model has a more representative distribution
of heat for the narrow-groove arc welding process and as such the predicted
temperature responses for thermocouples located on the base and top-surface of
the specimen are closer, than those generated with a double ellipsoidal model,
to those measured experimentally.
For the thermocouples farther away from the weld-line the eect of the dierent heat source is less pronounced, as one would expect, the spatial distribution
of the heat source is averaged as the heat propagates over the larger distances.
The tted double ellipsoidal heat source model under-predicts the temperature
increase on the top face of the work-piece and greatly over-predicts the response
on the lower face when the eciency term is tted with the far-eld thermocouple data. Following the tting of the heat source for the various passes
the simulated solidus and AC1 peak temperature isotherms were plotted in the
nite element software. These predicted isotherms were overlaid on the polished macro-graph, as shown in Figure 12 , the white and magenta boundaries
represent the solidus and AC1 peak temperature isotherms respectively.

Figure 12: Polished cross-section through the welding axis of the GTAW weld overlaid with
simulated FZ and HAZ. For scaling purposes the thickness of the specimen is 30 mm.
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4.2. EB
Figure 13 shows comparisons between the thermocouple data and numerically predicted thermal responses due to a single DEC heat source throughout
the width of the computational domain as well as the thermal response due to
this DEC heat source with an additional DEC heat source applied at the surface
of the domain.

(a) Thermocouple 1

(b) Thermocouple 5

(c) Thermocouple 6

(d) Thermocouple 7

Figure 13: Thermocouple data and simulated temperatures comparison for the EB process
due to a single DEC and the addition of an extra surface DEC with 2% heat fraction; peak
temperature regions are exploded

It can be seen that the addition of the second DEC heat source at the component surface where the electron beam enters the component has little eect on
the thermal response at locations in the computational domain corresponding
to the thermocouple locations. The only notable eect is the slight increase in
the higher and lower temperatures recorded at the top and bottom surface of
the computational domain respectively. This is to be expected as the addition
of the surface component obviously alters the ux distribution and more heat
is input into the top of the domain with respect to the case where a single DEC
heat source was simulated. The greatest changes due to the addition of the surface source are the slightly altered solidus and AC1 peak temperature isotherms.
Again, this is to be expected as the heat ux eld incident on the computational
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domain has been slightly shifted and more heat has been allocated toward the
surface than in the simulation where a single DEC heat source was applied.
Figure 14 shows the polished macro-graph for the EB specimen, with a visible
FZ and HAZ, overlaid with the predicted AC1 and fusion peak temperature
isotherms (coloured in magenta and white respectively) for simulations utilizing
both a single DEC heat source two DEC heat sources where one heat sources is
considerably smaller in magnitude as discussed previously.

(a) Predicted AC1 and fusion peak temperature isotherms due to a single DEC heat
source.

(b) Predicted AC1 and fusion peak temperature isotherms due to two DEC heat sources.

Figure 14: Polished cross-section through the welding axis of the EB weld overlaid with
simulated FZ and HAZ for a single DEC heat source and two DEC heat sources.

The simulated solidus and AC1 peak temperature isotherms are closer to
the experimentally observed ones for the case where the surface DEC source is
added.
5. Discussion

The heat source model proposed in this work is a formal extension of the
double ellipsoidal heat source model proposed by Goldak et al. (1984). As
the parameter the yi tends to the value of the dg , the parameters Rrconical and
Rfconical both tend to zero and the distribution collapses to be that of the double
ellipsoidal distribution. Similarly, as the parameter b tends to zero Rrde and Rfde
tend to zero and the distribution tends towards a double-conical distribution.
The mathematics also holds such that the integration over all space always
remains unity; this tendency for the DEC ux model to approach the familiar
double ellipsoidal and double conical heat ux models will reassure researchers
and provide condence in the model. The double-ellipsoidal distribution is a
special case of the double ellipsoidal-conical distribution derived in this work.
This parity with Goldak's distribution is convenient and has the added benet
that Goldak's model has been heavily validated in both industrial and academic
applications. Indeed it has been shown in this work that as the narrow groove
is lled and its depth is no-longer large with respect to its width, the DEC heat
source representation tends to that of the double-ellipsoidal model. However in
order for an accurate temperature prediction, especially in the rst passes, the
DEC heat source model should be utilised.
A disadvantage of the new heat source model in the simulation of arc welding
processes is that it is necessary to account for both the process eciency, η , and
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geometric factors associated with the heat source not being wholly contaioned
within the simulation domain, S . In the 25 pass narrow-groove GTAW specimen the heat transferred to the component is equivalent in the double-elipsoidal
model and the DEC model. However, in the DEC simulation the apparent eciency term is higher to account for the portion of the heat source located in the
free space within the groove. The authors believe however that the disadvantage
of a slight increase in complexity is oset by more accurate predictions for the
temperature eld.
In the electron beam welding case the portion of the heat source from dg to
dg + b had little eect as a considerable portion of the beam energy was lost out
of the back of the component as the beam exited. Had the beam power been
ramped up or only partially penetrated the domain, the eect of this portion
of the heat source would have been more evident. This is an area for further
investigation.
The tted values that were obtained for the process eciency in the DEC
model for the case of the narrow-groove GTAW specimen (Table 4) seem reasonable and this provides a degree of condence in the model. Valuesclose to
0.8 were observed in the initial passes and, while these are high, such values
have been reported previously by Cantin and Francis (2005). One might expect
the process eciency to be high in the base base of a narrow groove, owing to
reductions in radiative and convective heat losses. The process eciency reduces as further passes are deposited, and this could be attributed to increases
in radiative and convective losses as the groove geometry becomes less stiing
to these eects. It is also worth noting that weaving of the torch will lead to the
re-melting of fused material and this will inevitably be associated with a reduction in the tted process eciency. The values for the tted process eciency
in the case of the EB weld are also comparable to published values by Vasileiou
et al. (2015).
6. Conclusions

A double ellipsoidal-conical (DEC) heat source has been developed and its
performance has been assessed through comparing predicted thermal transients
with those measured in experiments, through reference to both recorded thermocouple data and polished and etched macrograph sections extracted from
weld test pieces. The proposed heat source model extends the model proposed
by Goldak and co-workers in order to better represent heat transfer to the work
piece for situations that involve welding in deep and narrow grooves, as well as
for either partial-penetration or full-penetration welds in keyhole mode using
high energy beams. The DEC model simplies to the Goldak model for the
case where a heat source is travelling along a at surface. The DEC model
has been validated through comparing predictions with measurements obtained
for a single pass full-penetration electron beam weld and a multi-pass narrow
groove gas-tungsten-arc weld.
When the DEC heat source model was used, the simulated thermal responses
corresponding to thermocouple locations in the narrow groove GTA weld test
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piece were in excellent agreement with those measured experimentally. The
predictions resulting from the DEC model were also signicantly closer to the
measured thermal responses when compared to predictions arising from the traditional double-ellipsoidal heat source model. As the weld groove was progressively lled, through the deposition of material during each weld pass, the DEC
heat source distribution tended to that of the well established double-ellipsoidal
distribution, which is known to perform extremely well when welding on at
surfaces. This convergence was achieved through the conical component of the
DEC heat source tending to zero. The DEC heat source was also shown to be
extremely eective in the simulation of the electron beam weld - a weld conguration that is not amenable to modelling with a double-ellipsoidal heat source.
Further improvements in predictions where achieved when a small surface ux
was added, this surface component re-constructed the typical nail-head fusion
zone cross section observed in electron beam welds.
In summary, the utility of the DEC heat source model proposed in this work
is that it can cater for a wide range of weld congurations, ranging from a at
plate to a full-penetration keyhole weld. On this basis the authors believe it can
serve as an eective heat source model for a wide range of weld congurations.
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Appendix A. Derivation of DEC Heat Source Model

Consider a Cartesian domain (x, y, ξ) separated into four quadrants by planes
at y = dg and ξ = 0. In the leading ellipsoidal quadrant, (y ≥ dg ) , (ξ ≥ 0) the
ux obeys a Gaussian distribution in three spatial dimensions with semi-major
axes a, b, cf in the x, y and z axes respectively as shown by Equation A.1. In
the trailing ellipsoidal quadrant, (y ≥ dg ) , (ξ ≤ 0) the ux obeys a Gaussian
distribution in three spatial dimensions with semi-major axes a, b, cr in the x, y
and z axes respectively as shown by Equation A.2. In conical quadrants of the
ux distribution, (yi < y < dg ), the heat ux parameter governing the spatial
decay rate in the depth distance is itself a function of depth. Therefore the
leading and trailing conical quadrants are of the form stated by Equations A.3
and A.4 respectively.

qDEf (x,y,ξ) = Q0Df e
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y−dg
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(A.1)

24

qDEr (x,y,ξ) = Q0Dr e
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In order to nd the constants Q0Cf , Q0Cr , Q0Df , and Q0Dr , which represent the
maximum ux values in the frontal conical, rear conical, frontal ellipsoid and
rear ellipsoidal quadrants of the DEC ux distribution respectively; we must
integrate over the required spatial limits. It can be shown that:

ˆ0 ˆdg ˆ0

π 2 (e3−1)(cr (2a+ai+
)cri (a+2ai ))(dg−yi )Q0C
r
108e3

qCr dx dy dξ =

(A.5)

= Rrconical

−∞ yi −∞

Similar integrals were performed for all the quadrants of the ux distribution in
order to nd the Q0 terms which represent the peak ux values of the distribution.

Q0Cf =

π2

108e3 Rfconical
(e3 − 1) Sf (dg − yi )

108e3 Rrconical
(e3 − 1) Sr (dg − yi )
√
12 3Rfde
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a cf b π π
√
12 3Rrde
√
Q0Dr =
a cr b π π

Q0Cr =

π2

(A.6)
(A.7)
(A.8)
(A.9)

Where Rfconical , Rrconical , Rfde and Rrde are matching expressions for the
frontal conical, rear conical, frontal ellipsoid and rear ellipsoid portions of the
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ux distribution respectively that must be found in order to maintain ux continuity over the quadrant boundaries. The tting parameters noted by Rrde , Rfde ,
Rrconical and Rfconical are found by matching the ux distributions at the origin
in the reference frame of the moving heat source. In order to nd the matching constant Rrde , substitute (x = bg , y = dg , ξ = 0) into the ux expression and
sum the quadrants:
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After re-arranging the expression for the matching constant Rrde , the expression can be shown to be:
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Similarly matching expressions Rfde , Rrconical and Rfconical are found.
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Substituting the tting expressions and A.6, A.7, A.8 and A.9 into A.3, A.4,
A.1 and A.2 leads to the nal form of the ux distribution expression:
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where Γa = a − ((a − ai ) ((dg −y)/(dg −yi ))), Γcr = cr − ((cr − cri ) ((dg −y)/(dg −yi )))
, Γcf = cf − ((cf − cfi ) ((dg −y)/(dg −yi ))) , Sr = cr (2a + ai ) + cri (2ai + a) and
Sf = cf (2a + ai ) + cfi (2ai + a).
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6. Analytical Solution for DEC Heat
Source Model for EB Process
In this work the analytical solution to the transient temperature field is computed
due to the application of a DEC heat source with surface spherical Gaussian component in an orthogonal domain. The analytical solution for the transient thermal
field induced by a DEC heat source model is then compared with the numerical
solution for the same heat source model and the discrepancy in computational time
between the two solution methods discussed.
The motivation for this work arose after computed thermal fields for the electron
beam process, calculated utilising the DEC heat source model, were compared with
those measured experimentally. The comparison between the measured and predicted thermal fields showed that the DEC heat source model accurately represented
the electron beam welding process. Following this observation it was realised that
under certain circumstances the analytical solution for the thermal field induced
during electron beam welding could be computed and this idea would be of academic and industrial relevance. The idea was then developed by the candidate. In
this paper the experimental work was performed by TWI. All analytical solutions
were computed by the primary author. The paper was written by the primary author with contributions to the introduction made by Dr Francis. The manuscript
has been submitted to the International Journal of Thermal Sciences.
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Abstract

An analytical solution has been derived for the transient temperature elds that
are generated in a three-dimensional solid body when one or more concentrated
moving sources of heat are applied, and the body is subject to arbitrary boundary conditions. The solution was derived using the Green's function method for
cases involving both Neumann and Dirichlet boundary conditions. The solution is applicable to any linear combination of Goldak heat sources or recently
derived double-ellipsoidal-conical (DEC) heat sources in an orthogonal domain.
Validation was performed for electron beam welding of 30 mm and 130 mm thick
sections of SA508 Grade 3 Class 1 steel. The transient temperature elds were
computed for the case where a DEC heat source is used to represent the incident
electron beam and compared with those measured with thermocouples. The solution is shown to oer improvements in accuracy and dramatic reductions in
solution times when compared with numerical methods.
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1. Introduction

Electron beam (EB) welding is a fusion welding process in which a focused
beam of high velocity electrons is incident on the seam between the faying
surfaces of the components being joined. The material in the vicinity of the seam
melts and ows together as the kinetic energy of the electrons is transformed
into heat, through elastic and inelastic collisions, over a distance of roughly a
few millimetres. Electron beam welding of materials has a number of decisive
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advantages over conventional techniques as the electron beam is one of the
highest power density sources and thus high processing speeds are possible.
Welds produced by the electron beam process typically have much narrower
fusion zones than those produced by arc welding processes. [1].
The narrow HAZ and high processing speeds are achievable with the EB
process as the high power density causes localised vaporisation in the region the
beam is incident. This vaporisation proceeds through a capillary region in the
melt that is often called a keyhole [24]. The keyhole in an EB welding process
will not be formed if the power density is insucient for vaporisation to occur.
The penetration depth of an incident electron beam into the parent material
is related to the beam power density. Welding of thick sections is possible in
a single, full penetration, weld if the power in the beam is high enough. At
lower beam power densities in the beam the keyhole does not extend through
the whole thickness, this is referred to as partial penetration.
The transient temperature eld induced in a component due to the application of the EB source has a signicant inuence on the solid-state phase transformations that occur in the fusion zone (FZ) and heat aected zone (HAZ) within
steel welds, and has a signicant impact on induced residual stress, distortion
and the in-service performance of joints [5, 6]. It is therefore vitally important
to determine the nature of the temperature eld in steel welds in order to ensure
that the mechanical properties of the joints will meet with the requirements of
the application, particularly if the consequences of failure are severe.
The thermal analysis of an EB welding process involves the solution of a
heat transfer problem with a highly concentrated, mobile, heat source. The
manner in which this heat source is represented, can have a signicant bearing
on the accuracy of the model as a whole. In many instances researchers have
represented lasers and electron beams with line or conical heat sources for welds
in the keyhole conguration [3, 7, 8]. Double ellipsoids have also been used to
represent the EB process where the weld pool is shallow [911]. Approaches for
modelling EB weld processes tend to vary and do not account accurately for
the termination of the keyhole in partial penetration EB welds appropriately
[12]. It has recently been shown that the electron beam heat source can be
accurately represented by the DEC heat source model [paper under review]. In
certain circumstances a small surface Gaussian distribution is incorporated to
represent stirring at the surface of the keyhole and results in a predicted HAZ
boundary with the typical 'nail head' prole [8].
There are, generally, two methods for computing the transient temperature
eld in a nite domain: numerical methods and analytical solutions [13]. The
solution of the heat conduction equation for the application of such a high intensity heat source as is present in the electron beam welding case is extremely
computationally expensive when numerical methods are used as the spatial discretisation around the heat source location must be very ne to ensure a good
approximation to the solution. Analytical solutions to thermal conduction problems conversely have extremely low computational cost as there is no spatial discretisation; often only the temporal integration need be considered numerically
[14, 15]. Analytical solutions are exact solutions to a mathematical problem,
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i.e. the solution that would be obtained if it were possible to innitely rene
the spatial discretisation in a numerical scheme. However, analytical solutions
are often only valid for orthogonal boundary conditions and constant thermal
properties [16, 17].
The analytical solution to the the temperature eld has been found for the
application of the double-ellipsoidal heat source in an innite region [13, 18, 19],
as well as for a nite region with insulating boundary conditions [20]. However,
the boundary conditions in arc welding are, typically, non-orthogonal and so
the analytical solution for such a heat source is of limited use. The case where
there is no welding groove, i.e. the bead on plate scenario, for arc welding may
be the only case where analytical solutions are truly representative. As such,
nite element analysis is often chosen for computing transient heat ow as it has
the best capability for non-linear analysis and dealing with complex geometries
[21, 22].
In the case of the EB welding process, the two faying surfaces are butted
together prior to application of the beam as shown in Figure 1. The boundary
conditions are therefore orthogonal. In this work, Green's function analytical
solutions, constructed by the method of images from the fundamental solution
to the heat equation from the Laplace transform method, will be discussed.

Figure 1: 30mm deep electron beam welding test specimen in the 2G welding position .

In particular, an analytical solution to the transient heat conduction equation, due to the application of a double ellipsoidal-conical (DEC) heat source, in
a nite domain with a mixture of insulating and Dirichlet boundary conditions
will be presented. The solution is validated against measured temperatures
from two electron beam welds; in both cases excellent agreement is observed between predicted and measured temperatures. The performance of the proposed
analytical solution is also compared with that of the nite element numerical
solution technique. The authors believe that the approach taken in this work
will be of great value as the only simplifying assumption is that the thermal
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properties are independent of temperature.
2. Green's Function Analysis

A Green's function is a basic solution to a specic dierential equation with
homogeneous boundary conditions; it is a building block from which many useful
solutions may be constructed. Green's functions, named after physicist George
Green, are functions used to solve inhomogeneous dierential equations subject
to specic initial and boundary conditions [23]. The fundamental solution is the
Green's function in an innite geometry [16, 24]. For transient heat conduction,
a Green's function describes the temperature distribution caused by an instantaneous, local heat pulse [25]. The same Green's function for a given geometry
and set of homogeneous boundary conditions is a building block for the temperature distribution due to a functional initial temperature distribution, time
and position varying boundary conditions and time and space varying internal
energy generation q [26]. Another advantage is that two and three dimensional
Green's functions can be found, by multiplication of one-dimensional Green's
functions (for Cartesian co-ordinates) for most boundary conditions [24, 27, 28].
The limitations of the multiplicative property are that the dierential equation
must be linear, the body homogeneous and the geometry orthogonal [13, 18, 20].

Fundamental Solution

Consider the heat quantity δ acting instantaneously at time t0 at point
(x , y 0 , z 0 )in an innite domain. The innitesimal rise in temperature due to
this point heat source dT(x,y,z,t) is given by ρcδp K(x,x0 ,y,y0 ,z,z0 ,t,t0 ) dt0 where K
is the three dimensional fundamental solution for an innite domain as shown
by Equation 1 [29, 30]; ρ is the mass density and cp is the specic heat of the
conducting domain being considered. Depending on the geometry and boundary conditions, there are many expressions for G(x,t,x0 t0 ) , but there is only one
Green's function for the case of an innite body.
0

K(x,x0 ,y,y0 ,z,z0 ,t,t0 ) =





−
1
e
(4πα(t−t0 ))3/2

(x−x0 )2 +(y−y0 )2 +(z−z0 )2
4α(t−t0 )

0 ∀ (t − t0 ) < 0

∀ (t − t0 ) ≥ 0

(1)
where α = k/ρcp is the thermal diusivity; k is the thermal conductivity of
the medium. The temperature increase at a point (x, y, z, t) is then found by
integrating from 0 to t.

Application of Boundary Conditions

In order to nd the analytical solution for a domain with insulating and
Dirichlet boundary conditions, where ∂T
∂x and T are assigned respectively the
method of images may be used in conjunction with the fundamental solution.
Assigning ctitious heat sources and sinks, in the innite domain, then imposes
boundaries as shown in 2, adapted from Cole et al [24].
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Figure 2: Green's functions for insulating and Dirichlet boundary conditions may be found
from the fundamental solution, arrived at by the Laplace transform method, by means of the
method of images with ctitious sources and sinks [24].

It can then be seen that the one dimensional Green's function in the x
direction with insulating boundary conditions, ∂G/∂x = 0, at x = 0 and x = B is
given by K(2nB+x−x0 ,t−t0 ) +K(2nB+x+x0 ,t−t0 ) summed over n from −∞ to ∞; the
one dimensional Green's function describing an insulating boundary condition
at x = 0 and a Dirichlet boundary condition,
G = 0, at x = B is given by

−1n K(2nB+x−x0 ,t−t0 ) + K(2nB+x+x0 ,t−t0 ) again summed over n from −∞ to
∞. Therefore the one dimensional Green's function for insulating boundary
conditions at x = 0 and x = B is given by Equation 2 and the one dimensional
Green's function for an insulating boundary condition at x = 0 and a Dirichlet
boundary condition at x = B is given by Equation 3 [24, 31].

G(x,x0 ,t,t0 ) =

∞
X

n=−∞
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p
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(2)
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(3)
In Cartesian coordinates one dimensional Green's functions may be multiplied together to nd the three dimensional Green's function for an orthogonal
body. Therefore for a three dimensional domain with insulating boundary conditions on all faces except a Dirichlet boundary condition on the x = B face the
three dimensional Green's function is given by Equation 4.
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(4)
for an orthogonal domain with lengths B, D and L in the x, y and z dimensions respectively. Each spatial component contains an innite sum as shown in
Equations 2 and 3, note the innite sum operates on the x, y and z components
individually. These boundary conditions were chosen as the electron beam welds
with which the method was validated against were performed in the so called
'2G' position as shown in Figure 1. Equation 4 gives the temperature increment
at point (x, y, z) and instant t due to an instantaneous unit heat source applied
at(x0 , y 0 , z 0 , t0 ) in an orthogonal body. Due to the linearity of the heat equation, the temperature variation induced at (x, y, z, t) by an instantaneous heat
source of magnitude q(x0 ,y0 ,z0 ,t0 ) is ρc1p q(x0 ,y0 ,z0 ,t0 ) G(x,x0 ,y,y0 ,z,z0 ,t,t0 ) . Assuming
that heat has been continuously generated at the point (x0 , y 0 , z 0 , t0 ) from t0 = 0,
the temperature increment at point (x, y, z, t) is given by Equation 5.

(ρcp )

−1

×

ˆt

q(x0 ,y0 ,z0 ,t0 ) G(x,x0 ,y,y0 ,z,z0 ,t,t0 ) dt0

(5)

0

Therefore the temperature increment at any point (x, y, z) and time t due to
a distributed heat source q(x0 ,y0 ,z0 ,t0 ) for an orthogonal domain with insulating
boundary conditions on all surfaces except the x = B face which has Dirichlet
boundary conditions is given by Equation 6:

1
4T (x, y, z, t) =
ρcp

ˆt ˆL ˆD ˆB
0

0

0

0

q(x0 ,y0 ,z0 ,t0 ) G(x,x0 ,y,y0 ,z,z0 ,t,t0 ) dx0 dy 0 dz 0 dt0

(6)
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Temperature Increase due to DEC Heat Source
The distributed heat source used to model the electron beam welding process
is the double ellipsoidal conical heat ux distribution, as shown in Figure 4a,
with a volumetric Gaussian heat source located where the EB enters the domain
at (bg , 0, ξ). The DEC heat source model is divided into four quadrants; two
ahead of the electron beam location and two trailing the beam. The fraction of
heat in the surface Gaussian,f , addition to the DEC heat source was generally
found to be between 1-2%. The y = yi plane is dened to be the surface at
which the electron beam enters the domain in the EB welding case. The y = dg
plane is dened to be the end of the constant power density region in the molten
zone, after which the energy transferred to the plate decreases in a Gaussian
manner. The heat ux , in W m−3 , for any point within the domain is then
given by Equation 7.

q = Q.
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(7)
with Q = V Iη as the total heat input to the work-piece. V , I , and η are the voltage, current and heat transfer eciency respectively. Γa = a−((a − ai ) ((dg −y)/(dg −yi ))),
Γcr = cr − ((cr − cri ) ((dg −y)/(dg −yi ))) and Γcf = cf − ((cf − cfi ) ((dg −y)/(dg −yi )))
are substituted for neatness in Equation 7. The tting parameters; Rrde , Rfde ,
Rrconical and Rfconical are found by matching the ux distributions at the origin
in the moving reference frame and are given in Equations 8, 9, 10 and 11.
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Rfconical =
1+
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+

√
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3
3bcf e3 π
a
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+

√

3
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(11)

with Sr = cr (2a + ai ) + cri (2ai + a) and Sf = cf (2a + ai ) + cfi (2ai + a).
The parameters a, ai , b, cr , cf , cri and cfi are the heat ux parameters that determine the spatial gradient of the heat ux. The parameters a, b, cr and cf
operate in the double ellipsoidal portion of the ux distribution and are dened
such that the power density falls to 0.05Qmax at these locations along their
respective axes; ai , cri and cfi are dened such that the power density falls to
0.05Qmax at the y = yi plane following the approach of Goldak [9]. This leads
to a ux distribution as shown in Figure in 3.

Figure 3: Schematic diagram of DEC heat source model showing double-ellipsoidal and doubleconical regions visualised as surfaces of constant power density.

The transformation relating the xed (x, y, z) and the moving (x, y, ξ) coordinate system is ξ = z − vt where v is the transverse velocity of the electron
beam. In the case of the EB process the values of the heat source parameters
in their respective directions are closer; a to ai , cr to cri , and cf to cfi and so
the heat ux distribution takes the form shown in Figure 4a. It has been shown
that more accurate fusion proles are achieved with a volumetric ux component
at the surface where the electron beam enters the domain; this volumetric ux
represents the increased convection at the keyhole surface and is shown in Figure
4b. f in Equation 7 is the fraction of power in the surface Gaussian portion of
the heat source.
In order to solve the heat equation for the double ellipsoidal-conical heat
source, the spatial components of the heat source must be able to be separated,
this is equivalent to the conical component of the heat source not being a function of the y co-ordinate; that is to say the walls of the conical part are vertical
relative to the x and z coordinates, i.e. the parameters follow the rules a = ai ,
cr = cri and cf = cfi . Therefore the functional form of the x and ξ portions of
the distribution reduce such that the conical portions and the ellipsoidal portions have the same functional form in the exponential. If the conical portion is a
function of the y co-ordinate then distribution may not be separated into the x,y
and z components and the initial spatial integral will result in an error function

9

(a) DEC heat source model, showing surfaces of constant power density,
used to predict thermal responses in
electron beam welding processes with
no surface Gaussian distribution to
model stirring at the surface.

(b) DEC heat source model with 2%
heat ux as a surface Gaussian distribution; this addition gives the typical
'nail-head' fusion zone shape in keyhole welding.

Figure 4: Schematic diagram of the DEC heat source model and representations, 4a without
(f = 0) and 4b with (f = 0.02) the surface Gaussian component, respectively.

in the exponent of the following spatial integral which does not have a closed
form analytical solution. In order to compute the transient thermal eld due to
the double ellipsoidal-conical ux distribution the following integrals must be
performed;
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The conical portion of the integral that must be computed reduces to
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(16)

Note that the primed variables represent the heat source location. The transient thermal eld induced in the nite domain due to the DEC heat source
distribution is then given by the following expression:

∆T(x,y,z,t) =
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respectively. The surface Gaussian contribution is

Q0Cr =

and Q0Df
found by performing the following integral:

√
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f 6 3ηV I
√
BT DTe (dg =0) LTr (cr =a) + LTf (cf =a) dt0
ρcp a3 π π

(18)

0

where a is the radius of the surface Gaussian distribution and f is the heat
fraction in the surface distribution. So the temperature increase at any point
within the nite domain is given by the sum of 17 and 18.
3. Experimental Methodology

In order to validate the analytical model, two single pass full penetration
electron beam welds were performed on SA508 Grade 3 Class 1 steel. This steel
has industrial signicance, as it is used to manufacture critical components in the
primary circuit of pressurised water reactors, such as the reactor pressure vessel,
steam generators and the pressuriser. The chemical composition of the steel used
in this work is given in Table 1. Predicted thermal responses, computed using
the analytical solution, were compared with measured thermocouple data the
for experiments performed on 30m and 130mm thick sections.
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Temperature Measurement

Table 1: Chemical Composition (wt%) of SA508 Grade 3 steel

C
0.17

Mn
1.31

Ni
0.731

Mo
0.45

Si
0.27

Cr
0.10

S
0.01

P
0.009

V
<0.01

3.1. Temperature Measurement
The welding specimens were each instrumented with eight k-type thermocouples at the mid-point along their length. The thermocouples are eective
at measuring temperatures in the range −200◦ C to 1350◦ C . The measurement
uncertainty for the thermocouples is ±0.004T where T is the temperature of
the hot junction. The data sampling rate for the thermocouples was 1 Hz . The
thermocouples were placed in an array on each specimen such that four sensors
were on located on the surface where the electron beam was incident and four
on the opposite surface where the electron beam exited the specimen. On each
surface two thermocouples were located at each side of the weld-line. It was
important to locate the thermocouples as close to the weld-line as possible as
this region is the most sensitive to the heat source model and the assumption
of constant thermal properties applied, in any subsequent simulation of the EB
process.

3.2. 30mm Thick Electron Beam Weld
The joining of two plates, each 85mm wide, 30mm thick and 300mm long, to
form a plate 170mm wide was performed in a partial vacuum in the 2G position
(i.e. with the beam horizontal) as shown in Figure 1. The electron beam input
current and voltage were 90 mA and 150 kV respectively and the beam traversed
along the seam between the two faying surfaces at a velocity of 200 mm min−1 .
The thermocouples were attached at the z = 150 mm plane; four thermocouples
were attached at the y = 0 mm surface and four at the y = D surface, where in
this case D = 30 mm, as shown in in Figure 5.

Figure 5: Cross section through the welding axis at z = 150 mm showing the measured
thermocouple locations and Dirichlet boundary condition at the x = 170 mm plane. All
dimensions are in mm

3.3

130mm Thick Electron Beam Weld
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The work-piece was pre-heated to a temperature of 105 o C . Following the
joining process the component was left in the vacuum chamber to cool to room
temperature.

3.3. 130mm Thick Electron Beam Weld
This weld was, in the same manner as the 30mm case, performed in the 2G
position. Two plates, each 165mm wide, 130mm deep and 580mm long were
joined together to form a plate 330mm wide. The eight thermocouples were
attached to the specimen at the z = 290 mm plane; four thermocouples were
attached at the y = 0 mm surface and four at the y = D surface, in this case
D = 130 mm as shown in Figure 6.

Figure 6: Cross section through the welding axis at z = 290 mm showing the measured
thermocouple locations and Dirichlet boundary condition at the x = 330 mm plane.

Again, the work-piece was pre-heated to 105 o C and allowed to cool to roomtemperature following the application of the electron beam in the vacuum chamber.
4. Results

The spatial integrals constituting the analytical solution were programmed
into a c++ software package and a double exponential transform algorithm
was used for the computation of the nal temporal integral. Following the
successful transcription of the solution into computer code the predicted temperature response of a given domain due to the application of the DEC heat
source model could readily be found. Constant thermal properties were used
to represent SA508 steel. The mass density (ρ), specic heat capacity (cp ) and
the thermal conductivity (k) used were 7.69 × 10−6 kg mm−3 , 605 J kg −1 K −1
and 0.0334 W mm−1 K −1 respectively. In Equations 12, 13, 14, 15 and 16 the
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30mm Thick Electron Beam Weld

sum from −∞ to ∞ was found to converge rapidly after the n = 0 value. For
practical applications it was found that a sum from −10 to 10 was more than
adequate and was applied in the solution presented in this work.

4.1. 30mm Thick Electron Beam Weld

As the specimen was welded in the 2G position a Dirichlet boundary condition of T = 105 o C was applied to the face at x = 170mm in order to simulate
heat conduction out of the domain. The heat source parameters used in the
analytical simulation of the 30mm case are shown in Table 2, all units are mm
unless otherwise stated.
Table 2: Modelling Parameters for the 30mm thick electron beam weld case

Parameter
Value
Parameter
Value

a
1.2
yi
0

ai
1.2
bg
85

b
3.5
vb
.
3. 3

cr
4.0
fc
0.02

c ri
4.0
Id
90

cf
1.0
Ve
150

cfi
1.0
dg
28

ηa
0.58

a Heat transfer eciency is dimensionless
b Units of velocity are mm s−1
c Heat fraction in Gaussian Component is dimensionless
d Units of current are mA
e Units of voltage are kV

The parameters yi , V , I and bg were known from the experiment. The tting
of the remaining heat source parameters was performed by initially nding the
eciency term, η , by matching the peak temperature of a distant thermocouple,
channel one was chosen for this. The parameter f was found by ensuring the
correct heat input was observed at thermocouples close to the weld-line on the
top and bottom faces. Once the heat fraction in the surface Gaussian component
was found there were only 5 unknowns: a, b, cr , cf and dg were required required
as a = ai , cr = cri and cf = cfi . These remaining parameters were found by an
iterative process and prior knowledge of the beam diameter and that dg + b ≥ D
as the electron beam fully penetrated the work-piece. The comparison between
the thermocouple data and the thermal responses computed by the analytical
solution are shown in gure 7.

4.1

30mm Thick Electron Beam Weld

14

Figure 7: Comparison between thermocouple data and predicted thermal responses for the
30mm thick electron beam weld.

Figure 8 shows the predicted thermal prole through the welding axis at
various instants in time as the electron beam heat source traverses the length
of the domain.
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130mm Thick Electron Beam Weld

(a) 10s

(b) 30s

(c) 50s

(d) 70s

(e) 90s

(f) 100s

(g) 110s

(h) 120s

Figure 8: Cross section through the computational domain at the welding joint showing the
thermal response the DEC heat source ux distribution with surface Gaussian.

The predicted temperatures at the locations of the thermocouples are in extremely close agreement with the measured temperatures. Particularly notable
are the accurate predictions of the temperatures close to the weld-line where
the temperature prediction is much more sensitive to the heat source model
employed.

4.2. 130mm Thick Electron Beam Weld
In this case, as was the procedure with the 3m mm deep electron beam
weld, a Dirichlet boundary condition was applied at the x = B face of the
component as the weld was performed in the 2G position. In the 130mm thick
case B = 330 mm and this face was held at T = 105 o C .
The heat source parameters used in the analytical simulation of the 30mm
case are shown in Table 3, all units are mm unless otherwise stated.
In much the same manner as the 30 mm case the tting parameters were
obtained by initially nding the eciency parameter before nding the heat
fraction term f . a, b, cr , cf and dg were found through an iterative process
and knowledge of the beam diameter and that dg + b ≥ D as the weld was full
penetration. The comparison between the thermocouple data and the thermal
responses computed by the analytical solution is shown in gure 9.
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130mm Thick Electron Beam Weld

Table 3: Modelling Parameters for the 130mm thick electron beam weld case

Parameter
Value
Parameter
Value

a
1.6
yi
0

ai
1.6
bg
165

b
4
vb
.
1. 6

cr
4.5
fc
0.025

cri
4.5
Id
300

cf
0.75
Ve
150

cfi
0.75
dg
127

ηa
0.75

a Heat transfer eciency is dimensionless
b Units of velocity are mm s−1
c Heat fraction in Gaussian Component is dimensionless
d Units of current are mA
e Units of voltage are kV

Figure 9: Comparison between thermocouple data and predicted thermal responses for the
130mm thick electron beam weld.

4.3

Finite Element Comparison
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As one may expect as the 30 mm comparison between predicted and measured temperatures were in good agreement; the comparison of the measured
temperature data and predicted temperature data for the 130 mm also shows
them to be in extremely good agreement. Again the peak temperatures close to
the weld-line are in very good agreement with those measured experimentally
and this again imbues condence in the DEC heat source model. The accuracy
of the temperature predictions suggests that the assumption of constant thermal
properties may indeed be a reasonable simplication.

4.3. Finite Element Comparison

Further validation of the analytical solution method by comparing the predicted temperature eld computed analytically with a prediction of the temperature eld computed using the nite element method. A nite element mesh
representing the 30 mm thick electron beam weld, as shown in Figure 10, was
constructed and the same DEC heat source with surface component was applied
as shown in Table 2. The nite element mesh was graded to incorporate more
elements around the heat source location.

Figure 10: The nite element mesh constructed for the numerical solution of the 30 mm
electron beam welding case for comparison with the analytical solution .

A Dirichlet boundary condition of T = 105 o C was applied at the x = 170mm
face of the model as was done in the analytical model and the same constant
thermal properties were used to simulate the SA508 steel. The temperature, as
a function of time, shown for three points in the computational domain of the
analytical and nite element simulations is shown in Figure 11.
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Figure 11: Comparison between the analytically computed temperatures and those computed
using the nite element method for three points in the 30mm electron beam weld domain.

As one would expect the solutions are in almost perfect agreement as the
nite element mesh was suciently graded around the heat source location.
The nite element simulation was performed on 12 compute nodes operating
with 4 Gb of RAM per node and took approximately four days to complete.
The analytical solution, running on a single processor, computed the thermal
response at the thermocouple and comparative locations in approximately two
minutes.
5. Discussion

The availability of a representative analytical solution, due to the application of an accurate volumetric heat source, permits the evaluation of a transient
thermal eld free from the numerical uncertainties that may arise during spatial and temporal discretisation in numerical methods. The accuracy of the
predicted temperature elds with regard to the measured temperatures at various points in the two experimental cases presented in this work provide evidence
that the assumption of constant thermal properties, averaged over the temperature range experienced in the weld, does not introduce signicant errors and
thus little accuracy is lost due to this eect in the analytical solution technique.
Coupled with this representative thermal eld is the high computational efciency achieved with the analytical solution, due to the high computational
speed of the analytical model, it can be applied in real-time control and monitoring of welding processes. The analytical solution is suitable for situations
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in which the components to be welded are butted together and an electron
beam heat source applied between them as in this case the boundary conditions
are orthogonal and the mathematics accurately describes the physical process.
Dirichlet and Neumann boundary conditions are representative of the process in
a vacuum, however, one dimensional Green's functions exist which describe lm
condition heat loss from a domain and radiation; these Green's functions could
be used in future work to extend the solution. In the case of an electron beam
weld in a large vessel, the coordinate normal to the vessel walls may have the
fundamental solution component of the 3D Green's function, this would enable
the method presented in this work to be used on large scale components. In this
way boundary conditions may be applied to represent the EB welding procedure
in the 1G, 2G, 3G and 4G positions. The need for the computational domain
to tessellate means that the construction of 3D Green's functions with grooves
in order to represent arc fusion welding cases is not possible at this time.
6. Conclusions

The analytical solution to the heat equation for a DEC heat source distribution with a surface Gaussian component has been computed, for a nite domain
with Dirichlet and Neumann boundary conditions, and validated with experimental data from two electron beam welding experiments performed on 30mm
and 130mm thick sections of SA508 Grade 3 Class 1 steel. Excellent agreement
between the predicted thermal elds and measured temperatures was obtained.
Particularly notable is the prediction of peak temperatures on both surfaces
where thermocouples were located, which together give condence in both the
heat ux model as well as the analytical solution technique.
For the rst time, both a more accurate representation of the EB heat source
as well as a more computationally ecient and representative solution scheme
have been used together to predict transient thermal elds induced due to the
electron beam welding process. To the authors knowledge this is the rst analytical solution describing heat conduction in the electron beam welding process,
in a nite domain with a volumetric heat source distribution.
The solution has the potential to exceed the accuracy obtained by FE for
the case where the geometry is orthogonal. The principle benet of the solution
is to provide an accurate prediction of a temperature eld in a considerably
lower solution time. The analytical solution technique is not restricted to the
DEC heat source model and may be used to accurately represent similar joining processes. The extension of the solution to arbitrary geometries remains a
challenge due to the tessellation problem in the boundary conditions.
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7. Quad-Ellipsoidal Heat Source
Model and Variations
In this work the validation of multiple heat sources is performed against a three
pass submerged arc experiment. It was generally found that in this case, where the
groove is relatively wide with respect to its depth, that the heat transfer directly
from the source to the walls of the groove was negligible and so a heat source derived
on an infinite plate was sufficient. A new piriform heat source model is proposed
with all the functionality of the Goldak heat source, however with one fewer fitted
parameters. This piriform heat source model appears to more accurately represent
the heat source in the case of the SAW process.
The idea to explore spatial heat distributions that were non-Gaussian arose from a
discussion with Dr Francis and noting that in the literature, all presented heat source
distributions are Gaussian in nature. The idea for the novel piriform distribution
was then developed by the candidate. The other heat source models presented in this
section were also developed by the candidate in order to draw comparisons between
Gaussian and non-Gaussian distributions. Experimental work was performed by
the chief welding engineer at the University of Manchester, Mr Paul English. Dr
Balakrishnan performed the metalographic work required to measure the fusion and
heat affected regions of the welds such that the primary author could compare the
experimental results with theoretical predictions from the modelling work. The
paper was written by the primary author, following a first draft contributions to
the introduction were made by Dr Francis. The manuscript is currently awaiting
submission to the Acta Materialia journal.
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Abstract

The double-ellipsoid heat source model has been widely used as the basis for
modelling heat transfer in arc welding operations for more than thirty years.
This model has proved to be extremely eective for a wide range of arc welding
operations, as such few alternatives to the double-ellipsoidal model are present
in the literature. In this paper novel volumetric heat sources are presented as
alternative methods by which to represent the arc welding heat source; models
based on Gaussian distributions as well as a piriform model are presented. The
new heat source models models are validated through comparing predicted welding thermal cycles with those measured for a three-pass submerged arc weld.
The presented piriform heat source model is shown to more accurately represent
the submerged arc welding process with fewer tted parameters than classically
used models.
Arc Welding, Thermal Analysis, Heat Transfer, Heat Flux Model,
Electron Beam Welding, Laser Welding
Keywords:

1. Introduction

Fusion welding is the most common method for assembling large metallic
structures. Fusion welding involves the use of a concentrated heat source to
bring about localised melting so that the parts being joined can fuse together
as a single piece. In submerged arc welding (SAW) the electric arc, struck between the electrode and the work-piece, and the molten weld pool are protected
from atmospheric contamination under a blanket of granular fusible ux. When
molten, the ux becomes conductive, and provides a current path between the
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electrode and the work-piece. This ux completely suppresses the intense ultraviolet radiation generated by the arc and hinders heat transfer to the walls
of the joint geometry by convection and radiation when compared with gas
shielded arc welding processes. Steep temperature gradients and rapid thermal transients are generated in the vicinity of the joint due to the SAW heat
source, which in turn lead to large variations in micro-structure and mechanical
properties, generating substantial levels of residual stress. These can cause weld
cracking or distortion resulting in component failure, reduced service life and
loss of functionality. It is important therefore to understand the temperature
evolution, particularly in high integrity steel components, where the application
of the heat source causes micro-structural changes that can lead to a decrease
in structural integrity. An accurate mathematical description of the heat ux
distribution is required for an accurate representation of the induced thermal
eld in the welded components.
Rosenthal rst applied Fourier's law to moving heat sources, which were
represented as either a point source, line source or plane source of heat [1].
These idealisations produced reasonable predictions for transient temperature
distributions away from the heat source, but led to errors in the predicted temperatures within the fusion zone (FZ) and the heat-aected zone (HAZ) as well
as close to these regions, since these representations of the heat ux distributions
were not representative of the true distributions, and melting and solidication
phenomena were not considered [2]. Pavelic et al. rst suggested that the heat
source should be distributed, proposing a Gaussian distribution of heat ux
acting on a plane surface of the work-piece [3]. Subsequent works by Anderson
[4], Krutz and Segerlind [5] and Friedman are particularly notable [6? ]. Their
work suggested that, instead of a surface ux distribution, the heat should be
distributed volumetrically to account for the depression of the weld pool free
surface under the action of arc pressure. Paley and Westby [7, 8] used a constant
power density distribution within the fusion zone in a nite dierence analysis.
However, no criteria for estimating the spatial extent of the fusion zone were
oered. Goldak et al. proposed a non-axisymmetric heat source distributed in
three dimensions in order to better account for the depression of the weld pool
surface owing to the arc pressure, based on a double-ellipsoidal representation
[? ]. This model has proved to be extremely eective at describing the arc as a
heat source in a wide variety of applications, accurately representing an electric
arc impinging on a at plate, and has been used to model arcs present in the
base of a groove geometry [9, 10].
In the time since this double-ellipsoidal model was rst proposed more representative descriptions, specically for the SAW process have been sought by
some authors. Ghosh et al have proposed one of the only alternatives to the
Goldak heat source model [1113]. In this paper an oval heat source distribution
is proposed which reduces to the single-ellipsoidal in certain cases; however the
experimental data is not sucient to draw many conclusions [12].
In this work extensions and alternatives to the double-ellipsoidal heat source
model are presented to represent the heat transfer in submerged arc welding
processes. In the rst extension the double ellipsoidal heat source model is
2

extended to become a four quadrant ellipsoidal heat source model where the
heat ux decreases in a Gaussian manner away from the heat source origin, in
the second extension the heat ux within a central quad-ellipsoidal surface of
the distribution is constant, outside this surface the ux decreases in a Gaussian
manner. In an alternate distribution the heat ux decreases away from the origin
in a piriform manner. These heat source models are validated using experimental
data from a 3-pass submerged arc weld on SA508 steel; the predicted thermal
eld generated with the new heat source models is in very good agreement with
both the thermocouple data from the SAW experiment as well as cross sectional
macro-graphs taken through the welding axis. Following validation, the various
heat source models will be discussed and conclusions regarding their application
given.
2. Heat Source Models

By Fourier's law, heat ow is related to the transient temperature eld in
the domain. The temperature, T(x,y,z,t) , as a function of spatial co-ordinates,
(x, y, z), and time, t, satises the parabolic dierential equation known as the
heat equation, at every point in the domain:

ρcp

∂T
− k∇2 T = q
∂t

where ρ,cp and k are the mass density, specic heat capacity and the thermal
conductivity respectively; q(x,y,z,t) is the rate of internal heat generation in the
domain which represents the heat source or sink rate in the domain; traditionally
this q(x,y,z,t) has been represented by the double ellipsoidal heat source model.
Consider a Cartesian domain (z, y, ξ) separated into four quadrants by planes
at y = dg and ξ = 0. The y = dg plane is analogous with the base of the groove
in the welding analysis. Another point is selected as an analogy for the location
of the electrode at y = yi , this will be used as an integration limit during the
derivation of the heat source model; dg − yi is the distance between the lament
and the base of the groove. The transformation relating the xed (x, y, z) and
the moving (x, y, ξ) co-ordinate system is ξ = z − vt where v is the velocity of
the welding torch.
2.1. Four Quadrant Ellipsoidal Heat Source Model

In the rst four quadrant heat source model, surfaces of constant power
density lie on four appended ellipsoids, along radial lines the power density
obeys a Gaussian distribution. In ´the derivation
of this extension the limits of
∞ ´∞´∞
integration were chosen such that −∞ yi −∞ q dxdydz is unity and below the
y = yi plane there is no heat ux. For any point in the computational domain
then the heat ux is given by equation 1:

3

q = V Iη ×
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The parameters a, b, cr , cf , dg and yi determine the spatial gradient of the heat
ux distribution such that the power density falls to 0.05Qmax at these locations
along their respective axes. The parameter a represents the heat ux decay in
the x- direction, b represents the heat ux decay in the y - direction below the
y = dg plane. cr and cf describe the heat ux decay in the ξ - direction in the
rear and front quadrants respectively. The y -component of heat decay between
y = yi and y = dg is prescribed by the magnitude of dg − yi . The parameter bg
is the location of the heat source in the x-axis. The input voltage, current and
arc eciency are given by V, I and η respectively, although as will be discusses
the η term may be omitted and in turn accounted for with the distribution
parameters. The tting parameters noted by Γ1 , Γ2 ,Γ3 andΓ4 ,are found by
matching the ux distributions at the origin in the moving reference frame and
are given by:

Γ1 =

Γ2 =

Γ3 =

Γ4 =

b cf
√ 
(cf + cr ) b + (dg − yi ) erf
3
b cr
√ 
(cf + cr ) b + (dg − yi ) erf
3
cf (dg − yi ) erf

√ 
3

cr (dg − yi ) erf

√ 
3

(cf + cr ) b + (dg − yi ) erf
(cf + cr ) b + (dg − yi ) erf

√ 
3
√ 
3

This leads to a ux distribution that looks like that pictured in 1. As the
groove depth in this example approaches 0 so to does the parameter of dg and
the distribution tends to a classically used double ellipsoidal distribution.
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Figure 1: Surfaces of constant power density representing the four quadrant ellipsoidal distribution.
2.1.1. Constant Flux Density Central Region Four Quadrant Ellipsoidal Heat
Source Model

In the subsequent extension of the four quadrant ellipsoidal heat source
model the surface prescribed by a four quadrant ellipsoid species the cen
2
x−bg
tral region of constant ux density. Inside the surface dened by
+
a


2  2
2 
2  2
y−dg
x−bg
y−dg
+ cξf
≤ 1 in the rst quadrant,
+
+ cξr
≤ 1 in
b
a
b

2 
2  2
x−bg
y−d
the second quadrant,
+ (dg −ygi ) + cξf
≤ 1 in the third quadrant
a

2 
2  2
x−bg
y−d
and nally
+ (dg −ygi ) + cξr
≤ 1 in the fourth quadrant the heat
a
ux density has a value given by Qmax .
√
V Iη 12 3e−3
Qmax = Υ 3/2
π a (cf + cr ) (b + dg − yi )

A representation of this bounding surface is shown in gure 2, together with
a plot of the heat ux density as a path is taken through the heat source model.
The factor Υ is a constant of integration and is found by integrating the
dierence between the ux distributions over the volume of the quad-ellipsoidal
surface specied by a, b, cr , cf , dg and yi and has a value of 1/0.30624.
2.2. Piriform Heat Source Model

The piriform, from the Latin pirum meaning pear-shaped, distribution had
the advantage of a reduced number of unknowns than the Goldak doubleellipsoidal and quad-ellipsoidal heat source models.

√ −3 x 2 + y 2 + ξ+δ 4 − ξ+δ 3 −(3/4)4 +(3/4)3 
64 3 e ( a ) ( b ) ( c ) ( c )
qP (x, y, ξ) = V Iη
 q

a b c × 32 c14 c2 kK + kT
5

(2)

(a) Cross section through the bounding surface that is the four quadrant ellipsoid

(b) Trace of the heat ux distribution along
the ξ axis at x = bg , y = dg , showing the
constant ux density throughout the central quad-ellipsoidal region.

Figure 2: Representation of the bounding quad-ellipsoid in the constant central region ux
density model, outside this surface the ux density decreases in a Gaussian manner as shown.

where δ = 3c/4 is used to shift the distribution in the ξ axis such that
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of kK and kT are, kK = 2.0036 and kT = 14.9439; Γ (n) is the complete gamma
and F is the generalised hyper-geometric function.
Figure 3 shows a representation of the piriform and quad-ellipsoidal heat
source models traversing along the base of a groove representing the submerged
arc welding process.
3. Methodology

Validation of the heat source models was performed by comparing experimental results, obtained from one, two and three pass submerged arc welds,
with nite element simulations incorporating the various heat source models.
The experiments were performed on SA508 Grade 3 Class 1 steel parent material using EH12K ller wire. This steel has industrial signicance, as it is
used to manufacture critical components in the primary circuit of pressurised
water reactors, such as the reactor pressure vessel, steam generators and the
pressuriser. The initial weld pass was deposited with no electrode deection,
the subsequent two passes were deposited with an electrode deection of 2.5 mm
and −2.5 mm respectively. The specimen was 30 mm thick, 170 mm wide and
300 mm long with a groove machined along its length; the groove had a radius
of 8 mm and a root face 20 mm resulting in a 10 mm deep groove as shown in
Figure 5. The chemical composition of the parent material is shown in Table 1.
The groove geometries were identical in each of the three welds. Figure 4 shows
the experimental arrangement of the SAW process with the thermocouple wires
6
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Figure 3: Representations of the piriform and quad-ellipsoidal heat source models travelling
along the base of a groove.

clearly visible. Following the weld the granular fusible ux is visible covering
the weld region of the component.
Table 1: Chemical Composition (wt%) of SA508 Grade 3 steel

C
0.17

Mn
1.31

Ni
0.731

Mo
0.45

Si
0.27

Cr
0.10

S
0.01

P
0.009

V
<0.01

3.1. Temperature Measurement

The three pass submerged arc specimen was instrumented with k-type thermocouples. The thermocouples are eective at measuring temperatures in the
range −200◦ C to 1350◦ C . The tolerance of the thermocouples is ±0.004T where
T is the temperature of the hot junction. The specimen was instrumented with
twelve thermocouples in an array 150 mm along the welding axis. Figure 5
shows the thermocouple locations on the 3-pass submerged arc specimen whose
experimental recordings were used to validate the heat source models. The data
sampling rate for the data logger recording the temperatures the thermocouples
measured was set at 5 Hz .
3.2. Metallography

Electrical discharge machining (EDM) cuts were made through the welding
axis of the specimen post-weld. The EDM sections were polished and etched
in order to locate boundaries corresponding to the fusion zone (FZ) and heat
aected zone (HAZ), specically the AC1 temperature of the HAZ in order
to compare these with predictions made by simulations. The EDM sections
7

Figure 4: The SA508 parent specimen before and after the three pass submerged arc weld

Figure 5: Location of the thermocouples closest to the weld line in the three pass SAW
specimen.

were initially polished using 180 grade coarse grit SiC sheets. The grade of
the polishing sheets was then increased to 400 grade, 600, 800 & 1200 ne grit
abrasive sheets. The ne polishing were performed using abrasive 9 & 3 micron
sized diamond particles impregnated cloths. 2% Nital solution was used to etch
the specimens for revealing the macro-structure. This polishing revealed two
distinct regions. The smaller of these regions exceeded the melting point for
SA508 and is the fusion zone of the weld. At greater distances from the fusion
boundary , the thermal cycle peak temperatures decrease progressively and more
ne-grained structures are formed. Eventually the thermal cycle peak temperature decreases below the AC1 temperature and the parent material structure is
only tempered; the larger region visible in the macro-graphs separates the partially transformed inter-critical zone and over-tempered regions in the HAZ [14].
The solidus and AC1 temperatures are 1500◦ C and 700◦ C respectively[15, 16].
8

Figure 6 shows the polished macro-graphs taken through the axis of the single,
double and triple pass experiments respectively, clearly visible in these images
are the solidus and AC1 peak temperature isotherms.

(a) First pass macro-graph

(b) Second pass macro-graph

(c) Third pass macro-graph

Figure 6: Polished macro-graphs taken through the welding axis of the one, two and three
pass submerged arc welding specimens respectively.

3.3. Modelling

The welding process was simulated using the nite element method. Specically the Abaqus nite element software was utilised with 100452 DC3D10 heat
transfer elements. The nite element mesh was graded to ensure more elements were present in regions of higher thermal gradients, close to the welding
path. The simulation was divided into 3 steps with the weld beads activated
appropriately at the start of each step with material properties assigned appropriately using the user dened eld subroutine as the heat source traversed;
each time step was divided into increments of 0.05 s. The nite element mesh
and weld bead schematic diagram are shown in Figure 7. Convective and radiative heat loss was included from the surfaces of the domain corresponding
to surfaces in the experiment from which convection and radiation could occur. The convective heat transfer coecient, h, and the emmisivity, ε, were
found by investigating available literature and then ne tuning with cooling
rates from thermocouple data and were fund to be 5 × 10−6 W mm−2 K −1 and
0.5 respectively. The SAW process was simulated using four heat source models: the double-ellipsoidal heat source model, the quadruple-ellipsoidal model,
the quadruple-ellipsoidal model with a central ellipsoid of constant power density and a piriform heat source model. The heat source models were written
in a FORTRAN subroutine along with gap conductance and user dened eld
subroutines to appropriately activate the weld beads. Temperature dependent
thermal properties were used for the parent and ller material. The latent heat
capacity for SA508 steel has been assumed to be the same as similar materials
in the literature, specied as 270 × 103 J kg −1 between the solidus and liquidus
temperatures of 1500 ◦ C and 1539 ◦ C respectively.
In order to determine the magnitude of the heat source parameters, initially
the eciency term had to be found for the double-ellipsoidal and piriform heat
source models, this involved matching the temperature response at a thermocouple on the base of the component. Once the eciency term had been found,
good approximations of the magnitudes of the spatial parameters were found
9

Figure 7: The nite element mesh and weld bead schematic used in the simulation of the
SAW process.

after measuring the size of the fusion zone in the macro-graph and assigning the
parameters in the x and y directions to 90% of this distance respectively as was
the approach of Christensen et al [17]. This process was iterated through until
the best match of the fusion zone boundaries and the thermocouple responses
was arrived at. In the case of the two quad-ellipsoidal heat source variations,
the parameter dg − yi was varied in place of the eciency term to achieve the
same result. Table 2 shows the nal values of the heat source parameters used
in the simulations, all units are in mm unless stated otherwise.
Table 2: Welding Parameters used for the various heat source models; Piriform, doubleellipsoidal (D-E), quad-ellipsoidal (Q-E) and quad-ellipsoidal with a constant ux density
central region (Q-E-F).

Pass
1

2

3

Model
Piriform
D-E
Q-E
Q-E-F
Piriform
D-E
Q-E
Q-E-F
Piriform
D-E
Q-E
Q-E-F

a
5.0
4.5
4.5
5.0
4.52
4.5
4.5
4.52
4.52
4.5
4.5
4.52

b
2.92
3.0
2.5
2.92
4.12
4.0
4.0
4.12
4.12
4.0
4.0
4.12

cr
4
4
3
4
4
3
4
4
3

cf a
5.0
1
1
2
5.0
1
1
2
5.0
1
1
2

a In the piriform modelc ≡ c
f
b Heat transfer eciency is dimensionless
c Units of velocity are mm s−1
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bg
85
85
85
85
87
87
87
87
83
83
83
83

dg
8.0
8.0
8.0
8.0
6.15
6.15
6.15
6.15
6.15
6.15
6.15
6.15

yi
dg − 3.8
dg − 3.8
dg − 3.8
dg − 3.8
dg − 3.8
dg − 3.8

ηb
0.46
0.46
0.67
0.67
0.46
0.46
-

v

c

7.5
7.5
7.5
7.5
7.5
7.5
7.5
7.5
7.5
7.5
7.5
7.5

4. Results

Following the tting of the heat source for the various passes the simulated
solidus and AC1 peak temperature isotherms were plotted in the nite element
software. These predicted isotherms, from the piriform heat source model, were
overlaid on the polished macro-graph, as shown in Figure 8. In this gure
the solidus and AC1 peak temperature isotherms are represented in cyan and
magenta respectively.

(a) First pass macro-graph
with tted AC1 and solidus
peak temperature isotherms
overlaid

(b) Two pass macro-graph
with tted AC1 and solidus
peak temperature isotherms
overlaid

(c) Three pass macro-graph
with tted AC1 and solidus
peak temperature isotherms
overlaid

Figure 8: Predicted locations of the HAZ and FZ isotherms from the piriform heat source
model.

The predicted temperature responses due to the application of the various
heat source models were plotted along with the measured temperature responses.
Figure 9 shows the predicted ans measured temperatures at thermocouple channel 0 in the three pass submerged arc experiment. Various other predicted and
measured thermocouple responses are shown in Figures 10, 11 and 12.
It can be seen from the measured and predicted thermocouple responses
that the piriform and double-ellipsoidal heat sources perform as well as the
quad-ellipsoidal variants. Therefore the eect of heat transfer to the walls of
the groove from the upper portion of the quad-ellipsoidal heat sources must
be negligible and the piriform and double ellipsoidal models (both derived for
a at plate scenario) are adequate for representing the welding heat source in
this scenario. The piriform heat source model does appear to predict the transient temperature eld more accurately (when compared with measured thermal
transients and the macro-graphs) than the Gaussian based heat source models,
including the quad-ellipsoidal models presented in this work; it can be observed
that the piriform model accurately predicts the temperature responses at thermocouple channels 7 and 13, which as can be seen in Figure 5 are either side of
the welding groove, as well as accurately predicting the temperature responses of
the thermocouples located on the base of the component. The temperature predictions from the quad-ellipsoidal heat source model and the double-ellipsoidal
heat source model are indistinguishable and as such it would appear that the
heat transfer from the upper two quadrants of the quad-ellipsoidal models is
negligible in the submerged arc welding case. The quad-ellipsodal-at heat
11

(a) Measured and predicted temperature responses at thermocouple channel 0

(b) Channel 0 rst pass

(c) Channel 0 second pass

(d) Channel 0 third pass

Figure 9: Measured and predicted temperature responses at thermocouple channel 0

source model appears to give a slightly more representative prediction of the
temperature eld as the predicted temperature increases at the thermocouples
are closer than those predicted by the quad-ellipsoid and double-ellipsoid models. On balance the piriform heat source model appears to give a more accurate
prediction of the transient temperature eld in the component.
5. Discussion

The heat source models presented in this work are mathematically robust
alternatives to the classically used double-ellipsoidal heat source model. Two
of the presented models are based on Gaussian distributions, as is the case
in the double-ellipsoidal distribution, the piriform distribution has a quarticcubic form and as such represents the process in a manner not seen before in
12

(a) Measured and predicted temperature
responses at thermocouple channel 7.

(b) Measured and predicted temperature
responses at thermocouple channel 6.

Figure 10: Measured and predicted thermal transients at thermocouple channels 7 and 6, due
to the application of the piriform and ellipsoidal heat source models, for multiple thermocouple
locations.

(a) Measured and predicted temperature
responses at thermocouple channel 13.

(b) Measured and predicted temperature
responses at thermocouple channel 1.

Figure 11: Measured and predicted thermal transients at thermocouple channels 13 and 1, due
to the application of the piriform and ellipsoidal heat source models, for multiple thermocouple
locations.

the literature. The presented Gaussian based heat source models, the quadellipsoid and quad-ellipsoid-at, perform well in the submerged arc validation
case, although indistinguishably from the classically used double-ellipsoidal heat
source model. There seems to be little evidence of the need to account for heat
directly transferred to the walls of the welding groove as the quad-ellipsoidal
heat source models do not out-perform the double-ellipsoid model derived for
innitely at plate.
The piriform model has the added benet of one fewer tted parameters
compared with the double-ellipsoidal model and so arguably achieves the same
accuracy as the double-ellipsoidal model in the generated transient temperature
elds with fewer parameters. The piriform heat source model does however
appear to outperform the double and quad-ellipsoidal heat source models in
this case and appears to more accurately represent the submerged arc welding
13

(a) Measured and predicted temperature
responses at thermocouple channel 3.

(b) Measured and predicted temperature
responses at thermocouple channel 4.

Figure 12: Measured and predicted thermal transients at thermocouple channels 3 and 4, due
to the application of the piriform and ellipsoidal heat source models, for multiple thermocouple
locations.

welding process. It is proposed that the more concentrated distribution of heat
in the z − axis of the piriform distribution better represents the eects of arc
pressure on the weld pool.
It is hypothesised that the quad-ellipsoidal models will better represent the
arc welding process when heat transfer directly to the walls of the groove through
the fusible ux become important, as may be the case in a narrow-groove SAW
process, possibly where the groove is deeper than is presented in this case. These
models may also give a better representation of the arc in a groove where weaving
is incorporated. In the work presented the eciency term is incorporated into
the heat source for the quad-ellipsoidal variations and as such becomes a feature
of the groove geometry and the heat source parameters, it is trivial to distinguish
this eciency term from the heat source parameters, however this term must
always be aected by the geometry of the welding groove and the volume of the
quad-ellipsoid within the computational domain.
6. Conclusions

Mathematically robust alternatives to the classically adopted double-ellipsoidal
heat source model are presented and validated with a three pass submerged arc
welding process. Two presented models are extensions of the double-ellipsoidal
heat source model (quad-ellipsoidal models) and one model is an alternative,
with a drastically dierent functional form that is presented for the rst time in
this work, the piriform heat source model. The heat source models are shown to
perform well when compared with the double-elliopsoidal model and measured
thermal transients. However, the quad-ellipsoidal heat source models do not
out-perform the double-ellipsoidal heat source model and have a greater number of tting parameters. The quad-ellipsoidal-at heat source model appears to
predict the transient temperature eld slightly more accurately than the doubleellipsoidal and quad-ellipsoidal heat source models. The temperatures predicted
14

by the quad and double-ellipsoidal heat source models are indistinguishable.
The piriform heat source model more accurately predicts the transient temperature eldwhen compared with measured thermocouple responses as well as
AC1 and solidus peak temperature isotherm boundaries. The piriform heat
source therefore appears to more accurately represent the SAW welding process
with the added benet of one fewer tted parameters than the classically used
double-ellipsoidal heat source model.
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8. A Novel Method for Computing
the Transient Temperature Field
Analytically in a FSW Process due
to a Volumetric Heat Source and
Time Dependent Heat Input
Rates
The effect of time varying heat input rates has a significant effect on the transient
temperature field in welding. In this work, these time dependent heating effects are
accounted for in the analytical solution to the temperature field generated in the
friction stir welding (FSW) process. In order to produce a representative thermal
solution, in this work a novel heat source distribution is also proposed. The aim of
the volumetric heat source distribution is to account for effects of stirring around
the tool without explicitly solving for the induced flow field. It is hypothesised that
this distribution is more representative of the heat distribution, in much the same
manner as the double-ellipsoidal heat source was found to be more representative of
the arc welding process than a surface distributed Gaussian heat source.
The idea for the heat source model proposed in this chapter was conceived following
a collaborative meeting of the NNUMAN welding group. During this meeting it
became apparent that no sufficient volumetric heat source model existed that could
represent the FSW process. The current state of the art for thermal modelling of
FSW processes relies either on the explicit modelling of the fluid-flow around the
tool, or the application of a conical volumetric heat source model. The application
of a conical heat source model clearly has significant drawbacks as the peak temperature predicted by such a model occurs at the centre of the FSW tool and as
such is not consistent with measured thermal profiles or logical reasoning. Also it
became apparent to the author that the geometry of the FSW process was suitable
for solution by analytical means, owing to the fact that the boundary conditions
are orthogonal during the process. Following this meeting the idea for the heat
source model and corresponding analytical solution were developed by the candidate. The computed thermal field due to this heat source and analytical solution
was then compared with experimental data in the literature. The paper was written
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by the primary author with guidance given by Dr Francis and Prof. Smith on how
to present the work to the community in order to have the greatest impact. The
manuscript is currently awaiting submission to the journal of applied physics: D.
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Abstract

The accurate thermal modelling of welding processes requires precise knowledge
of the associated heat transfer, distributed both in space and time. Power interruptions and pulsing of heat sources have a signicant eect on the transient
thermal eld induced in a component subject to a welding heat source, inuencing: the magnitude and distribution of residual stresses, the evolution of
the material micro-structures, material properties, and fracture toughness. The
ability to predict these elds is crucial and depends on our understanding of the
volumetric heat ux distribution. In this work a novel three dimensional heat
source is presented to represent the friction stir welding process, representing
ow eects in the process without explicitly solving for them. Also presented
is a method of incorporating a time-dependent heat input into analytical solutions for the transient temperature eld generated by this heat source in nite
domains. Predicted temperatures are compared with experimentally measured
temperatures from two cases in the literature and good agreement is observed.
Example solutions due to various time dependent heat inputs are also presented.
Green's Function, Thermal Analysis, Heat Transfer, Heat Flux
Model, Friction Stir Welding, 3D Thermal Analytical Solution
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1. Introduction and Background

Friction stir welding (FSW) is a novel solid state joining process patented in
1991 by The Welding Institute (TWI), Cambridge, UK [1, 2]. One of the main
advantages of FSW over the conventional fusion joining techniques is that no
melting occurs [2, 3]. Thus, in the FSW process, the material experiences lower
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peak temperatures in comparison to fusion welding processes. FSW is often
used in the manufacture of aerospace components where the base materials,
namely aluminium alloys, are dicult to join using fusion welding processes
without degrading the properties of the alloy. FSW of nickel alloys and steel
is also promising [4]. FSW is performed using a non-consumable rotating tool
with a specially designed shoulder and pin; this tool is lowered into the join
between two abutting plates to be joined until the shoulder rests on its surface
as shown in Figure 1 [5]. After an initial dwell period as the tool is lowered
into the work-piece the tool then traverses along the joint of the two plates
[4, 5]. The friction stir welding process is divided into three discrete processes,
these being the dwell period at the start of the weld, the traverse period as
the tool moves and the dwell period at the end of the weld as the tool stops
and is extracted. The rotating tool produces heat via friction between the
tool and the work-piece and moves the material in its vicinity to produce the
joint. The heating is accomplished by friction between the tool and the workpiece and plastic deformation of work-piece [6, 7]. The localised heating softens
the material around the pin and combination of tool rotation and translation
leads to movement of material from the front of the pin to the back of the
pin. The shoulder of the tool is the primary source of heat generation [8].
The pin's primary function is to deform the material around the tool and as a
secondary function generates heat [9]. The general fractions of heat input from
the shoulder and pin to the work-piece have been calculated by Nandan et al
for various welding parameters [8]. Friction stir welding is currently successfully
applied in the aerospace, automotive and shipbuilding industries and is also seen
as a possible way to seal nuclear waste containers for disposal in a repository
[3, 10, 11].

Figure 1: Pin and Shoulder Arrangement in the FSW process.

Representing the heat transfer from the rotating tool is crucial to accurately
predict the transient temperature eld induced in the component. This transient thermal eld may lead to large variations in micro-structure and mechanical properties in the viscinity of the weld, and knowledge of the temperature
transients can be helpful in evaluating the weld quality and likely performance
in service. A known temperature distribution is also important for calculating
the temperature-dependent viscosity when modelling material ow [4]. The importance of an adequate model for the weld heat source in the analysis of the
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thermal cycle has been emphasised by several investigators in the case of fusion
welding using various two and three dimensional Gaussian distributions [1220].
There are numerous works in the literature presenting simulation techniques
for the FSW process [6, 11]. In most pure thermal models of FSW, the heat generation from both frictional and plastic dissipation is modelled using a surface
heat ux at the interface between the tool and the component [21, 22]. The main
unknown parameters in these surface ux expressions are either the friction coefcient under the assumption of sliding and the material yield shear stress under
the assumption of sticking [23]. Chao et al assumed a three-dimensional heat
transfer model with a constant heat ux input from the tool shoulder/workpiece interface [24] and used the nite element method to solve for the transient
temperature eld in the tool and work-piece. Frigaard and Song developed
a process model for FSW in which the heat input from the tool shoulder is
assumed to be frictional heat and the coecient of friction or the calculated
temperature during the welding is adjusted to keep the calculated temperature
from exceeding the material melting point [25, 26]. Analytical models for the
heat input to the work-piece from the FSW tool have been found, based on
dierent assumptions of the contact condition between the rotating tool surface
and the weld piece [22]; this is the generally accepted method to represent the
heat generation in the FSW process. The limitations of such surface ux based
models are twofold; rstly the ow of material around the tool has the eect of
distributing the heat in some manner and secondly the total heat input Qtotal
is a function of the dimensionless slip rate that is itself temperature dependent
[23]. This may be overcome, explicitly by including the underlyng physics in a
coupled computational uid dynamics (CFD) model, namely the material ow
producing heat generation by plastic dissipation in the shear layer and frictional
contact at the tool and workpiece. Colegrove et al presented such a technique,
using CFD to predict the ow and thermal elds around the FSW tool, gaining
a better understanding of the complex material ow [9]. Colegrove et al also
coupled a 3D thermal model for calculating the heat ow to a 2D axi-symmetric
ow model for calculating the heat generation in order to accurately predict the
heat generation at the tool interface with the work-piece [27]. Fully coupled
thermalmechanical or CFD models have proven to be able to predict the heat
generation as part of the solution [9, 27, 28]. Simulations incorporating ow
eects are highly demanding from both a computational and a human resource
point of view, thus leaving pure thermal modelling of FSW as the best general
approach for simulation of heat ow. However, if the ow eects are not explicitly modelled, some accounting for the distribution eect of the heat should
be made. This peak value of this heat distribution may also vary in time, due
to the fact that the slip rate and co-ecient of dynamic friction are temperature dependent, and is certainly time dependent in the dwell periods of the
process. It may be advantageous then to include a time dependent heat input
rate, with a volumetric heat distribution representative of the heat transfer to
the domain from the FSW tool, to predict the transient temperature eld in the
FSW process.
If a volumetric ux distribution is proposed, the form of the distribution
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should be considered. Consider a cylinder rotating in a thermally conducting
domain, generating heat due to friction between the cylinder surface and the
domain. If a path were taken through the body of the cylinder, two maxima
in heat would be traversed, corresponding to the locations the path enters and
exits the cylinder. Outside the curved surface of the cylinder one would expect
the heat generation rate to decrease in some manner; also as the centre of
the cylinder is not in contact with the domain one should expect the heat
generation at the centre of the rotating cylinder to decrease to a minimum also.
A path taken vertically through the body of the cylinder, some small distance
from the curved surface in contact with the domain, one would expect the heat
generation to be constant until the base of the cylinder were reached. At the
base of the cylinder one would expect the heat generation rate to decay in
some manner. If these assumptions regarding the behaviour of the heat ux
distribution are applied, a volumetric heat ux distribution may be found to
satisfy all conditions. FSW tool design is often proprietary knowledge, as such,
the heat ux distribution presented in this work is for a generic case, with
enough exibility in the model in order to incorporate many tool designs.
The availability of a representative volumetric heat source term also permits
the transient temperature eld induced in the component to be computed analytically. Historically analytical solutions have mostly been used to validate
numerical solutions, as they are only valid on orthogonal domains. However,
the geometry of a friction stir weld in orthogonal; two cuboid sections are butted together and the tool, and therefore heat source, is passed between them.
In the case of FSW then, the analytical solution is not an approximation but
an optimisation of the solution procedure. Often the only simplication that
will be made is the assumption of constant thermal properties. This analytical
solution to the transient thermal eld will be free from numerical uncertainties
that arise during the spatial and temporal discretisation in numerical solution
techniques such as the nite element method.
Analytical solutions to the welding thermal problem have previously been
found for arc welding processes where the double-ellipsoidal heat source has been
used to represent the heat transfer [19]. Nguyen computed the thermal response
in innite and semi-innite domains due to an ellipsoidal heat source and made
an approximation for a double ellipsoidal heat source [29, 30], Fachinotti et al
computed the analytical solution due to a moving double ellipsoidal heat source
in an innite domain [31]. This analytical solution for an innite domain has
subsequently been extended by the method of images to nite domains with insulating boundary conditions by Roshyara et al [32]. In the literature the terms
analytical solution and semi-analytical solution are often used interchangeably.
This is due to the fact that the nal temporal integral has no closed form analytical solution and so is computed numerically. The eects of time varying
heat input into the welding heat source has not been investigated thus far.
In the present work a new method for incorporating time dependent heat
input, into the analytical solution for the induced transient temperature eld
in a nite computational domain due to the application of a volumetric heat
source, is outlined. A new representation for the heat source in the FSW process
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is presented in conjunction with the analytical solution for the temperature
eld. Applications of the time dependent heat input rate, solved analytically
for the thermal eld induced, are presented. In the FSW process it is believed
this variability in the heat input rate may be used to accurately account for the
dwell periods of the tool as well as variations in rotational speed of the tool. The
predicted temperature eld, due to the proposed novel heat source, computed
analytically is compared with experimental data in the literature and found to
be in good agreement for two cases.
2. Proposed Volumetric Heat Source for the Friction Stir Welding
Process

By Fourier's law, heat ow is related to the transient temperature eld. The
temperature, T(x,y,z,t) , as a function of spatial co-ordinates, (x, y, z), and time,
t, satises the parabolic dierential equation known as the heat equation as
shown in Equation 1.

∂T
− k∇2 T = q
(1)
∂t
Here ρ,cp and k are the mass density, specic heat capacity and the thermal
conductivity respectively; q(x,y,z,t) is the rate of internal heat generation in the
region under consideration and may represent a source or sink of heat.
Based on the desired form of the volumetric heat source distribution, consider
a Cartesian domain (z, y, ξ) separated into four quadrants by planes at y = dg
and ξ = 0. The y = dg plane is analogous with the base of the rotating
cylinder. Another plane is selected as an analogy for the initiation point of the
rotating cylinder at y = yi , this will be used as an integration limit during the
derivation of the heat source model; dg −yi is therefore the depth of the rotating
cylinder. The transformation relating the xed (x, y, z) and the moving (x, y, ξ)
co-ordinate system is ξ = z − vt where v is the travel velocity of the tool. As a
distribution of heat through the ξ and x directions is sought, with two maxima
and a minima at the origin, which decays in some non-linear manner is sought;
a distribution that is the dierence of two bi-variate Gaussian distributions is
chosen to satisfy the form of the distribution. Below the base of the cylinder,
(y ≥ dg ), there is an additional dependency on the depth co-ordinate to ensure
the heat generation rate decreases as the distance from the base of the cylinder
decreases. Above the base of the cylinder, (yi < y ≤ dg ), the heat generation
rate does not depend on depth assuming the cylinder has a constant radius.
The locations of the maxima, ahead and trailing the origin in the ξ co-ordinate,
were allowed to take dierent values in the derivation of the heat source as per
the logic in the double-ellipsoidal heat source model [19]. The quadrants of
the distribution must then be matched at the region boundaries, the details of
which are shown in Appendix Appendix A, in order to nd the nal form of
the volumetric distribution as shown in Equation 2. Figure 2 shows surfaces of
constant power density generated by the new friction stir welding heat source
model.
ρcp
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(2)

where Q = ηP f and is the energy input into the process where the input
power and energy transfer eciency are P and η respectively. f represents
the fractional heat in the heat source model. As will be discussed it may be
desirable to apply two of these proposed FSW heat source distributions, one for
the shoulder and pin respectively. In this case, to ensure energy is not created
2
in the formulation, fpin + fshoulder = 1. Γ = 54 kp/a (π2 −9) and kp is an irrational
constant that arises in the derivation
q  ofthe
q heatsource model as discussed in the
π
π2
2
ln
appendix and has a value of 3
3 π9 −3 ' 0.59071. The parameters
9 /
a, b, cr and cf are the heat ux parameters that determine the spatial gradient
of the heat ux in the x, y and ξ directions respectively. The parameter bg is
the location of the heat source in the x-axis. The eciency is itself a function
of time, η (t), as the power transferred to the work piece is not constant. The
tting parameters noted by R1 , R2 , R3 and R4 are found by matching the ux
distributions at the origin in the moving reference frame and are given by:
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Figure 2: Flux Distribution due to a travelling rotating cylinder showing relative ux magnitude

3. Analytical Solution Using Green's Functions

A Green's function is a basic solution to a specic dierential equation with
homogeneous boundary conditions; it is a building block from which many useful
solutions may be constructed. Green's functions, named after physicist George
Green, are functions used to solve inhomogeneous dierential equations subject
to specic initial and boundary conditions [33]. The fundamental solution is the
Green's function in an innite geometry [34, 35]. For transient heat conduction,
a Green's function describes the temperature distribution caused by an instantaneous, local heat pulse [36]. The same Green's function for a given geometry
and set of homogeneous boundary conditions is a building block for the temperature distribution due to a functional initial temperature distribution, time
and position varying boundary conditions and time and space varying internal
energy generation q [37]. Another advantage is that two and three dimensional
Green's functions can be found, by multiplication of one-dimensional Green's
functions (for Cartesian co-ordinates) for most boundary conditions [35, 38, 39].
The limitations of the multiplicative property are that the dierential equation
must be linear, the body homogeneous and the geometry orthogonal [29, 31, 32].
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Fundamental Solution

Consider the heat quantity δ acting instantaneously at time t0 at point
(x0 , y 0 , z 0 )in an innite domain. The innitesimal rise in temperature due to
this point heat source dT(x,y,z,t) is given by ρcδp K(x,x0 ,y,y0 ,z,z0 ,t,t0 ) dt0 where K
is the three dimensional fundamental solution for an innite domain as shown
by equation 3 [40, 41]; ρ is the mass density and cp is the specic heat of the
conducting domain being considered. Depending on the geometry and boundary conditions, there are many expressions for G(x,t,x0 t0 ) , but there is only one
Green's function for the case of an innite body.

K(x,x0 ,y,y0 ,z,z0 ,t,t0 ) =





1
exp
(4πα(t−t0 ))3/2



−

(x−x0 )

2

2

2

+(y−y 0 ) +(z−z 0 )
4α(t−t0 )

0 ∀ (t − t0 ) < 0



∀ (t − t0 ) ≥ 0

(3)
where α = k/ρcp is the thermal diusivity; k is the thermal conductivity of
the medium. The temperature increase at a point (x, y, z, t) is then found by
integrating from 0 to t.

Application of Boundary Conditions

In order to nd the analytical solution for a domain with insulating and
Dirichlet boundary conditions, where ∂T
∂x and T are assigned respectively the
method of images may be used in conjunction with the fundamental solution.
Assigning cticious heat sources and sinks, in the innite domain, then imposes
boundaries as shown in 3 adapted from Cole et al [35].
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Figure 3: Green's functions for insulating and Dirichlet boundary conditions may be found
from the fundamental solution, arrived at by the Laplace transform method, by means of the
method of images with ctitious sources and sinks [35, 42].

It can then be seen that the one dimensional Green's function in the x
direction with insulating boundary conditions, ∂G/∂x = 0, at x = 0 and x = B
is given by K(2nB+x−x0 ,t−t0 ) + K(2nB+x+x0 ,t−t0 ) summed over n from −∞ to ∞
as shown in equation 4.
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0 2
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p
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(4)

In Cartesian coordinates one dimensional Green's functions may be multiplied together to nd the 3D Green's function for an orthogonal body. Therefore
for a three dimensional domain with insulating boundary conditions on all faces
is given in equation 5.
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(5)
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for an orthogonal domain with length B, D and L in the x, y and z dimensions respectively. Each spatial component contains an innite sum as shown
in Equation 4; note the innite sum operates on the x, y and z components
individually. Equation 5 gives the temperature increment at point (x, y, z) and
instant t due to an instantaneous unit heat source applied at(x0 , y 0 , z 0 , t0 ) in an
orthogonal body. Due to the linearity of the heat equation, the temperature
variation induced at (x, y, z, t) by an instantaneous heat source of magnitude
q(x0 ,y0 ,z0 ,t0 ) is ρc1p q(x0 ,y0 ,z0 ,t0 ) G(x,x0 ,y,y0 ,z,z0 ,t,t0 ) . Assuming that heat has been continuously generated at the point (x0 , y 0 , z 0 , t0 ) from t0 = 0 , the temperature
increment at point (x, y, z, t) is given by equation 6.

(ρcp )

−1

×

ˆt

q(x0 ,y0 ,z0 ,t0 ) G(x,x0 ,y,y0 ,z,z0 ,t,t0 ) dt0

(6)

0

Therefore the temperature increment at any point (x, y, z) and time t due to
a distributed heat source q(x0 ,y0 ,z0 ,t0 ) for an orthogonal domain with insulating
boundary conditions on all surfaces except the x = B face which has Dirichlet
boundary conditions is given by equation 7:

4T (x, y, z, t) =

ˆt ˆL ˆD ˆB
0

0

0

q(x0 ,y0 ,z0 ,t0 ) G(x,x0 ,y,y0 ,z,z0 ,t,t0 ) dx0 dy 0 dz 0 dt0

(7)

0

Temperature Increase due to Proposed Volumetric Heat Source

Due to the orthogonality present in the joint geometry in FSW the multiplication of one dimensional Green's functions yields a three dimensional Green's
function that is representative of the problem. The temperature T(x,y,z,t) for any
point in the domain, due to the proposed volumetric heat source, is then given
by Equation 8 where GX , GY and GZ represent the one dimensional Green's
functions in the x, y and z dimensions respectively.

 

 0 2 
y −dg

√

−3
´
b
D


 R1 2 33 Γ If
G
e
dy 0 

Y

dg
2

b
c
π
f


 

 0 2 

ˆt 
y −dg

√
−3
´
Q
b
D
R
2
3
Γ
∆T =
+  2 3 Ir dg GY e
dy 0 
2

b
c
π
ρcp
r


0 
h
 ´
i

dg

R3 Γ
0

+
I
G
dy

f
Y


i
h cf π (dg −yi )  ´ yi

d


+ cr πR(d4gΓ−yi ) Ir yig GY dy 0

where If and Ir are given in Equations 9 and 10 respectively.





























dt0

(8)

11

If =

ˆB

GX e

−3

0

Ir =

ˆB
0

GX e

−3

(x0 −bg )2
2
πa
3kp



(x0 −bg )2
2
πa
3kp



dx0

ˆL

−3

GZ e

vt0

0

0

dx

ˆvt
0

−3

GZ e

(z 0 −vt0 )2
πcf 2
3kp



(z 0 −vt0 )2
πcr 2
3kp



dz 0 −

0

dz −

ˆB

GX e

−3

0

 ˆL

GZ e

−3

vt0

0

ˆB

(x0 −bg )2
2
a
kp

GX e

−3

(x0 −bg )2
2
a
kp

0

kp



dz 0

(9)

0

 ˆvt

(z 0 −vt0 )2
cf 2

GZ e

−3

(z 0 −vt0 )2
cr 2
kp



(10)
For the dwell periods of the heat source the vt0 term is replaced with the lg
term as the heat source is not moving in the dwell periods of the weld such that
the z -component of the exponent is z 0 − lg where lg represents the heat source
location along the z-axis.
Now it is clear then that if the heat input eciency η is a function of time,
η (t0 ), this term may be taken inside the temporal integral. This time integral
is computed numerically and so the eciency need not be an analytical expression. This presents a very powerful tool with which to compute the transient
thermal eld induced in a nite domain due to some inconsistent heat input
such as pulsing of the heat source or a sudden abrupt stop of the heat input
which may represent a loss of power during the welding process. Coupling this
with the analytical solution technique ensures any calculations performed are
computationally ecient. An example of the type of eciency distribution that
may be used to account for non-linear increases and decreases in heat input is
shown in Figure 4 [43].

Figure 4: Input power eciency as a function of time; accounting for the increase and decrease
in rotational velocity and frictional changes as the region around the tool changes temperature.

dz 0
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4. Application of the Method

To demonstrate the exibility of the distributed heat source model, the analytical solution method, and the versatility of the time varying heat transfer
eciency two cases are considered; the predicted temperature eld is then compared with that found experimentally for two cases of FSW of aluminium in the
literature. In the rst application the heat transfer eciency is ramped up and
down while the tool is in the stationary dwell periods at the beginning and end
of the welding process. In the second application the transfer eciency is varied
between 0% and 100% in a sinusoidal manner. In both applications a cuboid
domain of length 100mm, depth 20mm and width 170mm is considered. The
heat source is considered to travel down the centre of the region at 85mm.
4.1. Ramp up and Ramp down

In this example application the heat source is inserted into the domain 25mm
along the z-axis, lg = 25 mm. The eciency term is then increased from 0% to
100% over 10s for arbitrary maximum heat input rates. Thermal properties of
steel are used arbitrarily. After 12.5s the heat source begins to travel with a
velocity of 2mm −1 for 25s before stopping at lg = 75mm for 10s and having
the input power decreased to 0% to simulate the extraction of the tool from the
work-piece. Figure 5 shows a cross section along the welding line for various
instants in time throughout the simulation.

(a) 2s

(b) 4s

(c) 8s

(d) 12s

(e) 16s

(f) 26s

(g) 40s

(h) 52s

(i) 60s

(j)

100s

Figure 5: Cross section through the computational domain at the welding joint showing the
thermal response due to the volumetric FSW heat source ux distribution.

4.2
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Sinusoidal varying Heat Input Rate

4.2. Sinusoidal varying Heat Input Rate

In this application of the time varying heat transfer rate is varied in a sinusoidal manner, for an arbitrary peak power, with a period of 4s as shown in
Figure 6. The heat source parameters used in this case are shown in Table 1
where all parameters have units of mm unless stated otherwise.

Figure 6: Sinusoidal variation in the heat transfer eciency between the heat source and
computational domain.
Table 1: Heat source parameters for the periodically varying heat transfer to the computational domain.

Parameter
Value

a
5

b
2

cr
6

cf
4

a Heat transfer eciency is dimensionless
b Units of velocity are mm s−1

yi
0

dg
8

bg
85

1
2

ηa
+ 21 sin


2π 0
4 t

vb
5

The thermal response of the computational domain is shown in Figure 7; the
thermal response is shown as a cross section along the welding line for various
instants in time.
It is clear from Figure 7 that the sinusoidal heat input rate has a clear
and dened eect on the analytically computed temperature eld, as one might
expect the peak temperature computed pulses with the fame frequency as the
heat source with some phase shift in time due to the time required for thermal
conduction.
4.3. Validation Against Literature

Experimental validation data is not available, rst-hand, to the authors.
Results have been compared with the work of Chao et al in order to ensure a
general agreement is reached [24]. In the studied literature friction stir welding
was performed between two Aluminium plates with a steel tool. Two cases are
presented in this study for two dierent welding travel-velocities; the hot weld
has a travel velocity of 2.36 mm s−1 and the cold weld has a travel velocity of
3.32 mm s−1 , both welds are performed with a tool rotational speed of 4 revolutions per second. The hot and cold terminology is chosen by Chao representing

4.3
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(a) 4s

(b) 6s

(c) 8s

(d) 10s

(e) 12s

(f) 14s

(g) 16s

(h) 18s

(i) 20s

(j) 22s

Figure 7: Cross section through the computational domain at the welding joint showing the
thermal response due to the volumetric FSW heat source ux distribution with a periodically
varying heat input to the simulated work-piece.

the relative heat inputs to the work-piece. Both welds were performed along the
centre-line of identical geometries. The values of B, D and L are 204, 8.13 and
610 mm respectively and bg = 102 mm. In the work of Chao et al an array of
9 thermocouples was placed at locations within the weld geometry and on the
surface. The thermocouples that experience the greatest sensitivity to the applied heat ux from the FSW tool are clearly the closest to the welding location,
for the experiment these thermocouple locations are 5 mm from the centre-line
at varying depths. The co-ordinates of the three closest thermocouples are
(107, 2, 295.5), (107, 4, 305) and (107, D, 314.5) referred to as T Ctop , T Cmiddle
and T Cbottom respectively. The thermal properties of the Aluminium-LithiumCopper alloy used were taken from the literature as ρ = 2712 × 10−9 kg mm−3 ,
k = 0.0205 W mm−1 K −1 and cp = 910 J kg −1 K −1 respectively .
To demonstrate the functionality of the Green's function analytical method,
in this case two heat sources as described in Section2 were applied, one heat
source to represent the shoulder and one to represent the pin of the tool. The
parameters of the proposed heat source model, for both the pin and shoulder
components, are shown in Table 2; note all heat source parameters are given
in mm unless stated otherwise. The steel tool had pin and shoulder widths
of 5 mm and 12.7 mm respectively; as such the value of a and cf for the pin
and shoulder were set to be 5 mm and 12.7
2 mm respectively such that the heat

4.3
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generation from the shoulder occured at its mid-plane. the value of cr was
chosen to be slightly higher to account for hot material deposited behind the
tool as it travelled. The only remaining parameters to t then are b and f .
Table 2: Heat source parameters for the 'hot' and 'cold' weld for comparison with the literature
.

Case
'hot'

'cold'

Heata
Source
qp
qs
qp
qs

a

b

cr

5

0.2
3.0
0.2
3.0

8
12.7
8
12.7

12.7
2

5

12.7
2

cf

yi

dg

bg

f

P ηb

5

1
0
1
0

5.2
1
5.2
1

102
102
102
102

0.45
1 − fpin
0.5
1 − fpin

620
620
762
762

12.7
2

5

12.7
2

a Subscripts refer to pin and shoulder components.
b Units of power are J s−1

The predicted temperatures for the three thermocouples in closest proximity
to the tool are shown in Figure 8. Chao et al simulated the FSW process using
the nite element method. The measures and simulated peak temperatures for
the T Ctop , T Cmiddle and T Cbottom locations are shown in Table 3. Table 3 also
shows the peak temperature for the same locations computed in this work using
the volumetric heat ux and solved analytically.

(a) Predicted temperature at the T Ctop ,
T Cmiddle and T Cbottom for the 'hot' weld.

(b) Predicted temperature at the T Ctop ,
T Cmiddle and T Cbottom for the 'cold'
weld.

Figure 8: Predicted temperature response at the thermocouple locations computed analytically for the 'hot' and 'cold' FSW of AA2195 Aluminium.

It should then be noted that the performance of the analytical approach with
applied volumetric heat source terms for the pin and shoulder performs as well,
if not arguably better, as the nite element model of Chao at predicting the peak
temperatures close to the friction stir weld. In the analytical solution computed
in this work, insulating boundary conditions are imposed at B , D and L. In
the experiment conducted a backing plate was attached at the y = D location.
A Dirichlet boundary condition could be applied here, with a −1n factor in
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Table 3: Peak temperatures recorded by the thermocouples closest to the weld-line compared
with numerical simulation by Chao et al and the analytical solution with volumetric heat
source presented in this work.[24]

Case

'hot

weld'

'cold

weld'

Thermocouple Experimental
Location
Peak
Temperature

(107, 2, 295.5)
(107, 4, 305)
(107, D, 314.5)
(107, 2, 295.5)
(107, 4, 305)
(107, D, 314.5)

∼ 445 o C
∼ 425 o C
∼ 340 o C
∼ 440 o C
∼ 430 o C
∼ 300 o C

Chao
Simulated
Peak
Temperature
∼ 440 o C
∼ 405 o C
∼ 390 o C
∼ 430 o C
∼ 390 o C
∼ 370 o C

Analytically
Computed
Peak
Temperature
447 o C
426 o C
387 o C
339 o C
418 o C
383 o C

the y-component of the Green's function, and may give a better approximation
of the temperature eld in this case, however this would naturally enforce the
temperature at the location of the bottom thermocouple and so has not been
applied here.

5. Discussion

There are enormous advantages to computing the temperature eld using the
analytical solution technique; the availability of a representative heat source
model, coupled with a time dependent eciency term, permits the transient
thermal eld induced in a nite domain to be computed far quicker than is
possible with numerical methods such as the nite element method. The temperature eld computed in this manner is free from numerical uncertainties
introduced by the spatial and temporal discretisation. The disadvantage of the
analytical solution technique by Green's functions is that the method of images
formulation of the boundary conditions means that only orthogonal boundary
conditions may be considered; this orthogonality problem is not encountered
however in the FSW and electron beam welding processes and so these processes favour analytical solutions.
The presented example applications show how a wide variety of time depend
heat input rates may be accounted for. Although further validation of the volumetric heat source presented is required, the comparison with experimental
results presented in the literature shows, the temperatures computed analytically due to the presented heat source model are in good agreement with those
measured analytically. If this new heat source model is shown to perform well
with further validation cases it oers huge advantages particularly when coupled
with time dependent heat input rates to simulate the dwell periods and other
variations in heat input in the FSW process and the Green's function analytical
solution technique to calculate the induced temperature eld. The advantages
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of the presented solution procedure are not only in reduced computational cost
but also condence in predicted temperatures.
The advantages of the proposed heat source model and analytical solution
for the transient temperature eld are :

• More representative than a surface ux based approach.
• Extremely computationally ecient.
• Accounts for time dependent heat input.
• Fitted parameters are related to the pin and shoulder geometry, the degree
to which needs more investigation.
The disadvantages of the proposed model are :

• Flow eld is not explicitly solved for, as a result it is not expected that the
predicted temperatures will be as accurate as those predicted by a fully
coupled CFD approach.
As mentioned previously the heat source is based on the dierence of two gaussians, the tted parameters in this model are based on the geometry of the tool
and as such are not arbitrary. Some prelimiinary checks have been carried out
in this work, it is also helpful to consider what may happen in extreme circumstances to see if the model behaves as exepecetted. The model behaves as
one might expect of the physical process for example, as (dg − yi ) is increased,
representing the tool penetrating further into the component, the predicted
temperature at the base of the component is increased. As discussed two heat
sources may be considered representing the tool and shoulder respectiveley; if
the shoulder component is removed, as was the case in the sinusoidal and ramping examples representing perhapd the application of the tool withoit a pin,
the volumetric heat source behaves as expected, with peak values of heat transfer assigned at locations corresponding to the radius of the pin. The aim of
the model is to represent the eects of material ow around the tool without
explicitly solving the ow eld.
6. Conclusions

In the present work time dependent heat input rates are accounted for in an
analytical solution to the transient temperature eld induced in a nite domain
subject to a novel volumetric heat source representing heat generation in the
FSW process. Examples of predicted temperature elds due to this volumetric
heat source, which has time varying heat input to the domain, are given in order
to demonstrate that the predictions of the model seem plausible.
The performance of the model and analytical solution scheme were compared
against two cases presented in the literature; good agreement was achieved
between predicted peak temperatures close to the weld line and those measured
experimentally. The method permits the transient thermal eld induced in a
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nite domain, due to a distributed heat source which varies in space as well
as time, to be computed analytically in a computationally ecient manner free
from numerical uncertainties. The analytical basis of the model oers a drastic
reduction in solution times. The model is also extremely versatile, limitless
variations on the time dependence of the heat transfer rate from the tool to the
work-piece may be incorporated. The method may be used to represent sudden
losses of power in the welding process, thus oering the capability to asses the
development of micro-structure and the induced thermal strains.
To the authors knowledge this is the rst time a volumetric heat source of
this kind has been used to simulate the FSW process. It is also the rst time
the temporal eects of the dwell periods on the temperature eld have been
explicitly simulated and their eect on the transient temperature investigated.
An exact solution to the transient temperature eld induced in a nite domain
due to a proposed novel doughnut-like volumetric heat source, varying is space
and time, was presented. The analytical solution presented in this work may be
easily extended to incorporate alternative boundary conditions where appropriate.
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Appendix A. Derivation of Volumetric Heat Source

The functional form of the distribution was chosen to be the dierence of
two Gaussian functions in a given direction. Consider the x-coordinate to have
2
x 2
x
the form:e−3( P ∗r ) − e−3( r ) . Now it is required to nd the maxima in this
distribution, this is done by dierentiating the function and equating to zero
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in order to nd the peak locations,
2
− 3x
6e r2 P 2
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= 0. Therefore the location of the maxima in the distribution occurs
√
rP Log[P 2 ]
at x = bg ± √−3+3P 2 where bg is the origin of the distribution. Now the value
of P can be chosen appropriately as per Figure A.9.
r2 P 2

x

Figure A.9: Choosing the value of the parameter P appropriately.
π
The value of
p P is chosen as /3. Therefore the peak ux value occurs at
r(π/3) Log[(π/3)2 ]
x = bg ± √
= bg ± rkp where kp is a constant and has a value
2
π
q   −3+3( /3)
π
π2
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3

of q

3

9


π2
9

−3

' 0.59071. It is desirable to specify the peak location of heat

ux generation in the distribution, as such, denominator i the exponent for
each spatial component where the dierence of two Gaussian's is used is r/kp .
To ensure continuity and heat accountancy the quadrants must be integrated
and matched at the quadrant boundaries. The quadrants below the base of the
cylinder, ahead and trailing the ξ = 0 origin have the form as shown in Equation
A.1 and Equation A.2 respectively. The two quadrants above the base of the
cylinder have the form shown in Equation A.3 for the portion ahead of the heat
source location and Equation A.4 for the column component ξ < 0.
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(A.4)

In order to nd the values of Q0f base , Q0r base , Q0f column and Q0r column these
distributions must be integrated with some knowledge of the matching at the
boundaries that will be performed. Consider the leading component of the base
quadrant as shown in Equation A.1, integrating over the region this quadrant
operates:

ˆ∞ ˆ∞ ˆ∞
0 dg −∞


Q0f base abcf π 3/2 π 2 − 9
√
qf b(x,y,ξ) dx dy dξ =
= R1
108 × 3kp2

where R1 is a parameter that must be found to ensure the heat distributions match at the boundaries. Therefore the expression for Q0f base is given in
Equation A.5.
√
108 × R1 × 3kp2
(A.5)
Q0f base =
abcf π 3/2 (π 2 − 9)

Similar expressions for Q0r base , Q0f column and Q0r column are found in the
same way with appropriate integration limits. These expressions are shown in
Equations A.6, A.7 and A.8 respectively.
√
108 × R2 × 3kp2
Q0r base =
(A.6)
abcr π 3/2 (π 2 − 9)

Q0f column =

54 × R3 × kp2
acf π (dg − yi ) (π 2 − 9)

(A.7)
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Q0r column =

54 × R4 × kp2
acf π (dg − yi ) (π 2 − 9)

(A.8)

R1 , R2 , R3 and R4 now must be found by matching the ux distributions of
the four quadrants at the origin of their reference frame. At the point (bg , dg , 0)
the distributions in the four quadrants are equal. qf b(x,y,ξ) = qrb(x,y,ξ) =
qf c(x,y,ξ) = qrc(x,y,ξ) . Expressions for the R terms may then be found in terms
of one another, this fact and knowing that the total spatial integral must sum
to unity to ensure all heat generation is accounted for allows their computation
as shown in Equation A.9.

R1 +



cr
cf

+





× R1 +

√

√ 2
108 3kp
abπ 3/2 (−9+π 2 )×cf

2
108 3kp
abπ 3/2 (−9+π 2 )×cf

×

aπ (−9+π

×
2

aπ (−9+π 2 )×cf ×(dg −yi )
2
54kp

)×cr ×(dg −yi )

2
54kp

× R1

Solving this equation gives an expression for R1 as R1 =





× R1

(A.9)

=1
b cf

√3

(cf +cr ) b+2

. Similar expressions may then be found for the remaining quadrants which are
shown in Equations A.10.

R1 =

R3 =

b cf
q

(cf + cr ) b + 2 π3 (dg − yi )


6 cf (dg − yi )
√ 
(cf + cr ) 6 (dg − yi ) + b 3π

R2 =

R4 =



π (dg −yi )

b cr
q
(A.10)

(cf + cr ) b + 2 π3 (dg − yi )


6 cr (dg − yi )
√ 
(cf + cr ) 6 (dg − yi ) + b 3π

Now the nal form of the ux distribution is known and the integral over all
space will return a value of 1.

9. Industrial Relevance
The representation of welding heat sources in simulations of the welding process
is clearly of enormous industrial significance. A more accurate prediction of the
transient temperature field induced in a component during welding enables a less
conservative error estimate to be placed on any subsequent mechanical analysis. The
accurate representation of the heat source enables the number of experimental trials
conducted to be drastically reduced and in some cases it may be possible to totally
remove the need for experimental validation. This represents a huge saving, both
monetarily and in terms of safety. Not only does this mean that the final properties
of welds can be predicted more accurately, but the parameters in the welding process
may be optimised by computer simulation to obtain the best possible product from
an industrial process. The DEC heat source distribution has been shown to describe,
more accurately, the welding heat source when the arc is at the base of a narrow
groove and not submerged under a blanket of flux. This will enable more accurate
predictions of temperature fields, subsequently more accurate mechanical analysis,
leading to more accurate predictions of the properties of the weld. Therefore less
conservative estimates of safety critical parameters may be given. This may even
lead to vessels being constructed from thinner sections than are currently used.
One must be aware then that the prediction of temperature fields, by simulation of
the welding process, is only useful industrially if the computational and time cost
is not preventative. In this sense the analytical solutions presented for the EB and
FSW heat source models may be particularly useful in industry.
Electron beam welding is considered to be the most promising welding method for
the fabrication of RPV’s as the micro-structural properties of the produced weld are
superior and the faster processing times are favourable to traditional arc welding
techniques, that are the only allowed methods by which to construct RPV’s currently
in the U.K. As such the accurate representation of the EB heat source is attractive.
Consider the scenario where a RPV is constructed by joining two hemispherical thick
steel sections utilising an arc welding process, this would typically require between
30 and 50 weld beads to be deposited in the joint between the two hemispheres to
construct the final vessel.
If there were a problem with one of the weld beads, caused by a power interruption,
for example, the common practice is to remove the bead by grinding and re-apply.
In then the electron beam welding process of the same vessel is considered and the
same power interruption occurs causing the electron beam to fail, as the weld is a
single, full-penetration, process there is no method by which to remove the weld
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region and attempt the process again short of excising the weld region and then
performing two belt-line welds with an extra section. If a rapid solution technique
were available that may be used in-line to monitor the EB welding process and such
a power interruption occurred, assuming the welding apparatus were brought back
on line before the component cooled too drastically, it would be possible to fit the
transient temperature field due to the loss of power and rapidly predict the heat
input, and the distribution of the heat input required in a subsequent restart EB
weld to anneal out the unwanted thermal strains in the component due to the power
interruption. This may be achieved using the presented analytical solution to the
DEC heat source model, which has been shown to accurately predict the transient
temperature field, and the time dependent heat input rate coupled with the Green’s
function analytical solution technique presented in the friction stir welding paper.
The new heat source models presented in this thesis have been shown to provide a
more accurate prediction of temperature distributions from welding processes. The
improved accuracy of the thermal solution will in turn lead to less conservative estimations of residual stress as the thermal stresses are often the driving force behind
residual stress generation in large components. Couple this improved representation
of the welding heat source with a faster and more efficient computation of the temperature via the analytical solution technique and the industrial relevance is clear;
A more accurate thermal solution computed in less time and therefore utilising less
computational resources. The work presented in this thesis is framed within the
nuclear industry, however, welding is a feature in many industries. As such the
work presented in this thesis extends beyond the scope of the nuclear industry and,
it is believed, may be used to great effect wherever the temperature field induced in
welded components is of interest.
As previously mentioned, the project as completed within the framework of the
NNUMAN programme. As a result of this, support was provided by Rolls-Royce
over the duration of the project in the form of additional funding and two, month
long, secondments. These secondments, along with regular progress meetings and
presentations ensured the progress of the project aligned with the expectations of
the sponsoring organisation and provided useful insight into how the work may
be beneficial to Rolls-Royce moving forward. The perspectives of two Rolls-Royce
supervisors are provided to highlight the contribution the research has made to the
industrial sponsors from an industrial perspective.
Tom’s work has provided an enhanced understanding of the modelling
of heat sources for weld process evaluation. This enhanced clarity and
reduced computational burden, provides a stepping stone towards realising the potential for future ‘digital manufacturing’ systems. In addition
to Tom’s doctoral work, he has expanded his knowledge and capability through engaging with complimentary research programmes at the
University of Manchester. In doing so has enhanced the development
of knowledge being gained in a broader range of nuclear manufacturing
research areas.
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Dr Martin J. Goodfellow CPhys MInstP MIET (Programme
Manager – SMR Research & Technology)
The conical heat source model analytical solutions that Tom has developed will enable electron beam and laser welding processes to be simulated more accurately. These welding techniques are currently being
developed by Rolls-Royce for new nuclear plant manufacturing applications. Large aspect ratio (depth / width) weld beads are deposited, that
cannot be modelled realistically using the conventional Goldak doubleelliptical heat source modelling tools currently available in commercial
finite element modelling software. Welding residual stresses can only be
realistically predicted if a 3D moving heat source model is used, since
the cooling rates, contraction strains and stiffness of the joint can be
accurately computed. The ability to realistically model cooling rates
within the fusion zone and heat affected zone is also important in low
alloy pressure vessel steels that exhibit significant (Bainitic or Martensitic) microstructural phase transformations. Accurate weld models will
enable the transformation products and residual stress distributions to
be realistically predicted. The ability to predict material microstructures could then potentially be used to infer material properties (such
as strength and hardness within the HAZ). Current limitations in computing power necessitate the use of simplified 2D axisymmetric weld
modelling methods for engineering analysis of thick section multi-pass
pressure vessel and pipe girth welds, in order to achievable acceptable
computation times. Tom’s 3D moving heat source thermal analysis solutions have achieved impressive run times during benchmark comparative
studies. Therefore it is envisaged that in future it will be feasible to employ these techniques for more routinely for analyses of multi-pass welds
in engineering components.
Paul Hurrell Technical Specialist – Stress
Additional, masters level, technical and management courses were also completed
throughout the duration of the project. The aim of the management courses was
to provide tools to better integrate the academic work with industrial sponsors;
in this project and moving forward into future academic ventures. These courses
certainly aided communications with the industrial sponsor and meant that aims
and objectives were aligned between the industrial and academic supervisors. In
total eight masters level management courses were completed, the result of which
was the receipt of a management qualification. Three masters level technical courses
were completed as part of the programme on the subjects of: corrosion and fracture,
nuclear decommissioning and nuclear reactor technology. The additional technical
courses were beneficial in highlighting the unique challenges of the nuclear industry
as well as areas where work from the project may fit in.
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9.1. Patented Technology
During the course of the project and following presentations of the work at RollsRoyce, who partly fund the NNUMAN programme, it was decided that Rolls-Royce
would patent the combination of the more representative heat source model for the
electron beam welding process and the analytical solution for the transient temperature field due to this heat source. The patent may be seen as the combination of
the work presented in chapter 4, chapter 5 and chapter 6. This patented material
uses the DEC heat source model, with surface spherical Gaussian component, and
analytical solution to the transient temperature field generated by this heat source.
This allows the rapid calculation of the transient thermal field in a component,
welded with the electron beam process. This temperature field is calibrated to the
physical process in real time with the input of thermocouple data from the process;
utilising a genetic algorithm to match the computed thermal field and therefore
heat source parameters to the real-time thermocouple data. This allows real time
temperature predictions of the process under consideration. In the case of a loss
of power event at the welding head, the software can account for sudden decreases
in power by means of the time dependent heat input rate, outlined in chapter 8,
in the analytical solution method. This being accounted for the software can then
calculate the heat input needed to return the component to the previous thermal
strain state, or anneal out any unwanted thermal strains.
This technology will be used to reduce the time components spend in a factory
following a welding interruption; resulting in cost savings for Rolls-Royce. The
patent number is 1509152.3. A Rolls-Royce inventor award was presented for the
development of this patented technology. The award consisted of a £500 fee for the
inventor that was used to purchase a more powerful PC for continued research.
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10. Conclusions
The original work, and contributions to the field of welding thermal simulation, are
as follows:
• Novel heat source distributions were investigated
Mathematically robust, novel, heat source distributions were derived. Mathematical representations of the underlying physics were found such that the
welding heat source for a spectrum of energy densities could be represented
numerically to compute the transient temperature field generated in a computational domain representing the component being welded. The full derivations of the novel heat source models are shown in section A.1. While it is
true that some some of these heat source models require further validation, it
is also true that the heat source models are non-trivial to derive and maintain a great deal of flexibility; the heat source models are effectively derived
in a manner that would make simplifications trivial. The presented doubleellipsoidal-conical (DEC) heat source model for example may be simplified
to a single ellipsoidal-conical. The double conical, double-ellipsoidal, single
ellipsoidal, conical and spherical Gaussian distributions are all special cases
of this DEC heat source model. It is difficult to conceive of a flux distribution behaviour that has not been presented in section A.1. The piriform heat
source model was derived and is presented in subsection A.1.1. This model is
the first of its kind in computational welding mechanics as all previous heat
source models have been some variation on the Gaussian distribution. The
piriform has a quartic-cubic form in the exponent and through validation with
a SAW experiment appears to more accurately describe the heat transfer in
this process. This was an exciting deviation from Gaussian distributions that
have commonly been assumed due to their flexibility and known integrands.
• It was determined that the classically used double-ellipsoid distribution is not as appropriate in the arc welding case when the groove
is narrow with respect to its depth
For fusion welding processes with an electric arc, it has been shown that the
classically used double-elliposoidal heat source model should be extended in
order to incorporate effects of direct heat transfer from the arc to the walls of a
welding groove in a joint geometry. This direct transfer of energy to the walls of
the welding geometry is less pronounced in cases where the groove is relatively
shallow with respect to is depth. This is logical as the double-ellipsoidal heat
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source is heavily validated for the bead-on-plate case and so as the groove
geometry approaches that of a flat plate one would expect the heat source to
tend to a double-ellipsoidal distribution. However, as was hypothesised, as the
groove geometry tends to one that is infinitely deep and infinitesimally wide
and an electric arc heat source is located at its base, the double-ellipsoidal
heat source must be extended and as such was extended to the DEC heat
source model. This DEC heat source model contains a double-conical upper
portion to represent the heat transfer to the walls of a groove geometry. In
the case where this direct heat transfer is stifled by, for example, the arc at
the base of a narow-groove being submerged under a fusible-flux blanket, the
quad-ellipsoid heat source is presented.
• Analogies were made between the narrow-groove and keyhole geometries such that the DEC heat source model could represent both
processes
Given that the hypothesis of the DEC heat source model was based on the
thought experiment of an infinitely deep and infinitesimally narrow groove,
analogies were made between this and the keyhole in an electron beam welding
process. The DEC heat source was shown to accurately represent the electron
beam as a heat source in the electron beam welding process, with the addition
of a surface flux component in order to achieve the typical ’nail-head’ cross
section of the fusion zone. This DEC heat source more accurately accounts for
the termination of the keyhole compared with commonly used conical models
which have assumed a sudden and abrupt stop in the heat transfer rate. The
DEC heat source model assumes a Gaussian decrease in the heat transfer at
the termination of the keyhole which is more representative of the process.
• The analytical solution to the transient temperature field generated
by the DEC heat source was found and validated for the electron
beam welding process
The computational cost of simulating the welding process is high when utilising numerical solutions. Analytical solutions to the heat equation due to a
prescribed heat flux were available however their accuracy is low when applied
to the arc welding case in the base of a groove as the boundary conditions
are non-orthogonal and the constructed three dimensional solutions are not
appropriate. In the electron beam and friction stir welding processes it was
observed that the geometries readily lend themselves to the solution of the heat
equation analytically if a representative heat source model can be found. As
the DEC heat source was validated with experimental results the heat source
model was incorporated into an analytical solution for the transient temperature field for a combination of Dirichlet and Neumann boundary conditions.
This permits the transient temperature field due to the DEC heat source to be
computed extremely rapidly and computationally efficiently when compared
to numerical methods. The solution was incorporated into a software package
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for the thermal solution of welding processes.
• A novel volumetric heat source was presented for the friction stir
welding process
Potential shortcomings in surface flux based approaches were identified and
as such a volumetric heat source distribution was presented, designed to be
representative of the friction stir welding. Experimental data for the friction
stir welding process was not available, first hand, and as such the model was
compared with those presented in the literature as a first-order ’sanity check’
and appears to perform well against the surface heat flux approaches presented
in the literature. The aim of this heat source model was to include the flow
effects around the rotating pin without solving the flow equations explicitly, in
such a way that these effects may be accounted for in a numerical simulation
for the transient temperature field without the need for a coupled flow-thermal
solution that, although physically more accurate, is computationally expensive
and requires precise knowledge of the given friction stir welding process under
consideration.
• Time dependent heat transfer rates from the welding heat source
were accounted for in the analytical solution to the temperature
field
The heat input from a given welding process is often time dependent. Examples of this include pulsing of the heat source in arc welding and the dwell
periods in the friction stir welding process. These time dependent heating
rates have a significant effect on the magnitude and distribution of the transient thermal field induced in a component under the effect of the welding heat
source. The effect of this time dependence were included in the analytical solution technique and applied to the friction stir welding process to represent
the increase and decease in heat input due to the respective start and end
dwell periods. This time dependent heating means that loss of power events
may be simulated using the analytical solution.
• Analytical Solution Presented for the proposed volumetric friction
stir welding heat source
The welding geometry in the friction stir welding process, in the same manner as the electron beam welding process, is suitable for the solution of the
transient temperature field to be computed in an analytical manner. As such
the analytical solution to the transient temperature field induced by the proposed friction stir welding volumetric heat source was presented. This was
the first time an analytical solution was presented for the transient temperature field generated in the friction stir welding process. The combination of
the analytical solution with time dependent heat input and a representative
heat source enables the ramp up and down portions of the dwell periods to
be modelled effectively and the resultant temperature fields analysed. The
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temperature field generated by this novel heat flux, and computed by the analytical solution technique, with allowances for the time varying heat input
rates, was compared with those recorded in the literature and found to give
sensible results.
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11. Future Work
It has been shown that in the case where, for and arc weld, the groove geometry is
narrow with respect to its depth the traditional double-ellipsoidal heat source model
is not as appropriate. A more accurate prediction of the arc welding heat source at
the base of such a groove is the double-ellipsoidal-conical (DEC) heat source model.
When the DEC heat source was applied to a keyhole electron beam case, in order to
achieve the ’nail-head’ cross section in the fusion zone, it was found that a surface
flux component had to be applied, either in the form of a surface DEC source or a
spherical Gaussian. This surface heat source accounted for roughly 2% of the total
heat input into the component, however its existence added another parameter to
the simulation that is required to be fitted. The work of Wu et al showed the
advantages of having a non-linear rate of decreasing heat intensity. This modified
conical distribution proposed by Wu had major drawbacks however as discussed in
the literature survey. As such a modified double-ellipsoidal-conical (MDEC) heat
source has been derived and is presented in subsection A.1.3. As can be seen, this
MDEC heat source is capable of accounting for the bugle-like distribution in the
heat and is hypothesised to therefore predict the correct fusion zone shape in the
final weld without the extra fitting parameter required with the surface heat source
approach. This heat source should be validated by comparison with experimental
results and, it is hoped, this will form part of a continuation of this work in a future
project.
The thermal modelling of welding processes by prescribing a volumetric heat source,
as presented in this work, has proven to be the most effective means by which to
compute the transient temperature field in components subject to welding heat
sources. However, this method of representing the welding heat source involves a
certain amount of parameter fitting. These parameters, representing the spatial
gradient in the heat flux distribution are expected to be functions not only of the
heat source, but the thermal properties of the component also. As such it would be
extremely helpful to characterise a material, joint geometry and heat input rate for
the heat source parameters representing the process. This may reduce the fitting to
a single parameter, the heat transfer efficiency.
At the present time it is difficult to envisage how the presented analytical solution
may be extended to non-orthogonal boundary conditions to represent arc welding
processes at the base of a groove. This tessellation problem cannot be overcome
with the method of images at present. However there are avenues by which to add
flexibility to the method. It is proposed that temperature dependent material prop-
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erties could be added to the solution. Temperature dependent material properties
could be incorporated in a time-iterative process and as such the method would
not be strictly analytical, and solution times would necessarily increase. Alternate
methods of constructing the three dimensional Greens function for an orthogonal
domain are available. These constructions allow the application of convective heat
losses from the domain and therefore may be of use, particularly in the application
of the solution to the friction stir welding process, which unlike the electron beam
process, is performed in a convective atmosphere.
When simulating the submerged arc welding process it was found that in terms
of a heat source distribution with a Gaussian form, the most accurate predicted
temperature field when compared with the experimentally measured temperature
field was obtained with a quad-ellipsoidal-flat heat source model where the central
ellipsoidal region had a constant flux density, decaying in a Gaussian manner outside
this central region. In this SAW case the most accurate temperature field was
found with the application of the piriform heat source model. As such it would
be interesting to prescribe a heat source model that is piriform in shape, with a
constant flux density within a bounding piriform surface and decays in a quarticcubic manner as a path is taken outside of this surface. However, this may tend
toward the Gaussian distribution and as such be less accurate than the piriform
model.
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A. Appendices
A.1. Derivation of Heat Source Models
The heat source models derived over the course of the project are presented in this
appendix. A co-ordinate convention is chosen for consistency and is the same coordinate system used in the literature review. The heat source is defined to travel
in the positive ξ direction.

A.1.1. Piriform Heat Source Model
The motivation behind this heat flux model was the idea that surfaces of constant
power density should lie on surfaces resembling droplets, in order to imitate the
solidification behaviour of the weld pool. It was hypothesised that this would be
more representative of the arc welding process at higher travel velocities. The flux
distribution was derived, by initially finding the algebraic expression for a ’pear
curve’ before transposing this relation as an exponent. This gave an expression of
the following form.

h

qP (x,y,ξ) = Q0 e
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2
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where δ = 3c/4 is simply used to shift the distribution in the ξ axis such that the
peak flux value occurs at the origin as shown in .
Then in order to find the functional form of Q0 the expression must be integrated.
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Where kK and kT arise from the collection of complete gamma and generalized
hypergeometric function that are produced during the integration.
The complete gamma function, Γ (n), is useful in the integration of exponentials
where the exponent is raised to powers, or combinations of powers, greater than
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Figure A.1.: Plot of the piriform heat flux distribution along the ξ axis.

2. The complete gamma function is defined to be an extension of the factorial
to complex and real number arguments. It is related to the factorial by Γ (n) =
(n − 1)!. The gamma function is useful . The complete gamma function is shown
in Figure A.2. In mathematics, the Gaussian or ordinary hypergeometric function
F (a, ..., ap , b, ...., bq , z) is a special function represented by the hypergeometric series.
The generalized hypergeometric series is a power series in which the ratio of successive coefficients indexed by n is a rational function of n. The series, if convergent,
defines a generalized hypergeometric function, which may then be defined over a
wider domain of the argument by analytic continuation. The hypergeometric function is again useful in the integration of the complex exponent under consideration.

Figure A.2.: Complete gamma function

In the present case kK = Γ
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are, kK = 2.0036 and kT = 14.9439. Therefore:
√
64 3
 q

Q0 =
a b c × 32 c14 c2 kK + kT
The final form of the piriform distribution may now be specified and is shown in
Equation A.1.
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(A.1)

The piriform, from the Latin pirum meaning pear-shaped, distribution has the advantage of a reduced number of unknowns and so the mathematical pain of the calculus may be worthwhile. The shape of the distribution can be seen in Figure A.3.
The physical interpretation of the inflection surface in the ξ direction is that it represents the re-solidification of molten material behind the heat source after the torch
has passed.

Figure A.3.: Three dimensional inflection surface of the piriform flux distribution.
The drawback to the piriform flux distribution is that it does not reduce to the
Gaussian form classically validated in welding mechanics.

A.1.2. Double-Ellipsoidal-Conical Heat Source Model
Consider a cartesian domain (x, y, ξ) seperated into four quadrants by planes at
y = dg and ξ = 0. In the leading ellipsoidal quadrant, (y ≥ dg ) , (ξ ≥ 0) the flux
obeys a Gaussian distribution in three spatial dimensions with semi-major axes
a, b, cf in the x, y and z axes respectiveley as shown by Equation A.2. In the trailing
ellipsoidal quadrant, (y ≥ dg ) , (ξ ≤ 0) the flux obeys a Gaussian distribution in three
spatial dimensions with semi-major axes a, b, cr in the x, y and z axes respectively as
shown by Equation A.3. In conical quadrants of the flux distribution, (yi < y < dg ),
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the heat flux parameter governing the spatial decay rate in the depth distance is
itself a function of depth. Therefore the leading and trailing conical quadrants are
of the form stated by Equation A.4 and Equation A.5 respectiveley.
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qCf (x,y,ξ) = Q0Cf e
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a− (a−ai )

g
dg −yi











In order to find the constants Q0Cf , Q0Cr , Q0Df , and Q0Dr , which represent the
maximum flux values in the frontal conical, rear conical, frontal ellipsoid and rear
ellipsoidal quadrants of the DEC flux distribution respectively; we must integrate
over the required spatial limits. It can be shown that:
ˆ0 ˆdg ˆ0
−∞ yi −∞

π 2 (e3 − 1)
1


qCr (x,y,ξ) dx dy dξ =
 × (cr (2a + ai ) + cri (a + 2ai ))  = Rrconical
3
108 × e
× (dg − yi ) Q0Cr
(A.6)




Similar integrals were performed for all the quadrants of the flux distribution in
order to find the Q0 terms which represent the peak flux values of the distribution.

Q0Cf =
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108e3 Rfconical
π 2 (e3 − 1) Sf (dg − yi )

(A.7)
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Q0Cr =

Q0Df

Q0Dr

108e3 Rrconical
π 2 (e3 − 1) Sr (dg − yi )

(A.8)

√
12 3Rfde
√
=
a cf b π π

(A.9)

√
12 3Rrde
√
=
a cr b π π

(A.10)

Where Rfconical , Rrconical , Rfde and Rrde are matching expressions for the frontal conical, rear conical, frontal ellipsoid and rear ellipsoid portions of the flux distribution
respectively that must be found in order to maintain flux continuity over the quadrant boundaries. The fitting parameters noted by Rrde , Rfde , Rrconical and Rfconical
are found by matching the flux distributions at the origin in the reference frame
of the moving heat source. In order to find the matching constant Rrde , substitute
(x = bg , y = dg , ξ = 0) into the flux expression and sum the quadrants:

 Rrde +



c R 
f rde
c

r √

 √

+

6 3Rrde (cr (2a+ai )+cri (a+2ai ))(dg −yi ) 2
√
π
acr bπ π
54e3

6 3Rrde (cf (2a+ai )+cfi (a+2ai ))(dg −yi ) 2
√
π
acr bπ π
54e3

+

 

(e3 − 1)

(e3 − 1)







= 1 (A.11)

After re-arranging the expression for the matching constant Rrde , the expression
can be shown to be:

Rrde =
1+

cf
cr

+

(e3 −1)

1

√π

S (d −yi )
3 f g
3bcr e3 a

√π

+

(e3 −1)

S (d −yi )
3 r g
3bcr e3 a

Similarly matching expressions Rfde , Rrconical and Rfconical are found.

Rfde =
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cr
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+

(e3 −1)
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Sf (dg −yi )
3bcf e3 a
3

√
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Sf
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√π
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3bcf e3 π3 a
(e3 −1)Sr (dg −yi )

(e3 −1)

S (d −yi )
3 r g
3bcf e3 a
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3bcr e3 π3 a
(e3 −1)Sf (dg −yi )
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√

Rfconical =
1+

Sr
Sf

+

1

3bcf e3 π3 a
(e3 −1)Sf (dg −yi )

√

+

3bcr e3 π3 a
(e3 −1)Sr (dg −yi )

Substituting the fitting expressions and Equation A.7, Equation A.8, Equation A.9
and Equation A.10 into Equation A.4, Equation A.5, Equation A.2 and Equation A.3
leads to the final form of the flux distribution expression:
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q = V Iη × 
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π 2 (e3 −1)Sr (dg −yi )

−3



ξ
Γc
f
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+

108e3 Rfconical e
π 2 (e3 −1)Sf (dg −yi )

x−bg
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∀ (y ≥ dg ) , (ξ ≤ 0)

∀ (y ≥ dg ) , (ξ ≥ 0)

2

∀ (y ≤ dg ) , (ξ ≤ 0)
x−bg
Γa

2 

∀ (y ≤ dg ) , (ξ ≥ 0)

0 ∀ (y < yi )

where Γa = a − ((a − ai ) ((dg −y)/(dg −yi ))), Γcr = cr − ((cr − cri ) ((dg −y)/(dg −yi ))) ,
Γcf = cf − ((cf − cfi ) ((dg −y)/(dg −yi ))) , Sr = cr (2a + ai ) + cri (2ai + a) and Sf =
cf (2a + ai ) + cfi (2ai + a).

A.1.3. Modified DEC Heat Source Model
It was posed that instead of a linear dependance on the depth, the flux distribution
should vary non-linearly through the depth of the weld. Modifications of the DEC
distribution were therefore investigated
In the same manner as the DEC heat source model, consider a cartesian domain,
(x, y, ξ), seperated into four quadrants by planes at y = dg and ξ = 0 . It is
required that the distribution varies in a quadratic manner, it would be desirable to
be able to specify the heat flux at two y co-ordinates. The x and ξ dependance in
the frontal and rear modified conical portions is then given by Equation A.12 and
Equation A.13.
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The dependance is then a(y) = a − (a − ai )




dg −y 2
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such that the value of

a(y) isequal o a at dg and equal to ai at yi . The saame relation is used for the
frontal and rear components in ξ. This is shown in s Equation A.14, Equation A.15,
Equation A.16, and Equation A.17.
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In order to find the constants Q0Cf , Q0Cr , Q0Df , and Q0Dr , integrals must be
perfomed. Let us consider the frontal conical portion of the flux distribution,
(yi < y < dg , ξ > 0). The integral that must be performed is stated in Equation A.18.

ˆ∞ ˆdg ˆ∞
0

Q0Cf π (dg − yi )

qM Cf (x,y,ξ) dx dy dξ =
6

yi −∞

 

2
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2 1/2  

1/ c − (
f

cf −cf
i

)(dg −y)2

2 1/2

(dg −yi )2

(A.18)
Similar integrals were performed for all the quadrants of the flux distribution in
order to find the Q0 terms which represent the peak flux values of the distribution.
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a cf b π π

(A.21)

√
12 3Rrde
√
=
a cr b π π

(A.22)

Where RfM C , RrM C , Rfde and Rrde are matching expressions for the frontal modified
conical, rear modifiwed conical conical, frontal ellipsoid and rear ellipsoid portions
of the flux distribution respectively that must be found in order to maintain flux
continuity over boundaries where the heat flux is described differently, i.e. between
the conical and ellipsoidal portions of the distribution.
The fitting parameters noted byRfM C , RrM C , Rfde and Rrde are found by matching the
flux distributions at the origin in the reference frame of the moving heat source; this

166

A.1 Derivation of Heat Source Models
is due to the fact that the flux must be continuous over quadrant boundaries the flux
must be equal at these boundaries (the origin in the moving reference frame), the
same result can be achieved by considering continuity over the four planes separately
but this result is neater. For example in order to find the matching constant Rrde ,
substitute into the flux expression values of (x = bg , y = dg , ξ = 0) and sum the
quadrants to a value of 1 to ensure all the heat input is accounted for as given by
the following:
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(A.23)

=1

Therefore the following expressions for the matching parameters may be found:
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where:
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Substituting the fitting expressions and Equation A.19, Equation A.20, Equation A.21
and Equation A.22 into Equation A.14, Equation A.15, Equation A.16 and Equation A.17
leads to the final form of the flux distribution expression, stated in the following expression, this is called the double ellipsoidal flux distribution.
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This gives a distribution pictured in Figure A.4.
This heat source model is predicted to give the correct fusion zone profile in the
electron beam weld without the need to incorporate a surface spherical Gaussian or
a DEC heat source component.

A.1.4. Quad Ellipsoidal Heat Source Model
Consider a cartesian domain (x, y, ξ) seperated into four quadrants by planes at
y = dg and ξ = 0. In the first ellipsoidal quadrant, (y ≥ dg ) , (ξ ≥ 0) the flux obeys a
Gaussian distribution in three spatial dimensions with semi-major axes a, b, cf in the
x, y and z axes respectiveley as shown by Equation A.24. In the second ellipsoidal
quadrant, (y ≥ dg ) , (ξ ≤ 0) the flux obeys a Gaussian distribution in three spatial
dimensions with semi-major axes a, b, cr in the x, y and z axes respectiveley as shown
by Equation A.25. In the penultimate ellipsoidal quadrant, (yi < y < dg ) , (ξ ≥ 0)
the flux obeys a Gaussian distribution in three spatial dimensions with semi-major
axes a, (dg − yi ) , cf in the x, y and z axes respectiveley as shown by Equation A.26
. In the final ellipsoidal quadrant, (yi < y < dg ) , (ξ ≤ 0) the flux obeys a Gaussian
distribution in three spatial dimensions with semi-major axes a, (dg − yi ) , cr in the
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(a) Modified DEC Conical Heat Source

(b) Cross-section through the MDEC Conical Heat Source

Figure A.4.: Surfaces of constant flux density for the modified DEC heat source.
x, y and z axes respectiveley as shown by Equation A.27. The integration limit of
yi in the derivation was chosen in an attempt to remove the efficiency term from the
model and reduce the number of fitted parameters when modelling arc welding.



−3

q1 = Q01 e



−3

q2 = Q02 e



−3

q3 = Q03 e



−3

q4 = Q04 e

170

x−bg
a

x−bg
a

x−bg
a

x−bg
a

2 
+

2 
+

2 
+

2 
+

y−dg
b

y−dg
b

2 
+

2

y−dg
(dg −yi )

y−dg
(dg −yi )

2 

ξ
cf

(A.24)

2

+( cξ

2 
+

2



)
r

+(

ξ
cf

ξ
cr

(A.25)

2 

(A.26)

2

)



(A.27)

A.1 Derivation of Heat Source Models
In order to find the constants Q01 , Q02 , Q03 , and Q04 , which represent the maximum
flux values in the four quadrants of the distribution, appropriate spatial limits must
be integrated over. It can be shown that:

ˆ0 ˆdg ˆ0
−∞ yi −∞
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√
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12 3
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Therefore the expression for Q04 is given by Equation .
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Similar relations for Q01 , Q02 and Q03 may also be found as shown in .
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The fitting parameters noted by Γ1 , Γ2 ,Γ3 andΓ4 ,are found by matching the flux
distributions at the origin in the moving reference frame and are given by:
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This leads to the final distribution:

q = V Iη ×
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(A.28)

i

The parameters a, b, cr , cf , dg and yi determine the spatial gradient of the heat flux
distribution such that the power density falls to 0.05Qmax at these locations along
their respective axes. The parameter a represents the heat flux decay in the xdirection, b represents the heat flux decay in the y direction below the y = dg plane.
cr and cf describe the heat flux decay in the ξ- direction in the rear and front
quadrants respectiveley. The y-component of heat decay between y = yi and y = dg
is prescribed by the magnitude of dg − yi . The parameter bg is the location of the
heat source in the x-axis. The input voltage, current and arc efficiency are given by
V, I and η respectively, although as will be discuddes the η term may be omitted
and in turn accounted for with the distribution parameters.

A.1.4.1. Quad Ellipsoidal Model with Central Ellipsoid Region of Constant
Flux Density
In
a further
extension
to the quad ellipsoidal model, inside
the surface
defined
by



 2


 2
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2  2
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+ cξr ≤ 1 in the fourth
+
a
(dg −yi )

in the second quadrant,



≤ 1 in the third quadrant and

finally
quadrant the heat flux density
has a constant value given by Qmax . This maximum value of the flux clearly must
be, the flux intensity on the boundary of the quad-ellipsoid central region, and is
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therefore given by Equation A.29.

Qmax

√
V Iη 12 3e−3
= Υ 3/2
π a (cf + cr ) (b + dg − yi )

(A.29)

Outside of this quad-ellipsoidal region of constant flux density, the flux density
decreases in a Gaussian manner. The factor Υ is a numerically obtained constant of
integration and is found by integrating the difference between the flux distributions
over the volume of the quad-ellipsoidal surface specified by a, b, cr , cf , dg and yi and
has a value of 1/0.30624.

A.1.5. Friction Stir Welding Heat Source Model
A.1.5.1. Derivation of the Two Quadrant Friction Stir Welding Heat Source
Model
Below the base of the rotating cylinder, (y > dg ), it is required that the flux obeys
a ’double Gaussian’ distribution in the x and ξ directions such that the heat flux
reaches a maximum at two locations loosely corresponding to the edges of the cylinder as shown in figure Figure A.5; in the y direction the flux decreases in a Gaussian manner. In the region corresponding to the body of the rotating cylinder,
(yi ≤ y ≤ dg ), the heat flux again obeys a ’double Gaussian’ distribution in the x
and ξ directions, however this time there is no dependence on the depth co-ordinate.

Figure A.5.: Double Gaussian distribution
The functional
form of2 this double Gaussian distribution was chosen to have the
2
x
−3( Px∗a )
form:e
− e−3( a ) . Now it is required to find the maxima in this distribution.
This is done by differentiating the function and equating to zero in order to find the
peak locations,

∂
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√

aP Log[P 2 ]
√
−3+3P 2

location of the maxima in the distribution occurs at x = bg ±
where bg is
the origin of the distribution. Now the value of P can be chosen appropriately.

Figure A.6.
The valueqof P is chosen to be π/3. Therefore the peak flux value occurs at x =
r(π/3) Log[(π/3)2 ]
bg ± √
= bg ± r × kp where kp is a constant. Now the distributions in
2
π
−3+3( /3)

the two quadrants may be found. In the (yi ≤ y ≤ dg ) region the heat flux is given
by equation Equation A.30:
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In the (y > dg ) region the heat flux is given by equation Equation A.31:
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(A.31)
Now the expressions for Q0body and Q0base must be found.
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√
54 3kp2

yi −∞ −∞

ˆ∞ ˆ∞ ˆ∞
dg −∞ −∞

Now the flux distributions of the two regions must be matched to ensure continuity
over the y = dg plane.

Q0body =

Q0base

27kp2
× Rbody
π (−9 + π 2 ) r2 (dg − yi )

√
54 3kp2
= 3/2
× Rbase
bπ (−9 + π 2 ) r2

Where Rbody and Rbase are parameters used to ensure continuity between quadrants.
Now using two pieces of information, firstly that the distributions are equal at
y = dg , secondly that the integral of the flux distribution must be unity for energy
conservation the matching constants may be found.

qbase(x,dg ,ξ) = qbody(x,dg ,ξ)



Rbody + Rbase



√
54 3kp2
27kp2
×Rbody = 3/2
×Rbase
=
π (−9 + π 2 ) r2 (dg − yi )
bπ (−9 + π 2 ) r2

=1

Therefore using appropriate substitutions it can be shown that

Rbody =

1
1+

27bπ 3/2 √
54π(dg −yi ) 3

and Rbase = 1 − Rbody . Therefore the final flux disrtibution for the two region FSW
heat source model is given by te equation:
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A.1.5.2. Derivation of the Four Quadrant Friction Stir Welding Heat Source
Model
The derivation of this heat source model is very similar to the two quadrant model,
however, now the domain is divided into four quadrants. The domain is once again
divided by the y = dg plane and additionaly by the ξ = 0 plane. Consider then
the desired heat flux distributions in the four quadrants of the domain as shown in
Equations
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It is then required to find the values of Q0f base , Q0r base , Q0f column and Q0r column . This
is achieved in the same way as previously, by integrating the expressions. Consider
the frontal component of the base quadrant:
ˆ∞ ˆ∞ ˆ∞

qf b(x,y,ξ) dx dy dξ =

0 dg −∞

Q0f base abcf π 3/2 (π 2 − 9)
√
= R1
108 × 3kp2

Therefore
Q0f base

√
108 × R1 × 3kp2
=
abcf π 3/2 (π 2 − 9)

Following the same procedure the other peak flux relations may be found as shown
in Equations .

Q0r base

√
108 × R2 × 3kp2
=
abcr π 3/2 (π 2 − 9)

Q0f column =

54 × R3 × kp2
acf π (dg − yi ) (π 2 − 9)

Q0r column =

54 × R4 × kp2
acf π (dg − yi ) (π 2 − 9)
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where R1 , R2 , R3 and R4 now must be found by matching the flux distributions of
the four quadrants at the origin of their reference frame. At the point (bg , dg , 0)
the distributions in the four quadrants are equal. qf b(x,y,ξ) = qrb(x,y,ξ) = qf c(x,y,ξ) =
qrc(x,y,ξ) . Expressions for the R terms may then be found in terms of one another,
this fact and knowing that the total spatial integral is unity allows their computation
as :






R1 +



cr
cf



× R1 +


+



√
108 3kp2
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108 3kp2
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=1

Solving this equation yields
R1 =

b cf


(cf + cr ) b + 2

q

3
π

(dg − yi )



Similar expressions may then be found for the remaining quadrants usingthe same
process as shown in Equations .

R2 =

R3 =

R4 =

b cr


(cf + cr ) b + 2

q

3
π

(dg − yi )



6 cf (dg − yi )


√ 
(cf + cr ) 6 (dg − yi ) + b 3π

6 cr (dg − yi )


√ 
(cf + cr ) 6 (dg − yi ) + b 3π

Finally the heat flux distribution may be written in its complete form as shown in
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ξ
πrr
3kp

∀ (x, y ≤ dg , ξ ≤ 0)
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+
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+

ξ
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!2 # 




∀ (x, y ≤ dg , ξ ≥ 0)

for neatness.

A.2. Analytical Solution To DEC Heat Source
In this appendix the full analytical solution to the transient temperature field generated by the application of the DEC heat source model is presented. The convolution of various Greens functions with the components of the DEC heat source is
presented. Performing the following integrals yields the convolution of the Greens
function in each spatial direction. These must then be combined before being integrated to find the final increase in temperature.

h
i
h
i
0 2
0 2
)
)
ˆB Exp − ((2nB)+x−x
+ Exp − ((2nB)+x+x
4α(t−t0 )
4α(t−t0 )
p
BT =
4πα(t − t0 )

"
Exp −3



x0 − bg
a

2 #!

dx0 (A.33)

0
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A.2 Analytical Solution To DEC Heat Source
The conical portion of the integral that must be computed reduces to
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Note that the primed variables represent the heat source location. The transient
thermal field is then given by the following expression:

1
∆T (x, y, z, t) =
ρcp
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Q0Cr BT DTc LTr + Q0Cf BT DTc LTf






+ Q0Dr BT DTe LTr + Q0Df BT DTe LTf





dt0 (A.38)



where Q0Cr , Q0Cf , Q0Dr and Q0Df are given in Equation A.7, Equation A.8, Equation A.9
and Equation A.10 respectiveley. One of the advantages of the analytical solution
technique is that the thermal fields can be summed. During the analysis and upon
researching the literature it was found that surface effects in the weld pool have the
effect of increasing the temperature profile on the surface where the electron beam
enters the domain. This was accounted for by summing an ellipsoidal distribution
on the surface of this domain and the results were then in much better agreement
with the thermocouple data.

A.2.1. Implementation of analytical solution in code
The spatial integrals were performed manually. The computer program written
in c++ performed the temporal integration, as the time integral does not have a
closed analytical expression and has to be performed numerically. Initially a simple
Simpsons rule was used for this integration. This was then improved over successive
iterations of the code, at present, a double exponential transform method is used to
perform the integral, resulting in a very impressive and accurate integration scheme.
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