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Abstract

This paper provides additional Monte Carlo information and detailed proofs of the results pre-
sented in Shadat and Orme (2015), �Robust Parametric Tests of Constant Conditional Correlation
in a MGARCH model.�

Introduction

In this paper, to accompany Shadat and Orme (2015), we provide (i) all the tables referred to in the
Monte Carlo section of the main text; (ii) the main results and Propositions; and, (iii) detailed proofs
of all results- which are dealt with only brie�y in the main paper. All de�nitions are provided in Shadat
and Orme (2015) are not reproduced here, except when done so within the context of stating or proving
a Proposition.

Monte Carlo Results

Empirical Signi�cance Levels

We employ AR(1)-CCC-GARCH (1,1) DGP for N = 5 as our null model; viz.,

yit = 'i0 + 'i1yi;t�1+"it; i = 1; � � � ; 5
V ar ("tjFt�1) = Ht ) E

�
"2itjFt�1

�
= hit; "t = H

1=2
t (!) �t; �t � N(0; I);

hi;t = �i0 + �i1"
2
i;t�1 + �i1hi;t�1; �

0
i = (�i0; �i1; �i1)

Ht = Dt�Dt; Dt = diag
�p

hit

�
and

� =
�
�ij
	
; i; j = 1; � � � ; 5 with �ii = 1: (1)

Three experiments are considered E1, E2 and E3 and the true parameter vectors employed are given in
Table A1.
Table A2 reports the rejection frequencies when the null of the CCC is true under both Gaussian

and non-Gaussian errors. Apart from investigating the robustness of these tests under non-normality,
where the elements of �0t are independently and identically distributed as t(6) o¤ers some evidence on
the robustness of the procedure to violations of the underlying moment assumptions, since for the choice
of test variables

rij;t =
"i;t�1"j;t�1p
hi;t�1

p
hj;t�1

;

8th order moments are required. The results are reported for a nominal signi�cance level of 5%:
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Robustness to Misspeci�ed Univariate Volatility

We consider 12 experiments (M1a-M1c, M2a-M2c, M3a-M3c and M4a-M4c), each within the regression
context to investigate, via Monte Carlo simulation, the impact of violations in the univariate GARCH
speci�cation, but when the true correlation structure for �0t is constant with Gaussian error. The condi-
tional mean parameters and the correlation structures remain the same as those previously employed, as
detailed in Table A1. For M1, M2 and M3 the univariate volatility speci�cations of all �ve variables are
governed by the GJR, higher order GARCH (i.e., GARCH(2,2)) and the EGARCH models, respectively
whereas for M4 all 5 variables are subject to volatility spillover via an ECCC model. The su¢ x a, b or
c associated with these experiments indicate low, mixed and high correlation structure, respectively, for
�.
Table A3 and Table A4 report the rejection frequencies based on both the 5% empirical and nominal

critical values (with the latter in the parenthesis) and with 2000 replications where the data are generated
with normal errors; i.e., in the former case, and for each test procedure, �size-adjusted� rejection
frequencies are reported, calculated using the empirical critical value that delivers a 5% signi�cance
level for the simulations reported in Table A1. Only Table A3 is reported in the main paper.
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Table A2: CCC Models: Empirical Signi�cance Levels against 5% nominal level
AR(1)-CCC-GARCH(1,1) DGP

E1 E2 E3
T=500 T=1000 T=500 T=1000 T=500 T=1000

Gaussian errorsdLM�(o)
T 12.98 8.52 16.07 10.18 15.65 10.31dLM�(r)
T 4.08 4.79 5.02 5.07 4.78 5.32gLM (o)

T 7.43 6.54 3.17 4.16 3.71 4.62gLM (r)

T 4.03 4.61 4.56 4.76 3.99 4.52

Ŝ
�C(o)
T 15.33 10.01 16.75 11.61 17.81 11.77
Ŝ
�C(r)
T 4.32 4.70 5.11 5.87 4.82 5.65
~S
C(o)
T 11.84 8.71 6.57 6.82 6.81 7.08
~S
C(r)
T 4.37 4.61 5.02 5.61 5.09 5.76

Ŝ
�J(o)
T 24.74 15.04 24.93 16.10 26.15 16.77
Ŝ
�J(r)
T 6.40 6.10 7.15 7.06 6.26 7.03
~S
J(o)
T 16.92 12.04 9.78 9.40 10.54 9.99
~S
J(r)
T 5.77 5.95 4.82 5.09 4.37 5.16

t(6) errorsdLM�(o)
T 20.90 11.80 27.25 19.40 27.95 20.10dLM�(r)
T 3.10 4.00 4.80 6.90 5.75 5.75gLM (o)

T 10.25 7.70 2.95 4.75 3.45 3.40gLM (r)

T 3.15 4.30 4.80 6.30 4.70 4.40

Ŝ
�C(o)
T 26.30 16.85 32.10 24.70 30.80 23.10
Ŝ
�C(r)
T 4.90 4.95 5.75 7.30 5.40 6.60
~S
C(o)
T 15.50 10.80 8.90 9.45 7.70 8.40
~S
C(r)
T 4.75 4.65 4.80 6.15 4.95 5.55

Ŝ
�J(o)
T 46.15 32.45 46.50 34.65 46.55 33.70
Ŝ
�J(r)
T 7.15 7.95 7.15 9.80 7.60 8.80
~S
J(o)
T 31.85 22.60 16.10 17.10 15.25 14.95
~S
J(r)
T 5.80 7.45 3.90 7.00 3.95 4.55

Notes:
1. Parameter values as detailed in Table 2.
2. The �rst block reports results for Tse�s LM test, the second and third blocks those for CCM and FCM tests,
respectively. Within each block the order is: OPG-FQMLE, ROBUST-FQMLE, OPG-PQMLE, ROBUST-PQMLE.
3. T is the sample size and results are based on 10,000 simulations for Gaussian errors and 2,000 for t(6) errors.
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Ŝ
�J
(r
)

T
8
:2
0

10
:2
0

8
:2
0

11
:9
5

8
:4
5

10
:5
0

4
:3
5

4
:9
5

4:
95

4
:9
0

5:
80

4
:5
0

(1
0:
25
)

(1
2
:3
0)

(1
0
:9
5)

(1
5
:6
0)

(1
0
:2
0)

(1
4
:0
5)

(5
:7
0)

(6
:2
0)

(7
:2
5)

(6
:9
5)

(7
:2
0)

(6
:1
0)

~ S
J
(o
)

T
8
:5
0

10
:1
0

8
:2
5

12
:4
5

9
:2
0

10
:2
0

4
:4
0

4
:7
0

5:
00

4
:5
5

5:
25

4
:5
5

(2
5:
00
)

(2
0
:7
5)

(1
5
:9
0)

(1
8
:9
5)

(1
7
:7
5)

(1
8
:6
0)

(1
6
:1
5)

(1
1
:8
0)

(1
0:
20
)

(9
:5
0)

(1
1:
05
)

(9
:3
0)

~ S
J
(r
)

T
8
:5
0

9
:7
0

7
:7
5

11
:3
0

8
:0
0

9
:6
0

4
:9
5

5
:3
0

6:
40

5
:8
0

5:
55

5
:7
0

(9
:5
0)

(1
1
:5
5)

(7
:4
5)

(1
1
:4
0)

(7
:0
0)

(9
:9
0)

(5
:5
5)

(6
:3
0)

(6
:2
0)

(5
:9
5)

(4
:8
5)

(5
:7
5)

N
ot
es
:

1.
T
h
e
su
¢
x
a,
b
,c
d
en
ot
es
th
e
lo
w
,
m
ix
ed
,
h
ig
h
co
rr
el
at
io
n
st
ru
ct
u
re
,
re
sp
ec
ti
ve
ly
.

2.
T
is
th
e
sa
m
p
le
si
ze
an
d
re
su
lt
s
ar
e
b
as
ed
on
2,
00
0
si
m
u
la
ti
on
s.

3.
F
or
ea
ch
te
st
th
e
�
rs
t
(s
ec
on
d
)
ro
w
re
p
or
t
re
je
ct
io
n
ra
te
s
u
si
n
g
em
p
ir
ic
al
(n
om
in
al
)
cr
it
ic
al
va
lu
es
;
i.
e.
,
�
gu
re
s
in
th
e
�
rs
t
ro
w
fo
r
ec
ah
te
st
st
at
is
ti
c
re
p
or
t
si
ze
-a
d
ju
st
ed
re
je
ct
io
n
ra
te
s

6



Power Results

To examine power, we consider three types of MGARCH models with time varying correlations. The
AR(1) conditional mean speci�cation, and parameters, remain as in (1) but now we examine three
alternative speci�cations for the conditional variance matrix Ht = V ar ("tjFt�1). The �rst is the DCC-
GARCH(1,1) model where the dynamic correlation matrix, �t; is given as

�t = (I �	t)�1=2	t (I �	t)�1=2 = diag(	t)�1=2	t diag(	t)�1=2;
	t = (1� ~�� ~�)�� + e��t�1� 0t�1 + e�	t�1; (2)

where ~� and ~� are nonnegative scalar parameters and � + � < 1 and �� is constant (time invariant)
5�5 symmetric positive de�nite matrix, with ones on the diagonal. Secondly, we consider the following
Varying Correlation (VC) model of Tse and Tsui (2002)

�t = (1� a� b) �� + a�t�1 + b	t�1; (3)

where a and b are nonnegative scalar parameters, satisfying a + b � 1, and 	t�1 is the 5 � 5 sample
correlation matrix of

�
�t�1; � � � ; �t�5

	
and its (i; j)th element is given by:

 ij;t�1 =

P5
m=1 �i;t�m�j;t�m�P5

m=1 �
2
i;t�m

�1=2 �P5
m=1 �

2
j;t�m

�1=2 :
Finally we consider the BEKK model,

Ht = CB +A
0
B

�
"t�1"

0
t�1
�
AB +B

0
BHt�1BB : (4)

In the following experiments the diagonal BEKK (DBEKK) model is employed where the parameter
matrices AB and BB are 5� 5 diagonal matrices.
Seven experiments are considered: P1, P2 and P3 follow the DCC DGP (2), P4 and P5 follow VC

DGP (3) and remaining two, P6 and P7, follow the DBEKK DGP (4). In all cases, the individual
volatility speci�cation for all variables is retained from earlier size experiment, whilst for the DCC and
VC DGPs the constant �� matrix is set to the previously de�ned mixed correlation structure (see Table
A1). The remaining true parameter vectors are given in Table A5.
Table A6 and Table A7 present the size-adjusted power (and nominal) results with 2000 replications

for the above seven experiments, based on a 5% empirical (respectively nominal) signi�cance level and
the data are generated assuming normality. Only Table A6 is reported in the main paper. As a measure of
the variability of the conditional correlation coe¢ cients, we calculate the range (maximum - minimum)
of the conditional correlation coe¢ cients in each replicated sample of T = 1000 observations. In Table
A8 we report, here, the average, maximum and minimum ranges of the true conditional correlation
coe¢ cients across the 2000 Monte Carlo samples.

7



T
ab
le
A
5:
T
ru
e
pa
ra
m
et
er
va
lu
es
fo
r
p
ow
er
si
m
ul
at
io
n

P
1

P
2

P
3

P
4

P
5

P
6

P
7

e�
0
:0
5

0
:1
0

0
:1
5

-
-

-
-

e �
0
:9
0

0
:8
5

0
:8
0

-
-

-
-

a
-

-
-

0:
50

0:
60

-
-

b
-

-
-

0:
20

0:
30

-
-

C
B

-
-

-

0 B B B B @0
:2

0:
1
0:
1
0:
1
0:
1

0
:1

0:
2
0:
1
0:
1
0:
1

0
:1

0:
1
0:
2
0:
1
0:
1

0
:1

0:
1
0:
1
0:
2
0:
1

0
:1

0:
1
0:
1
0:
1
0:
21 C C C C A

A
B

-
-

-
d
ia
g
f0
:3
0g

d
ia
g
f0
:4
0g

B
B

-
-

-
d
ia
g
f0
:4
0g

d
ia
g
f0
:4
0g

N
ot
es
:
.

1.
P
1-
P
3:
p
ar
am

et
er
s
e�;e �

re
fe
r
to
th
e
D
C
C
-G
A
R
C
H
(1
,1
)
m
o
d
el
in
(2
)

2.
P
3-
P
4:
p
ar
am

et
er
s
a
;b

re
fe
r
to
th
e
V
C
-G
A
R
C
H
(1
,1
)
m
o
d
el
in
(3
)

3.
P
6-
P
7:
p
ar
am

et
er
m
at
ri
ce
s
A
B
;B

B
an
d
C
B
re
fe
r
to
th
e
D
B
E
K
K
(1
,1
)
m
o
d
el
in
(4
).

8



Table A6: DCC Models I: Empirical Rejection Rates against 5% empirical (nominal) critical value
AR(1)-DCC-GARCH(1,1) DGP

P1 P2 P3
T=500 T=1000 T=500 T=1000 T=500 T=1000dLM�(o)

T 14:45 29:95 60:60 91:45 93:10 99:95
(34:85) (42:75) (79:30) (95:00) (97:35) (99:95)dLM�(r)

T 14:95 27:60 51:00 88:00 85:45 99:70
(15:00) (27:90) (51:00) (88:10) (85:50) (99:70)gLM (o)

T 13:90 24:85 44:00 85:60 74:80 98:75
(9:80) (27:60) (37:55) (83:50) (69:20) (98:30)gLM (r)

T 13:65 27:70 50:40 88:15 84:60 99:60
(12:85) (26:60) (49:10) (87:60) (83:45) (99:60)

Ŝ
�C(o)
T 14:80 24:00 65:60 91:50 95:20 99:90

(34:00) (38:90) (82:45) (96:40) (98:60) (100:00)

Ŝ
�C(r)
T 12:85 21:55 57:15 88:65 91:55 99:70

(13:10) (24:00) (57:50) (90:20) (91:60) (99:75)
~S
C(o)
T 14:70 27:50 58:80 92:05 91:10 99:70

(18:45) (33:10) (63:65) (94:10) (92:45) (99:80)
~S
C(r)
T 13:40 23:75 56:65 89:80 92:25 99:80

(13:45) (25:15) (56:65) (90:55) (92:30) (99:80)

Ŝ
�J(o)
T 17:45 29:15 73:45 96:25 98:15 100:00

(50:95) (52:45) (92:00) (98:90) (99:85) (100:00)

Ŝ
�J(r)
T 15:65 27:10 63:80 94:75 95:40 100:00

(19:25) (34:00) (69:80) (96:05) (96:15) (100:00)
~S
J(o)
T 17:25 32:30 65:35 95:55 94:70 100:00

(27:50) (43:90) (76:45) (97:45) (97:30) (100:00)
~S
J(r)
T 15:05 25:70 61:55 94:05 94:45 100:00

(14:70) (26:10) (60:95) (94:05) (94:15) (100:00)

Notes:
1. Parameter values as detailed in Table 5.
2. T is the sample size and results are based on 2,000 simulations.
3.For each test the �rst (second) row report rejection rates using empirical (nominal) critical value; i.e., �gures in the
�rst row for ecah test statistic report size-adjusted rejection rates
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Table A7: DCC Models II: Empirical Rejection Rates against 5% nominal (empirical) critical value
AR(1)-VC-GARCH(1,1) DGP DBEKK DGP

P4 P5 P6 P7
T=500 T=1000 T=500 T=1000 T=500 T=1000 T=500 T=1000dLM�(o)

T 17:80 30:35 85:25 99:05 74:20 79:00 89:50 99:90
(38:85) (43:30) (93:40) (99:55) (81:70) (87:10) (97:05) (99:90)dLM�(r)

T 13:80 25:85 72:80 97:80 61:75 76:05 85:10 99:85
(13:80) (25:95) (72:85) (97:85) (62:15) (76:25) (85:15) (99:85)gLM (o)

T 13:55 25:40 62:20 94:00 66:10 85:50 94:00 99:85
(10:20) (22:55) (55:10) (92:90) (64:70) (83:75) (91:25) (99:90)gLM (r)

T 14:60 27:00 72:20 97:45 66:20 78:05 86:05 99:85
(13:55) (26:10) (70:75) (97:25) (65:50) (77:25) (84:85) (99:85)

Ŝ
�C(o)
T 13:95 21:90 90:80 99:30 42:50 42:70 53:95 88:15

(35:05) (37:20) (97:15) (99:70) (61:00) (61:25) (79:80) (94:85)

Ŝ
�C(r)
T 12:10 19:95 84:85 98:70 24:35 27:20 36:70 81:80

(12:25) (22:05) (85:10) (99:00) (26:90) (30:25) (37:20) (83:95)
~S
C(o)
T 15:90 26:40 96:65 99:20 55:00 58:90 72:75 97:50

(19:20) (31:80) (88:80) (99:40) (59:25) (64:40) (77:25) (97:90)
~S
C(r)
T 12:15 21:70 85:70 98:95 32:60 35:25 46:60 89:90

(12:15) (23:25) (85:75) (99:15) (34:50) (37:30) (46:65) (90:55)

Ŝ
�J(o)
T 21:15 31:25 97:95 100:00 56:95 56:80 72:45 97:50

(53:75) (55:45) (99:65) (100:00) (78:50) (78:80) (94:15) (99:50)

Ŝ
�J(r)
T 17:55 29:35 94:70 99:95 42:55 44:40 55:60 95:55

(22:00) (35:30) (95:85) (100:00) (50:30) (52:50) (61:50) (97:25)
~S
J(o)
T 18:75 32:85 88:50 99:70 45:30 47:65 69:15 96:50

(30:35) (43:90) (93:50) (99:85) (55:85) (58:80) (79:40) (98:25)
~S
J(r)
T 16:10 27:95 88:30 99:85 29:10 30:70 41:70 88:35

(15:90) (28:25) (88:10) (99:85) (29:50) (31:10) (40:40) (88:50)

Notes:
1. Parameter values as detailed in Table 5.
2. T is the sample size and results are based on 2,000 simulations.
3.For each test the �rst (second) row report rejection rates using empirical (nominal) critical values; i.e., �gures in the
�rst row for ecah test statistic report size-adjusted rejection rates
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Main Results

Tests based on FQMLE

Proposition 1 Suppose Assumptions A and B hold. Then, �� = E [u1�
t (!0)u

1�
t (!0)

0] is �nite, where
u1�
t (!)0 = (m1

t (!)
0; g1�

t (!)0) : Furthermore:

(i) 1p
T

PT
t=1 u

1�
t (!0)

d! N(0;��), where �� = E [u1�
t (!0)u

1�
t (!0)

0] is �nite; and,

(ii) 1
T

PT
t=1 u

�
t (!̂)u

�
t (!̂)

0 � �� = op(1); for any !̂ � !0 = op(1); where u�t (!)
0 = (mt(!)

0; g�t (!)
0) :

Proposition 2 Under the assumptions of Proposition 1,

p
T �mT (!̂)

d�! N (0; V �) ;

where V � = A�0�
�A�00 ; and A

�
0 =

�
Iq : �B�0J��10

�
; with J�0 = �E

h
@g1�

t (!0)
@!0

i
; positive de�nite, B�0 =

�E
h
@m1

t (!0)
@!0

i
; and Iq is the (q � q) identity matrix:

Proposition 3 Under the Assumptions of Proposition 6, in the Appendix

(i) J�T (!̂)� J�0 = op(1); where

J�T (!) =
1

4T

�
Z 0 (�A 
 IT )Z Z 0 (E0NPLN 
 �T )
(L0NPEN 
 �0T )Z 2L0N

�
��1 
 ��1

�
LN

�
+
1

T

�
F 0
�
��1 
 IT

�
F 0

0 0

�
(5)

and positive de�nite.

(ii) B�T (!̂)�B�0 = op(1); where, in the case of �mJ
T (!̂); B

�
T (!) can be expressed in (vertically-stacked)

�block-row� form, as follows

B�T (!) =
�
B�11T (!)

0
; B�21T (!)

0; B�22T (!)
0; B�31T (!)

0; :::; B�N;N�1T (!)
0; B�NNT (!)

0�0 (6)

and the B�ijT (!) are ordered by (i; j) according to s
J
N with

B�ijT (!) =
1

T

�
1

2
�ijR

0
ij(e

0
j 
 Zj + e0i 
 Zi); R0ij(e0ij 
 �T )

�
: (7)

Tests based on PQMLE

Proposition 4 Suppose Assumptions A and B, with B1 and B2, appropriately strengthened for the par-
ticular choice of rij;t; hold. Then, � = E [u1t (!0)u

1
t (!0)

0] is �nite, where u1t (!)
0 = (m1

t (!)
0; g1t (�)

0) :
Furthermore:

(i)
p
T �u1T (!)

d! N(0;�), where � = E [u1t (!0)u
1
t (!0)

0] is �nite; and,

(ii) 1
T

PT
t=1 ut(~!)ut(~!)

0 � � = op(1); for any ~! � !0 = op(1); where ut(!)0 = (mt(!)
0; gt(�)

0) :

Proposition 5 Under the assumptions of Proposition 4, and provided � is positive de�nite,

p
T �mT (~!)

d�! N (0; V )

where V = A0�A
0
0; A0 =

�
Iq;�B0J�10

�
; with J0 = �E

h
@g1t (�0)
@�0

i
; B0 = �E

h
@n1t (!0)
@�0

i
; and Iq is the

(q � q) identity matrix:

12



Appendix:Assumptions and Proofs

Write w0it'i = 'i1(L)yit + d0it'i2 and hit = �i0 + Ai(L)"
2
it + Bi(L)hit = ait + Bi(L)hit; where ait =

�i0 +Ai(L)"
2
it = �i0 +

Pq
k=1 �ik"

2
i;t�k: As employed, for example, in Ling and McAleer (2003), Berkes,

Horváth and Kokoszka (2003) and Halunga and Orme (2009), the following assumptions ensure the

identi�ability, stationarity and ergodicity of the above process. A3(i) is a stationarity assumption

imposed over the whole parameter space. Notice that, with A3(ii), this implies that roots of 1�Bi (z) = 0
lie outside the unit circle. Thus, in addition to A3(ii) which restricts the parameter space so that zero

values in �i are ruled out,
Pp

j=1 �ij < 1: These restrictions are also imposed on � by Berkes, Horváth and

Kokoszka (2003) and are employed here because they a¤ord uniform convergence of second derivatives

of the log-likelihood over �, removing the need for third derivatives, thus greatly simplifying the algebra

required to justify the substantive contribution.

Assumptions A

A1 The parameter space, �; is compact and !0 lies in the interior of �:

A2 The elements of d0it are strictly stationary and ergodic and 1�'i1(L) = 1�'i11L��i12L2� :::�
�i1pL

p = 0; �i1p 6= 0; has all roots lying outside the unit circle, for all i; with p; the lag length,

known.

A3 (i) All the roots of 1�Ai(z)�Bi (z) = 0 lie outside the unit circle.
(ii) The parameter space is constrained such that 0 < � � mini;l f�ilg � maxi;l f�ilg < �;

l = 1; :::; p+ q + 1; where � and � are independent of !.

(iii) The polynomials Ai(z) and 1�Bi(z) are coprimes:

Unless stated otherwise, all de�nitions are as in the main text; �K will denote a generic positive

�nite constant, independent of !; which is employed to bound certain expressions but whose value

might change from line to line in the proofs as required; and, throughout, a superscript of 1 signi�es

that hit has been replaced by h1it where necessary. The Euclidean norm of a matrix A is denoted

kAk =
p
tr(A0A):

The derivations below will exploit the properties of hit and h1it ; as discussed in Halunga and Orme

(2009, Appendix), and it will be useful to note here that:

Summary 1 1. h1it =
P1

l=0  ilai;t�l � � > 0 and h1it � �i0 +  ilai;t�l for all l � 1;hit =Pt�1
l=0  ilai;t�l � � > 0 and hit � �i0 +  ilai;t�l for all l = 1; :::; t� 1:

2. jh1it � hitj = j
P1

l=t  ilai;t�lj � �K
P1

l=t �
lat�l and

����h1it � hith1it

���� = ����P1
l=t

 ilai;t�l
�i0 +  ilat�l

���� � �K
P1

l=t �
lasi;t�l,

for some s 2 (0; 1) ; using x= (1 + x) � xs for some s 2 (0; 1) and all x � 0.

3. 0 < hit=h
1
it <

p
hit=h1it < 1; and 0 <

p
h1it �

p
hitp

h1it
< �h1it =

h1it � hit
h1it

< 1. Similarly,

0 <

p
h1it h

1
jt�
p
hithjtp

h1it h
1
jt

<
h1it h

1
jt�hithjt
h1it h

1
jt

< 1:

4. Since h1it = hit+(h
1
it �hit); h1it h1jt = hithjt+(h

1
it �hit)(h1jt �hjt)+hit(h1jt �hjt)+hjt(h1it �hit);

so that

h1it h
1
jt � hithjt
h1it h

1
jt

= �h1it �h
1
jt +

hit
h1it

�h1jt +
hjt
h1jt

�h1it < �h
1
it +�h

1
jt +�h

1
it

13



and thus �����
p
h1it h

1
jt �

p
hithjtp

h1it h
1
jt

����� <

�����h1it h1jt � hithjth1it h
1
jt

�����
� 2 j�h1it j+

���h1jt ��
� 2

�
j�h1it j+

���h1jt ��	 :
Assumptions B

B1 E j"0itj6 <1 for all i; t:

B2 E
h
kditk6

i
<1; for all i; t:

B3
PT

t=1E sup! j"it"jtj
l r1ij;t � rij;t = O(1); at most, for all i; j; t and l = 0; 1:

B4 E sup! j"it"jtj
l r1ij;t2 <1 for all i; j; t; and l = 0; 1; 2:

B5 E sup! j"it"jtj
l
@r1ij;t@!

 <1; at most, for all i; j; t and l = 0; 1:
Remark 1 (i) A1, A2, B1 and B2 imply that E sup! j"itj

6
< 1 uniformly in i; t; where "it = "0it �

w0it ('i � 'i0) ; and also that E jyitj
6
<1 for all i; t; so that E

h
kditk6

i
<1; for all i; t. (ii) Extensions

of Halunga and Orme (2009, Proposition 4) imply that B3-B5 also hold with zit replacing rij;t. (iii)

Assumptions A, B1 and B2 are su¢ cient to establish the consistency and asymptotic normality of both

the FQMLE and PQMLE, and the consistency of variance estimators based on an OPG formulation.

(iv) Depending on the choice of rij;t; B1 and B2 may need strengthening, in view of the demands of

B4, in order to establish both the asymptotic normality of our test indicators and the consistency of the

various asymptotic variance estimators employed in constructing the �2 test statistics.

Case 1 For rij;t =
"i;t�1"j;t�1p
hi;t�1

p
hj;t�1

, B3-B5 hold provided B1 and B2 are replaced by

B1* E j"0itj8 <1 for all i; t:

B2* E
h
kditk8

i
<1 for all i; t:

Proof. Firstly, for B3, with rij;t =
"i;t�1"j;t�1p
hi;t�1

p
hj;t�1

; a scalar, we have

TX
t=1

E sup
!
j"it"jt + 1j

��r1ij;t � rij;t�� =
TX
t=1

E sup
!
j"it"jt + 1j j"i;t�1"j;t�1j

�
����� 1p

h1i;t�1
p
h1j;t�1

� 1p
hi;t�1

p
hj;t�1

�����
=

TX
t=1

E sup
!
j"it"jt + 1j j"i;t�1"j;t�1j

����� 1p
hi;t�1

p
hj;t�1

�����
�
�����
p
hi;t�1

p
hj;t�1 �

p
h1i;t�1

p
h1j;t�1p

h1i;t�1
p
h1j;t�1

�����
� 2��1

TX
t=1

E sup
!
j"it"jt + 1j j"i;t�1"j;t�1j

�����h1i;t�1��+ ���h1j;t�1���� :

14



Now
���h1i;t�1�� � �K

P1
l=t�1 �

lasi;t�1�l; for any s 2 (0; 1) ; so that

TX
t=1

E sup
!
j"it"jt + 1j j"i;t�1"j;t�1j

���h1i;t�1�� � �K
TX
t=1

E sup
!
j"it"jt + 1j j"i;t�1"j;t�1j

1X
l=t�1

� lasi;t�1�l

� �K
TX
t=1

O(� t�1) = O(1)

because by Holder�s Inequality and, then, Cauchy-Schwartz (twice),

E sup
!

��"it"jt"i;t�1"j;t�1"2si;t�1�l�� �
�
E sup

!
j"it"jt"i;t�1"j;t�1j1+s

�1=(1+s)�
E sup

!
j"i;t�1�lj2(1+s)

�s=(1+s)
� K

r
E sup

!
j"it"jtj2(1+s)E sup

!
j"i;t�1"j;t�1j2(1+s) <1

since E sup! j"itj
4(1+s)

< 1; for any s 2 (0; 1) ; and this is satis�ed by Assumptions B1 and B2. For
B4, �rst, it is clear that E sup!

��r1ij;t��2 � ��2E sup! j"i;t�1"j;t�1j
2
< 1 by Cauchy-Schwartz and B1.

Second,

E sup
!

��"it"jtr1ij;t��2 � ��2E sup
!
j"it"jt"i;t�1"j;t�1j2 <1

by Cauchy-Schwartz, B1* and B2*: For B5, note that,
@r1ij;t
@�i

= �1j;t�1

�
f1i;t�1 +

1

2
�1i;t�1z

1
i;t�1

�
; i 6= j;

whilst
@r1ij;t
@�k

= 0; for k 6= i; k 6= j and
@r1ij;t
@�0

= 00: Thus, for example,

E sup
!
j"it"jtj

@r1ij;t@�i

 � �K

�
E sup

!
k"it"jt"j;t�1wi;t�1k+ E sup

!

"it"jt"j;t�1"i;t�1z1i;t�1� <1

since both E sup! k"it"jt"j;t�1wi;t�1k < 1 and E sup!
"it"jt"i;t�1"j;t�1z1i;t�1 < 1; by Cauchy-

Schwartz, B1 and B2, and Remark 1(ii). For example, note that

E sup
!

"it"jt"i;t�1"j;t�1z1i;t�1 �rE sup
!
j"it"jtj2E sup

!

"i;t�1"j;t�1z1i;t�12
and E sup! j"it"jtj

2
< 1 by Cauchy-Schwartz and B1 and B2. Also, E sup!

"i;t�1"j;t�1z1i;t�12 < 1
since the following moments are bounded by Cauchy-Schwartz and Assumptions B1, B2 (noting the

expressions for kx1it k and kc1it k given by Halanga and Orme (2008, A5 and A8, respectively):

(i) E sup!
"2i;t�1"2j;t�1"2si;t�k"2si;t�l �rE sup! "2i;t�1"2si;t�k2E sup! "2j;t�1"2si;t�l2; and E sup! "2i;t�1"2si;t�k2 ��

E sup! j"i;t�1j
4(1+s)

�1=(1+s) �
E sup! k"i;t�kk

4(1+s)
�s=(1+s)

<1; by Holder�s inequality:

(ii) Similarly, E sup!
"2i;t�1"2j;t�1wi;t�1�kw0i;t�1�l �qE sup! "2i;t�1wi;t�1�k2E sup! "2j;t�1wi;t�1�l2;

and E sup!
"2i;t�1wi;t�1�k2 � �E sup! j"i;t�1j6�2=3 �E sup! kwi;t�1�kk6�1=3 < 1; by Holder�s

inequality:

We �rst establish some preliminary results that will be of use later.

Lemma 1 Let fxtgTt=1 be a sample of stationary ergodic random variables, such that the random vector

functions wt(!) � w(xt;!) and zt(!) � z(xt;!); t = 1; :::; T; satisfy 1p
T

PT
t=1 sup! kwt(!)� zt(!)k =

op(1):
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(i) Then

sup
!

 1p
T

TX
t=1

wt(!)�
1p
T

TX
t=1

zt(!)

 = op(1):

(ii) If E sup! kw(x;!)k
2
<1; where ! 2 
 a compact set, then (in addition)

sup
!

 1T
TX
t=1

wt(!)wt(!)
0 � 1

T

TX
t=1

zt(!)zt(!)
0

 = op(1):

Proof. (i) First,

sup
!

 1p
T

TX
t=1

wt(!)�
1p
T

TX
t=1

zt(!)

 = sup
!

 1p
T

TX
t=1

(wt(!)� zt(!))


� 1p
T

TX
t=1

sup
!
kwt(!)� zt(!)k

= op(1):

(ii) Second, and similarly,

sup
!

 1T
TX
t=1

wt(!)wt(!)
0 � 1

T

TX
t=1

zt(!)zt(!)
0

 = sup
!

 1T
TX
t=1

(wt(!)wt(!)
0 � zt(!)zt(!)0)


� 1

T

TX
t=1

sup
!
kwt(!)wt(!)0 � zt(!)zt(!)0k ;

then it is su¢ cient to show that 1
T

PT
t=1 sup! kwt(!)wt(!)0 � zt(!)zt(!)0k = op(1); as follows.

Because 1p
T

PT
t=1 sup! kwt(!)� zt(!)k = op(1); it follows that 1

T

PT
t=1 sup! kwt(!)� zt(!)k

2
= op(1);

since

1

T

TX
t=1

sup
!
kwt(!)� zt(!)k2 �

 
1p
T

TX
t=1

sup
!
kwt(!)� zt(!)k

!2
= op(1):

Finally, since kwz0k = kzw0k = kwk kzk and

kww0 � zz0k = k(w � z)w0 + w(w � z)0 � (w � z)(w � z)0k

� 2 kw � zk kwk+ kw � zk2 ;

we can write, by the preceding result, that

1

T

TX
t=1

sup
!
kwt(!)wt(!)0 � zt(!)zt(!)0k � 2

1

T

TX
t=1

sup
!
kwt(!)� zt(!)k kwt(!)k

+
1

T

TX
t=1

sup
!
kwt(!)� zt(!)k2

� 2
1

T

TX
t=1

sup
!
kwt(!)� zt(!)k sup

!
kwt(!)k+ op(1):
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Then by Cauchy-Schwartz

1

T

TX
t=1

sup
!
kwt(!)� zt(!)k sup

!
kwt(!)k �

vuut 1

T

TX
t=1

sup
!
kwt(!)� zt(!)k2

1

T

TX
t=1

sup
!
kwt(!)k2

= op(1):

since 1
T

PT
t=1 sup! kwt(!)� zt(!)k

2
= op(1) and 1

T

PT
t=1 sup! kwt(!)k

2
= Op(1); by Markov�s Inequal-

ity since E sup! kwt(!)k
2
<1:

Remark 2 Under the conditions of Lemma 1, E sup! kw(x;!)k
2
< 1 so that E [wt(!0)wt(!0)0] is

�nite. Then, by a Uniform Law of Large Numbers and the triangle inequality, for any !̂ � !0 = op(1);
1
T

PT
t=1 zt(!̂)zt(!̂)

0 � E [wt(!0)wt(!0)
0] = op(1): In fact, the method proof also reveals that for any

!̂ � !0 = op(1); and provided both 1p
T

PT
t=1 kwt(!̂)� zt(!̂)k = op(1) and E sup! kw(x;!)k

2
<1; then

1
T

PT
t=1 zt(!̂)zt(!̂)

0 � E [wt(!0)wt(!0)0] = op(1):

Proposition 6 Under Assumptions A and B1, B2:

(i) E sup! kg1�
t (!)k2 <1;

(ii)
1p
T

PT
t=1 sup! kg1�

t (!)� g�t (!)k = op(1):

In addition, and adding B3 and B4:

(iii) E sup! km1
t (!)k

2
<1;

(iv)
1p
T

PT
t=1 sup! km1

t (!)�mt(!)k = op(1):

Proof.
(i) We can write the likelihood function, l1�

t (!) as:

l1�
t (!) = �1

2
ln j�j � 1

2

NX
j=1

lnh1jt �
1

2

NX
j=1

�1jt "
1�
jt ;

where "1�
it =

PN
m=1 �

im�1mt; i = 1; :::; N with �im = �mi: Then, exploiting
@�1it
@�i

= �f1it �
1

2
�1it z

1
it ,

@"1�
it

@�j
= �ij

@�1it
@�j

,
@�ij

@�km
= ��ik�jm � �im�jk and

@"1�
it

@�km
= ��ik"1�

mt � �im"1�
kt ; we have the following

scores:

@l1�
t (!)

@�i
= f1it "

1�
it +

1

2
(�1it "

1�
it � 1) z1it ; (8)

@l1�
t (!)

@�ij
= "1�

it "1�
jt � �ij ; i > j; (9)

and it is su¢ cient to show that the result holds for each of the above.

Firstly, and since h1it � � > 0 we have j"1�
it j � ��1

PN
m=1 �

im"mt, and since
���im�� < 1; we also have

by Minkowski�s Inequality for any s > 0;

E sup
!
j"1�
it j

s � �K

"
NX
m=1

�
E sup

!
j"mtjs

�1=s#s
<1;
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so that by Assumptions B1 and B2, E sup! j"1�
it j

6
<1:

For E sup!

@l1�
t (!)

@�i

2 <1; we need both E sup! kf1it "1�
it k

2
<1 and E sup! k(�1it "1�

it � 1) z1it k
2
<

1: For the former
E sup

!
kf1it "1�

it k
2 � 1

�

r
E sup

!
kwitk2E sup

!
j"1�
it j

2
<1;

by Cauchy-Schwartz and Assumptions B1 and B2. For the latter, E sup! kz1it k
2
< 1, as shown by

Halunga and Orme (2009, Proposition 4a), and from Remark 1(ii)

E sup
!
k�1it "1�

it z1it k
2 � �K

NX
m=1

E sup
!
j"it"mtj2 kz1it k

2
<1;

since the following moments are bounded by Cauchy-Schwartz and Assumptions B1, B2 (similar to (i)

and (ii) in the proof of Case 1):

(a) E sup!
���"2it"2mt"2si;t�k"2si;t�l��� � �

E sup! j"it"mtj
2(1+s)

�1=(1+s) �
E sup! j"i;t�k"i;t�lj

2(1+s)
�s=(1+s)

<

1, by Holder�s Inequality, since E sup! j"itj
4(1+s)

<1; for any s 2 (0; 1);

(b) E sup!
"2it"2mtwi;t�kw0i;t�l � q

E sup! k"2itwi;t�kk
2
E sup! k"2mtwi;t�lk

2
; E sup!

"2itwi;t�k2 ��
E sup! j"itj

6
�2=3 �

E sup! kwi;t�kk
6
�1=3

<1:

Finally, and trivially, E sup!
��"1�
it "1�

jt � �ij
��2 < 1; since E sup!

��"1�
it "1�

jt

��2 < 1; by Cauchy-
Schwartz. Thus, E sup! kg1�

t (!)k2 <1:
(ii) From (8),

1p
T

TX
t=1

sup
!

@l1�
t (!)

@�i
� @l�t (!)

@�i

 � 1p
T

TX
t=1

sup
!
kf1it "1�

it � fit"�itk

+
1

2

1p
T

TX
t=1

sup
!
k(�1it "1�

it � 1) z1it � (�it"�it � 1) zitk

= R1T +R2T ;

and, by Markov�s Inequality, it is su¢ cient to show that E [RjT ] = o(1); j = 1; 2: Note that

witp
h1it

"1�
it � witp

hit
"�it =

witp
h1it

NX
m=1

�im
"mtp
h1mt

� witp
hit

NX
m=1

�im
"mtp
hmt

=

NX
m=1

�im
wit"mtp
h1it
p
h1mt

�
NX
m=1

�im
wit"mtp
hit
p
hmt

=
NX
m=1

�imwit"mt

(
1p

h1it
p
h1mt

� 1p
hit
p
hmt

)
;

so that, and since hit � � > 0, and
���im�� <1;

E [R1T ] � �K
1p
T

TX
t=1

NX
m=1

E sup
!

�imwit"mt fj�h1it j+ j�h1mtjg
� �K

NX
m=1

1p
T

TX
t=1

�
E sup

!
kwit"mt�h1it k+ E sup

!
kwit"mt�h1mtk

�
:

Now, because we can write �h1it � �K
P1

l=t �
lasi;t�l, for some s 2 (0; 1) ; and 0 < � < 1; independent of
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!; we have (for example)

1p
T

TX
t=1

E sup
!
kwit"mt�h1it k � �K

1p
T

TX
t=1

E sup
!

wit"mt
1X
l=t

� lasi;t�l

 :
But, by Cauchy-Schwartz, E sup!

wit"mt"2si;t�k � q
E sup! kwit"mtk

2
E sup! j"i;t�kj

4s
< 1; since

E sup! kwit"mtk
2
<1; by another application of Cauchy-Schwartz and B1, B2. Therefore,

E [R1T ] � �K
1p
T

TX
t=1

1X
l=t

� l = �K
1p
T

TX
t=1

O(� t) = o(1):

Turning to R2T ; now, we have

(�1it "
1�
it � 1) z1it � (�it"�it � 1) zit = (�1it "

1�
it � 1) (z1it � zit)� (�1it "1�

it � �it"�it) (z1it � cit)

+ (�1it "
1�
it � �it"�it) z1it ;

so that

k(�1it "1�
it � 1) z1it � (�it"�it � 1) zitk �


 

NX
m=1

�im
"itp
h1it

"mtp
h1mt

� 1
!
(z1it � zit)


+


NX
m=1

�im"it"mt

(p
hit
p
hmt �

p
h1it
p
h1mtp

h1it
p
h1mt

p
hit
p
hmt

)
(z1it � zit)


+


NX
m=1

�im"it"mt

(p
hit
p
hmt �

p
h1it
p
h1mtp

h1it
p
h1mt

p
hit
p
hmt

)
z1it

 :
Taking each of the above in turn,

PN
m=1 �

im "itp
h1it

"mtp
h1mt

� 1 =
PN

m=1 �
im

�
"itp
h1it

"mtp
h1mt

� �mi
�
; and�����im� "itp

h1it

"mtp
h1mt

� �mi
����� � �K j"it"mt + 1j ; �K = max

�
1; ��1

�
; so that


 

NX
m=1

�im
"itp
h1it

"mtp
h1mt

� 1
!
(z1it � zit)

 � �K
NX
m=1

j"it"mt + 1j kz1it � zitk = O(1);

as noted in Remark 1(ii), above. The same is true of the second term since"it"mt
(p

hit
p
hmt �

p
h1it
p
h1mtp

h1it
p
h1mt

p
hit
p
hmt

)
(z1it � zit)

 � �K j"it"mtj kz1it � zitk :

For the third term, we can write"it"mt
(p

hit
p
hmt �

p
h1it
p
h1mtp

h1it
p
h1mt

p
hit
p
hmt

)
z1it

 � �K j"it"mt (j�h1it j+ j�h1mtj)j kz1it k :

By Cauchy-Schwartz, E sup! j"it"mt�h1it j kz1it k �
q
E sup! j�h1it j

2
E sup! j"it"mtj

2 kz1it k
2 and, from

the part (i), E sup! j"it"mtj
2 kz1it k

2
< 1. Also, since j�h1it j

2 � �K
���P1

l=t �
lasi;t�l

���2 ; it also follows that
E sup! j�h1it j

2
= O(�2l): Thus, E [R2T ] � �K 1p

T

PT
t=1

P1
l=t �

2l = �K 1p
T

PT
t=1O(�

2t) = o(1):

19



Finally, from (9),

1p
T

TX
t=1

sup
!

����@l1�
t (!)

@�ij
� @l�t (!)

@�ij

���� =
1p
T

TX
t=1

sup
!

��"1�
it "1�

jt � "�it"�jt
��

=
1p
T

TX
t=1

sup
!

���0ij vech ��1t �10
t � �t� 0t

��� ;
and we consider, simply,

1p
T

TX
t=1

sup
!

���1it �1jt � �it�jt�� = 1p
T

TX
t=1

sup
!

�����"it"mt
(p

hit
p
hmt �

p
h1it
p
h1mtp

h1it
p
h1mt

p
hit
p
hmt

)����� ;
which is op(1); by previous arguments.

(iii) E sup! km1
t (!)k

2
<1 provided E sup!

(�1it �1jt � �ij)r1ij;t2 <1; for i; j; which it is by B4.
(iv) First de�ne �m1

ij;t(!) = m1
ij;t(!)�mij;t(!): We show that

1p
T

PT
t=1E sup!

�m1
ij;t(!)

 = o(1);

and the result follows by Markov�s inequality. Now,

�m1
ij;t(!) = (�1it �

1
jt � �ij)r1ij;t � (�it�jt � �ij)rij;t

= (�1it �
1
jt � �ij)

�
r1ij;t � rij;t

�
�
�
�1it �

1
jt � �it�jt

� �
r1ij;t � rij;t

�
+
�
�1it �

1
jt � �it�jt

�
r1ij;t

= (�1it �
1
jt � �ij)

�
r1ij;t � rij;t

�
� "it"jt

 
1p

h1it h
1
jt

� 1p
hithjt

!�
r1ij;t � rij;t

�
+"it"jt

 
1p

h1it h
1
jt

� 1p
hithjt

!
r1ij;t;

so that

�m1
ij;t(!)

 � K j"it"jt + 1j
r1ij;t � rij;t+ j"it"jtjr1ij;t � rij;t

+2 j"it"jtj
�
j�h1it j+

���h1jt ��	 r1ijt
� K

�
j"it"jt + 1j

r1ij;t � rij;t+ j"it"jtj�j�h1it j+ ���h1jt ��	 r1ij;t	 :
By B3,

PT
t=1E sup! j"it"jt + 1j

r1ij;t � rij;t = O(1): For the second term involving j"it"jtj j�h1it j
r1ij;t,

and since j�h1it j � �K
P1

l=t �
lasi;t�l, for some s 2 (0; 1) ; with ai;t�l = �i0+Ai(L)"

2
i;t�l; we need to con-

sider terms like
"it"jt"2si;t�lr1ij;t ; for any s 2 (0; 1) : In particular, by Cauchy-Schwartz,
E sup

!

"it"jt"2si;t�lr1ij;t �rE sup
!

���"2it"2jt"4si;t�l���E sup
!

r1ij;t2 <1;
because E sup!

r1ij;t2 <1; by B4, and by Holder�s Inequality and then Cauchy-Schwartz
E sup

!

��"2it"2jt"4si;t�l�� � �E sup
!
j"it"jtj2(1+s)

�1=(1+s)�
E sup

!
j"i;t�lj4(1+s)

�s=(1+s)
:

By B1 and B2, E sup! j"itj
4(1+s)

<1 for any s > 0 and all i; t; so that E sup!
���"2it"2jt"4si;t�l��� <1: This

implies that
TX
t=1

E sup
!
j"it"jtj j�h1it j

r1ij;t � �K
TX
t=1

O(� t) = O(1);
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since 0 < � < 1: Thus,
1p
T

PT
t=1E sup!

�m1
ij;t(!)

 = o(1).

Proof of Proposition 1: �� is �nite by Proposition 6(i) and (iii). As in Ling and McAleer (2003,
Lemma 5.2), (i) follows from a Martingale Central Limit Theorem. Part (ii), follows from Proposition

6 and Remark 2.�

Proof of Proposition 2: The test indicator under consideration is �mT (!̂) � T�1
PT

t=1mt (!̂) : Firstly,

by Proposition 1,
p
T �mT (!̂) =

p
T �m1

T (!̂)+op(1); so we work with
p
T �m1

T (!̂) whose limit distribution

can be established more easily. Following Ling and McAleer (2003), as adapted by Halunga and Orme

(2009), it is straightforward to show that �rstly, !̂�!0 = op(1) and, secondly, that E sup!
@2l1�

t (!)
@!@!0

 <
1: Thus a Uniform of Large Numbers yields T�1

PT
t=1

@2l1�
t (~!)

@!@!0 + J�0 = op(1); for all ~! � !0 = op(1);

and J�0 = �E
h
@2l1�

t (!)
@!!0

i
!=!0

is �nite. Therefore, by Proposition 6,
1p
T

PT
t=1 g

1�
t (!̂) = op(1); which

yields by a mean value expansion,

1p
T

TX
t=1

g1�
t (!0) + T

�1
TX
t=1

@2l1�
t (�!)

@!@!0

p
T (!̂ � !0) = op(1);

where �! = !0+ op(1) signi�es the �usual�mean value. Because E sup!
@2l1�

t (!)
@!@!0

 <1; a the Uniform
Law of Large Numbers on T�1

PT
t=1

@2l1�
t (�!)

@!@!0 yields
p
T (!̂�!0) = J��10

1p
T

PT
t=1 g

1�
t (!0)+op(1); which

is Op(1). Note that J�0 is shown to be positive de�nite in the proof of Proposition 3 below and, since we

exploit
1p
T

PT
t=1 g

1�
t (!̂) = op(1) here, rather than

1p
T

PT
t=1 g

�
t (!̂) = 0; we do not explicitly require

sup!

T�1PT
t=1

@2l1�
t (!)

@!@!0 � T�1
PT

t=1
@2l�t (!)
@!@!0

 = op(1); c.f., Ling and McAleer (2003, Lemma 5.4b,

Theorem 5.1) or Halunga and Orme (2009, Proposition 7b, Theorem 1). Next, if E sup!
@m1

t (!)
@!

 <1
then

@ �m1
T (!T )

@!0
p! �B�0 = E

h
@m1

t (!0)
@!0

i
; for any sequence !T = !0 + op(1): Thus taking a mean value

expansion of �m1
T (!̂) about !0; and ignoring asymptotically negligible terms, yields

p
T �m1

T (!̂) =
p
T �m1

T (!0)�B�0
p
T (!̂ � !0) + op (1)

= A�0
1p
T

TX
t=1

u1�
t (!0) + op(1);

and, from Proposition 1,
p
T �mT (!̂)

d�! N(0; V �). It just remains to show that E sup!
@m1

t (!)
@!

 <1;
for which it is su¢ cient to consider E sup!

@m1
ij;t(!)

@�k

 ; k = 1; :::; N; and E sup!

@m1
ij;t(!)

@�

. Since
�ii � 1 and

@�1it
@�i

= �f1it �
1

2
�1it z

1
it ;

@(�1it �
1
jt � �ij)
@�i

= ��1jt
�
f1it +

1

2
�1it z

1
it

�
; i 6= j: Furthermore,

@(�12
it � 1)
@�i

= �2�1it
�
f1it +

1

2
�1it z

1
it

�
and

@(�1it �
1
jt � �ij)
@�ij

= �1, i 6= j; whilst
@(�1it �

1
jt � �ij)
@�k

= 0; for

k 6= i; k 6= j; and
@(�1it �

1
jt � �ij)

@�km
= 0; for any other (k;m) 6= (i; j) : Hence (for general choice of r1ij;t),

we obtain

@m1
ij;t(!)

@�0k
= ��1jt r1ij;t�ki

�
f10
it +

1

2
�1it z

10
it

�
� �1it r1ij;t�kj

�
f10
jt +

1

2
�1jt z

10
jt

�
+
�
�1it �

1
jt � �ij

� @r1ij;t
@�0k

; (10)

@m1
ij;t(!)

@�0
= �r1ij;te0ij +

�
�1it �

1
jt � �ij

� @r1ij;t
@�0

: (11)
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Thus @m1
ij;t(!)

@�k

 � �K

�
k"jtwitk

r1ij;t+ j"jt"it + 1j�r1ij;t �kz1it k+ z1jt �+ @r1ij;t@�k

�� ;@m1
ij;t(!)

@�

 � �K

�r1ij;t+ j"it"jt + 1j�@r1ij;t@�

�� :
The result follows from previous results and B4 and B5. For example, E sup! k"jtwitk

r1ij;t is bounded
by Cauchy-Schwartz and B1, B2 and B4; E sup! j"jt"itj

l kz1it k
r1ij;t ; l = 0; 1; is bounded by Cauchy-

Schwartz, B4 and Remark 1(ii):�

Proof of Proposition 3
(i) De�ne z1t = diag (z10

it ), the (N �N (K +K�)) block diagonal matrix with z10
it , (1�K +K�) ;

forming the diagonal blocks, and f1t = diag (f10
it ) ; (N �N (K +K�)) ; constructed in the same way.

Note that if X = diag(xi); (N �N) ; is a diagonal matrix with x = fxig ; (N � 1) ; then vec(X) = ENx

and ENX = (X 
 IN )EN = (IN 
X)EN ; whilst r�0 � @ vec(�)=@�0 = LN : From the de�nitions

of EN and LN it is easily veri�ed that further general properties of EN and LN are: E0NEN = IN ,

L0NLN = 2I 1
2N(N�1) and E0NLN = 0; so that (EN ; LN ) has full rank of 1

2N(N + 1):Furthermore,

E0N (A
B)EN = E0N (B 
A)EN = A � B; and E0N (A
B)LN = E0N (B 
A)LN for any (N � N)

matrices A and B; whilst E0N (a
 b) = E0N (b
 a) = a � b; for any (N � 1) vectors a and b; and

(a0 
 IN )EN = (IN 
 a0)EN . Using these results, J�0 = �E
n
E
h
@2l1�

t (!0)
@!@!0

���Ft�1io can also obtained
by direct di¤erentiation of the scores (8) and (9) which can themselves can be expressed as

@l1�
t (!)

@�
=

1

2
z10
t ("1�

t � �1t � �N ) + f10
t "1�

t

=
1

2
z10
t

��
��1�1t � �1t

�
� �N

�
+ f10

t ��1�1t

=
1

4
z10
t (E0N (�

�1 
 IN + IN 
 ��1)(�1t 
 �1t )� 2�N ) + f10
t ��1�1t

=
1

4
z10
t (E0NP (�

1
t 
 �1t )� 2�N ) + f10

t ��1�1t ;

and

@l1�
t (!)

@�
= vecl

�
"1�
t "1�0

t � ��1
�

=
1

2
L0N vec

�
"1�
t "1�0

t � ��1
�

=
1

2
L0N

�
��1 
 ��1

�
vec
�
�1t �

10
t � �

�
:

Now,

@ vec
�
�1t �

10
t

�
@�0

=
@(�1t 
 �1t )

@�0
= (�1t 
 IN + IN 
 �1t )

@�1t
@�0

;

@�1t
@�0

= D1�1
t

@"t

@�0
+ ("0t 
 IN )

@ vecD1�1
t

@�0

= �f1t � 1
2

�
�10
t 
 IN

�
ENz

1
t ;

exploiting �1t = D1�1
t "t = vec

�
D1�1
t "t

�
= ("0t 
 IN ) vecD1�1

t : But, @ vecD1�1
t

@�0 = �(D1�1
t 
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D1�1
t )

@ vecD1
t

@�0 = � 1
2 (D

1�1
t 
 IN )ENz1t : Thus, since E [IN 
 �1t jFt�1]!=!0 = 0,

E

"
@ vec

�
�1t �

10
t

�
@�0

jFt�1

#
!=!0

= �1
2
E
�
(�1t 
 IN + IN 
 �1t )

�
�10
t 
 IN

�
ENz

1
t jFt�1

�
!=!0

= �1
2
E
��
�1t �

10
t 
 IN + IN 
 �1t �10

t

�
ENz

1
t jFt�1

�
!=!0

= �1
2
[(�
 IN + IN 
 �)ENz1t ]!=!0 :

Exploiting this and since E [�1t jFt�1]!=!0 = 0, E
��
��1�1t � �1t

�
� �N jFt�1

�
!=!0

= 0 we have

E

�
@2l1�

t (!0)

@�@�0
jFt�1

�
= �1

8
[z10
t E0NP (�
 IN + IN 
 �)ENz1t ]!=!0 �

�
f10
t ��1f1t

�
!=!0

= �1
8

�
z10
t E0N (�

�1 
 IN + IN 
 ��1)(�
 IN + IN 
 �)ENz1t
�
!=!0

�
�
f10
t ��1f1t

�
!=!0

= �1
4

�
z10
t (E0NEN + E

0
N

�
��1 
 �

�
EN )z

1
t

�
!=!0

�
�
f10
t ��1f1t

�
!=!0

= �1
4
[z10
t �Az

1
t ]

0
!=!0

�
�
f10
t ��1f1t

�
!=!0

;

where the last line follows because E0NEN + E
0
N

�
��1 
 �

�
EN = �A:

Similarly, di¤erentiating
@l1�
t (!)

@�

E

�
@2l1�

t (!0)

@�@�0
jFt�1

�
=

1

2
L0N

�
��1 
 ��1

�
E

"
@ vec

�
�1t �

10
t

�
@�0

jFt�1

#
!=!0

= �1
4

�
L0N

�
IN 
 ��1 + ��1 
 IN

�
ENz

1
t

�
!=!0

= �1
4
[L0NPENz

1
t ]!=!0 ;

and trivially, since r�0 = @ vec(�)=@�0 = LN ;

E

�
@2l1�

t (!0)

@�@�0
jFt�1

�
= �1

2
L0N

�
��1 
 ��1

�
LN :

Substituting into the above expression for J�0 yields,

J�0 =
1

4
E

("
z10
t 0

0 I 1
2N(N�1)

#"
E0NEN + E

0
N

�
��1 
 �

�
EN E0NPLN

L0NPEN 2L0N
�
��1 
 ��1

�
LN

#"
z1t 0

0 I 1
2N(N�1)

#)
!=!0

+E

"
f10
t ��1f1t 0

0 0

#
!=!0

=
1

4
E

("
z10
t 0

0 I 1
2N(N�1)

# �
(E�N ; L

�
N )

0
(E�N ; L

�
N )
� " z1t 0

0 I 1
2N(N�1)

#)
!=!0

+E

"
f10
t ��1f1t 0

0 0

#
!=!0

;

where E�N =
1p
2
(�1=2
��1=2+��1=2
�1=2)EN ; L�N =

p
2(��1=2
��1=2)LN : It follows that (E�N ; L�N )

has full rank. To see this, consider the solution to (E�N ; L
�
N )x = 0; for any

�
1
2N(N + 1)� 1

�
vector x:

This can be expressed as E�Nx1 + L�Nx2 = 0; if and only if 1p
2
(�1=2 
 �1=2)E�Nx1 + LNx2 = 0; which
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implies that 1p
2
E0N (�

1=2 
 �1=2)E�Nx1 = 0; :since E0NLN = 0: But

1p
2
E0N (�

1=2 
 �1=2)E�N =
1

2
E0N (�
 IN + IN 
 �)EN = �� IN = IN ;

which implies x1 = 0: But if x1 = 0; then x2 = 0; since LN has full rank (recall L0NLN = 2I 12N(N�1)).

Therefore (E�N ; L
�
N ) has full rank,

�
(E�N ; L

�
N )

0
(E�N ; L

�
N )
�
is positive de�nite and, thus, J�0 is positive

de�nite (without requiring the condition imposed by Ling and McAleer (2003) that �A � IN is positive

semi-de�nite1).

Note that, since E0N
�
��1 
 IN

�
LN = E0N

�
IN 
 ��1

�
LN and E0NEN + E0N

�
��1 
 �

�
EN = �A; we

can also write"
E0NEN + E

0
N

�
��1 
 �

�
EN E0NPLN

L0NPEN 2L0N
�
��1 
 ��1

�
LN

#
=

"
�A 2E0N

�
��1 
 IN

�
LN

2L0N
�
IN 
 ��1

�
EN 2L0N

�
��1 
 ��1

�
LN

#
:

From J�0 we obtain J�T (!) with hit replacing h1it , ! replacing !0 and 1
T

PT
t=1 replacing �expecta-

tion�, throughout, and noting that L0NPEN
PT

t=1 zt = L0NPEN (IN 
 �0T )Z = (L0NPEN 
 �0T )Z,PT
t=1 zt

0�Azt = Z 0 (�A 
 IT )Z and
PT

t=1 f
0
t�
�1ft = F 0

�
��1 
 IT

�
F: Alternatively, note that J�T (!)

can also be expressed as

J�T (!) =
1

4

1

T

TX
t=1

("
z10
t 0

0 I 1
2N(N�1)

# �
(E�N ; L

�
N )

0
(E�N ; L

�
N )
� " z1t 0

0 I 1
2N(N�1)

#)

+
1

T

TX
t=1

"
f10
t ��1f1t 0

0 0

#

=
1

4T
W 0 (Q�0NQ

�
N 
 IT )W +

1

T

"
F 0
�
��1 
 IT

�
F 0

0 0

#
;

where Q�N = (E�N ; L
�
N ) and W =

"
Z 0

0 I 1
2N(N�1) 
 �T

#
: This follows from the general result that if

wt = diag(w
0
it); (N �Nq) ; with wit being (q � 1) ; whilst W = diag(Wi) where Wi, (T � q) ; has rows

w0it; then
PT

t=1 wt
0Awt = W 0 (A
 IT )W; for any (N �N) matrix A: Then J�T (!̂) is positive de�nite

provided Ẑ has full rank of N(K +K�).

The above results concur with the calculations given by Nakatani and Teräsvirta (2009, p.151), but

allowing for regression parameters, 'i. These imply that, with rD1
t � @ vecD1

t

@�0 ;

J�0 =
1

2
E

266664
rD1

t (2
�
D1�1
t 
D1�1

t

�
+
�
H1�1
t 
 �

�
+
�
�
H1�1

t

�
)rD10

t

rD1
t (
�
��1D1�1

t 
 IN
�

+
�
IN 
 ��1D1�1

t

�
)r�0

r�(
�
��1D1�1

t 
 IN
�

+
�
IN 
 ��1D1�1

t

�
)rD10

t

r�
�
��1 
 ��1

�
r�0

377775
!=!0

+E

"
f10
t ��1f1t 0

0 0

#
!=!0

:

By the properties of EN

rD10
t =

1

2
END

1
t z

1
t =

1

2
(D1

t 
 IN )ENz1t =
1

2
(IN 
D1

t )ENz
1
t ;

1The redundancy of this condition on �A� IN may arise from an error in the expression for the expected hessian gven
by Ling and McAleer (2003, p.289). Speci�cally, the error arsises from writing (@ vec(�)=@�0)0

�
��1 
 ��1

�
@ vec(�)=@�0as

P 0P where, here, P = (IN 
 ��1)@ vec(�)=@�0:
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so that

rD1
t

�
2
�
D1�1
t 
D1�1

t

�
+
�
H1�1
t 
 �

�
+
�
�
H1�1

t

��
rD10

t

=
1

2
z10
t E0N (D

1
t 
 IN )

�
D1�1
t 
D1�1

t

�
(IN 
D1

t )ENz
1
t

+
1

4
z10
t E0N (D

1
t 
 IN )

�
H1�1
t 
 �

�
(D1

t 
 IN )ENz1t

+
1

4
z10
t E0N (IN 
D1

t )
�
�
H1�1

t

�
(IN 
D1

t )ENz
1
t

=
1

2
z10
t E0NENz

1
t +

1

4
E0N

�
��1 
 �

�
EN +

1

4
E0N

�
�
 ��1

�
EN

=
1

2
z10
t fE0NEN + E0N

�
��1 
 �

�
ENgz1t

=
1

2
z1t

0�Az
1
t ;

and

r�
��
��1D1�1

t 
 IN
�
+
�
IN 
 ��1D1�1

t

��
rD10

t =
1

2
L0N

�
��1D1�1

t 
 IN
�
(D1

t 
 IN )ENz1t

+
1

2
L0N

�
IN 
 ��1D1�1

t

�
(IN 
D1

t )ENz
1
t

=
1

2
L0NPENz

1
t ;

and, clearly, r�
�
��1 
 ��1

�
r�0 = L0N

�
��1 
 ��1

�
LN :

To establish consistency, consider the following partitions of J�T (!): Firstly, from
1
4
1
T

PT
t=1 zt

0�Azt +
1
T

PT
t=1 f

0
t�
�1ft we have the following sub-partitions

J��i�jT (!) =
1

4

�
�ij + �

ij�ij
� 1
T

TX
t=1

zitz
0
jt + �

ij 1

T

TX
t=1

fitf
0
jt:

Similarly

J��ij;�kT (!) =
1

2

�
�jk�

ik + �ik�
jk
� 1
T

TX
t=1

z0kt:

Clearly, by consistency of �̂; L0N
�
��1 
 ��1

�
LN � L0N

�
�̂�1 
 �̂�1

�
LN = op(1): For the remaining

partitions of J�T (!); de�ne q
1
ij;t =

�
1; f10

it ; f
10
jt ; z

10
it ; z

10
jt

�0
; for any pair i > j, and correspondingly

qij;t =
�
1; f 0it; f

0
jt; z

0
it; z

0
jt

�0
: Then it is immediate from the results of, e.g., Halunga and Orme (2009,

Proposition 4a and c) that (i) E sup!
q1ij;t2 <1; and, (ii) 1p

T

PT
t=1 sup!

q1ij;t � qij;t = op(1). The

�rst result ensures that

1

T

TX
t=1

�
q1ij;tq

10
ij;t

�
!=!̂

� E
�
q1ij;tq

10
ij;t

�
!=!0

= op(1):

Combined with (ii), and Proposition 1. we get

sup
!

 1T
TX
t=1

q1ij;tq
10
ij;t �

1

T

TX
t=1

qij;tq
0
ij;t

 = op(1):

This, together with the triangle inequality is su¢ cient to ensure that J�T (!̂)� J�0 = op(1):

(ii) B�0 = �E
n
E
h
@m1

t (!0)
@!0

���Ft�1io ; is obtained by stacking the matrices E�E �@m1
ij;t(!0)

@�0
jFt�1

��
.

25



First, f1it ; z
1
it , r

1
ij;t and

@r1ij;t
@�0k

and
@r1ij;t
@� are all Ft�1 measurable. Second, E

�
�12
0jt jFt�1

�
= 1; E

�
�10jtf

1
0itjFt�1

�
=

E [�10itf
1
0itjFt�1] = 0; and E

�
�10it�

1
0jtjFt�1

�
= �0ij : Then, from the derivatives (10)-(11); we obtain

E

�
E

�
@m1

ij;t(!0)

@�0
jFt�1

��
= �1

2
E
h
�ijr

1
ij;t

�
ej 
 z1jt + ei 
 z1it

�0i
!=!0

;

E

�
E

�
@m1

ij;t(!0)

@�0
jFt�1

��
= �E

�
r1ij;te

0
ij

�
!=!0

:

Based on these expressions, the partitions of B�T (!) which correspond to the above partitions of B
�
0 are

B�ijT (!) =
1

T

TX
t=1

�
1

2
�ijrij;t

�
e0j 
 z0jt + e0i 
 z0it

�
; rij;te

0
ij

�
=

�
1

2
�ijR

0
ij(e

0
j 
 Zj + e0i 
 Zi); R0ij(e0ij 
 �T )

�
:

Finally, to establish consistency of B�T (!̂); de�ne q
1
ij;t =

�
1; z10

it ; r
10
ij;t

�0
; for any pair i > j, and corre-

spondingly qij;t =
�
1; z0it; r

0
ij;t

�0
: Then it is immediate from B4 and Remark 1(ii) that:(i) E sup!

q1ij;t2 <
1; and, (ii) 1p

T

PT
t=1 sup!

q1ij;t � qij;t = op(1). The result then follows by Lemma 1.�

Remark 3 For the Robust FQMLE Tse�s test we can also obtain D�
T (!); the consistent estimator

of �E
n
E
h
@m1LM

t (!0)
@!0

���Ft�1io ; directly from the derivations for the estimated hessian, J�T (!); above.

Speci�cally, we can write �mLM
T = 1

T

PT
t=1m

LM
t (!) = 1

T

PT
t=1 �

0
t vecl

�
"�t "

�0
t � ��1

�
; (qC � 1), where

�t = diag(�
0

kl;t); (
1
2N(N � 1)� qC), with indices (k; l) ordered according to sCN and qC =

P
k>l qkl with

�kl;t being a (qkl � 1) vector of test variables. Given previous calculations for @l1�
t (!)=@�0; this can be

expressed as �mLM
T = 1

2
1
T

PT
t=1 �

0
tL
0
N

�
��1 
 ��1

�
vec
�
�1t �

10
t � �

�
and it follows immediately that, for

the joint Tse test of all 12N(N � 1) constant conditional correlations,

D�
T (!) =

1

4

1

T

TX
t=1

�
�0tL

0
NPENz

1
t ; 2�

0
tL
0
N

�
��1 
 ��1

�
LN
�

=
1

4

1

T

�
�0(L0NPEN 
 IT )Z; 2�0(L0N

�
��1 
 ��1

�
LN 
 �T )

�
=

1

4

1

T

h
�0(L�0NE

�
N 
 IT )Z; �0(L�0NLN 
 IT )(I 12N(N�1) 
 �T )

i
=

1

4

1

T
�0(L�0NQ

�
N 
 IT )W;

where � = diag(�kl);
�
T
2N(N � 1)� qC

�
with �kl; (T � qkl) having rows �kl;t; t = 1; :::; T:

For the PQMLE case, it is clear that DT (!) =
1
4
1
T
��0(L�0NE

�
N 
 IT )Z:

Proposition 7 De�ne �mT (!) = T�1
PT

t=1mt(!) constructed from the (qij � 1) sub-vectors �mij;T (!) =
1
T

PT
t=1(�it�jt � �ij) (rij;t � �rijT (!)) and �n1T (!) = T�1

PT
t=1 n

1
t (!) constructed from the (qij � 1)

sub-vectors �n1ij;T (!) =
1
T

PT
t=1(�

1
it �

1
jt � �0;ij)

�
r1ij;t � �ij(!0)

�
; where �ij(!0) = E

�
r1ij;t

�
!=!0

and�ij(!) <1; by B4. Under Assumptions A and B1, B2:
(i) E sup� kg1t (�)k

2
<1;

(ii)
1p
T

PT
t=1 sup� kg1t (�)� gt(�)k = op(1):

In addition, and adding B3 and B4:

(iii) E sup! kn1t (!)k
2
<1;
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(iv)
1p
T

PT
t=1 kn1t (~!)�mt(~!)k = op(1); where ~! is the PQML estimator.

Proof. It is readily shown that (i) and (ii) hold, and (iii) follows from Proposition 6(iii). For

(iv), let �m1
ij;t(!) = (�1it �

1
jt � �0;ij)r

1
ij;t � (�it�jt � �0;ij)rij;t and write

p
T
�
�n1ij;T (~!)� �mij;T (~!)

�
=

1p
T

PT
t=1 aij;t(~!); where

aij;t(!) = (�1it �
1
jt � �0;ij)

�
r1ij;t � �ij(!0)

�
� (�it�jt � �0;ij) (rij;t � �rijT (!))

= �m1
ij;t(!) + (�it�jt � �0;ij)

�
�rijT (!)� �ij(!0)

�
�
�
�1it �

1
jt � �it�jt

�
�ij(!0):

Given B1 and B2, and the similar derivations to these employed in the Proof of Proposition 2, it is

readily shown that T�1=2
PT

t=1
~�it
~�jt � �0;ij = Op(1); and by B3 and B4, and the triangle inequality,

sup
!

�rijT (!)� �ij(!0) � sup
!

�r1ijT (!)� �ij(!0)+ sup
!

�r1ijT (!)� �rijT (!) = op(1);

so that �rijT (~!)� �ij(!0) = op(1): Therefore,

1p
T

TX
t=1

kaij;t(~!)k =
1p
T

TX
t=1

�m1
ij;t(~!))

+( 1p
T

TX
t=1

���~�1it ~�1jt � ~�it~�jt���
)�ij(!0)+ op(1):

By Proposition 6(iv), B3 and the triangle inequality,
1p
T

PT
t=1

�m1
ij;t(~!)

 = op(1); and (by similar

reasoning)
1p
T

PT
t=1 sup!

���1it �1jt � �it�jt�� = op(1); so that
1p
T

PT
t=1

���~�1it ~�1jt � ~�it~�jt��� = op(1): Thus

since
�ij(!0) <1; 1p

T

PT
t=1 kaij;t(~!)k = op(1); so that

p
T k�n1T (~!)� �mT (~!)k = op(1):

Proof of Proposition 4: � is �nite by Proposition Proposition 7(i) and (iii). As in Ling and McAleer
(2003, Lemma 5.2), (i) follows from a Martingale Central Limit Theorem. Part (ii), follows from

Proposition 7 and Remark 2.�

Proof of Proposition 5: Firstly, by Proposition 7,
p
T �mT (~!) =

p
T �n1T (~!)+op(1); and we work withp

T �n1T (~!). Second, from the consistency and asymptotic normality of ~�;
p
T (~���0) = J�10

p
T �g1T (�0)+

op(1); where
p
T �g1T (�) =

p
T �gT (�) + op(1), by Proposition 7: Similar to proof of Proposition 2, it is

readily shown that E sup!
@n1t (!)@�

 < 1 so that
@�n1T (!T )

@�0
p! �B0 = E

h
@n1t (!0)
@�0

i
; for any sequence

!T = !0+ op(1): Thus taking a mean value expansion of
p
T �n1T (~!) about !0; and ignoring asymptoti-

cally negligible terms, yields
p
T �n1T (~!) = A0

p
T �u1T (!0)+op(1); and the result follows from Proposition

4. �
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