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This thesis concerns design of two pieces of suspension dewatering equipment (i.e.
transient batch settlers and steady state continuous gravity thickeners). In a transient
batch settler, very slow densification of aggregates within the suspension is considered
whilst the drag on the solids in the suspension is assumed to be negligible. The inter-
face of the suspension is then determined by a balance between gravity and the gradient
of the compressive yield stress of the gelled suspension. The compressive yield stress
functional form in general could be either a weakly gelled formula, or a strongly gelled
formula. These formulae differ in the way they behave for solids concentrations in the
neighbourhood of the suspension gel point. The effects of the above two gel formulae,
the evolution of the compressive yield stress functional form over time during aggregate
densification, different initial suspension heights, and different initial feed solids volume
fractions upon the predictions of consolidated bed structures and solids volume fractions
obtained at the bottom of a batch settler, and upon the evolution of the heights of the sus-
pension and the consolidated bed have been explored. A sufficiently tall initial suspension
height might lead to insignificant increases in the solids volume fractions obtained at the
bottom of batch settlers after time-dependent aggregate densification. The interfaces of
the suspension and the consolidation zone coincide after aggregate densification if the gel
point, which increases with time, is larger than the initial feed solids volume fractions.

Moreover, the maximum permitted underflow solids fluxes predicted from steady state
thickeners have been investigated and compared. Pre-shearing of aggregates which densi-
fies aggregates to have smaller diameters upon entering the thickener is necessary if large
underflow solids fluxes and small underflow solids volume fractions are specified. The
solids volume fraction at the top of the consolidated bed which is the densified gel point
is influenced by the extent of pre-shearing of aggregates. An algorithm for determining
this densified gel point has also been developed. In reality, thickeners contain not just a
consolidating bed, but also a hindered settling region above it. When the hindered settling
region is considered in a thickener, the effects of the extent of aggregate densification
that has occurred in the hindered settling region and how that impacts upon thickener
performance and sludge rheological properties have been explored in this thesis. A new
algorithm for predicting the densified gel point obtained at the top of the consolidated bed
has been developed when the hindered settling region is present. The effects of under-
flow solids volume fractions, aggregate densification rate parameters and pre-shearing of
aggregates upon the predictions of maximum permitted underflow solids fluxes, sludge
rheological properties, and thickener performance have been explored. The predictions
of thickener performance using both the weakly and strongly gelled formulae have also
been achieved.

In cases where it is possible to neglect the hindered settling region, substantial in-
creases in the maximum permitted underflow solids fluxes, and substantial decreases in
the consolidated bed heights and the total solids residence times have been achieved after
aggregate densification for a comparatively small underflow solids volume fraction. The
benefits arising from aggregate densification are more modest if the underflow solids vol-
ume fraction is larger. On the other hand, when the hindered settling region is included,
more densification of aggregates occurring in the hindered settling region might lead to
taller consolidated bed heights for a specified suspension flux and a specified aggregate
densification rate parameter due to higher underflow solids volume fractions.
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Nomenclature

A aggregate densification rate parameter (s−1)

a0 (a1) curve fitting parameter for the undensified (densified) compressive yield

stress functional form (Pa)

b, b1 curve fitting parameters for the weakly gelled and strongly gelled compres-

sive yield stress functional forms, respectively

B cross-sectional area (m2)

c0 (C0) curve fitting parameter for the strongly (weakly) gelled undensified com-

pressive yield stress functional form (Pa)

c1 (C1) curve fitting parameter for the strongly (weakly) gelled densified compres-

sive yield stress functional form (Pa)

c∞ (C∞) curve fitting parameter for the strongly (weakly) gelled fully densified com-

pressive yield stress functional form (Pa)

Dagg aggregate diameter ratio

Dagg,∞ final steady state aggregate diameter ratio

D(φ) diffusivity (m2 s−1)

f0, fs, fe feed volumetric rate, suspension volumetric flow rate, and volumetric over-

flow rate, respectively (m s−1)

g gravity acceleration (m s−2)
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H0 initial suspension height (m)

H suspension height (m)

Hunden suspension height determined in the undensified equilibrium state batch set-

tler (m)

Hfull den suspension height determined in the fully densified equilibrium state batch

settler (m)

Hproposed proposed initial suspension height (m)

H lower lower limiting value for the initial suspension height (m)

Hupper upper limiting value for the initial suspension height (m)

k0, k1, k2 curve fitting parameters for the weakly gelled undensified, densified, and

fully densified compressive yield stress functional form, respectively

k3, k4, k5 curve fitting parameters for the strongly gelled undensified, densified, and

fully densified compressive yield stress functional form, respectively

L0 dimensionless initial suspension height

L dimensionless suspension height for any instant

Lunden dimensionless suspension height determined in the undensified equilibrium

state batch settler

Lfull den dimensionless suspension height determined in the fully densified equilib-

rium state batch settler

m curve fitting parameter for the compressive yield stress functional form

n0 (n1) curve fitting parameter for the undensified (densified) compressive yield

stress functional form

n∞ curve fitting parameter for the fully densified compressive yield stress func-

tional form
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Py,0 undensified compressive yield stress (Pa)

Py (Py,1) densified compressive yield stress (Pa)

Py,∞ fully densified compressive yield stress (Pa)

Pwy,0 weakly gelled undensified compressive yield stress (Pa)

Pwy,1 weakly gelled densified compressive yield stress (Pa)

Pwy,∞ weakly gelled fully densified compressive yield stress (Pa)

Psy,0 strongly gelled undensified compressive yield stress (Pa)

Psy,1 strongly gelled densified compressive yield stress (Pa)

Psy,∞ strongly gelled fully densified compressive yield stress (Pa)

Ps particle stress (Pa)

py dimensionless compressive yield stress

qb solids flux determined in an initially networked batch settler (m s−1)

qb,top solids flux determined at the top of the consolidation zone in an initially

networked batch settler (m s−1)

qfs free settling solids flux determined in an initially unnetworked batch setter

(m s−1)

qu, qs underflow solids flux and suspension flux determined in a steady state thick-

ener, respectively (m s−1)

q0, qe feed velocity, and overflow velocity, respectively (m s−1)

Qfs dimensionless free settling solids flux

Qu, Q0 dimensionless underflow solids flux and dimensionless feed velocity in a

steady state thickener, respectively

Q0,max dimensionless maximum feed velocity
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Qmax dimensionless maximum permitted underflow solids flux in a thickener

Qu,max dimensionless maximum underflow solids flux permitted in a steady state

thickener

Qs,max dimensionless maximum permitted suspension flux in a steady state thick-

ener

Qunden
u,max dimensionless maximum permitted underflow solids flux evaluated at the

undensified state

Qfull den
u,max dimensionless maximum permitted underflow solids flux evaluated at the

fully densified state

Qmu dimensionless maximum underflow solids flux assuming the undensified gel

point at the top of the bed

Qs dimensionless suspension flux

rn, rg curve fitting parameters for the undensified hindered settling functional form

ragg aggregate hindered settling factor

R0, R, R∞ undensified, densified, and fully densified hindered settling functions, re-

spectively (Pa s m−2)

RStokes,0 undensified hindered settling function of an isolated aggregate (Pa s m−2)

Rs,0, Rs dimensionless undensified, and densified hindered settling functions, respec-

tively

Rs,∞ dimensionless fully densified hindered settling function

R̃s dimensionless approximated densified hindered settling function

t, tres, tpreres densification time, solids residence time, and solids residence time required

for pre-shearing, respectively (s)

ttotalres total solids residence time (s)
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tupperres , tlowerres solids residence times spent in the upper part and lower part of the consoli-

dation zone, respectively (s)

T , Tres dimensionless densification time, and dimensionless solids residence time,

respectively

T totalres dimensionless total solids residence time

Tcorres dimensionless corresponding solids residence time spent in the hindered set-

tling region

Tres,b dimensionless solids residence time spent in the consolidation region

tg,c, tbe,c time evaluated at the intersection of interfaces of the suspension and the

consolidated bed, and time evaluated at the solids volume fraction obtained

at the bottom of the batch settler starting to increase, respectively (s)

Tg,c, Tbe,c dimensionless scales of tg,c and tbe,c, respectively

usb suspension velocity determined at the bottom of the thickener (m s−1)

uStokes,0 Stokes settling velocity (m s−1)

z, zc height, and bed height, respectively (m)

zc,0, zc,∞ bed heights evaluated at the undensified and fully densified equilibrium states,

respectively (m)

zupperb , zlowerb heights of the upper part and the lower part of the consolidated bed, respec-

tively (m)

ztotalb total height in the bed (m)

Zh, Zb, Zc dimensionless heights of the hindered settling region and the consolidated

bed, and dimensionless bed height, respectively

Z,Ztotal dimensionless height, and dimensionless total thickener height, respectively

Zc,0, Zc,∞ dimensionless bed heights evaluated at the undensified and fully densified

equilibrium states, respectively
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α dimensionless aggregate densification rate parameter

∆ρ density difference between the solids and liquid (kg m−3)

φ local solids volume fraction

φg,0, φg undensified gel point, and densified gel point, respectively

φg,c, φg,∞ critical densified gel point, and fully densified gel point, respectively

φagg,0, φagg solids volume fractions within the undensified, and densified aggregates, re-

spectively

φagg,∞ solids volume fraction within the fully densified aggregates

φcp, φu close packing solids volume fraction, and underflow solids volume fraction,

respectively

φu,max maximum underflow solids volume fraction achieved at the limiting operat-

ing conditions in a thickener

φf , φtop initial feed solids volume fraction, and solids volume fraction evaluated at

the top of the bed, respectively

φe overflow solids volume fraction

φbe,0, φbe,∞ solids volume fractions evaluated at the bottom of the undensified and fully

densified equilibrium state batch settlers, respectively

φbe solids volume fraction evaluated at the bottom of the batch settler for any

instant

φcorres corresponding solids volume fraction delivering the limiting solid flux in a

thickener

φundencorres corresponding solids volume fraction evaluated at the undensified state

φfull dencorres corresponding solids volume fraction evaluated at the fully densified state

φcritcorres critical corresponding solids volume fraction



Chapter 1
Introduction

Chemical, physical, and biological processes operated in different industries (e.g.

wastewater treatment plants, minerals industries, ceramic industries, and food industries)

often produce sludges and slurries which contain a large proportion of the water content

and have low solids concentrations (Northcott et al., 2005; Flatt and Bowen, 2006; Stick-

land et al., 2008; Boger, 2009; Jones and Boger, 2012; Diehl, 2012; Mahmoud et al.,

2013). All those sludges and slurries need to be dewatered in order to increase the solids

concentrations and hence decrease the volumes of sludges and slurries before further dis-

posal and reuse (Vesilind, 1979; Tchobanoglous and Burton, 1991; Northcott et al., 2005;

Stickland et al., 2008; Boger, 2009; Jones and Boger, 2012; Mahmoud et al., 2013).

Economic benefits for dewatering of sludges in wastewater treatment plants are to de-

crease the capital costs and the transport costs, due to the decrease in the volumes of

sludges (Vesilind, 1979; Tchobanoglous and Burton, 1991; Northcott et al., 2005; Stick-

land et al., 2008; Mahmoud et al., 2013). Efficiency of water recovery is improved in the

minerals industries after dewatering of slurries (Svarovsky, 2000; Northcott et al., 2005;

Jones and Boger, 2012).

A general wastewater treatment plant flow sheet is given in Fig. 1.1 which is repro-

duced from Svarovsky (2000). As shown in Fig. 1.1, both clarifiers and thickeners are

used for sludge dewatering during the process of wastewater treatment. The main aim

of clarifiers used in the wastewater treatment plant is to clarify the effluent and minimise

the solids concentration in the effluent, owing to comparatively low solids concentrations

contained in wastewater entering clarifiers (Bürger and Wendland, 2001a; Diehl, 2001,

22
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Primary
clarifier

Raw sewage

Returned
sludge

Grit
removal

Aeration
tank

Secondary
clarifier

Effluent

dewatering
Further

Thickener

Figure 1.1: Flow sheet of the wastewater treatment plant – this figure is reproduced
from Svarovsky (2000)

2006, 2007, 2012). Thickeners aim to increase the solids concentrations for the purposes

of further dewatering and/or disposal of sludges (e.g. anaerobic digestion, aerobic diges-

tion, composting, and landfill) (Tchobanoglous and Burton, 1991; Stickland et al., 2008;

Diehl, 2006, 2007, 2012). The operation called ‘Further dewatering’ in Fig. 1.1 may refer

to filters and/or centrifuges which can increase the solids concentration to become a much

larger value (Wakeman, 2007; Stickland et al., 2008).

Shirato et al. (1970) considered a so called hydraulic excess pressure leading to the

liquid to move through the sediment and a so called solid compressive pressure in their

mathematical model for slurries dewatering. In addition, two commonly used sedimen-

tation theories developed by Buscall and White (1987) and Bürger et al. (2005), respec-

tively have been applied in the simulation and modelling of the performance of dewater-

ing equipment (e.g. batch settlers, clarifiers, thickeners, filters, and centrifuges) (Landman

et al., 1988; Howells et al., 1990; Landman et al., 1991; Landman and White, 1994; Land-

man et al., 1995; Bürger et al., 2001b; Martin, 2004,a; Usher and Scales, 2005; Berres

et al., 2005a,b; Bürger et al., 2005; Bürger and Narváez, 2007; Bürger et al., 2013). Al-

though the notations used in the above two theories are different, both the above two
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theories use the so called sludge rheological properties characterising the performance

of dewatering equipment. In this thesis, the notations employed by Buscall and White

(1987) are used.

When considering the sludge rheological properties, an important parameter is the so-

called gel point which is denoted as φg and is defined by the critical solids concentration

determined as the solids contact each other (Buscall and White, 1987; de Kretser et al.,

2003; Bürger et al., 2005; van Deventer, 2012; Zhang et al., 2013b). If the solids con-

centration is larger than the gel point, a compressible space-filling solids network, which

is albeit loosely bound, is formed and this solids network can bear weight (Buscall and

White, 1987; Landman and White, 1994; de Kretser et al., 2003; Stickland, 2005). The

settling processes can be distinguished by several zones depending upon the relationships

between the initial feed solids concentration and the gel point. The settling processes in

both steady state thickeners and transient batch settlers in general include three zones if

the initial feed solids concentration is less than the gel point: the clear liquor zone, the

free settling zone (or the hindered settling zone) where solids or aggregates settle ‘freely’

but the inter-particle hydrodynamic forces may cause particles to influence each other,

and the consolidation zone where the loosely bound and compressible space-filling solids

network is formed (Bürger and Wendland, 2001a; Usher et al., 2006; Bürger and Narváez,

2007). When the initial feed solids concentration is less than the gel point, the free settling

zone may contain two sub-zones: one sub-zone containing a uniform solids concentration

and the other sub-zone where the solids concentration may vary with position (Kynch,

1952; Rushton et al., 1996; Lester et al., 2005; Diehl, 2007; Grassia et al., 2008, 2011;

van Deventer et al., 2011). Note that the latter sub-zone may not be present in batch

settlers, depending upon the proposed initial feed solids concentrations (Kynch, 1952;

Lester et al., 2005; Diehl, 2007; Grassia et al., 2008). In addition, the latter sub-zone is

not present in a steady state thickener (at least provided the suspension is not subjected to

any external shear stresses), since then the solids concentration is known to jump from a

uniform concentration sub-zone directly to the gelled zone (Bürger and Narváez, 2007).

However, the sub-zone in which the solids concentrations vary with position must be

present if the suspension within a thickener is subjected to the shear stress (e.g. via rak-
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ing) (Grassia et al., 2014; Zhang et al., 2014). When the initial feed solids concentration

is larger than the gel point, sedimentation also includes three zones: the clear liquor zone,

the uniform settling zone where the solids concentration is uniformly equal to the initial

feed solids concentration, and the consolidation zone (Buscall and White, 1987; Howells

et al., 1990; Bürger and Narváez, 2007).

Sludges and slurries need to be pretreated before entering the sedimentation tanks (e.g.

clarifiers and thickeners) and dewatering equipment (e.g. filters and centrifuges), in order

to increase the dewaterability of sludges and slurries (Rushton et al., 1996; Svarovsky,

2000; Northcott et al., 2005; Wakeman, 2007; Tarleton and Wakeman, 2007). In this

chapter, a brief description of sludge pretreatment is introduced and the effects of the

pretreatment of sludges upon sludge rheology are also reviewed. Different techniques

used to determine the sludge rheological properties are briefly introduced. In addition,

the effects of the action of rakes and the shear stress they produce upon the behaviours of

aggregates/flocs are briefly introduced in this chapter.

1.1 Sludge pretreatment

Sludges and slurries often have poor dewatering characteristics (e.g. slow settling ve-

locities, long residence times, and the poor compressibility and permeability), due to the

presence of fine solids within sludges and slurries (Rushton et al., 1996; Svarovsky, 2000;

Northcott et al., 2005; Wakeman, 2007; Tarleton and Wakeman, 2007; Mahmoud et al.,

2013). There are many approaches treating sludges and slurries before sedimentation

and/or dewatering (e.g. coagulation and flocculation, sludge heating, and freezing) (Tar-

leton and Wakeman, 2007; Mahmoud et al., 2013). The most commonly used approach

in wastewater treatment plants and minerals industries is to add coagulants and/or floc-

culants producing aggregates/flocs, in order to increase the particle size and the solids

settling velocity, and in addition improve the compressibility and permeability (Rushton

et al., 1996; Svarovsky, 2000; Northcott et al., 2005; Wakeman, 2007; Tarleton and Wake-

man, 2007; Verrelli, 2008; Verrelli et al., 2009; Usher et al., 2009; van Deventer, 2012).

Knowledge of the theories of coagulation and flocculation is useful to design and op-

timise the coagulation and flocculation processes (Dobiáš, 1993; Rushton et al., 1996;
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Svarovsky, 2000; Hogg, 2000; Tarleton and Wakeman, 2007; van Deventer, 2012). For

the coagulation process in wastewater treatment plants, inorganic metal ions are often

used (e.g. aluminium sulphate and ferric chloride) (Northcott et al., 2005; Tarleton and

Wakeman, 2007; Verrelli et al., 2010). For the flocculation process in minerals industries,

high molecular weight polymers are often used (Usher et al., 2009; van Deventer, 2012).

The coagulation and flocculation processes are affected by many parameters (e.g. suspen-

sion pH, temperature, dosages, solids concentrations, and the shear stress) (Tarleton and

Wakeman, 2007; Verrelli, 2008; Verrelli et al., 2009, 2010; Franks and Zhou, 2010). The

principles for choosing coagulants and flocculants have been summarised in Tarleton and

Wakeman (2007). The processes of coagulation and flocculation are beyond the scope

of this thesis. In this chapter, only the effects of coagulation and flocculation upon the

sludge rheological properties are reviewed and introduced.

1.2 Sludge rheology

Sludge rheological properties which are used in the sedimentation and dewatering

theories (Buscall and White, 1987; Bürger et al., 2005) generally include the compressive

yield stress, Py(φ), the hindered settling function, R(φ), and the diffusivity, D(φ) (which

can be derived in terms of Py(φ) andR(φ)). All those properties are independent of dewa-

tering equipment, but are dependent upon the particle size, the particle shape, the liquid

viscosity, the solids concentration, coagulation and flocculation conditions, and different

types of coagulants and flocculants (Buscall and White, 1987; Green et al., 1996; Green

and Boger, 1997; de Kretser et al., 2003; Martin, 2004; Verrelli, 2008; van Deventer,

2012).

The compressive yield stress, Py(φ) (which describes the compressibility) is defined

by the network stress (or the strength of the network) when a solids network is formed

for the local solids concentration larger than the gel point (Buscall and White, 1987;

Landman and White, 1994; de Kretser et al., 2003; van Deventer, 2012; Zhang et al.,

2013a,b). For the local solids concentration less than the gel point, the compressive yield

stress, Py(φ) is nil, but otherwise the compressive yield stress, Py(φ) must be considered

in the sedimentation model (de Kretser et al., 2003; van Deventer, 2012; Zhang et al.,
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2013a,b). The hindered settling function, R(φ) (which describes the permeability) rep-

resents a resistance of flow of the liquid (or the hydrodynamic drag) (Buscall and White,

1987; de Kretser et al., 2003; Northcott et al., 2005; Usher et al., 2009; van Deventer,

2012; Zhang et al., 2013b). The dewaterability of sludges and/or slurries is described

by the diffusivity, D(φ) which combines the compressive yield stress, Py(φ) and the

hindered settling function, R(φ) (Landman et al., 1995, 1999; de Kretser et al., 2003;

Northcott et al., 2005). It should be noted that the compressive yield stress, Py(φ) and the

diffusivity, D(φ) are only determined for the local solids concentration larger than the gel

point whilst the hindered settling function, R(φ) can be determined via a full range of the

solids concentration (Northcott et al., 2005; van Deventer, 2012).

1.2.1 Effects of coagulation on sludge rheological properties

The properties of aggregates/flocs (e.g. ionic strength, solids concentrations, and the

particle size) and the conditions for coagulation and flocculation (e.g. pH, temperature,

dosages, and types of coagulants and flocculants) have significant effects on the determi-

nations of the compressive yield stress, Py(φ), the hindered settling function, R(φ), and

the diffusivity, D(φ) (Northcott et al., 2005; Flatt and Bowen, 2006; Verrelli, 2008; Ver-

relli et al., 2009, 2010). A mathematical model describing the compressive yield stress

has been established by Flatt and Bowen (2006). That mathematical model considered

the effects of different particle sizes upon the compressive yield stress.

Effects of pH, temperature, dosages of coagulants, types of coagulants, and the shear

stress on the sludge rheological properties have been investigated via experiments (Zhou

et al., 1999; Northcott et al., 2005; Verrelli et al., 2009; Franks and Zhou, 2010). All those

mentioned parameters influence significantly the determination of the compressive yield

stress, the hindered settling function, and hence the diffusivity (Northcott et al., 2005;

Verrelli, 2008; Verrelli et al., 2009). The work of Northcott et al. (2005) has suggested

the pH value ranges for ferric coagulants used in wastewater treatment plants, and has

also investigated the effects of pH, temperature, and the types of coagulants on the deter-

mination of sludge rheological properties. Lower dosages of coagulants can increase the

compressibility, the permeability, and hence the dewaterability of sludges in wastewater
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treatment plants (Verrelli et al., 2009, 2010). The pH value affects the dewaterability, the

compressibility, and the permeability significantly for aluminium coagulants but insignif-

icantly for ferric coagulants (Verrelli et al., 2009, 2010). For wastewater treatment plants,

pH is suggested to be either approximately 6 for aluminium coagulants or approximately

7.5 for ferric coagulants (Northcott et al., 2005; Verrelli et al., 2009, 2010).

1.2.2 Determination of sludge rheological properties

Knowing the functional forms of the compressive yield stress, Py(φ) and the hindered

settling function, R(φ) is essential to establish the sedimentation model and optimise the

operation of the sedimentation process (Martin, 2004; Usher and Scales, 2005; Zhang

et al., 2013a,b). Experimental data of the compressive yield stress, Py(φ) and the hin-

dered settling function, R(φ) enable researchers and engineers to obtain the functional

forms of those two sludge rheological properties via curve fitting techniques (Green et al.,

1996; Green and Boger, 1997; Usher, 2002). In general, sludges and slurries are co-

agulated and/or flocculated before determining the above mentioned sludge rheological

properties (Green et al., 1996; Green and Boger, 1997; Usher, 2002). There are several

techniques obtaining experimental data for the compressive yield stress, Py(φ) and the

hindered settling function, R(φ) (e.g. transient batch sedimentation, equilibrium batch

sedimentation, pressure filtration, and centrifugation) (van Deventer, 2012). Batch sedi-

mentation may be used in the determination of the low solids concentration whilst pres-

sure filtration and centrifugation may be used in the determination of the intermediate

and/or high solids concentrations (Stickland et al., 2008; Usher et al., 2013).

A simple approach which can be used to obtain experimental data for the compres-

sive yield stress, Py(φ) is the use of equilibrium batch sedimentation (Buscall and White,

1987; van Deventer, 2012). However, the drawback of this approach is the long set-

tling time for reaching the equilibrium state in a batch settler, especially for wastewater

sludges (Usher et al., 2013). Thus, pressure filtration and centrifugation may be more

convenient in obtaining experimental data for the compressive yield stress, Py(φ) (Buscall

and White, 1987; Green et al., 1996; Green and Boger, 1997; de Kretser et al., 2001; Usher

et al., 2013). Transient batch sedimentation which is based on Kynch’s theory (Kynch,
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1952) and used for low solids concentrations has been employed to determine the hin-

dered settling function, R(φ) by many researchers (Lester et al., 2005; Diehl, 2007; Gras-

sia et al., 2008, 2011; van Deventer et al., 2011). In addition, pressure filtration is a rapid

and accurate technique determining the hindered settling function, R(φ) for intermediate

and high solids concentrations (Landman and White, 1992; de Kretser et al., 2001; Usher

et al., 2001; Stickland, 2005).

1.3 Aggregate densification

Rakes are often used in thickeners, due to the need for transportation of solids down-

wards to the underflow (Rudman et al., 2008; van Deventer, 2012). The presence of the

shear stress produced by these rakes affects significantly the sludge rheological properties

and hence the dewatering process (Holdich and Butt, 1996; Channell and Zukoski, 1997;

Channell et al., 2000; Zhou et al., 1999; Stickland and Buscall, 2009; Usher et al., 2009).

One consequence of the action of rakes (which can add the shear stress in suspensions) is

to densify aggregates/flocs increasing the density of aggregates/flocs through decreasing

the aggregate diameters (Farrow et al., 2000; Selomulya et al., 2003; Verrelli, 2008; Usher

et al., 2009; Gladman et al., 2010). The above process is called aggregate densification.

The density of aggregates, which is typically smaller than the solids density itself, is an

essential parameter when considering aggregate densification. A theoretical derivation of

the density of aggregates in terms of the solids density and the solids concentration within

the aggregates (or the solidosity of aggregates) has been given in Verrelli (2008) and Usher

et al. (2009). A picture showing aggregate densification under the shear stress is presented

in Fig. 1.2 which is reproduced from Usher et al. (2009).

As shown in Fig. 1.2, the aggregate diameters are decreased after aggregate densifi-

cation and hence channels between aggregates are widened (Usher et al., 2009; Zhang

et al., 2013a,b; Grassia et al., 2014). Both the solids concentration within the aggregates

and the settling velocity expressed in terms of the solids concentration and the sludge

rheological properties increase when aggregate densification occurs, due to the decrease

of the aggregate diameters and the changes of sludge rheological properties (Usher et al.,

2009; van Deventer et al., 2011; Zhang et al., 2013a,b). The gel point also increases dur-
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Figure 1.2: The process of aggregate densification – this figure is reproduced from Usher
et al. (2009)

ing aggregate densification and hence the compressive yield stress must be altered (Usher

et al., 2009; van Deventer et al., 2011; Zhang et al., 2013a,b). Therefore, the permeabil-

ity and the compressibility of sludges and slurries can be improved via decreasing the

hindered settling function and the compressive yield stress, respectively after aggregate

densification (Usher et al., 2009; van Deventer, 2012; Zhang et al., 2013a,b; Buratto et al.,

2014).

When densifying aggregates/flocs in the settling process, two processes may occur: re-

structuring and breakage of aggregates (Selomulya et al., 2003; Buratto et al., 2014). For

a relatively low shear rate, restructuring of aggregates may occur and there is no break-

age of aggregates whilst for a high shear rate, breakage of aggregates may occur (Selo-

mulya et al., 2003; Verrelli, 2008; Gladman et al., 2010; Buratto et al., 2014; Vaxelaire

and Olivier, 2014). Aggregate densification led by the action of rakes and/or the shear

stress can improve the performance of a piece of dewatering equipment via increasing the

solids concentrations obtained at the bottom of the tanks and the underflow solids fluxes,

increasing the permeability and the compressibility, and decreasing the height of the con-

solidation zone (Usher et al., 2009; Gladman et al., 2010; van Deventer et al., 2011; van

Deventer, 2012; Zhang et al., 2013a,b; Buratto et al., 2014).

Sludge rheological properties are altered when aggregate densification occurs in the

settling process (Usher et al., 2009; Gladman et al., 2010; van Deventer et al., 2011; Zhang

et al., 2013a,b). The theory of aggregate densification (Usher et al., 2009; van Deventer

et al., 2011; Zhang et al., 2013a,b) assumes that there is no breakage of aggregates during

aggregate densification. Under these assumptions, the sludge rheological properties (e.g.

the compressive yield stress, Py(φ) and the hindered settling function R(φ)) have been
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derived theoretically in terms of the solids concentrations and the aggregate diameters,

once the suspension has undergone aggregate densification (Usher et al., 2009; Zhang

et al., 2013b). The performance of steady state thickeners using the aggregate densifica-

tion theory has been explored by several researchers (Usher et al., 2009; Gladman et al.,

2010; Zhang et al., 2013a,b; Grassia et al., 2014).

In this thesis, aggregate densification is assumed to be only time-dependent. The evo-

lution of aggregate diameters in the settling process is governed by a first order ordinary

differential equation which is given by van Deventer et al. (2011). An important parame-

ter given in that first order ordinary differential rate equation is the aggregate densification

rate parameter (denoted byA) (van Deventer et al., 2011). This parameter is here assumed

to be constant during aggregate densification and independent of the solids concentration

in this thesis. Both inertial effects and wall effects are treated as being negligible in this

thesis.

1.4 Thesis overview

This thesis is laid out as follows. Chapter 2 introduces batch sedimentation subject to

slow aggregate densification. In Chapter 2, interest focusses on long-time scales so that

significant settling has already taken placed before the time scales of interest. Any residual

solids motion that is then driven by aggregate densification and the hydrodynamic drag in-

duced by this residual solids motion (and the associated residual solids flux) are assumed

to be negligible. Chapter 3 extends the aggregate densification theory developed by Usher

et al. (2009) and van Deventer et al. (2011) to new parameter regimes, and then predicts

thickener performance using the extended aggregate densification theory. In Chapter 3, a

fixed aggregate diameter ratio is used to predict thickener performance. However, more

generally it is necessary to densify aggregates throughout thickeners, since densification

is a time-dependent behaviour. Thus, in Chapter 4, time-dependent aggregate densifica-

tion is considered. The effects of time-dependent aggregate densification upon the sludge

rheological properties (e.g. the compressive yield stress, Py(φ) and the hindered settling

function, R(φ)) and thickener performance are also explored in Chapter 4. Chapter 5 con-

siders how different underflow solids concentrations obtained at the bottom of thickeners
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affect the predictions of thickener performance and sludge rheological properties dur-

ing time-dependent aggregate densification. In Chapters 3–5, the hindered settling zone

is neglected and only the consolidation zone is considered. The hindered settling zone

however affects the determinations of sludge rheological properties and thickener perfor-

mance when time-dependent aggregate densification occurs. Thus, Chapter 6 predicts the

sludge rheological properties and thickener performance when the hindered settling zone

is present. Chapter 7 gives conclusions and future work.

This thesis contains manuscripts and published papers and is presented in a so called

alternative format. Chapters 2 and 6 are manuscripts which are prepared for submission.

Chapters 3–4 have been published and are exhibited in the published format. The tran-

sient batch settler considered in this thesis is assumed to be initially networked where the

initial feed solids volume fraction is larger than the gel point. However, the thickener con-

sidered in this thesis is operated at steady state and in addition is assumed to be initially

unnetworked where the initially feed solids volume fraction is smaller than the gel point.



Chapter 2
Mathematical modelling of batch

sedimentation subject to slow aggregate

densification

This chapter is a manuscript that is prepared for submission. This chapter addresses

the effects of slow aggregate densification occurring in an initially networked batch settler

upon the evolutions of suspension heights and consolidated bed heights, and in addition

upon the determinations of consolidated bed structures.

Summary

This chapter considers an initially networked batch settler subjected to very slow ag-

gregate densification. The so called pseudo-steady state theory developed by van Deven-

ter (2012) has been extended. The solids behaviour and the evolutions of the suspension

height and the consolidated bed height have been predicted using the extended pseudo-

steady state theory. Different formulae for the weight-bearing strength of the consolidated

bed (so called weakly gelled and strongly gelled formulae, which differ near the top of

the bed) are considered. The effects of weakly and strongly gelled formulae upon the

predictions of the solids behaviour, and upon the evolutions of the suspension height as

well as the consolidated bed height have been identified. In addition, the effects of the

evolutions of the above two gelled formulae during aggregate densification upon the de-

33
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terminations of the heights of the suspension and the consolidated bed have also been

explored. This chapter also investigates how the proposed initial feed solids volume frac-

tion and the proposed initial feed suspension height affect the evolutions of the heights of

the suspension and the consolidated bed, as well as the determinations of the solids vol-

ume fractions obtained at the bottom of the batch settler. Giving a sufficiently tall initial

suspension height leads to an insignificant increase in the solids volume fraction obtained

at the bottom of the batch settler after densification. The heights of the suspension and the

consolidated bed coincide when the gel point becomes larger than the initial feed solids

volume fraction.

2.1 Introduction

A batch settler where there is no net flux at the bottom is an important piece of equip-

ment in applications not only of dewatering but also of measuring sludge rheology, obtain-

ing settling velocities of sludges, as well as designing continuous thickeners (thickeners

being more in general having non-zero solids flux out the bottom) (Buscall and White,

1987; Font, 1988, 1991; Font and Ruiz, 1993; Fitch, 1993; Rushton et al., 1996; Lester

et al., 2005; Diehl, 2007; Grassia et al., 2008, 2011). A sedimentation theory proposed

by Kynch (1952) gives a mathematical model describing how the solids volume fraction

and the suspension-clear liquor interface change in a batch settler (Bürger and Wendland,

2001a; Lester et al., 2005; Diehl, 2007; Grassia et al., 2008). Kynch’s theory has been

extended with the consideration of consolidation near the bottom of a batch settler (Tiller,

1981; Fitch, 1983; Font, 1988; Davis and Russel, 1989). A dewatering theory developed

by Buscall and White (1987) describes a consolidation mechanism during the settling pro-

cess using the so called sludge rheological properties (e.g. the compressive yield stress

and the hindered settling function). Continuous thickeners, filter presses, and centrifuges

are successfully designed using that dewatering theory (Landman et al., 1988; Usher et al.,

2001; Martin, 2004,a; Usher and Scales, 2005; Stickland et al., 2006). Prior to designing

those pieces of dewatering equipment, one must know the functional forms of the com-

pressive yield stress and the hindered settling function (Martin, 2004; Lester et al., 2005;

Usher and Scales, 2005; Zhang et al., 2013a,b). The functional form of the compressive
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yield stress can be obtained using filtration tests and/or centrifugation tests (Buscall and

White, 1987; Green et al., 1996; Green and Boger, 1997). However batch sedimentation

is often used to obtain the functional form of the hindered settling function at low solids

concentrations (Lester et al., 2005; Diehl, 2007; Stickland et al., 2008; Grassia et al.,

2008, 2011; van Deventer et al., 2011). The gel point, φg which is the critical solids

volume fraction at which the compressive yield stress becomes non-zero can also be de-

termined via experiments (e.g. batch settling tests, filtration tests and/or centrifugation

tests) (Usher, 2002; van Deventer, 2012). When the local solids concentration is larger

than the gel point, a continuous and compressible solids network is formed (Buscall and

White, 1987; de Kretser et al., 2003; Usher et al., 2006).

There are two types of batch sedimentation depending upon the proposed initial feed

solids volume fractions: initially unnetworked batch settlers where the proposed initial

feed solids volume fraction, φf is smaller than the gel point, φg, and initially networked

batch settlers where φf is larger than φg (Buscall and White, 1987; Howells et al., 1990;

Lester et al., 2005; Usher et al., 2006). An initially unnetworked batch settler includes a

clear liquor zone where the solids volume fraction is nil, a hindered settling zone where

the solids volume fraction is smaller than the gel point, and a consolidation zone where

the solids volume fraction is larger than the gel point (Lester et al., 2005; Usher et al.,

2006). An initially networked batch settler also contains three zones: a clear liquor zone,

an unconsolidated zone where the solids volume fraction equals the initial feed solids

volume fraction, φf , and a consolidation zone where the local solids volume fraction is

larger than the gel point (Buscall and White, 1987; Howells et al., 1990). When analysing

a batch settler, there are two important heights which must be identified: the suspension

height which is defined by the height of the interface between the clear liquor zone and

the unconsolidated zone, and the consolidated bed height which is defined by the height

of the interface between the unconsolidated zone and the consolidation zone (Buscall and

White, 1987; Howells et al., 1990; Lester et al., 2005; Usher et al., 2006). In this work,

initially networked batch settlers are the main focus. According to the standard batch

settling theories, the interface of the unconsolidated zone never meets that of the con-

solidation zone for an initially networked suspension (whereas for initially unnetworked
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cases, the interface of the hindered settling zone eventually meets that of the consolidation

zone) (Buscall and White, 1987; Howells et al., 1990; Bürger and Karlsen, 2001; Usher

et al., 2006). These standard theories may however need to be modified owing to the

process of so called aggregate densification.

Solids in a suspension tend to group together into loose aggregates often produced

deliberately as a result of the addition of flocculants which form bridges between solids,

leading to a faster settling rate (Usher et al., 2009; van Deventer, 2012; Grassia et al.,

2014). Aggregate densification caused by shear stresses and/or the action of raking leads

to a decrease in the diameters of aggregates (Channell and Zukoski, 1997; Channell et al.,

2000; Usher et al., 2009; Gladman et al., 2010; van Deventer, 2012; Zhang et al., 2013a,b;

Grassia et al., 2014). This leads to increases in the solids concentration within the aggre-

gates, increases in the suspension gel point, increases in the underflow solids flux, and

changes of the sludge rheological properties (Channell and Zukoski, 1997; Channell et al.,

2000; Usher et al., 2009; Gladman et al., 2010; van Deventer et al., 2011; Zhang et al.,

2013a,b; Grassia et al., 2014). Full densification is considered to be obtained when the

aggregate diameter is densified to a minimum value (the solids volume fraction within the

aggregates corresponding to the state designated as full densification typically falls well

short of close packing) (Gladman et al., 2010; van Deventer et al., 2011; Zhang et al.,

2013a). The ratio between the aggregate diameter in the fully densified state and that in

the initially undensified state is denoted byDagg,∞ with the typical value of 0.9 often used

in the literature (Usher et al., 2009; van Deventer et al., 2011; Zhang et al., 2013a,b).

Simulations and experiments of batch sedimentation consistent with time-dependent

aggregate densification for φf < φg (e.g. initially unnetworked suspensions) have been

conducted by van Deventer et al. (2011) and van Deventer (2012). Aggregate densifi-

cation ordinarily depends on time, up until attainment of the fully densified state (van

Deventer et al., 2011). A rate equation that is used to characterise the evolution of the ag-

gregate diameter and is influenced by a so called aggregate densification rate parameter,

A has also been developed by van Deventer et al. (2011). If the initial feed solids volume

fraction, φf is less than the gel point, φg, a shorter consolidated bed height and a larger

solids volume fraction obtained at the bottom of a batch settler are achieved after time-
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dependent aggregate densification (van Deventer et al., 2011; van Deventer, 2012). For

a given solids volume fraction, the hindered settling function and the compressive yield

stress become smaller after time-dependent aggregate densification (Usher et al., 2009;

van Deventer et al., 2011; van Deventer, 2012; Zhang et al., 2013a,b). Little attention

has however focused on cases for φf > φg when time-dependent aggregate densifica-

tion occurs in a batch settler. It is of particular interest therefore to explore the solids

behaviours and to predict the consolidating bed structures in cases for φf > φg when

time-dependent aggregate densification occurs. The evolutions of the suspension height

and the consolidated bed height during time-dependent aggregate densification are also of

particular interest.

van Deventer (2012) used the so called pseudo-steady state model for determining the

consolidated bed structure and the heights of the suspension and the consolidation zone

in a batch settler subject to time-dependent aggregate densification1 for φf < φg. The hy-

drodynamic drag forces associated with any residual solids flux and/or the solids motion

are assumed to be nil when using this pseudo-steady state model (van Deventer, 2012).

Experimental data imply that the results calculated using the pseudo-steady state model

are only correct when using a very small aggregate densification rate parameter, A (which

is far smaller than the reciprocal of the suspension’s characteristic settling time) (van De-

venter, 2012). For cases where φf > φg and very slow aggregate densification (or a very

small aggregate densification rate parameter, A) are chosen, we are interested in explor-

ing whether this pseudo-steady state model can also be applied and how the heights of the

suspension and the consolidation zone evolve with an increase of the densification time

when using this pseudo-steady state model. This is one of the aims addressed in this work.

For φf > φg, the densification-induced increase of the solids volume fraction obtained at

the bottom of the batch settler after aggregate densification is also of particular interest.

Several factors influence the pseudo-steady state behaviour including the initial sus-

pension height, H0, the initial feed solids volume fraction, φf , the final steady state aggre-

gate diameter ratio, Dagg,∞, the aggregate densification rate parameter, A, different func-

tional forms of the compressive yield stress, and the evolution of the compressive yield

1Specifically it is the batch settling which is treated as pseudo-steady; the aggregate densification on the
other hand remains time-dependent.
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stress functional form during time-dependent aggregate densification. The hydrodynamic

force (or the friction drag) is neglected when using the pseudo-steady state model (van

Deventer, 2012). This implies that the hindered settling function ought to have no ef-

fects on the predictions of the solids behaviours, the consolidated bed structures, and the

heights of the suspension and the consolidated bed when the pseudo-steady state model is

used. If aggregate densification occurs, the evolution of the compressive yield stress func-

tional form and the physical nature of the compressive yield stress have been predicted

and explored by many researchers (Gladman et al., 2005; Usher et al., 2009; van Deven-

ter et al., 2011; van Deventer, 2012; Zhang et al., 2013a,b). It is of interest to explore

how the evolution of the compressive yield stress functional form during time-dependent

aggregate densification affects the consolidated bed structure, and the evolutions of the

heights of the suspension and the consolidated bed when using the pseudo-steady state

batch settling model. One of the aims of this work is to explore how different initial sus-

pension heights affect the consolidated bed structure and the evolutions of the heights of

the suspension and the consolidated bed during time-dependent aggregate densification

for a specified initial feed solids volume fraction, φf , when the pseudo-steady state batch

settling model is used. Another aim of this work is to investigate how the evolutions of

the heights of the suspension and the consolidated bed are affected by giving different φf

in cases where time-dependent aggregate densification occurs and the pseudo-steady state

batch settling model is used.

The structure of this work is as follows. Section 2.2 reviews the sedimentation theory

developed by Buscall and White (1987) and the aggregate densification theory developed

by Usher et al. (2009) and van Deventer et al. (2011). The analysis of equilibrium states

achieved in batch settlers for φf > φg is also given in Section 2.2. Section 2.3 explores

the evolutions of the consolidated bed height and the suspension height for both initially

unnetworked and networked batch settlers where the hydrodynamic drag forces associ-

ated with the solids fluxes are included in the system of equations. Section 2.4 introduces

the pseudo-steady state model developed by van Deventer (2012) and then extends this

model to predict the consolidated bed structures, and the heights of the suspension and

the consolidated bed in initially networked batch settlers. The effects of different pro-
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posed initial suspension heights upon the predictions of the consolidated bed structures

are also given in Section 2.4. A number of cases are set up in Section 2.5. Section 2.5

also introduces different types of the compressive yield stress functional form and how

the compressive yield stress functional form evolves during time-dependent aggregate

densification. Simulation results including the evolutions of the heights of the suspen-

sion and the consolidated bed, and the consolidated bed structures predicted using the

pseudo-steady state model are given in Section 2.6. Section 2.7 provides conclusions.

2.2 Theories for batch sedimentation and aggregate den-

sification

In this section, the theories describing batch sedimentation and aggregate densifica-

tion (Buscall and White, 1987; Usher et al., 2009; van Deventer et al., 2011) are reviewed.

The equilibrium state achieved in batch sedimentation consistent with time-dependent ag-

gregate densification is also analysed in this section. Note that initially networked systems

are the main focus of this study.

2.2.1 Batch sedimentation theory

Buscall and White (1987) developed a batch sedimentation theory and derived a force

balance equation that can describe the settling process in a batch settler for φf > φg:

R(φ)qb

(1− φ)2
− ∂Ps

∂z
−∆ρgφ = 0 (2.2.1)

where φ is the solids volume fraction, Ps and R(φ) denote the particle stress and the

hindered settling function, respectively, qb is the solids flux, ∆ρ represents the density

difference2 between the solids and the liquid, g is the gravity acceleration which is chosen

to be 9.8 m s−2, and z is the height which is measured upwards. Note that in Eq. (2.2.1),

2The variable, ∆ρ is a constant value during time-dependent densification and consolidation, since the
solids and liquid are assumed to be incompressible in this thesis (Kynch, 1952). Typically, the densities of
solids and liquid are chosen as 3200 kg m−3 and 1000 kg m−3, respectively (Usher et al., 2009). Hence, in
this thesis, the density difference, ∆ρ = 2200 kg m−3.
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the sign convention is such that the solids flux, qb is a positive value when solids move

downwards.

In some cases, when a suspension is initially networked, it might not be consolidated

at all. This tends to occur in the case of a column of suspension that is not particularly tall.

There is then a trivial solution to Eq. (2.2.1) in which there is no solids flux whatsoever,

and the particle stress, Ps simply grows hydrostatically with depth according to the weight

of solids above it. If at no point anywhere in the network does the particle stress ever attain

the compressive yield stress of the material, no consolidation need ever occur. In what

follows however, we assume that the column is sufficiently tall that this ‘trivial’ solution

does not apply, and the column is tall enough, so that at least in some part of the domain,

material must consolidate. In such cases, still considering an initially networked system,

a zone where the particle stress is less than the compressive yield stress is designated as

the unconsolidated zone and a zone where the particle stress is approximately equal to

the compressive yield stress3 is designated as the consolidation zone (Buscall and White,

1987; Howells et al., 1990). The solids volume fraction and the solids flux in the uncon-

solidated zone are uniform being equal to the initial feed solids volume fraction, φf and

the solids flux evaluated at the top of the consolidation zone, qb,top, respectively (Buscall

and White, 1987; Auzerais et al., 1988; Howells et al., 1990). Thus, Eq. (2.2.1) indicates

that the particle stress, Ps evaluated in the unconsolidated zone increases with depth up to

a value that equals the compressive yield stress evaluated at the top of the consolidation

zone (Buscall and White, 1987; Auzerais et al., 1988; Howells et al., 1990). In the con-

solidation zone however, the solids volume fraction starts to increase with depth but the

solids flux starts to decrease with depth. In the consolidation zone, the particle stress is

assumed to be equal to the compressive yield stress (Buscall and White, 1987; Auzerais

et al., 1988; Howells et al., 1990). Hence, Eq. (2.2.1) can be rewritten as (Buscall and

White, 1987; Howells et al., 1990; Lester et al., 2005; Usher et al., 2006):
3According to the theory of Buscall and White (1987), the particle stress cannot exceed the compressive

yield stress by any significant amount, as this would lead to arbitrarily rapid consolidation and hence rapid
increases in the compressive yield stress back to the level of the particle stress.
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R(φ)qb

(1− φ)2
− ∂Py(φ)

∂φ

∂φ

∂z
−∆ρgφ = 0 (2.2.2)

where Py(φ) denotes the compressive yield stress.

When integrating Eq. (2.2.1) with respect to the height, z across the unconsolidated

zone, this can yield an equation connecting the suspension height and the consolidated

bed height (Buscall and White, 1987; Howells et al., 1990):

Py(φf ) +

R(φf )qb,top

(1− φf )2
−∆ρgφf

 (H − zc) = 0 (2.2.3)

where H is the suspension height, zc is the consolidated bed height, φf is the initial feed

solids volume fraction, and qb,top is the solids flux evaluated at the top of the consolidation

zone.

Meanwhile in the consolidated bed, once the solids flux, qb is obtained as a function

of position via Eq. (2.2.2), consolidation is described by the continuity equation that has

been derived by Kynch (1952):

∂φ/∂t = ∂qb/∂z (2.2.4)

where Eq. (2.2.4) indicates that the solids volume fraction increases with time but the

solids flux decreases with depth.

2.2.2 Time-dependent aggregate densification theory

Aggregate densification has been observed in settling experiments by many researchers

(Farrow et al., 2000; Gladman et al., 2010; Buratto et al., 2014) and mathematical mod-

els have also been developed to describe the process of aggregate densification (Usher

et al., 2009; van Deventer et al., 2011; Zhang et al., 2013a,b). We assume that there is no



2.2. THEORIES 42

breakage of aggregates (solely densification) in this work. One advantage of aggregate

densification is that the performance of a piece of dewatering equipment is enhanced via

altering the sludge rheological properties (Usher et al., 2009; Gladman et al., 2010; van

Deventer, 2012; Zhang et al., 2013a,b; Grassia et al., 2014). The aggregate densification

theory developed by Usher et al. (2009) and van Deventer et al. (2011) describes how the

aggregate diameter changes with the densification time and how the sludge rheological

properties are affected by changes in the aggregate diameter during aggregate densifica-

tion (see details in Usher et al. (2009); van Deventer et al. (2011); Zhang et al. (2013a,b);

Grassia et al. (2014); Zhang et al. (2014)).

The aggregate diameter ratio, Dagg denotes the ratio between the diameter of a densi-

fied aggregate and its initially undensified counterpart (Zhang et al., 2013a,b). Regardless

of whether the aggregates are densified or undensified, the system gels via packing ag-

gregates together (Usher et al., 2009; Zhang et al., 2013a,b). At the gel point there is

invariably some free space between the aggregates, which implies that the overall solids

volume fraction at the gel point, φg is less than the solids volume fraction within the ag-

gregates, φagg (Usher et al., 2009; van Deventer, 2012; Zhang et al., 2013a,b). Moreover,

the gel point, φg and the solids volume fraction within the aggregates, φagg are both in-

creased with a decrease of the aggregate diameter ratio (Usher et al., 2009; van Deventer

et al., 2011; Zhang et al., 2013a,b). Expressed in terms of the aggregate diameter ratio,

Dagg (which itself evolves during the course of time-dependent aggregate densification),

we have (Usher et al., 2009; van Deventer et al., 2011; Zhang et al., 2013a,b):

φg =
φg,0
D3
agg

(2.2.5)

where φg,0 represents the initially undensified gel point.

φagg =
φagg,0
D3
agg

(2.2.6)

where φagg,0 denotes the solids volume fraction within the initially undensified aggregates.
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One important equation describing how the aggregate diameter ratio evolves during

aggregate densification has been developed by van Deventer et al. (2011):

dDagg

dt
= −A(Dagg −Dagg,∞) (2.2.7)

and

Dagg = Dagg,∞ + (1−Dagg,∞)e−At (2.2.8)

where t is the densification time, Dagg,∞ is the fully densified aggregate diameter ratio (or

the minimum aggregate diameter ratio) that is achieved in the fully densified state, and A

is the aggregate densification rate parameter which is assumed to be independent of the

solids volume fraction and can be measured via experiments (van Deventer, 2012).

The functional forms of the densified hindered settling function, R(φ, t) and the den-

sified compressive yield stress, Py(φ, t) will be altered with the decrease of the aggregate

diameter ratio, Dagg for a local solids volume fraction, φ less than the solids volume frac-

tion within the aggregates, φagg (Usher et al., 2009; van Deventer et al., 2011; Zhang

et al., 2013a,b). For φ > φagg however, those two densified sludge rheological properties

are independent of aggregate densification due to elimination of any remaining space be-

tween the (now interpenetrating) aggregates which form into a large interlinked network,

and hence the functional forms of those two densified sludge rheological properties will

be replaced by the undensified ones (Usher et al., 2009; van Deventer et al., 2011; Zhang

et al., 2013a,b). We will make extensive use of this result later on.

2.2.3 Analysis of the equilibrium state following batch sedimentation

At the equilibrium state in a batch settler, the solids flux is nil and hence the gravity

of solids will balance the gradient of the compressive yield stress in the consolidation

zone (Buscall and White, 1987; Howells et al., 1990; Usher et al., 2006; van Deventer,

2012). Hence, Eqs. (2.2.1–2.2.3) can be rewritten in the absence of the solids flux and the
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solids motion (Buscall and White, 1987; Howells et al., 1990):

∂Ps
∂z

+ ∆ρgφ = 0 (2.2.9)

∂Py(φ)

∂φ

∂φ

∂z
+ ∆ρgφ = 0 (2.2.10)

and

Py(φf )−∆ρgφf (H − zc) = 0. (2.2.11)

There are two types of equilibrium states that can be distinguished if time-dependent

aggregate densification occurs: the undensified equilibrium state obtained in a batch set-

tler where there is no aggregate densification occurring, and the fully densified equilib-

rium state eventually achieved in a batch settler subject to time-dependent aggregate den-

sification (van Deventer, 2012). If no aggregate densification whatsoever occurs in a batch

settler, the materials are undensified and hence the undensified sludge rheological prop-

erties are used to predict the consolidated bed structure in the undensified equilibrium

state batch settler (Buscall and White, 1987; Howells et al., 1990; Usher et al., 2006).

On the other hand, if time-dependent aggregate densification is complete, the fully densi-

fied sludge rheological properties are used provided the local solids volume fraction, φ is

smaller than that within the fully densified aggregates, φagg,∞ determined using Eq. (2.2.6)

by setting Dagg = Dagg,∞, whereas the initially undensified sludge rheological properties

are still applied for φ > φagg,∞ in the fully densified equilibrium state batch settler (Zhang

et al., 2013b). The above two equilibrium states are two limits for the predictions of the

consolidated bed structures and the heights of the suspension and the consolidated bed in

a batch settler subject to time-dependent aggregate densification. At the fully densified

equilibrium state, the solids volume fraction determined at the top of the consolidated bed

is either the initial feed solids volume fraction, φf if the proposed initial feed solids vol-

ume fraction, φf is larger than the fully densified gel point, φg,∞ calculated via Eq. (2.2.5)
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by setting Dagg = Dagg,∞ or the fully densified gel point, φg,∞ if φf < φg,∞ (Buscall and

White, 1987; Howells et al., 1990; van Deventer et al., 2011; Zhang et al., 2013b). In

other words, in the former case there is a column of unconsolidated material persisting

above the consolidated bed, but in the latter case there is not.

In the undensified equilibrium state where the material properties have not changed,

the height of the consolidated bed, zc,0 can be deduced via integrating Eq. (2.2.10) (How-

ells et al., 1990; Usher et al., 2006; van Deventer, 2012):

zc,0 =

∫ φf

φbe,0

−
∂Py,0(φ)/∂φ

∆ρgφ
dφ (2.2.12)

where Py,0(φ) represents the undensified compressive yield stress, and φbe,0 is the solids

volume fraction determined at the bottom of the undensified equilibrium state batch set-

tler. Note that the solids volume fraction at the top of the consolidation zone equals the

initial feed solids volume fraction, φf , due to φf > φg,0.

The value of φbe,0 is not known a priori, but can be measured experimentally or else

obtained via a mass balance. Overall mass balance is implied since in a batch settler there

is no net solids flux at the bottom. The solids mass balance must be satisfied (Buscall and

White, 1987; Howells et al., 1990):

Py,0(φbe,0) = ∆ρgφfH0 (2.2.13)

whereH0 is the initial suspension height, and Py,0(φbe,0) denotes the undensified compres-

sive yield stress determined at φ = φbe,0. Hence, φbe,0 can be calculated using Eq. (2.2.13)

once the functional form of the undensified compressive yield stress is given.

The suspension height, Hunden determined at the undensified equilibrium state is ob-

tained via rearranging Eq. (2.2.11) (Buscall and White, 1987; Howells et al., 1990):



2.2. THEORIES 46

Hunden = zc,0 +
Py,0(φf )

∆ρgφf
. (2.2.14)

At the fully densified equilibrium state where the aggregate diameter ratio is densified

to the minimum value, Dagg,∞, the prediction of the consolidated bed height is compli-

cated, due to the need to consider a number of different cases. When the solids volume

fraction obtained at the bottom of the fully densified equilibrium state batch settler, φbe,∞

is smaller than the solids volume fraction within the fully densified aggregates, φagg,∞, the

consolidated bed height and the solids volume fraction obtained at the bottom of the fully

densified equilibrium state batch settler (zc,∞ and φbe,∞, respectively) can be deduced via

Eqs. (2.2.15–2.2.16), respectively (Buscall and White, 1987; Howells et al., 1990; van

Deventer et al., 2011; van Deventer, 2012):

zc,∞ =

∫ φtop

φbe,∞

−
∂Py,∞(φ)/∂φ

∆ρgφ
dφ (2.2.15)

where φtop denotes the solids volume fraction determined at the top of the consolidated

bed, φbe,∞ is the solids volume fraction determined at the bottom of the fully densified

equilibrium state batch settler, and Py,∞(φ) represents the fully densified compressive

yield stress. Note that the solids volume fraction determined at the top of the consolidated

bed, φtop is either φf for φf > φg,∞ or φg,∞ for φf < φg,∞.

The solids volume fraction obtained at the bottom of the fully densified equilibrium

state batch settler, φbe,∞ can be deduced via Eq. (2.2.16) when φbe,∞ < φagg,∞ (Buscall

and White, 1987; Howells et al., 1990; van Deventer et al., 2011; van Deventer, 2012):

Py,∞(φbe,∞) = ∆ρgφfH0. (2.2.16)

If φbe,∞ is larger than φagg,∞, the functional form of the fully densified compressive

yield stress is used for the zone where the local solids volume fraction, φ is less than the
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solids volume fraction within the fully densified aggregates, φagg,∞ whilst the functional

form of the undensified compressive yield stress must be used for the zone where φ >

φagg,∞ (Zhang et al., 2013b). The functional form of the undensified compressive yield

stress must be included for the determination of φbe,∞ when φbe,∞ > φagg,∞. Thus,

Eqs. (2.2.17–2.2.18) hold:

zc,∞ =

∫ φagg,∞

φbe,∞

−
∂Py,0(φ)/∂φ

∆ρgφ
dφ

 +

∫ φtop

φagg,∞

−
∂Py,∞(φ)/∂φ

∆ρgφ
dφ

 (2.2.17)

and

Py,0(φbe,∞) = ∆ρgφfH0 (2.2.18)

where φtop represents the solids volume fraction determined at the top of the consolidated

bed which is equal to φg,∞ if φf < φg,∞ and is equal to φf if φf > φg,∞.

The suspension height determined at the fully densified state, Hfull den can be calcu-

lated via Eq. (2.2.19):

Hfull den = zc,∞ +
Py,∞(φf )

∆ρgφf
(2.2.19)

where the second term on the right hand side of Eq. (2.2.19) vanishes in the case where

φf ≤ φg,∞ but is non-zero in the case where φf > φg,∞.

2.3 Evolution of the consolidated bed height

Knowing the evolution of the height of the consolidated bed is essential to predict

the consolidated bed structure. The physical effects governing the evolution of the height

of the consolidated bed must be understood before detailed mathematical modelling and

simulation of batch settlers. In this section, the general behaviour of the evolution of

the consolidated bed height is introduced for both initially unnetworked and networked
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systems. Note that the analysis of the evolution of the consolidated bed height discussed

in this section is based, in the interests of generality, not on the pseudo-steady state case

but rather on the regular batch settling process where the hydrodynamic effects of the

solids flux and the solids motion must be considered. Once the general behaviour of the

consolidated bed is established, detailed simulation of the consolidated bed can proceed

via various numerical methods4 for predicting the suspension height and the consolidated

bed height.

2.3.1 Initially unnetworked systems

For initially unnetworked systems in the case where no aggregate densification occurs,

the height of the consolidated bed always increases from the bottom of a batch settler at

early times and then intersects the suspension height at some time evaluated as the solids

volume fraction at which the suspension height becomes the gel point (Auzerais et al.,

1988; Bürger and Karlsen, 2001; Lester et al., 2005; Usher et al., 2006). The consolidated

bed height (which now intersects the suspension height) is then decreased due to further

consolidation at large times (Auzerais et al., 1988; Bürger and Karlsen, 2001; Lester et al.,

2005; Usher et al., 2006). When time-dependent aggregate densification occurs in initially

unnetworked systems, the evolution of the top of the consolidated bed is analogous to

that discussed above for initially unnetworked systems in the case where no aggregate

densification occurs (van Deventer et al., 2011; van Deventer, 2012).

2.3.2 Initially networked systems

The height of the consolidated bed always increases from the bottom of a batch settler

until the equilibrium state is obtained for initially networked systems in the case where no

aggregate densification occurs (Buscall and White, 1987; Auzerais et al., 1988; Howells

et al., 1990). As discussed in Section 2.2, the suspension height must be higher than the

height of the consolidated bed if there is no aggregate densification occurring: i.e. a col-

umn of unconsolidated material persists. When time-dependent aggregate densification
4The relevant numerical methods include the fully explicit scheme, the semi-implicit scheme, and the

fully implicit scheme (Press et al., 1992). Eq. (2.2.2) and Eq. (2.2.4) are solved numerically to determine
the solids volume fraction profiles and the heights of the suspension and the consolidated bed (Auzerais
et al., 1988; Howells et al., 1990; Bürger et al., 2000; Bürger and Karlsen, 2001).
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occurs however, the evolution of the consolidated bed height is more complicated with

different behaviours, according to different initial feed solids volume fractions, φf that

are given in initially networked systems.

If the initial feed solids volume fraction, φf is larger than the fully densified gel point,

φg,∞, the evolution of the height of the consolidated bed is analogous to that discussed

above for initially networked systems in the case where no aggregate densification oc-

curs. Time-dependent aggregate densification might not affect (at least qualitatively) the

transient behaviour of the evolution of the height of the consolidated bed in such systems.

On the other hand, if the initial feed solids volume fraction, φf is larger than the ini-

tially undensified gel point, φg,0 but is smaller than the fully densified gel point, φg,∞,

the evolution of the height of the consolidated bed is complicated when time-dependent

aggregate densification occurs. Eq. (2.2.5) implies that the gel point increases with time

during aggregate densification. When the gel point is less than the initial feed solids

volume fraction, the height of the consolidated bed still increases with time, since the

system is still networked. At a critical time, tg,c where the gel point is exactly equal to

the initial feed solids volume fraction, the exact position of the top of the consolidated

bed is not clear. The difficulty can be seen by comparing Eqs. (2.2.1-2.2.2). Since φ and

qb are continuous across the boundary between the consolidated bed and the unconsol-

idated column, it follows that the network stress gradient is likewise continuous across

this boundary. However, at the point where the gel point, φg (which is growing in time)

approaches the initial feed solids volume fraction, φf , the network stress at the bottom of

the unconsolidated column, Py(φf ) is vanishingly small. If the unconsolidated column

has any significant height, the network stress gradient in the unconsolidated column is

also vanishingly small. Continuity of the network stress gradient moving into the top of

the consolidated bed, then implies via Eq. (2.2.2) a vanishingly small dφ/dz at the top of

the bed. Thus the top of the bed separates an upper region of (perfectly) uniform solids

volume fractions, from a lower region of (at least locally) near uniform solids volume

fractions. Such a boundary is not easily visualised via experiments.

Consider further the situation where the height of the consolidated bed is shorter than

the suspension height at the critical time, tg,c, i.e. where there is a finite height of the un-
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consolidated column which is on the point of losing its gel-like character. A finite height

of the unnetworked zone (or the hindered settling zone) is present for the densification

time, t larger than the critical time, tg,c. It is not clear how the height of the consoli-

dated bed evolves for t > tg,c. The height of the consolidated bed might be decreased

if aggregate densification is faster than consolidation, a significant amount of just barely

networked material (near-uniform solids volume fraction material) just below the top of

the consolidated bed might lose its network character. On the other hand, the height of the

consolidated bed might be increased if aggregate densification is slower than consolida-

tion. Material situated above the top of the consolidated bed only needs to undergo a very

tiny change in solids volume fractions to recover its gelled character. Unsurprisingly (due

to the physics of the problem) it is inherently difficult to predict the precise location of the

consolidated bed when φg is in the neighbourhood of φf , and as a direct result, numerical

schemes that try to track the location of the consolidated bed also face challenges.

One situation that is relatively easy to analyse is the case where the approach to full

densification is exceedingly rapid (much faster than settling). In that case, the entire

initial column of gelled feed material instantaneously loses its gel-like character, and be-

gins to settle into a gelled consolidated bed. The rheological properties of the system

no longer exhibit any explicit time dependence, therefore, we are back to a conventional

batch settling problem. Another situation that we can compute is that the height of the

consolidated bed intersects the suspension height at the critical time, tg,c (i.e. the uncon-

solidated column vanishes at exactly the same time as it loses its gel-like character). Only

a consolidation zone is present at the critical time, tg,c. We have still not specified how

the height of the consolidated bed evolves for t > tg,c. Notice however that the inherent

difficulties mentioned above in calculating the consolidated bed height need no longer

apply. The network stress gradient in the unconsolidated column at the instant when the

column vanishes can be non-zero, thus a non-zero gradient of φ is possible at the top

of the consolidated bed at that same instant. There is no longer any extensive region

containing material which is at or very near the gel point (thereby avoiding the inherent

complications, discussed earlier, which that situation would produce).

Although there are various scenarios for the system behaviour as φg crosses φf , at
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very large times where the gel point increases up to the fully densified gel point, φg,∞

(φg,∞ > φf ), the height of the consolidated bed invariably coincides with the suspension

height and then decreases until the fully densified equilibrium state is reached – this is

analogous to what is observed in initially unnetworked systems for large times.

2.4 Pseudo-steady state analysis

As discussed in Section 2.3, it is difficult to predict the evolution of the consolidated

bed height when aggregate densification occurs in an initially networked batch settler.

However, if very slow aggregate densification is operated in an initially networked batch

settler, the evolution of the consolidated bed height might be predicted using the so-called

pseudo-steady state model5 developed by van Deventer (2012).

The ‘initial’ state of the pseudo-steady state analysis is actually the undensified equi-

librium state that is obtained using the undensified materials (van Deventer, 2012). In

this state, an unconsolidated zone where the solids volume fraction is uniformly equal to

the initial feed solids volume fraction, φf , and a consolidated bed where the solids vol-

ume fraction varies with depth are present in the batch settler (Buscall and White, 1987;

Auzerais et al., 1988; Howells et al., 1990). The solids volume fraction at the top of the

consolidated bed is equal to the initial feed solids volume fraction, φf at the undensified

equilibrium state (Buscall and White, 1987; Howells et al., 1990). Then time-dependent

aggregate densification starts to occur and additional consolidation happens as a result

of densification. Note that we assume here that aggregate densification (and hence any

additional consolidation associated with it) is very slow. If slow densification drives slow

residual consolidation (i.e. ∂φ/∂t is small), it follows from Eq. (2.2.4) that the solids flux,

qb associated with this ∂qb/∂z must be likewise small (note that qb vanishes exactly on

the bottom boundary). These small qb values experience negligible hydrodynamic force,

leading to an ‘equilibrium’ profile of solids volume fraction vs. height that balances the

gradient of the network stress with gravity.

5In the pseudo-steady state case, as the settling is arbitrarily fast compared to the densification, if the
densified gel point crosses over the initial feed solids volume fraction, it will always be the case that the col-
umn of unconsolidated material vanishes at the same instant when that cross over occurs. Conversely in any
other situation (i.e. when settling is not arbitrarily fast compared to densification), a finite unconsolidated
column is still present when the densified gel point crosses over the initial feed solids volume fraction.
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The equations that are used to describe the pseudo-steady state model can be writ-

ten in a general form during time-dependent aggregate densification (analogous to the

presentation in Section 2.2). For the bed height, zc, we find:

zc =

∫ φagg

φbe

−
∂Py,0(φ)/∂φ

∆ρgφ
dφ

 +

∫ φtop

φagg

−
∂Py(φ, t)/∂φ

∆ρgφ
dφ

 (2.4.1)

where φbe is the solids volume fraction determined at the bottom of the batch settler,

Py(φ, t) is the densified compressive yield stress which depends upon the local solids

volume fraction and the densification time, Py,0(φ) is the undensified compressive yield

stress, t is the densification time, and φtop is the solids volume fraction obtained at the

top of the consolidation zone. Note that Eq. (2.4.1) is valid for any φbe that is larger than

the solids volume fraction within the aggregates, φagg. For φbe < φagg, the first term on

the right hand side of Eq. (2.4.1) is discarded and the lower bound of the integral, φagg

in the second term on the right hand side of Eq. (2.4.1) is replaced by φbe. The solids

volume fraction obtained at the top of the consolidation zone, φtop is equal to either the

initial feed solids volume fraction, φf (if φf is larger than the densified gel point, φg) or

the densified gel point, φg (if φf < φg). Note that the densified gel point, φg determined

using Eq. (2.2.5) is required to be updated at each time step. Moreover, φbe and Py(φ, t)

also need to be updated at each time step (more details about the time evolution will be

given shortly).

The solids volume fraction obtained at the bottom of the batch settler, φbe and the

suspension height, H can be calculated using Eqs. (2.4.2–2.4.3) during time-dependent

aggregate densification:

Py(φbe, t) = ∆ρgφfH0 (2.4.2)
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and

H = zc +
Py(φf , t)

∆ρgφf
(2.4.3)

where the functional form of the compressive yield stress used in Eq. (2.4.2) is either

the (time-varying) densified one if φbe < φagg or the (time-invariant) undensified one if

φbe > φagg. Eq. (2.4.3) uses the functional form of the densified compressive yield stress

predicting the suspension height. Note that Eq. (2.4.3) is only valid for φf > φg. When

φf < φg, the term in Py(φf , t) vanishes. Thus, H = zc.

The consolidated bed structure can be obtained at each time step via rearranging

Eq. (2.2.10) (Zhang et al., 2013b)

∂z

∂φ
= −

∂Py(φ, t)/∂φ

∆ρgφ
(2.4.4)

where Py(φ, t) is the densified compressive yield stress functional form if the local solids

volume fraction, φ is smaller than that within the aggregates, φagg. Otherwise, the unden-

sified compressive yield stress functional form, Py,0(φ) replaces the densified one.

As discussed in Section 2.2, the gel point, φg will increase from the initially undensi-

fied gel point, φg,0 to the fully densified gel point, φg,∞ during time-dependent aggregate

densification. When slow aggregate densification occurs and the solids volume fraction

profile follows the form described above, the evolution of the consolidated bed height is

easy to analyse. If the given initial feed solids volume fraction, φf is larger than the fully

densified gel point, φg,∞ (φf > φg,∞), the consolidated bed height always increases (at

least in the systems under consideration here) from the height predicted at the initially

undensified equilibrium state to the height determined at the fully densified equilibrium

state, and the suspension height will never intersect the consolidated bed height. In other

words, the suspension height must be always taller than the consolidated bed height. Thus,

the batch settler includes a clear liquor zone, an unconsolidated zone where the solids vol-

ume fraction is equal to φf , and a consolidation zone where the solids volume fraction at

the top of the consolidation zone is still φf . Eqs. (2.4.1–2.4.4) can be validly applied to
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determine the solids behaviours and consolidated bed structures during time-dependent

aggregate densification.

On the other hand, for φf < φg,∞ but φf > φg,0, the suspension height will intersect

the consolidated bed height at the critical time, tg,c and then the consolidated bed height

decreases due to further dewatering. For the densification time, t shorter than tg,c, the

evolution of the consolidated bed height turns out (as we will see later) to be quite sensitive

to the proposed functional forms of the compressive yield stress and in particular how they

behave near the gel point. This critical time, tg,c can be calculated using Eq. (2.2.5) by

setting φg = φf . Recall that the solids volume fraction at the top of the consolidated

bed is either equal to the initial feed solids volume fraction, φf for φg < φf or equal

to the densified gel point, φg for φg > φf . At the fully densified equilibrium state, the

batch settler only includes a clear liquor zone and a consolidation zone where the solids

volume fraction at the top of the consolidation zone is the fully densified gel point, φg,∞.

Eqs. (2.4.1–2.4.2) and Eq. (2.4.4) are used to predict the consolidated bed structure and the

evolution of the consolidated bed height. However, Eq. (2.4.3) only needs to be applied

for φg < φf . When φf < φg, the second term on the right hand side of Eq. (2.4.3)

vanishes.

2.4.1 Bounds on the initial suspension height influencing consolidated

bed behaviour

The solids mass balance equation (Eq. (2.4.2)) shows that the initial suspension height

will influence the determination of the solids volume fraction at the bottom of the batch

settler for a specified initial feed solids volume fraction, φf . At the undensified equilib-

rium state, it is very easy to obtain the solids volume fraction determined at the bottom

of the batch settler, φbe,0 via solving Eq. (2.2.13), once the undensified compressive yield

stress functional form is obtained. When time-dependent aggregate densification occurs

however, the determination of the solids volume fraction at the bottom of the batch set-

tler at each time step is complicated, due to the fact that different functional forms of

the compressive yield stress apply depending on whether or not aggregates interlink and

interpenetrate one another so as to fill space, i.e. depending on whether the local solids
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volume fraction, φ is greater or less than that within the aggregates, φagg.

There are two limiting values of the proposed initial suspension height which will

influence the predictions of consolidated bed structures and the evolutions of consoli-

dated bed heights for specified initial feed solids volume fractions, φf . These limiting

values (the interpretation of which will be given very shortly) can be determined using

Eq. (2.2.13) by setting φbe,0 = φagg,0 and φbe,0 = φagg,∞, respectively:

Py,0(φagg,0) = ∆ρgφfH
lower (2.4.5)

and

Py,0(φagg,∞) = ∆ρgφfH
upper (2.4.6)

where H lower and Hupper represent the lower and upper limiting values for the initial

suspension height, respectively.

It is important to note that the functional form of the compressive yield stress used

in Eqs. (2.4.5–2.4.6) is the undensified one. Eqs. (2.4.5–2.4.6) can be solved if an initial

feed solids volume fraction, φf is specified. When the proposed initial suspension height,

Hproposed is smaller than the lower limit of the initial suspension height, H lower, φbe is

smaller than φagg at each time step. For Hproposed < Hupper but Hproposed > H lower, the

relationship between φbe and φagg is complicated: φbe is initially greater than φagg, but

could finish off smaller than φagg. The actual behaviour of φbe will be discussed shortly.

If Hproposed > Hupper, then φbe is larger than φagg at each time step.

For a specified initial feed solids volume fraction, φf , if the proposed initial sus-

pension height, Hproposed is smaller than the lower limit of the initial suspension height,

H lower, the densified compressive yield stress functional form should be used in Eq. (2.4.2)

for the determination of the solids volume fraction at the bottom of the batch settler, φbe

for each time step. Since the compressive yield stress, Py(φ, t) tends to decrease over

time as a result of densification, it follows that φbe must increase over time (although it

still never exceeds φagg).
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If the proposed initial suspension height, Hproposed is larger than H lower but is smaller

than Hupper, the determination of φbe is complicated. The solids volume fraction obtained

at the bottom of the undensified equilibrium state batch settler, φbe,0 is larger than the

solids volume fraction within the undensified aggregates, φagg,0 but is smaller than the

solids volume fraction within the fully densified aggregates, φagg,∞ when Hproposed is

larger than H lower but is smaller than Hupper. If aggregate densification occurs, the solids

volume fraction obtained at the bottom of the batch settler, φbe for each time step should be

equal to or larger than φbe,0 calculated from Eq. (2.2.13) for the specified initial feed solids

volume fraction and the specified proposed initial suspension height, since consolidation

is irreversible. There are two sub-cases for the determinations of φbe at each time step.

As long as the solids volume fraction within the aggregates, φagg updated at each time

step remains smaller than φbe,0, then φbe calculated at each time step must continue to be

equal to φbe,0 due to the use of the undensified compressive yield stress functional form in

Eq. (2.4.2). In other words, φbe starts off fixed at a constant value φbe,0 for a finite period

of time but later on starts to increase if φagg updated at each time step is larger than φbe,0,

since the densified compressive yield stress functional form is then used in Eq. (2.4.2). A

critical time, tbe,c which can distinguish the boundary between the above mentioned two

sub-cases can be determined via Eqs. (2.2.6–2.2.8) by setting φagg = φbe,0:

φbe,0 =
φagg,0

(Dagg,∞ + (1−Dagg,∞)e−Atbe,c)3
. (2.4.7)

Therefore, when the densification time, t is smaller than this critical time, tbe,c, the

solids volume fraction obtained at the bottom of the batch settler, φbe updated at each

time step is equal to the solids volume fraction obtained at the bottom of the undensified

equilibrium state batch settler, φbe,0. On the other hand, if t > tbe,c, Eq. (2.4.2) can be

used to calculate φbe with the use of the densified compressive yield stress functional form

that is required to be updated at each time step.

If the proposed initial suspension height, Hproposed is larger than Hupper, the solids

volume fraction obtained at the bottom of the undensified equilibrium state batch settler,

φbe,0 is larger than the solids volume fraction within the fully densified aggregates, φagg,∞.
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Hence, the solids volume fraction obtained at the bottom of the batch settler, φbe calculated

at any time step will be equal to φbe,0, since the undensified compressive yield stress

functional form is used in Eq. (2.4.2).

2.4.2 Consolidated bed structure

The consolidation zone in a batch settler where aggregate densification occurs might

include two sub-zones depending upon the relationship between the solids volume frac-

tion obtained at the bottom of the batch settler, φbe and the solids volume fraction within

the aggregates, φagg. Only one zone where the densified sludge rheological properties are

applied can be observed for φbe < φagg whilst two sub-zones (including the upper part of

the consolidation zone where the densified sludge rheological properties are applied and

the lower part of the consolidation zone where the undensified sludge rheological proper-

ties are used) can be observed for φbe > φagg (Zhang et al., 2013b). Thus, for the proposed

initial suspension height,Hproposed smaller thanH lower, only one zone where the densified

sludge rheological properties are used can be found in a batch settler, due to φbe < φagg.

If the proposed initial suspension height,Hproposed is larger thanHupper, the consolidation

zone must be divided into two sub-zones: the upper sub-zone where the densified sludge

rheological properties are applied and the lower sub-zone where the undensified sludge

rheological properties are used, due to φbe > φagg,∞. For the proposed initial suspension

height, Hproposed larger than H lower but smaller than Hupper, the consolidation zone might

be divided into the upper sub-zone and the lower sub-zone for the densification time, t

less than the critical time, tbe,c, due to φbe > φagg. Then the lower sub-zone disappears

and the consolidation zone only includes one zone where the densified sludge rheological

properties are used for t > tbe,c, due to φbe < φagg.

2.5 Case studies

In this section, the pseudo-steady state model is used to predict the solids behaviours

in initially networked systems. Eight cases will be illustrated in this section with two

different proposed initial feed solids volume fractions, φf and with different initial sus-
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pension heights, H0. The functional forms of the compressive yield stress are also given

in this section. As discussed in Zhang et al. (2013a,b), there are two classes of the com-

pressive yield stress functional forms that we consider: the weakly gelled formula and the

strongly gelled formula. The derivative of the compressive yield stress with respect to the

solids volume fraction evaluated at the gel point equals zero when using the weakly gelled

formula but is equal to a finite value when using the strongly gelled formula (Zhang et al.,

2013a,b). In this section, both the weakly and strongly gelled formulae are introduced.

The initial feed solids volume fraction, φf is chosen to be 0.105 for Cases 1–6 and

0.14 for Cases 7–8. The initial suspension height, H0 is chosen to be 0.15 m for Cases 1–

2, 0.5 m for Cases 3–4 and Cases 7–8, and 0.8 m for Cases 5–6. Cases 1, 3, 5 and 7

use the weakly gelled formulae whilst other cases use the strongly gelled formulae. The

final steady state aggregate diameter ratio (or the fully densified aggregate diameter ra-

tio), Dagg,∞ is chosen to be 0.9 in these eight cases (Usher et al., 2009; van Deventer,

2012; Zhang et al., 2013a,b). The implication, for an undensified gel point, φg,0 of 0.1,

is that the fully densified gel point (φg,∞ = φg,0/D
3
agg,∞) becomes 0.1372. A small ag-

gregate densification rate parameter, A is chosen for Cases 1–8 (A = 0.0001 s−1 (van

Deventer, 2012)). In the pseudo-steady state approach considered here, changing the

value of A has no effects whatsoever on the sequence of states through which the sys-

tems evolve: changing A just changes the rate at which the system evolves through that

sequence. Nevertheless selecting an appropriate value of A does make it easier to relate

the evolution to a physically meaningful time scale: in our case one unit of dimension-

less time corresponds to approximately 2.8 hours. The densities of the solids and the

liquid are 3200 kg m−3 and 1000 kg m−3, respectively, and hence the density difference,

∆ρ = 2200 kg m−3 (Usher et al., 2009; Zhang et al., 2013a,b). The gravitational acceler-

ation, g = 9.8 m s−2. The solids volume fraction within the undensified aggregates, φagg,0

is chosen to be 0.1667 (Usher et al., 2009; van Deventer et al., 2011; Zhang et al., 2013a).

Hence, the solids volume fraction within the fully densified aggregates, φagg,∞ is equal

to 0.2286 (Usher et al., 2009; Zhang et al., 2013a). For simplicity, the densification time

is set to zero at the undensified equilibrium state. Hence, the densification time increases

from t = 0 at the undensified equilibrium state to some large value at the fully densified
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Gel formula φf φg,0 φg,∞ A/ s−1 Dagg,∞ H0/m
Case 1 Weak 0.105 0.1 0.1372 0.0001 0.9 0.15
Case 2 Strong 0.105 0.1 0.1372 0.0001 0.9 0.15
Case 3 Weak 0.105 0.1 0.1372 0.0001 0.9 0.5
Case 4 Strong 0.105 0.1 0.1372 0.0001 0.9 0.5
Case 5 Weak 0.105 0.1 0.1372 0.0001 0.9 0.8
Case 6 Strong 0.105 0.1 0.1372 0.0001 0.9 0.8
Case 7 Weak 0.14 0.1 0.1372 0.0001 0.9 0.5
Case 8 Strong 0.14 0.1 0.1372 0.0001 0.9 0.5

Table 2.1: Operating parameters given in eight cases.

equilibrium state. Table 2.1 summaries the operating parameters for Cases 1–8.

2.5.1 Sludge rheological properties

We make a distinction between weakly gelled formulae (which vanish very rapidly

near the gel point) and strongly gelled formulae (which vanish much less rapidly). The

functional forms of the weakly gelled formulae which have been given in Usher et al.

(2009) and Zhang et al. (2013b) are chosen to be

Pwy,0(φ) = C0

 φ− φg,0
(φcp − φ)(b+ φ− φg,0)


k0

(2.5.1)

where Pwy,0(φ) represents the weakly gelled compressive yield stress evaluated at the

undensified state, the curve fitting parameters6, C0 = 3.1866 Pa, b = 0.002, and k0 =

11 (Usher et al., 2009; Zhang et al., 2013b), the undensified gel point, φg,0 and the close

packing solids volume fraction, φcp are chosen to be 0.1 and 0.8, respectively (Usher et al.,

2009; Zhang et al., 2013b). Note that the close packing solids volume fraction, φcp, and

the curve fitting parameter, b are assumed to be independent of aggregate densification

and hence are constant values in this work (Usher et al., 2009; van Deventer et al., 2011;

Zhang et al., 2013a,b).

Meanwhile
6Usher et al. (2009) points out that the fitting parameters values chosen whilst the system specific are

typical for suspensions in large-scale industrial thickeners, and points to similarities with experimental data
of Gladman (2004).
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Pwy,1(φ, t) = C1

 φ− φg
(φcp − φ)(b+ φ− φg)


k1

(2.5.2)

where Pwy,1(φ, t) represents the weakly gelled compressive yield stress evaluated at the

densified state, C1, and k1 are curve fitting parameters which are dependent upon the den-

sification time, the aggregate densification rate parameter, and the solids volume fraction

within the aggregates, φg is the densified gel point that is determined using Eq. (2.2.5),

b = 0.002 and φcp = 0.8 (Usher et al., 2009; Zhang et al., 2013b).

The parameters C1 and k1 that are given in Eq. (2.5.2) can be calculated assuming

Pwy,0(φagg) = Pwy,1(φagg) and the derivatives (with respect to the solids volume fraction)

P ′wy,0(φagg) = P ′wy,1(φagg) (Usher et al., 2009; van Deventer et al., 2011; Zhang et al.,

2013a,b). Hence, Eqs. (2.5.3–2.5.4) hold (Usher et al., 2009; Zhang et al., 2013b)

C1 =
Pwy,0(φagg) φagg − φg

(φcp − φagg)(b+ φagg − φg)


k1

(2.5.3)

and

k1 = k0


 φagg − φg
φagg − φg,0


 b+ φagg − φg
b+ φagg − φg,0


(φagg − φg,0)2 + b(φcp − φg,0)

(φagg − φg)2 + b(φcp − φg)


 .

(2.5.4)

The weakly gelled formula evaluated at the fully densified state is also given by (Usher

et al., 2009; Zhang et al., 2013b)

Pwy,∞(φ) = C∞

 φ− φg,∞
(φcp − φ)(b+ φ− φg,∞)


k2

(2.5.5)



2.5. CASE STUDIES 61

where Pwy,∞(φ) is the weakly gelled compressive yield stress evaluated at the fully den-

sified state, the curve fitting parameters, C∞ = 4.8057 Pa, b = 0.002 (as before), and

k2 = 10.3633 (Usher et al., 2009; Zhang et al., 2013b), the close packing solids volume

fraction, φcp = 0.8 (Usher et al., 2009; Zhang et al., 2013b), and the fully densified gel

point, φg,∞ can be determined via Eq. (2.2.5) replacing Dagg by the final steady state

aggregate diameter ratio, Dagg,∞.

The strongly gelled formulae are chosen by (Zhang et al., 2013a)

Psy,0(φ) =
c0(φ− φg,0)

(b1 + φ− φg,0)(φcp − φ)k3
(2.5.6)

where Psy,0(φ) represents the strongly gelled compressive yield stress evaluated at the

initially undensified state, the curve fitting parameters, c0 = 3.7914 Pa, b1 = 0.0363, and

k3 = 10.8302 (Zhang et al., 2013a), the undensified gel point, φg,0 = 0.1 and the close

packing solids volume fraction, φcp = 0.8 (Zhang et al., 2013a). Again, φcp and b1 are

constant values which are independent of aggregate densification (Zhang et al., 2013a).

Meanwhile

Psy,1(φ, t) =
c1(φ− φg)

(b1 + φ− φg)(φcp − φ)k4
(2.5.7)

where Psy,1(φ, t) represents the strongly gelled compressive yield stress evaluated at the

densified state, c1 and k4 are dependent upon the densification time, the aggregate densi-

fication rate parameter, and the solids volume fraction. Note that b1 = 0.0363 (as before)

and φcp = 0.8 (again as before) (Zhang et al., 2013a).

Again, c1 and k4 are calculated assuming Psy,0(φagg) = Psy,1(φagg) and the derivatives

(with respect to the solids volume fraction) P ′sy,0(φagg) = P ′sy,1(φagg) (Usher et al., 2009;

van Deventer et al., 2011; Zhang et al., 2013a,b). Hence, Eqs. (2.5.8–2.5.9) hold (Zhang

et al., 2013a)
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c1 =
Psy,0(φagg)(b1 + φagg − φg)(φcp − φagg)k4

φagg − φg
(2.5.8)

and

k4 = (φcp − φagg)

P ′sy,0(φagg)

Psy,0(φagg)
+

1

b1 + φagg − φg
−

1

φagg − φg

 (2.5.9)

where P ′sy,0(φagg) is the derivative of the undensified strongly gelled compressive yield

stress with respect to the solids volume fraction, φ evaluated at φ = φagg.

The strongly gelled formula obtained at the fully densified state is written as (Zhang

et al., 2013a):

Psy,∞(φ) =
c∞(φ− φg,∞)

(b1 + φ− φg,∞)(φcp − φ)k5
(2.5.10)

where Psy,∞(φ) denotes the fully densified strongly gelled compressive yield stress, c∞ =

6.4516 Pa, b1 = 0.0363, φcp = 0.8, and k5 = 10.0335 (Zhang et al., 2013a). Note that

the fully densified gel point, φg,∞ can be calculated using Eq. (2.2.5) by setting Dagg =

Dagg,∞.

A figure plotting the above mentioned compressive yield stresses is presented in Fig. 2.1.

It is clear from Fig. 2.1 that (except for very large solids volume fraction, φ in excess of the

solids volume fraction within the fully densified aggregates, φagg,∞) the value of Py(φ, t)

in the densified state is less than that of Py,0(φ) in the undensified state. As a result, a sus-

pension which consolidates in the undensified state, will undergo additional consolidation

due to aggregate densification (Usher et al., 2009). There is however another possibility:

recall from Section 2.2.1 that a suspension which is not very tall need not consolidate at

all, provided the network stress (throughout the entire network) never exceeds the com-

pressive yield stress. If however the compressive yield stress decreases with time, at some

point in time, consolidation could actually commence. In what follows however, we focus
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Figure 2.1: Compressive yield stress curves determined using both the strong gel (S)
formula and the weak gel (W) formula with different levels of aggregate densification,
represented via an aggregate diameter ratio, Dagg. Note that the initially undensified
state corresponds to the aggregate diameter ratio, Dagg = 1 and the full densification
corresponds to the aggregate diameter ratio, Dagg = 0.9.

exclusively on the case where the suspension is sufficiently tall that some consolidation

happens even with aggregates in the undensified state, with subsequent densification then

providing additional consolidation.

2.5.2 Dimensionless equations

We choose C0/(∆ρg) as a length scale to make the dimensional equations be in di-

mensionless form (or completely analogously we choose c0/(∆ρg) according to whether

we select the strong or weak gel formulae). Moreover we choose C0 (or the equivalently

c0) to be the scale of the compressive yield stress. Thus, the initial dimensionless sus-

pension height, L0, the dimensionless coordinate, Z, the dimensionless bed height, Zc,

the dimensionless compressive yield stress, py(φ, T ), and the dimensionless suspension

height, L can be defined as (Howells et al., 1990; Grassia et al., 2014; Zhang et al., 2013a,

2014):
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L0 =
H0∆ρg

C0

, Z =
z∆ρg

C0

, L =
H∆ρg

C0

T = At, py(φ, T ) =
Py(φ, t)

C0

.

Thus, Eq. (2.2.8), Eqs. (2.4.1–2.4.4), and Eqs. (2.4.7) can be rewritten as follows.

The equation for densification of aggregates becomes:

Dagg = Dagg,∞ + (1−Dagg,∞)e−T . (2.5.11)

The equation for predicting the bed height becomes:

Zc =

∫ φagg

φbe

−
∂py,0(φ)/∂φ

φ
dφ

 +

∫ φtop

φagg

−
∂py(φ, T )/∂φ

φ
dφ

 (2.5.12)

where Eq. (2.5.12) can be applied for φbe > φagg. For φbe < φagg, Eq. (2.5.13) applies:

Zc =

∫ φtop

φbe

−
∂py(φ, T )/∂φ

φ
dφ. (2.5.13)

The equation for mass balance in a batch settler becomes:

py(φbe, T ) = φfL0 (2.5.14)

where Eq. (2.5.14) can also be used to determine the solids volume fraction at the bot-

tom of the batch settler for any instant, if the initial feed solids volume fraction, φf , the

dimensionless initial suspension height, L0, and the compressive yield stress functional
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form are all specified.

The equation for predicting the height of the top of the suspension becomes:

L = Zc +
py(φf , T )

φf
. (2.5.15)

The equation for determining the solids volume fraction profile becomes:

∂Z

∂φ
= −

∂py(φ, T )/∂φ

φ
. (2.5.16)

The equation for determining the critical time Tbe,c at which φbe starts to increase

becomes:

φbe,0 =
φagg,0

(Dagg,∞ + (1−Dagg,∞)e−Tbe,c)3
(2.5.17)

where it should be noted that Eq. (2.5.17) only applies when φbe,0 is between the solids

volume fractions within the undensified and fully densified aggregates. If φbe,0 is less

than φagg,0, the value of φbe always increases with time. In contrast for φbe,0 > φagg,∞, the

value of φbe is fixed (at φbe,0) for all time. Only for φagg,0 < φbe,0 < φagg,∞ does a finite

Tbe,c result. It turns out that the values of Tbe,c are only relevant for Cases 3–4 here (and

the values are 2.591 and 2.598, respectively).

The equation for determining the critical time, Tg,c at which the suspension height

intersects the consolidated bed height becomes:

φf =
φg,0

(Dagg,∞ + (1−Dagg,∞)e−Tg,c)3
. (2.5.18)

It should be noted that Eq. (2.5.18) only applies when the initial feed solids volume

fraction, φf is less than the fully densified gel point, φg,∞. For φf > φg,∞, it is not
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necessary to determine the critical time, Tg,c, since the consolidated bed height must be

less than the suspension height, and some material remains unconsolidated. In this work,

the critical time, Tg,c is equal to 0.176 for Cases 1–6 (but is not relevant for Cases 7–

8). Recall that for φf < φg,∞, Eq. (2.5.15) only applies at T < Tg,c; otherwise for

T > Tg,c we have simply L = Zc (since py(φf , T ) vanishes once φf ≤ φg). Although it

is convenient to perform the calculations in dimensionless form, in certain cases in what

follows, the results are presented in dimensional form for ease of interpretation.

2.6 Results and discussion

The evolutions of the suspension height and the consolidated bed height predicted

from Cases 1–8 are the main results of interest here. The simulation results also include

the determinations of solids volume fractions obtained at the bottom of the batch settler,

φbe and the predictions of consolidated bed structures during time-dependent aggregate

densification as different initial suspension heights and different initial feed solids volume

fractions are given.

2.6.1 Effects of initial suspension heights and initial feed solids vol-

ume fractions

Recall that if the initial suspension height is less than a certain lower bound, H lower,

the solids volume fraction obtained at the bottom of the batch settler, φbe tends to increase

with time, whereas, if the initial suspension height is greater than an upper bound, Hupper,

then φbe remains constant. If the initial suspension height is between these two bounds, φbe

starts off constant, but later begins to increase. Table 2.2 shows, for specified initial feed

solids volume fractions, these bounds on the initial suspension height which govern the

system behaviour. The initial suspension heights given in Cases 1–2 are less than H lower

but given in Cases 5–8 are greater than Hupper. For Cases 3–4, the initial suspension

height is between H lower and Hupper.

As discussed in Section 2.4, the proposed initial suspension height affects the consol-

idated bed structure significantly. Table 2.3 shows that, for the initially networked system
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φf Gel formula H lower/m Hupper/m
0.105 Weak 0.1547 0.5611
0.105 Strong 0.1527 0.5610
0.14 Weak 0.1161 0.4208
0.14 Strong 0.1145 0.4207

Table 2.2: Limits of the initial suspension height with different proposed initial feed solids
volume fractions. Note that for ease of interpretation H lower and Hupper are presented in
dimensional form.

where there is no aggregate densification occurring, the solids volume fraction obtained

at the bottom of the initially undensified equilibrium state batch settler, φbe,0 (at any given

densification time) increases with an increase of the proposed initial suspension height7

for a specified initial feed solids volume fraction, φf . If time-dependent aggregate densi-

fication occurs, the solids volume fraction obtained at the bottom of the batch settler, φbe

is also increased with the increase of the proposed initial suspension height for a given

φf .

As shown in Table 2.3, the solids volume fraction obtained at the bottom of the fully

densified equilibrium state batch settler, φbe,∞ is less than the solids volume fraction

within the fully densified aggregates, φagg,∞, provided the solids volume fraction ob-

tained at the bottom of the initially undensified equilibrium state batch settler, φbe,0 is less

than φagg,∞ (this applies to Cases 1–4). On the other hand, φbe,∞ is larger than φagg,∞ if

φbe,0 > φagg,∞: indeed φbe,∞ equals φbe,0 in that case (see Cases 5–8).

Table 2.3 also presents the solids volume fractions obtained at the bottom of the batch

settler and the heights of the suspension and the consolidated bed predicted at both the

initially undensified and fully densified states. The heights of the suspension in the fully

densified state are invariably smaller than their undensified counterparts. Nevertheless the

heights of the consolidated bed predicted at the fully densified equilibrium state are taller

than those determined at the undensified equilibrium state for Cases 7–8 (contrast with

the bed heights in e.g. Cases 1–6), due to a larger initial feed solids volume fraction, φf

given in Cases 7–8 leading to a quite significant amount of unconsolidated column being

retained above the consolidated bed for an undensified system (most of this mass then

7Reflecting this change in the solids volume fraction, the settled suspension height relative to the initial
suspension height undergoes (in Table 2.3) a corresponding decrease.
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φbe,0 φbe,∞ φagg,0 φagg,∞
Case 1 0.1653 0.1725 0.1667 0.2286
Case 2 0.1659 0.1723 0.1667 0.2286
Case 3 0.22305 0.22308 0.1667 0.2286
Case 4 0.22309 0.22312 0.1667 0.2286
Case 5 0.2458 0.2458 0.1667 0.2286
Case 6 0.2457 0.2457 0.1667 0.2286
Case 7 0.2370 0.2370 0.1667 0.2286
Case 8 0.2370 0.2370 0.1667 0.2286

Zc,0/L0 Lunden/L0 Zc,∞/L0 Lfull den/L0

Case 1 0.767 0.780 0.671 0.671
Case 2 0.717 0.787 0.682 0.682
Case 3 0.601 0.605 0.569 0.569
Case 4 0.586 0.606 0.572 0.572
Case 5 0.543 0.5455 0.523 0.523
Case 6 0.533 0.5465 0.525 0.525
Case 7 0.6196 0.739 0.720 0.721
Case 8 0.6195 0.738 0.7035 0.7235

Table 2.3: The predictions of solids volume fractions determined at the bottom of the
batch settler, and heights of the suspension and the consolidated bed (normalised by the
dimensionless initial suspension height L0) in both the initially undensified equilibrium
state and the fully densified equilibrium state batch settlers. Recall from Table 2.1, that
Cases 1–2 have a shorter initial suspension height than Cases 3–4, whereas Cases 5–6
have a taller initial suspension height. Meanwhile Cases 7–8 have a higher initial feed
solids volume fraction than any of the others. Odd numbered cases correspond to weak
gels and even numbered cases correspond to strong gels.

entering the consolidated bed in the fully densified system). As also shown in Table 2.3,

the solids volume fractions obtained at the bottom of the batch settler determined using the

weakly gelled formula are very similar compared to those determined using the strongly

gelled formula for both the initially undensified and fully densified equilibrium state batch

settlers. Table 2.3 also shows that φbe,0 tends to increase with an increase in the initial feed

solids volume fraction for an identical initial suspension height, due to more total solids

mass that is given in the batch settler.

For Cases 1–6, the suspension heights and the consolidated bed heights calculated

in the fully densified equilibrium state batch settler are smaller than those calculated in

the initially undensified equilibrium state batch settler as shown in Table 2.3. Moreover,

the fully densified suspension height equals the fully densified consolidated bed height

since the initial feed solids volume fraction, φf given in those cases are smaller than the
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fully densified gel point, φg,∞. Although the consolidated bed heights determined in the

initially undensified equilibrium state batch settler using the weakly gelled formula are

taller than those using the strongly gelled formula (e.g. odd vs. even numbered cases),

the suspension heights determined in the undensified equilibrium state batch settler using

the weakly gelled formula are shorter, due to the differing behaviours of the compressive

yield stress formulae evaluated at or near φf when φf is itself not too far from φg.

In spite of these differences just noted, the suspension heights and the consolidated

bed heights calculated using the weakly gelled formula are broadly similar compared to

those determined using the strongly gelled formula in Cases 7–8, due to comparatively

good agreement of the strong and weak gel functional forms (see e.g. Fig. 2.1) over much

of the local solids volume fraction domain (i.e. away from the neighbourhood of the gel

point; the solids volume fractions everywhere being a finite amount above the gel point in

Cases 7–8).

2.6.2 Evolutions of the heights of the suspension and the consolidated

bed

Figs. 2.2–2.5 show the evolutions of the heights of the suspension and the consoli-

dated bed for Cases 1–8. For Cases 1–6, the suspension heights intersect the consolidated

bed heights at the critical time, Tg,c, since the initial feed solids volume fraction, φf is

smaller than the fully densified gel point, φg,∞. This time Tg,c can be determined using

Eq. (2.5.18). When the densification time, T is larger than the critical time, Tg,c, the

consolidated bed heights become the suspension heights and then decrease until the fully

densified equilibrium state is obtained for Cases 1–6. From this point onwards, the solids

volume fraction at the top of the consolidated bed is the densified gel point which is re-

quired to be updated at each time step for T > Tg,c in Cases 1–6. On the other hand, for

Cases 7–8, the consolidated bed heights are always shorter than the suspension heights,

due to a larger specified initial feed solids volume fraction, φf that exceeds the fully den-

sified point, φg,∞. Hence, the solids volume fraction at the top of the consolidated bed is

equal to the specified initial feed solids volume fraction, φf for Cases 7–8.

The functional form of the compressive yield stress affects the evolution of the consol-
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idated bed height significantly for Cases 1–8. Figs. 2.2–2.5 present that the consolidated

bed heights determined in Cases 1–6 always decrease for the densification time, T larger

than the critical time, Tg,c, since the materials require more dewatering in order to achieve

the fully densified equilibrium state. As also shown in Figs. 2.2–2.4, the consolidated bed

heights determined for those cases using the strongly gelled formula always increase until

the densification time, T equals the critical time, Tg,c (e.g. Cases 2, 4, and 6) whilst the

consolidated bed heights determined for those cases using the weakly gelled formula in-

crease up to a maximum value at some time that is shorter than the critical time, Tg,c, and

then decrease until the densification time, T equals the critical time, Tg,c (e.g. Cases 1, 3,

and 5). The reason for observing the decreases in the (weakly gelled) consolidated bed

heights for T < Tg,c in Figs. 2.2–2.4 is due to the very poor weight bearing abilities of

the weak gel for the solids volume fractions close to the gel point: locally there tends

to be a very significant amount of compression near the top of the bed as a result. This

is also reflected in the amount of material that remains in the unconsolidated column.

Eq. (2.5.15) indicates that this is proportional to py(φf , T ), a function which collapses

very dramatically in the weak gel case as the gel point, φg approaches the initial feed

solids volume fraction, φf at the critical time Tg,c. Indeed when the suspension heights

and the consolidated bed heights meet in Figs. 2.2–2.4, they do so tangentially for weak

gels, reflecting the fact that the unconsolidated layer is exceedingly thin for quite some

time on the approach to Tg,c.

The feature (in the weakly gelled case) of having a maximum in the consolidated bed

height prior to the suspension height and the consolidated bed height coinciding is partic-

ular to slowly densifying systems. In the opposite limit of rapid densification, in which a

suspension might switch from being gelled to ungelled, and attain full densification even

before significant settling has occurred, this feature is not observed. That limit corre-

sponds to a conventional batch settling problem but starting from an unnetworked system,

in which the consolidated bed height tends to grow, up until the point that it coincides

with the suspension height and to decrease thereafter. Thus, the qualitative curve shapes

plotted in Figs. 2.2–2.4 using the strongly gelled formula with slow densification might

be also observed when densification is more rapid. However, the curve shapes plotted
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in Figs. 2.2–2.4 using the weakly gelled formula and slow densification (which exhibit a

decrease in the consolidated bed height even for T < Tg,c) differ qualitatively from their

rapid densification counterparts. It is not clear whether it is possible to observe a decrease

in the consolidated bed height for T < Tg,c in experiments. One might anticipate that

these effects on the consolidated bed height could be observed in experiments, although

the consolidation zone cannot always be readily visualised in experiments: rather it is the

top of the suspension that is more easily detected.

For Cases 7–8, the consolidated bed heights always increase until the fully densi-

fied equilibrium state is achieved. When the weakly gelled formula is used to predict

the heights of the suspension and the consolidated bed, the difference between the con-

solidated bed height and the suspension height near the fully densified state is smaller,

compared to that determined using the strongly gelled formula as shown in Fig. 2.5, since

the compressive yield stress determined at φ = φf using the weakly gelled formula is

substantially smaller than that determined at φ = φf using the strongly gelled formula for

Cases 7–8.

Although the graphs for the consolidated bed height and the suspension height given

in Figs. 2.2–2.5 show clearly how the system responds to densification, there is another

aspect of these figures which is worth mentioning. In Fig. 2.2, sedimentation (on a rapid

time scale that is left unsolved here) takes the system from an initial normalised height

of unity down to 0.78, whereas densification only takes it from the normalised height

of 0.78 down to roughly 0.68. Moreover, Figs. 2.2–2.5 show even more modest from

benefits from densification. Even though dewatering is clearly enhanced by aggregate

densification, for these data at least, much of the dewatering was already achieved during

the initial settling phase before the onset of densification.

2.6.3 Consolidated bed structure

As discussed in Section 2.4.2, the consolidated bed structure is influenced signifi-

cantly by the functional forms of the compressive yield stress. It is necessary to know

whether the consolidation zone determined at each time step has a sub-zone where the

undensified sludge rheological properties are used. Thus, the critical time, Tbe,c deter-
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Figure 2.2: Evolutions of the heights of the suspension and the consolidated bed for
Cases 1–2 (both normalised by the dimensionless initial suspension height, L0). Note
that the sub-plot labelled ‘a’ denotes the heights plotted for Case 1 (weak gel) whilst the
sub-plot labelled ‘b’ represents the heights plotted for Case 2 (strong gel). Recall that the
initial feed solids volume fraction, φf equals 0.105 in Cases 1–2, and this is less than the
fully densified gel point, φg,∞ which equals 0.1372. Recall also that the time scale is set
to zero at the undensified equilibrium state and thereafter the time scale increases when
time-dependent densification and consolidation occur in parallel.

mined via Eq. (2.5.17) for each case and illustrated in Table 2.4 is very important, since

it determines the densification time at which such a sub-zone, if initially present, tends to

disappear.

Table 2.4 shows the critical time, Tbe,c determined for each case. The critical time,

Tbe,c is not available for Cases 1–2, since φbe,0 is smaller than φagg,0. Hence, the solids

volume fraction obtained at the bottom of the batch settler, φbe determined for each time

step will be smaller than the solids volume fraction within the aggregates, φagg updated at

each time step for Cases 1–2. Eq. (2.5.14) is used to calculate φbe with the densified com-

pressive yield stress for Cases 1–2. The consolidated bed just contains one zone and the

densified compressive yield stress is used throughout the consolidation zone for Cases 1–
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Figure 2.3: Evolutions of the suspension heights and the consolidated bed heights for
Cases 3–4 (both normalised by the dimensionless initial suspension height, L0). Note that
the sub-plots labelled ‘a’ and ‘b’ denote the heights plotted for Case 3 (weak gel) and
Case 4 (strong gel), respectively. Recall that the initial feed solids volume fraction, φf
equals 0.105 in Cases 3–4, and this is less than the fully densified gel point, φg,∞ which
equals 0.1372.

φbe,0 φbe,∞ φagg,0 φagg,∞ Tbe,c
Case 1 0.1653 0.1725 0.1667 0.2286 N/A
Case 2 0.1659 0.1723 0.1667 0.2286 N/A
Case 3 0.22305 0.22308 0.1667 0.2286 2.591
Case 4 0.22309 0.22312 0.1667 0.2286 2.598
Case 5 0.2458 0.2458 0.1667 0.2286 N/A
Case 6 0.2457 0.2457 0.1667 0.2286 N/A
Case 7 0.2370 0.2370 0.1667 0.2286 N/A
Case 8 0.2370 0.2370 0.1667 0.2286 N/A

Table 2.4: Determinations of the critical time, Tbe,c for Cases 1–8. In Cases 1–2, as φbe
starts varying from the initial instant, formally Tbe,c is zero; likewise in Cases 5–8, as φbe
never varies, formally Tbe,c is infinite.
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Figure 2.4: Determinations of the suspension heights and the consolidated bed heights
for Cases 5–6 (both normalised by the dimensionless initial suspension height, L0). Note
that Case 5 (weak gel) and Case 6 (strong gel) are plotted in the sub-plots labelled ‘a’ and
‘b’, respectively. Recall that the initial feed solids volume fraction, φf equals 0.105 in
Cases 5–6, and this is less than the fully densified gel point, φg,∞ which equals 0.1372.

2. The critical time, Tbe,c is likewise unavailable for Cases 5–8, since φbe,0 is larger than

φagg,∞. Thus, φbe determined at each time step will be equal to φbe,0 for Cases 5–8. The

consolidated bed contains an upper sub-zone where the densified compressive yield stress

is used, and a lower sub-zone where the undensified compressive yield stress is used for

Cases 5–8. For Cases 3–4, φbe determined at each time step equals φbe,0 if T < Tbe,c

whilst φbe will be determined using Eq. (2.5.14) at each time step if T > Tbe,c. Thus, the

consolidated bed contains both lower and upper sub-zones if T < Tbe,c in Cases 3–4. For

T > Tbe,c, the consolidated bed only contains one zone and the densified compressive

yield stress is then used in Cases 3–4.

Figs. 2.6–2.9 show the solids volume fraction profiles for the suspension. The solids

volume fractions predicted in the consolidation zone increase moving downwards into the
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Figure 2.5: Predictions of the heights of the suspension and the consolidated bed for
Cases 7–8 (both normalised by the dimensionless initial suspension height, L0). Note
that the sub-plot labelled ‘a’ represents the heights plotted for Case 7 (weak gel) and the
sub-plot labelled ‘b’ denotes the heights plotted for Case 8 (strong gel). Recall that the
initial feed solids volume fraction, φf equals 0.14 in Cases 7–8, and this is greater than
the fully densified gel point, φg,∞ which equals 0.1372.

consolidated bed as shown in Figs. 2.6–2.9. When the local solids volume fraction, φ

is larger than the solids volume fraction within the aggregates, φagg, the densified com-

pressive yield stress functional form used in Eq. (2.5.16) is replaced by the undensified

one. Thus, the same slope of the curves might be observed, at least low down in the

consolidated bed, particularly in Figs. 2.6–2.9 (e.g. Cases 3–8). In cases where either

the initial suspension is very tall (e.g. Cases 5–6) or the initial suspension has a com-

paratively high solids volume fraction (e.g. Cases 7–8), undensified sludge rheological

properties actually continue to apply in quite a significant part of the consolidated bed,

thus there is only very marginal benefit of densification. Near the top of the consolidated

bed when predicted using the weakly gelled formula (and when the unconsolidated zone
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has already disappeared), flat segments of the curves are observed in Figs. 2.6–2.9 (e.g.

Cases 1, 3, and 5). This is due to both the compressive yield stress and the derivative of the

compressive yield stress with respect to the local solids volume fraction determined us-

ing the weakly gelled formula approaching zero near the gel point (Zhang et al., 2013b).

The implication is that the solids volume fraction obtained near the top of the consoli-

dated bed changes significantly as the precise position in the consolidated bed changes

slightly (Zhang et al., 2013b). This corroborates our statements about local collapse of

the consolidated bed near the gel point. The similar behaviour is also predicted in Zhang

et al. (2013b).
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Figure 2.6: The solids volume fraction profiles predicted for Cases 1–2. Note that the
sub-plot labelled ‘a’ denotes the consolidated bed structures predicted for Case 1 (weak
gel) whilst the sub-plot labelled ‘b’ represents the consolidated bed structures determined
for Case 2 (strong gel). Recall that the initial feed solids volume fraction, φf equals 0.105
in Cases 1–2. At sufficiently early times there can be an unconsolidated column of the
uniform solids volume fraction, φf (here φf = 0.105), although this disappears at later
times.
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Figure 2.7: The solids volume fraction profiles determined for Cases 3–4. Note that
the sub-plots labelled ‘a’ and ‘b’ denote the consolidated bed structures predicted for
Case 3 (weak gel) and Case 4 (strong gel), respectively. The dotted line represents for
T = 0 (the undensified state), the boundary between the upper part and the lower part
of the consolidation zone, at which φ crosses φagg (which governs whether densified or
undensified suspension properties are utilised). The boundary migrates downward over
time reaching the bottom of the suspension at the critical time Tbe,c given in Table 2.4.
Recall that the initial feed solids volume fraction, φf equals 0.105 in Cases 3–4.
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Figure 2.8: Predictions of the solids volume fraction profiles for Cases 5–6. Note that
the consolidated bed structures predicted for Case 5 (weak gel) and Case 6 (strong gel)
are shown in the sub-plots labelled ‘a’ and ‘b’, respectively. The dotted vertical lines
represent the boundary between the upper part and lower part of the consolidation zone in
a fully densified state. This boundary moves at any instant depending upon different levels
of aggregate densification. At early times, with less densification this boundary would be
higher up in the bed. Recall that the initial feed solids volume fraction, φf equals 0.105
in Cases 5–6.
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Figure 2.9: Determinations of the solids volume fraction profiles for Cases 7–8. Note that
the sub-plot labelled ‘a’ represents the consolidated bed structures predicted for Case 7
(weak gel) and the sub-plot labelled ‘b’ denotes the consolidated bed structures deter-
mined for Case 8 (strong gel). The dotted vertical lines represent the boundary between
the upper part of the consolidated bed (where the densified sludge rheological properties
are used) and the lower part of the consolidated bed (where the undensified sludge rheo-
logical properties are used) in the case of the fully densified state. Again, at early times,
with less densification this boundary would be higher up in the bed. An unconsolidated
zone can be seen above the top of the bed, and this shrinks but does not disappear alto-
gether at long times. Recall that the initial feed solids volume fraction, φf equals 0.14 in
Cases 7–8.
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2.7 Conclusions

In an initially networked batch setter where slow aggregate densification occurs, the

pseudo-steady state model which neglects hydrodynamic drag forces associated with the

solids flux is used to predict the evolutions of the heights of the suspension and the con-

solidated bed, and the consolidated bed structures. For the initial feed solids volume

fraction, φf less than the fully densified gel point, φg,∞, different compressive yield stress

functional forms can affect the evolutions of the consolidated bed heights with marked dif-

ferences for times immediately before the critical time at which the suspension height and

the consolidated bed height intersect. When aggregate densification occurs, the evolution

of the functional form of the compressive yield stress significantly affects the prediction

of the consolidated bed structure. It is possible to have either slight increases or no in-

crease whatsoever in the solids volume fraction achieved at the bottom of the batch settler,

φbe after aggregate densification, the latter scenario occurring if the proposed initial sus-

pension height, H0 is comparatively tall and/or the initial feed solids volume fraction, φf

is comparatively large. Decreasing the initial suspension height and/or the initial feed

solids volume fraction leads to more marked increases in φbe as the aggregates densify. If

φf < φg,∞ (with φg,∞ here being the gel point for a suspension that is considered fully

densified), the consolidated bed height will intersect the suspension height at a critical

time. Otherwise, if φf > φg,∞, the suspension height is always taller than the consoli-

dated bed height. The consolidated bed height determined at the fully densified equilib-

rium state is typically shorter than that calculated at the undensified equilibrium state for

φf < φg,∞ but can be taller than that determined at the undensified equilibrium state for

φf > φg,∞: this reflects a significantly higher amount of solids (in the undensified case

compared to the densified one) that are retained in an unconsolidated column with the

initial feed solids volume fraction, φf .



Chapter 3
Prediction of thickener performance with

aggregate densification

This chapter has been published in Chemical Engineering Science: 101, 346–358

(2013). The aims of this chapter are to determine thickener performance and explore the

evolutions of sludge rheological properties in a fully densified thickener.

Improving thickener performance is the main task and objective when designing and

optimising a thickener (Diehl, 2006, 2012). One approach for improving thickener per-

formance is to rake and/or shear the suspension leading to aggregate densification (Usher

et al., 2009; Gladman et al., 2010; Buratto et al., 2014). In this chapter, the aggregates are

assumed to be raked and/or sheared to attain a fixed constant diameter (smaller than their

initial diameter) and then enter a thickener. The aggregate diameter is uniform through-

out the thickener. This implies that aggregate densification considered in this chapter is

neither time-dependent nor height-dependent. Thus, one limit of aggregate densification

(specifically arbitrarily rapid densification) is considered in this chapter. An important

assumption made in this chapter is that the aggregates are stable throughout the thick-

ener (Usher et al., 2009; van Deventer et al., 2011), i.e. no break up of aggregates is

observed.

The cross-sectional area is a very important parameter which must be considered when

designing a thickener. A sufficiently large cross-sectional area provides enough space for

solids settling in a tank (Talmage and Fitch, 1955; Rushton et al., 1996). There are three

important interlinked operating parameters: namely the underflow solids volume fraction,

82
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the underflow solids flux (which for a given volumetric flow rate scales inversely with the

thickener cross-sectional area), and the consolidated bed height. All those three operating

parameters are controllable. Engineers and researchers can determine one of those three

operating parameters via specifying the other two operating parameters. If engineers and

researchers aim to design and optimise a thickener successfully, the constraints on the

above three operating parameters must be understood a priori.

Two interesting research questions can be asked: How do engineers and researchers

determine the limits of the underflow solids flux and the consolidated bed height in a

fully densified thickener as the underflow solids volume fraction is specified? Moreover

how do engineers and researchers predict the consolidated bed structures and explore

the evolutions of sludge rheological properties in a fully densified thickener? These two

research questions are addressed in this chapter.
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a b s t r a c t

This paper aims at investigating the effects of densification of aggregates within a suspension on
thickener dewatering performance. The comparisons of the maximum permitted underflow solids flux
calculated from both an initial undensified thickener and a densified thickener were achieved. Large
underflow solids fluxes were attained in densified thickeners. The effects of densification on the bed
heights and on the solids residence times required to achieve a given underflow solids flux and a given
underflow solids volume fraction were also computed and compared. Substantial reductions in the bed
heights and the solids residence times are possible in densified cases. Previous studies have assumed the
functional form of the compressive yield stress in the suspension so as to give an exceedingly weak gel in
the neighbourhood of the solids volume fraction at the top of the bed. The implications of considering a
different gel rheology with a rather stronger gel were considered. The effects of this new rheology lead to
a slightly less sharp spatial gradient in the solids volume fraction near the top of the bed. In addition, the
effect of varying the underflow solids volume fraction was considered. The observations of substantial
increases in underflow solids fluxes and substantial reductions in bed heights and solids residence times
were only achieved when the underflow solids volume fraction was less than or comparable with the
solids volume fraction within the aggregates. However, if the underflow solids volume fraction was
considerably larger, aggregates were considered to be overlapping and interpenetrating. As a result, the
improvements in thickener performance due to densification were insignificant.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

A large amount of waste in the form of liquid with suspended
solids is produced by the minerals industries and wastewater
plants each year (Boger, 2009). Water needs to be removed from

these suspensions by using dewatering devices (Bustos et al., 1999;
Bürger and Wendland, 2001). In particular, thickeners are devices
commonly used in the minerals industries and wastewater plants,
due to low operating costs (Stickland et al., 2008). However, robust
design and operation of a device such as a thickener rely on
understanding the rheological behaviour of the suspension that it
is used to process.

Detailed understanding of suspension rheology entails detailed
models for the microstructure andmicromechanics of that suspension,
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which have been studied by Brady and Bossis (1985, 1988), Phillips
et al. (1988), and Marchioro and Acrivos (2001). Models at this level of
microstructural detail tend however to be computationally intensive.
Buscall and White (1987) have developed a suspension dewatering
theory based on phenomenological sludge rheological properties: a
so-called ‘hindered settling function’ and a so-called ‘compressive
yield stress’ (both quantities to be defined shortly). This theory
operates on a continuum rather than on a microstructural level.

The above-mentioned sludge rheological properties have been
commonly used to design a thickener and predict the thickener
performance1 via this phenomenological theory over the last several
years (Landman et al., 1988; Martin, 2004; Usher and Scales, 2005).
Experiments and mathematical simulation models for extracting the
relevant sludge rheological properties have also been developed by
many authors (Kynch, 1952; Buscall and White, 1987; Landman and
White, 1994; Green et al., 1998; Bürger and Concha, 1998; Lester
et al., 2005; Diehl, 2007). Indeed it could be argued that the Buscall
and White (1987) theory for predicting the behaviour of dewatering
equipment has enjoyed wide take up owing in large part to the
development of reliable and inexpensive bench-scale experimental
techniques (using small suspension samples), that determine the
material properties (Stickland et al., 2008; de Kretser et al., 2001;
Usher et al., 2001; Landman et al., 1999; Green et al., 1998)
subsequently needed for engineering design of thickeners (and/or
other dewatering equipment) on a phenomenological level.

The above-mentioned theoretical and mathematical models
used for the predictions of thickener performance did not however
account for shear stress which could be important in thickeners
due to the presence of rakes which shear the suspensions in order
to improve the thickener performance. Thus, discrepancies still
exist between theoretical models and industrial thickener opera-
tions (Usher et al., 2009; van Deventer et al., 2011).

A complete understanding of how suspensions might dewater
in the presence of shear again involves detailed descriptions of
suspension microstructure, and how such microstructure is influ-
enced by changes in solids volume fraction as well as by shear
(Brady and Bossis, 1985, 1988; Phillips et al., 1988; Marchioro and
Acrivos, 2001; Bossis and Brady, 1984; Graham and Bird, 1984).
What has become apparent is that, in the presence of shear, there
is not only a Buscall and White (1987) type ‘compressive yield
stress’ term (driving suspended solids from high to low concen-
trations, Landman et al., 1999; Fang et al., 2002), but also a ‘shear-
induced diffusion’ effect, driving solids from zones of high to low
shear (Leighton and Acrivos, 1987a, 1987b; Acrivos, 1995). The
phenomenon of shear-induced diffusion is considered to arise as a
result of solids in the suspension acquiring a random component
to their velocity due to hydrodynamic interactions with other
(randomly positioned) solids (Acrivos, 1995). There have been
numerous studies quantifying these effects (Breedveld et al.,
1998; Wang et al., 1996, 1998; Husband et al., 1994; Graham
et al., 1991; Abbott et al., 1991; Foss and Brady, 1999; Brady and
Morris, 1997). Shear-induced diffusion has also been introduced
into continuum level models of suspension mechanics (Phillips
et al., 1992; Subia et al., 1998; Fang et al., 2002; Kapoor and
Acrivos, 1995). Such continuum models can be considered to be
informed by processes occurring at the microscale, but certainly
do not require detailed microstructural information to be
employed. In the works cited above, the models have been used

to good effect in various geometries (e.g. pipe flows, rotating
cylinder flows, inclined-settler flows, etc.).

The work of Usher et al. (2009) however chose to incorporate
shear in a somewhat more empirical fashion which can nonetheless
be adapted conveniently and readily onto the framework of the
dewatering calculations from the Buscall and White (1987) theory.
Usher et al. (2009) focussed on suspensions containing bound
aggregates of solids known as flocs, and in particular considered
systems that are flocculated using polymers, the role of the polymers
being to bridge solid particles and thereby to bind solids together
into the aforementioned aggregates. Given that binding by polymer
bridges may be considered irreversible (on time scales of interest),
Usher et al. (2009) speculated that shear stress produced by rakes or
rotors might change the microstructure of a suspension by leading to
further binding and thereby aggregate densification2; individual
aggregates may become more tightly bound and simultaneously
wider channels open up between aggregates (a process which could
potentially be considered as being very loosely analogous to shear-
induced diffusion driving solids away from the neighbourhood of the
rake, and opening up channels near it). This aggregate densification
then affects the suspension settling process and thereby the thick-
ener performance (Usher et al., 2009; Gladman et al., 2010; van
Deventer et al., 2011).

The aggregate densification theory developed by Usher et al.
(2009) quantified the extent to which the shear-induced change of
aggregate diameters during the settling process affected the sludge
rheological properties. The ability of the suspension to form a weight
bearing gel relies on maintaining contacts between adjacent aggre-
gates. However, these contacts become fewer as the individual
aggregates densify, which can lead (as noted above) to wider channels
between aggregates. Viscous drag between the solids and adjacent
fluid tends also to be reduced, owing to these wider channels.

As a development of the aggregate densification theory, the
performance of a densified thickener must be predicted. Usher
et al. (2009) presented the significant improvement possible for
the performance of a densified thickener based on the predictions
of the solids flux and the solids settling rate in a thickener with a
given bed height. In the case of a thickener that processes material
beyond the solids fraction at which the suspension forms a weight
bearing gel, it was not made explicit by Usher et al. (2009) how
closely the solids flux in these fixed bed height cases approached
the maximum possible solids flux (which is only realised for an
arbitrarily tall bed). Thus, the possibility of accessing an underflow
solids flux which is demonstrably much larger than the maximum
permitted underflow solids flux in an undensified thickener has
not been explicitly investigated in such cases. Moreover, the
possibility of dramatic reductions in the solids residence time
and the bed height required to achieve a given underflow solids
volume fraction in a densified thickener have not been explored.

Whenever studying a densified thickener, an important para-
meter is the ratio of the solids residence time to the characteristic
time scale for densifying aggregates. Residence time is evidently
an important parameter used for the prediction of the perfor-
mance of a densified thickener, since the evolution of the aggre-
gate diameter depends on the residence time (van Deventer et al.,
2011): aggregates can potentially densify to attain a final steady
state diameter, but the final steady state aggregate diameter is

1 More generally the theory can be used to design and predict the performance
of other types of dewatering equipment including e.g. batch settlers and pressure
filters (Buscall and White, 1987; Howells et al., 1990; Landman and Russel, 1993;
Landman and White, 1994; Davis and Russel, 1989; Green et al., 1998; Landman
et al., 1999; de Kretser et al., 2001). The overarching theory is the same, although
the boundary conditions required depend on the particular type of equipment
under consideration.

2 This is a different physical picture from one where weak aggregates might be
formed due to electrostatic and van der Waals forces between particles
(Kralchevsky et al., 2008), in the absence of any bridging polymer. The micro-
structure of an aggregate which involves polymer bridging is arguably more
complex than that of one where e.g. spherical particles are subject to electrostatic,
van der Waals and possibly also Brownian forces (Brady and Bossis, 1988; Davis and
Russel, 1989) (in addition to hydrodynamic forces and gravity which would be
present in either case).
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only achieved when the solids residence time is longer than the
characteristic densification time (Gladman et al., 2010). This is the
particular limit to be studied here.

The bed height is also an important parameter used to design a
thickener with the bed height being required to exceed a mini-
mum permitted value. A significant reduction in the bed height
may lead to a significant reduction in the solids residence time and
thereby a failure to attain a final steady state aggregate diameter
within the solids residence time available, although this is not an
issue we shall address here.

In addition to studying the thickener bed heights for densified
and undensified sludges, it is interesting to understand how the
solids volume fraction varies across the bed, which previous studies
did not specifically examine (Usher et al., 2009). The properties of the
solids volume fraction versus height location in densified thickeners
have not been previously reported. Predictions of the profiles of the
solids volume fraction in thickeners are useful to understand how
these profiles change with respect to the underflow solids flux. The
influence upon the thickener design of different underflow solids
volume fractions is of particular interest. Usher et al. (2009) demon-
strated a weak improvement in the thickener performance due to
densification in the case of a high underflow solids volume fraction,
specifically for the case when the underflow solids volume fraction,
ϕu, is much larger than the solids volume fraction within the
aggregates, ϕagg . The reasons for a weak performance improvement,
which were not examined in detail by Usher et al. (2009), need to be
discussed. The findings need to be contrasted with the case where
the underflow solids volume fraction, ϕu, and the solids volume
fraction within the aggregates, ϕagg , are comparable.

This paper uses the densified sludge rheological properties as
determined by the theory of Usher et al. (2009) as inputs to predict
the performance of a densified thickener. The calculated results
include the actual bed height, hb, the minimum possible bed height,
hb;min, the maximum permitted underflow solids flux, qmax, and the
solids residence time, tres. The sensitivity of the thickener design to
the precise functional forms of the sludge rheological properties is
also explored. Section 2 describes how sludge rheological properties
are affected by densification. Section 3 outlines a number of case
studies used to predict the above-mentioned parameters (i.e. the
actual bed height, hb, the minimum possible bed height, hb;min, the
maximum permitted underflow solids flux, qmax, and the solids
residence time, tres). Section 4 presents the calculated results and
discusses how aggregate densification affects the thickener perfor-
mance. Section 5 gives the conclusions.

2. Sludge dewatering theory

Here, the densification theory developed by Usher et al. (2009)
is reviewed and extended. Based on the physical picture alluded to
earlier, i.e. solids joined together irreversibly into flocs by polymer
bridging, suspension rheological properties in terms of the solids
volume fraction, ϕ, and the solids volume fraction within the
aggregates, ϕagg , are discussed. In particular, the densified sludge
properties including the densified hindered settling function,
Rðϕ;ϕaggÞ (a measure of the frictional drag between the solids
and liquid), and the densified compressive yield stress, Pyðϕ;ϕaggÞ
(a measure of gel strength3) are discussed. A mathematical model
used for predicting the variation of the solids volume fraction

across the consolidation zone (where suspension dewatering
occurs) is also introduced.

Aggregate densification leads to the decrease in the aggregate
diameter. The solids volume fraction within the aggregates is not
constant, but rather increases with the decrease in the aggregate
diameter. A mass balance within the aggregates developed by
Usher et al. (2009) is used to determine the solids volume fraction
within the aggregates

ϕagg ¼
ϕagg;0

D3
agg

ð1Þ

where ϕagg;0 is the initial undensified solids volume fraction within
the aggregates and Dagg is the aggregate diameter ratio defined as
the densified-to-undensified diameter ratio.

During aggregate densification, the so-called aggregate volume
fraction, Φ, is an important parameter that is used for the
determination of the densified hindered settling function,
Rðϕ;ϕaggÞ, and the compressive yield stress, Pyðϕ;ϕaggÞ. Usher
et al. (2009) defined the aggregate volume fraction

Φ¼ ϕ

ϕagg
ð2Þ

where ϕ is the solids volume fraction and ϕagg is the solids volume
fraction within the aggregates. Clearly if Φo1, then free space
exists between aggregates, whilst if Φ≥1, then the aggregates
overlap and interpenetrate.

2.1. Densified hindered settling function

The densified hindered settling function, Rðϕ;ϕaggÞ, is measured
in principle via the solids free settling velocity for an arbitrarily tall
suspension with spatially uniform solids volume fraction. The
initial undensified dewatering theory developed by Buscall and
White (1987) presents that the hydrodynamic drag force in the
suspension is balanced by a gravity force, since all the solids settle
uniformly in the absence of any particle pressure gradient.
Specifically, if the density difference between solid and liquid is
Δρ, gravity is g, solids fraction is ϕ, and the solids settling speed (in
a spatially uniform system) is u, then R is defined as ð1�ϕÞ2Δρg=u.
The reason for including the ð1�ϕÞ2 factor here comes from
consideration of both the governing momentum and continuity
equations for the system. In the momentum balance (Landman
and White, 1994), hydrostatic pressure in the liquid cooperates
with drag on settling solids, tending to reduce settling speed by a
factor 1�ϕ. Meanwhile, the continuity equation (Buscall and
White, 1987) ensures that (in a batch settler with a closed base)
the settling speed itself is an extra factor 1�ϕ smaller than the
solid–liquid velocity difference.

The aggregate densification theory (Usher et al., 2009) assumes
that the densified solids settling velocity has two contributions:
the velocity of aggregates associated with the liquid flow around
the aggregates and the velocity of aggregates associated with the
liquid flow through the aggregates. Here, we reformulate the
theory from Usher et al. (2009) in an equivalent way that
elucidates some of the key physical ideas that were left implicit
in Usher et al. (2009). Specifically, as the effects of liquid flow
around the aggregates and liquid flow through the aggregates act
in parallel, the densified hindered settling function, Rðϕ;ϕaggÞ, is
described by

ð1�ϕÞ2
Rðϕ;ϕaggÞ

¼ ϕaggð1�ΦÞ2
RStokesraggðΦÞ

þ Φð1�ϕaggÞ2
R0ðϕaggÞ

ð3Þ

where R0ðϕaggÞ is the undensified hindered settling function
evaluated at ϕ¼ ϕagg , RStokes denotes the densified hindered

3 For a system involving flocculation of solid particles by bridging polymers
forming a network, the compressive yield stress can be thought of as being an
analogue of the osmotic pressure (in the case of a system where instead solids
experience electrostatic, van der Waals and/or Brownian forces (Davis and Russel,
1989)). There are nevertheless some subtleties involved in demonstrating this
analogy: see Buscall and White (1987) for details.
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settling function of an isolated aggregate, and raggðΦÞ is the
aggregate hindered settling factor which is defined shortly.

The first term with the prefactor ϕagg on the right hand side of
Eq. (3) denotes the influence of resistance associated with the
liquid flow around the aggregates. The prefactor ϕagg represents
the fact that the aggregates are less dense than the solids and
hence would experience less buoyancy in the free settling zone.
In addition, the second term with the prefactor Φ on the right
hand side of Eq. (3) denotes the influence of resistance associated
with liquid flow through the aggregates. The prefactor Φ repre-
sents that flow through the aggregates only occurs in the fraction
of space that the aggregates actually occupy. Note that Eq. (3) is
only valid for Φo1. In the event that Φ41, the aggregates are all
overlapping and interpenetrating. There is then no space remain-
ing between aggregates and hence only flow through the aggre-
gates can occur. In that case, Rðϕ;ϕaggÞ ¼ R0ðϕÞ.

The densified hindered settling function of an isolated aggre-
gate, RStokes, is determined as

RStokes ¼
RStokes;0

D2
agg

ð4Þ

where RStokes;0 denotes the hindered settling function of an isolated
undensified aggregate.

The undensified hindered settling function of an isolated
aggregate can also be obtained as

RStokes;0 ¼ ϕagg;0R0ð0Þ ð5Þ

where R0ð0Þ denotes the undensified hindered settling function for
the suspension in the limit as ϕ-0.

Usher et al. (2009) assumed that the aggregate hindered
settling factor, raggðΦÞ, was independent of densification. Conse-
quently, raggðΦÞ is determined by substituting Eq. (1) and
Eqs. (4) and (5) into Eq. (3) and then rearranging Eq. (3) in the
initial undensified state

ragg Φð Þ ¼ ϕagg;0ð1�ΦÞ2R0ðϕagg;0ÞR0ðϕagg;0ΦÞ=ðRStokes;0Dagg;0Þ
ðR0ðϕagg;0Þð1�ϕagg;0ΦÞ2�Φð1�ϕagg;0Þ2R0ðϕagg;0ΦÞÞ

ð6Þ

where by definition Dagg;0 ¼ 1.
Substituting Eq. (1) and Eqs. (4)–(6) into Eq. (3) and then

rearranging Eq. (3) yields the densified hindered settling function

R ϕ;ϕagg
� �¼ ð1�ϕÞ2R0ðϕaggÞRStokes;0Dagg

ϕagg;0R0 ϕagg
� �

1� ϕ

ϕagg

 !2

ragg
ϕ

ϕagg

 ! þ RStokes;0Dagg
ϕ

ϕagg

 !
ð1�ϕaggÞ2

:

ð7Þ

Whilst the above represents a ‘complete’ formula for Rðϕ;ϕaggÞ,
Usher et al. (2009) stated that the first term on the right hand side
of Eq. (3) (flow around the aggregates) played the dominant
contribution to determine the densified hindered settling function,
Rðϕ;ϕaggÞ, at least when the local solids volume fraction was
considerably smaller than that within the aggregates. In other
words, the second term on the right hand side of Eq. (3) can be
neglected in that case. Therefore, Eq. (3) can be rewritten as

ð1�ϕÞ2
~Rðϕ;ϕaggÞ

≈
ϕagg;0ð1�ΦÞ2

RStokes;0Dagg ~raggðΦÞ
ð8Þ

where ~Rðϕ;ϕaggÞ is the approximated densified hindered settling
function and ~raggðΦÞ is the approximated aggregate hindered
settling factor which is also assumed to be independent of
densification.

We derive ~raggðΦÞ by rearranging Eq. (8) in the initial undensi-
fied state

~ragg Φð Þ≈ ϕagg;0ð1�ΦÞ2R0ðΦϕagg;0Þ
RStokes;0Dagg;0ð1�Φϕagg;0Þ2

ð9Þ

where R0ðΦϕagg;0Þ denotes the initial undensified hindered settling
function (evaluated at ϕ¼Φϕagg;0) and where again Dagg;0 ¼ 1 by
definition.

Substituting Eq. (9) into Eq. (8) and then rearranging Eq. (8)
gives the approximated densified hindered settling function

~R ϕ;ϕagg
� �

≈
Daggð1�ϕÞ2R0ðϕagg;0ϕ=ϕaggÞ

ð1�ϕagg;0ϕ=ϕaggÞ2
: ð10Þ

This can also be derived directly from a settling velocity equation
given by van Deventer et al. (2011), itself based on the work of
Usher et al. (2009). When ϕ is rather smaller than ϕagg , the first
term in the settling velocity equation of van Deventer et al. (2011)
dominates, and corresponds identically to Eq. (10) given here.

As ϕagg changes, the main change in ~Rðϕ;ϕaggÞ is due to the
change in the value of R0ðϕagg;0ϕ=ϕaggÞ (i.e. the function R0 is
evaluated at a smaller value of its argument). In other words, the
approximated densified hindered settling function, ~Rðϕ;ϕaggÞ, is
similar to the undensified hindered settling function evaluated at a
lower solids volume fraction. Note that Eq. (10) will lose accuracy
when the local solids volume fraction is close to that within the
aggregates, ϕagg , since Eq. (8), from which it was derived, is invalid
in that regime. In such cases we must return to the ‘complete’
formula Eq. (7).

2.2. Densified gel point and compressive yield stress

During thickening, solids tend to be compressed and consoli-
dated to the extent that the solids volume fraction is equal to or
greater than the so-called gel point at which a networked
suspension is formed. In that case, the compressive yield stress
must be considered in the suspension force balance equation. The
value of the gel point is therefore important for determining the
compressive yield stress which itself represents a measure of
the strength of the networked solids. According to the definition,
the compressive yield stress is zero up to the gel point.

Aggregate densification leads to an increase in the gel point,
due to the decrease in individual aggregate diameters causing
aggregates to lose contact with their neighbours. The aggregate
densification theory (Usher et al., 2009; van Deventer et al., 2011)
indicates that the evolution of the densified gel point, ϕg , with the
change of the aggregate diameter ratio, Dagg, is

ϕg ¼
ϕg;0

D3
agg

ð11Þ

where ϕg;0 is the initial undensified gel point.
Having now specified how the gel point varies with densifica-

tion, we are able to determine how the compressive yield stress
varies in the densified system. Specifically, we shall look for a
functional form, Pyðϕ;ϕaggÞ, similar to that4 in the undensified case,
Py;0ðϕÞ, but now being zero at the new gel point. The aggregate
densification theory (Usher et al., 2009; van Deventer et al., 2011)
also indicates a requirement that the densified and undensified
formulae agree in the limit as ϕ-ϕagg , since the aggregates are all
overlapping and interpenetrating in that limit, making it

4 The basis for looking for a similar functional form is that the compressive
yield stresses in both the densified and the undensified systems arise due to
packing together networks of aggregates, merely with the size of the aggregates
having changed upon densification.
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effectively impossible to distinguish any individual aggregate
within the gel network as a whole. Full details of the functional
form of Pyðϕ;ϕaggÞ will be given later in this paper.

2.3. Model for the consolidation zone

For a densified thickener, the consolidated bed may be com-
posed of two parts according to the ratio between the local solids
volume fraction, ϕ, and the solids volume fraction within the
aggregates, ϕagg . In the upper part of the consolidated bed where
ϕoϕagg , the densified sludge properties are applied. In the lower
part of the consolidated bed where it is possible that the local
solids volume fraction, ϕ, is larger than the solids volume fraction
within the aggregates, ϕagg , sludge properties are unchanged from
those of the initial undensified sludge. This latter case only occurs
if the underflow solids volume fraction, ϕu, exceeds the solids
volume fraction within the aggregates, ϕagg . Typically, the aggre-
gates densify from the initial solids volume fraction within the
aggregates, ϕagg;0, to some final value, ϕagg;1, which cannot
subsequently be surpassed by shearing and/or raking the aggre-
gates (Usher et al., 2009). Here, we make the assumption that
densification is a rapid process compared to the solids residence
time in a thickener, so that (if densification occurs at all) aggre-
gates densify to the final steady state solids volume fraction within
the aggregates, ϕagg;1, immediately upon entering the thickener.
When the underflow solids volume fraction, ϕu, exceeds the final
steady state solids volume fraction within the aggregates, ϕagg;1, it
is therefore of interest to know how much of the bed has
ϕoϕagg;1 and how much of the bed has ϕ4ϕagg;1. Thus, it is
necessary to establish how the solids volume fraction, ϕ, changes
with the height within the bed.

A one-dimensional model describing the consolidation zone in
thickeners has been already developed by many authors (Landman
et al., 1988; Martin, 2004; Usher and Scales, 2005). The formula-
tion is simplest (reducing to an ordinary differential equation
model) when used to describe a thickener operating at steady
state. Unsteady state thickener operation is mathematically more
complex (requiring the use of partial differential, Bürger and
Concha, 1998; Bürger et al., 1999). Since our aim here is under-
standing how dewatering equipment design might be influenced
by aggregate densification, we elect to study the simpler (steady-
state) case here. The resulting governing equation is

dz
dϕ

¼� P′yðϕ;ϕaggÞ
Δρgϕð1�ðRðϕ;ϕaggÞ=ðΔρgð1�ϕÞ2ÞÞqð1=ϕ�1=ϕuÞÞ

ð12Þ

where Δρ is the density difference between the solids and liquid, g
is the gravitational acceleration, q is the underflow solids flux,
Pyðϕ;ϕaggÞ is the compressive yield stress, P′yðϕ;ϕaggÞ denotes the
derivative5 with respect to the solids volume fraction, ϕ, and z
denotes the height within the bed which is measured upwards.

There is a maximum possible value of the underflow solids flux
corresponding to an arbitrarily tall thickener. This can be obtained
by setting the denominator of Eq. (12) to zero at some value of the
local solids volume fraction, ϕ. Specifically, we are interested in the
value of ϕ that causes the denominator of Eq. (12) to vanish at the
smallest value of the underflow solids flux. The maximum per-
mitted underflow solids flux, qmax, which would be able to operate
at all the possible solids volume fractions in a thickener is given as

(Usher and Scales, 2005)

qmax ¼ min
ϕg ≤ϕ ≤ϕu

Δρgð1�ϕÞ2

R ϕ;ϕagg
� � 1

ϕ
� 1
ϕu

� � ð13Þ

where we typically search for the minimum value of Eq. (13)
between the gel point, ϕg (corresponding to the top of the bed)
and the underflow solids volume fraction, ϕu (corresponding to
the bottom of the bed).

For any qoqmax, Eq. (12) can be solved. In the aggregate
densification system, the densified hindered settling function,
Rðϕ;ϕaggÞ, and the densified compressive yield stress, Pyðϕ;ϕaggÞ,
must be determined, corresponding to the given aggregate dia-
meter ratio, Dagg, and hence the solids volume fraction within the
aggregates, ϕagg , given by Eq. (1). Whereas q-qmax corresponds to
an arbitrarily tall thickener, in the opposite limit where q≪qmax,
one obtains a bed of minimum height

hb;min ¼
Z ϕu

ϕg

P′yðϕ;ϕaggÞ
Δρgϕ

dϕ: ð14Þ

This corresponds to the height of a final steady state bed which
would have been obtained had the material that is in the bed
settled within a batch settler (as opposed to a continuous
thickener).

In addition to the bed heights, and also the solids volume
fraction versus height profiles described above, the solids resi-
dence time is also a vital operating parameter in the design of
thickeners. The solids residence time, tres, depends on both the
solids volume fraction and the underflow solids flux. Usher and
Scales (2005) gave the equation for determining the solids
residence time for a thickener at steady state across a bed:

dtres
dz

¼�ϕ

q
ð15Þ

where z is the height within the bed.

3. Thickener performance prediction

All the foregoing analysis in Section 2 has been kept general.
We discussed the densified and undensified suspension material
properties, but never specified the values of those properties.
Now we begin to specify the material property values that we
will employ in our calculations. In Eq. (12), the solids and liquid
densities are chosen as ρsol ¼ 3200 kg m�3 and ρliq ¼ 1000 kg m�3,
respectively (Usher and Scales, 2005). Gravitational acceleration is
g¼ 9:8 m s�2. The sludge properties including the compressive
yield stress, Pyðϕ;ϕaggÞ, and the hindered settling function,
Rðϕ;ϕaggÞ, used for the predictions of thickener performance are
given later (in Section 3.2).

The aggregate diameter ratio is chosen as Dagg;0 ¼ 1 (by defini-
tion) for the initial undensified cases and Dagg;1 ¼ 0:9 for the
densified cases (a value also considered by Usher et al., 2009 and
van Deventer et al., 2011). In cases where densification occurs,
recall our assumption here that Dagg;1 is attained immediately
upon entering the bed. The initial undensified solids volume
fraction within the aggregates, ϕagg;0, is assumed to be 0.1667
(Usher et al., 2009). Therefore, the densified solids volume fraction
within the aggregates, ϕagg;1, determined by Eq. (1) is 0.2286.

3.1. Case studies

Sixteen cases are presented to predict the thickener perfor-
mance. The actual bed height, hb, the minimum bed height, hb;min,
the maximum permitted underflow solids flux, qmax, and the
solids residence time, tres, are the main outputs. Cases 1–8 are

5 We reiterate the important assumption here that ϕagg saturates at the value
ϕagg;1 over a time scale much less than the solids residence time in the bed. In
effect ϕagg;1 is attained immediately upon entering the bed. Thus, spatial changes
in Pyðϕ;ϕaggÞ arise solely from the derivative of Pyðϕ;ϕaggÞ with respect to ϕ, as ϕ

itself changes across the bed. Hence, the derivative notation P′yðϕ;ϕaggÞ is
unambiguous here, despite the fact that Pyðϕ;ϕagg Þ strictly speaking has two
arguments.
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presented by using the compressive yield stress functional form
developed by Usher et al. (2009). Cases 9–16 are presented by
using a new compressive yield stress functional form. This allows
us to explore which aspects of thickener performance are generic
and which are sensitive to the particular rheology of suspensions
being processed. Cases 1, 4, 7, 9, 12, and 15 are operated without
densification. The remaining cases are determined in the presence
of densification. A summary of all the various cases is presented in
a tabular form later (see Tables 1–3).

Cases 1–3 and Cases 9–11 are chosen to have a small underflow
solids fraction, ϕu, which is smaller than the final steady state
solids volume fraction within the aggregates, ϕagg;1 (specifically
ϕu ¼ ϕu;1≡0:2). Cases 4–6 and Cases 12–14 are chosen with an
intermediate underflow solids fraction, ϕu (specifically ϕu ¼ ϕu;2≡
0:24), which is slightly larger than ϕagg;1. Cases 7–8 and
Cases 15–16 are chosen with a large underflow solids fraction, ϕu

(specifically ϕu ¼ ϕu;3≡0:3), which is substantially larger than
ϕagg;1.

Case 1 predicts the solids residence time, tres;1, and the under-
flow solids flux, q1, for the given bed height, hb;1, and the given
underflow solids volume fraction, ϕu;1. Note that the given bed
height, hb;1, is chosen as 1 m. The corresponding underflow solids
flux, q1, is 90.2% of the undensified maximum permitted under-
flow solids flux, qmax;1.

Case 2 calculates the solids residence time, tres;2, and the bed
height, hb;2, with the same given underflow solids volume fraction,
ϕu;1, as chosen in Case 1 and also the same given underflow solids
flux, q1, as chosen in Case 1. The bed height hb;2 is shorter than hb;1

owing to densification.
Case 3 determines the solids residence time, tres;3, and the bed

height, hb;3, given the same underflow solids fraction, ϕu;1, as in
Case 1 but a larger underflow solids flux, q2, than that in Case 2.
Note that this given underflow solids flux, q2, which is not even
accessible with undensified Case 1, accounts for 90.2% of the
densified maximum permitted underflow solids flux, qmax;2.

Case 4 predicts the solids residence time, tres;4, and the under-
flow solids flux, q3, for the given bed height, hb;4, and the given
underflow solids volume fraction, ϕu;2, which exceeds ϕu;1. Note
that the given bed height, hb;4, is chosen as 1 m. The corresponding
underflow solids flux, q3, is 75.9% of the undensified maximum
permitted underflow solids flux, qmax;3.

Case 5 calculates the solids residence time, tres;5, and the bed
height, hb;5, with the same given underflow solids volume fraction,
ϕu;2, as chosen in Case 4 and also the same given underflow solids
flux, q3, as chosen in Case 4. The calculated bed height hb;5 is
shorter than hb;4 owing to densification.

Case 6 determines the solids residence time, tres;6, and the bed
height, hb;6, given the same underflow solids volume fraction, ϕu;2,
as chosen in Case 4 but a larger underflow solids flux, q4, than that
in Case 5. This given underflow solids flux, q4, which is not even
accessible with undensified Case 4, accounts for 75.9% of the
densified maximum permitted underflow solids flux, qmax;4.

Case 7 predicts the solids residence time, tres;7, and the under-
flow solids flux, q5, for the given underflow solids fraction, ϕu;3,
which is larger still than ϕu;1 and ϕu;2 and for a given bed height,
hb;7. Note that this given bed height, hb;7 ¼ 2 m, is chosen larger
than either hb;1 or hb;4 in view of the high underflow solids volume
fraction. The corresponding underflow solids flux, q5, is 61% of the
undensified maximum permitted underflow solids flux, qmax;5.

Case 8 determines the solids residence time, tres;8, and the bed
height, hb;8, with the same given underflow solids flux, q5, chosen
in Case 7 and the same given underflow solids volume fraction,
ϕu;3, as chosen in Case 7. Clearly, hb;8 should be lower than hb;7

owing to densification. We did not explore the related problem of
using densification to raise the underflow solids flux for this case
of high underflow solids volume fraction, since for a high under-
flow solids volume fraction, the maximum permitted underflow
solids flux calculated from the densified case turns out to be equal
to that determined for the undensified case (a point we will return
to later).

Cases 9–16 repeat the same procedures and choose the same
thickener operating parameters (in particular the same underflow
solids fluxes albeit with slightly different bed heights) outlined in
Cases 1–8, respectively. However, a new compressive yield stress
functional form is used in Cases 9–16 instead of that used in Cases
1–8. This new functional form has somewhat different rheological
behaviours in the neighbourhood of the gel point (the gel now
being rather stronger in this neighbourhood). Some of the features
of Cases 1–8 and Cases 9–16 are summarised in a tabular form in
Section 4. In particular, Tables 1 and 2 report for each underflow
solids fraction, respectively, the maximum flux and the minimum
bed height permissible. The various cases are then listed in Table 3
in terms of how closely flux approaches the maximum and how
closely bed height approaches the minimum.

Table 1
For the various underflow solids fractions ϕu (corresponding to the various cases
discussed in Section 3.1), the dimensionless maximum permitted underflow solids
flux, Qmax, and the ϕ value obtained via Eq. (13) (and here denoted ϕcorres) to which
Qmax corresponds for each given underflow solids fraction, ϕu . Values of ϕagg are
given for comparison.

Case(s) ϕu Densified Qmax ϕcorres ϕagg

Cases 1, 9 0.2 No 0.0004231 0.1514 0.1667
Cases 2–3, 10–11 0.2 Yes 0.001449 0.1531 0.2286
Cases 4, 12 0.24 No 0.0002338 0.1854 0.1667
Cases 5–6, 13–14 0.24 Yes 0.0005332 0.2286 0.2286
Cases 7, 15 0.3 No 0.0001054 0.2368 0.1667
Cases 8, 16 0.3 Yes 0.0001054 0.2368 0.2286

Table 2
The values of the dimensionless minimum bed height, Hb;min , calculated by using
the original ‘USS’ compressive yield stress functional form and the new compres-
sive yield stress functional form. Data are grouped by their underflow solids
fraction ϕu (utilised in the various cases studied which are numbered according to
the numbering scheme of Section 3.1).

Yield stress function ϕu Undensified Hb;min Densified Hb;min

‘USS’ functional form (Cases 1–3) 0.2 34.9 31.2
New functional form (Cases 9–11) 0.2 39.5 35.1
‘USS’ functional form (Cases 4–6) 0.24 66.1 62.9
New functional form (Cases 12–14) 0.24 71.9 68.1
‘USS’ functional form (Cases 7–8) 0.3 184.9 181.6
New functional form (Cases 15–16) 0.3 192.2 188.3

Table 3
Ratio of the dimensionless underflow solids flux, Q, to the dimensionless maximum
permitted underflow solids flux, Qmax, for Cases 1–8 as described in Section 3.1.
Cases 9–16 (which are not shown in the table) have the same Q=Qmax values as
Cases 1–8, respectively, but slightly different Hb=Hb;min values.

Case Densified ϕu Q=Qmax

(undensified)
Q=Qmax

(densified)
Hb=Hb;min

Case 1 No 0.2 90.2% N/A 4.77
Case 2 Yes 0.2 N/A 26.3% 1.28
Case 3 Yes 0.2 N/A 90.2% 5.86
Case 4 No 0.24 75.9% N/A 2.52
Case 5 Yes 0.24 N/A 33.3% 1.32
Case 6 Yes 0.24 N/A 75.9% 2.46
Case 7 No 0.3 61% N/A 1.8
Case 8 Yes 0.3 N/A 61% 1.65
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3.2. Sludge properties

Before proceeding any further with our case studies, we first
must specify the sludge rheological properties. The rheological
properties we consider here are the hindered settling function and
the compressive yield stress. We follow Usher et al. (2009) in
choosing property values which are ‘representative of a flocculated
mineral tailings slurry’. Further discussion of suitable functional
forms that fit rheological property data can be found in Usher and
Scales (2005) and van Deventer et al. (2011), and more data are
available in Usher (2002) and Gladman (2006) (including sheared
system data). Recently Usher et al. (2013) also used similar
functional forms (albeit with rather different fitted parameter
values) to describe sewage sludges based on the data of Studer
(2008). Thus we can expect that the general functional
forms we shall employ (despite involving a certain level of
empiricism) could be reasonable for analysing a variety of different
suspension types.

3.2.1. Hindered settling function
The undensified hindered settling function, R0ðϕÞ, is chosen

with the same functional form and parameters as used by Usher
et al. (2009)

R0 ϕð Þ ¼ RStokes;0

ϕagg;0
ðϕþ rgÞrn r�rn

g ð16Þ

where rg, rn, and RStokes;0 are the functional parameters which are
assumed to be 0.05, 5, and 260469 Pa s m�2, respectively (Usher
et al., 2009).

We are now in a position to compute the aggregate hindered
settling factor, raggðΦÞ, and the densified hindered settling func-
tion, Rðϕ;ϕaggÞ, using the theory presented in Section 2.1.
We choose to express raggðΦÞ in terms of ð1�ΦÞ2=raggðΦÞ which
can be related to the flow around the aggregates. The curves of the
so-called ‘complete’ function ð1�ΦÞ2=raggðΦÞ and the approxi-
mated function ð1�ΦÞ2=~raggðΦÞ are shown in Fig. 1. They agree
well for Φ values substantially smaller than unity, but differ as
Φ-1. As the aggregate volume fraction, Φ tends towards unity,
ð1�ΦÞ2=raggðΦÞ tends towards zero. In other words, for Φ-1, the
liquid only flows through the aggregates and no liquid flows
around the aggregates. However, the approximated function
ð1�ΦÞ2=~raggðΦÞ reaches a small but finite limit, implying that flow
leaks around the aggregates, which technically should not be
observed.

As previously noted, the ‘complete’ densified hindered settling
function, Rðϕ;ϕaggÞ, determined by Eq. (7) is valid for ϕoϕagg . For
ϕ4ϕagg , the ‘complete’ densified hindered settling function,
Rðϕ;ϕaggÞ equals the undensified hindered settling function,
R0ðϕÞ. The curves of the initial undensified hindered settling

function, R0ðϕÞ, the ‘complete’ densified hindered settling function,
Rðϕ;ϕaggÞ, and the approximated densified hindered settling func-
tion, ~Rðϕ;ϕaggÞ, are shown in Fig. 2. The curves of R0ðϕÞ and
Rðϕ;ϕaggÞ are constructed such that the two curves intersect at
ϕ¼ ϕagg;1. Fig. 2 shows that the approximated Eq. (10) has good
accuracy when the local solids volume fraction, ϕ, is not too close
to that within the aggregates, ϕagg .

3.2.2. Compressive yield stress
Usher et al. (2009) proposed a formula6 for Py;0ðϕÞ which

involved the initial undensified gel point, ϕg;0, and a close packing
solids volume fraction, ϕcp, at which PyðϕÞ-1. The value of ϕcp

(which the solids volume fraction, ϕ can never exceed) is sub-
stantially larger than the solids volume fraction within the
aggregates, ϕagg . Indeed the maximum solids volume fraction
permitted in the suspension, ϕcp, is quite distinct from the final
steady state solids volume fraction within the aggregates, ϕagg;1.
The local solids volume fraction, ϕ, in a suspension can exceed
ϕagg;1 in which case the aggregates overlap and interpenetrate, but
ϕ can never exceed ϕcp. In fact, a typical thickening operation
would not approach the solids volume fractions anywhere near
the close packing solids volume fraction, ϕcp. Here, following Usher
et al. (2009), the initial undensified gel point, ϕg;0, and the closed
packing solids volume fraction, ϕcp, are assumed7 to be 0.1 and 0.8,
respectively. Moreover Usher et al. (2009) proposed the initial
undensified compressive yield stress functional form which we
denote (utilising the initials of the three authors in question:

Usher, Spehar and Scales), PUSS
y;0 ðϕÞ, and the densified compressive

yield stress functional form denoted, PUSS
y;1 ðϕ;ϕaggÞ, respectively.

For the initial undensified compressive yield stress

PUSS
y;0 ϕð Þ ¼ A0

ϕ�ϕg;0

ϕg;0

ϕcp�ϕg;0

ϕcp�ϕ

bþ ϕg;0

bþ ϕ�ϕg;0

 !k0

ð17Þ

where A0, b, and k0 are the curve fitting parameters which are
assumed as 129.614 Pa, 0.002, and 11, respectively (Usher et al.,
2009).
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Fig. 1. ð1�ΦÞ2=raggðΦÞ and ð1�ΦÞ2=~ragg ðΦÞ curves determined by Eqs. (6)
(‘complete’ function) and (9) (approximated function), respectively.
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Fig. 2. The hindered settling function, Rðϕ;ϕaggÞ, curves determined using Eqs. (16)
(undensified function), (7) (‘complete’ function in the densified case) and (10)
(approximated function in the densified case), respectively.

6 Davis and Russel (1989) have proposed a rather different formula from that of
Usher et al. (2009). The formula of Davis and Russel (1989) was however proposed
specifically for the case of the osmotic pressure (considered to be analogous to
PyðϕÞ) in a system of hard spheres subject to the Brownian motion. It does not
however exhibit the feature that pressure vanishes for solids fraction less than a
critical gel point, which is a key feature (Landman and White, 1994) of the polymer
flocculated suspension system that we consider here.

7 Note that based on our chosen values of ϕg;0 ¼ 0:1 and ϕagg;0 ¼ 0:1667, the
fraction of space filled by aggregates at the gel point is Φg ¼ ϕg;0=ϕagg;0∼0:6 (Usher
et al., 2009).
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For the densified compressive yield stress (with ϕg;1 as the
new gel point)

PUSS
y;1 ϕ;ϕagg;1
� �¼ A1

ϕ�ϕg;1
ϕg;1

ϕcp�ϕg;1
ϕcp�ϕ

bþ ϕg;1
bþ ϕ�ϕg;1

 !k1

ð18Þ

where A1 and k1 are the curve fitting parameters, but b and ϕcp are
unchanged from the undensified case.

The final densified gel point (as determined by Eq. (11) using
Dagg ¼Dagg;1 ¼ 0:9 and ϕg;0 ¼ 0:1) is ϕg;1 ¼ 0:1372.

The values of A1 and k1 are given so that not only PUSS
y;0 ðϕÞ ¼

PUSS
y;1 ðϕÞ at ϕ¼ ϕagg;1 but also the derivatives match at ϕ¼ ϕagg;1

(Usher et al., 2009)

k1 ¼ k0

1
ϕagg;1�ϕg;0

þ 1
ϕcp�ϕagg;1

� 1
bþ ϕagg;1�ϕg;0

1
ϕagg;1�ϕg;1

þ 1
ϕcp�ϕagg;1

� 1
bþ ϕagg;1�ϕg;1

0
BBB@

1
CCCA ð19Þ

A1 ¼
PUSS
y;0 ðϕagg;1Þ

ϕagg;1�ϕg;1
ϕg;1

ϕcp�ϕg;1
ϕcp�ϕagg;1

bþ ϕg;1
bþ ϕagg;1�ϕg;1

 !k1
ð20Þ

where ϕagg;1 and ϕg;1 in Eqs. (19) and (20) are determined by
Eqs. (1) and (11), respectively.

The values of A1 and k1 determined by Eqs. (19) and (20) are
computed as 292.312 Pa and 10.3667, respectively (Usher et al., 2009).

One feature of Eqs. (17) and (18) is that they approach zero very
rapidly at the top of the bed as ϕ-ϕg (the gel is extremely weak in
that limit) which may affect the local bed structure significantly.
We are therefore interested in considering another rheology
which is expected to alter the bed structure near the top of the
bed. A new undensified compressive yield stress, Py;0ðϕÞ, based on
the formula given by Usher et al. (2009) has been considered:

Py;0 ϕð Þ ¼ PUSS
y;0 ϕð Þ þ a0

ϕ�ϕg;0

ϕg;0
ð21Þ

where a0 is a fitting parameter.
Similarly, the densified compressive yield stress, Py;1ðϕ;ϕaggÞ, is

given as

Py;1 ϕ;ϕagg;1
� �¼ PUSS

y;1 ϕ;ϕagg;1
� �þ a1

ϕ�ϕg;1
ϕg;1

�c1
ðϕ�ϕg;1Þ2

ϕ2
g;1

ð22Þ

where a1 and c1 represent the fitting parameters (the reason why
two parameters a1 and c1 are needed will be explained shortly).

In order that Py only differs significantly from PUSS
y in the

neighbourhood of the gel point, ϕg , we assume that PUSS
y;0 ðϕÞ equals

a0ðϕ�ϕg;0Þ=ϕg;0 at ϕ¼ ϕg;0 þ Δϕ, where Δϕ is assumed to be 0.005.
Thus

a0
Δϕ
ϕg;0

¼ PUSS
y;0 ϕg;0 þ Δϕ
� � ð23Þ

where Eq. (23) determines a0.
As previously noted, the compressive yield stress functional

forms are continuous with continuous derivatives at ϕ¼ ϕagg;1 in
this work. Hence

a0
ϕagg;1�ϕg;0

ϕg;0
¼ a1

ϕagg;1�ϕg;1
ϕg;1

�c1
ðϕagg;1�ϕg;1Þ2

ϕ2
g;1

ð24Þ

a0
ϕg;0

¼ a1
ϕg;1

�2c1
ϕagg;1�ϕg;1

ϕ2
g;1

: ð25Þ

Thus we have two equations to solve for two unknowns a1 and c1 –
hence the reason why these two parameters a1 and c1 were
included in Eq. (22).

The values of a0, a1 and c1 determined by Eqs. (23), (24) and
(25) are given as 86.123 Pa, 214.345 Pa, and 72.191 Pa, respectively.
The new initial undensified compressive yield stress, Py;0ðϕÞ, and
the new densified compressive yield stress, Py;1ðϕ;ϕagg;1Þ, curves
determined by Eqs. (21)–(25) (alongside the initial undensified
and densified, Usher et al., 2009, formulae (Eqs. (17)–(20))) are
shown in Fig. 3.

3.3. Maximum permitted underflow solids flux

Identifying the maximum permitted underflow solids flux is
important in any parametric study of thickener design, since a tall
thickener design results from operating at a large underflow solids
flux which is very close to the maximum permitted underflow
solids flux, whereas a shorter thickener design results from
operating at a small underflow solids flux which is far below the
maximum permitted underflow solids flux.

Usher and Scales (2005) have already developed the method
used for the prediction of the maximum permitted underflow
solids flux, qmax, in an initial undensified thickener. That method is
readily adapted to the case of a densified thickener provided
aggregates reach a steady state diameter ratio, Dagg;1 (and hence
the solids volume fraction within the aggregates achieves a steady
state ϕagg;1) immediately upon entering the consolidated bed.

Recall that the maximum permitted underflow solids flux
corresponds to the minimum sought in Eq. (13). It is unlikely that
this minimum sought will occur at the top of the bed where the
solids volume fraction, ϕ, is the smallest (around ϕg). This is due to
the nature of the hindered settling function, RðϕÞ, which appears in
the denominator of Eq. (13) and which tends to increase very
rapidly with ϕ. Likewise the minimum sought in Eq. (13) cannot
occur near the bottom of the bed where ϕ-ϕu as the denominator
in Eq. (13) vanishes there. Thus, the minimum sought in Eq. (13)
tends to be determined somewhere in the interior of the bed. As a
result, cases for which the underflow solids volume fraction, ϕu,
exceeds the solids volume fraction within the aggregates, ϕagg ,
need to be considered carefully, due to the non-smooth nature of
the hindered settling function at ϕ¼ ϕagg .

For an underflow solids volume fraction, ϕu less than the solids
volume fraction within the aggregates, ϕagg , the maximum per-
mitted underflow solids flux, qmax, determined in a densified
thickener is much larger than that determined in an initial
undensified thickener, since the maximum permitted underflow
solids flux scales inversely with the densified hindered settling
function, and the densified hindered settling function, Rðϕ;ϕaggÞ, is
much smaller than the initial undensified hindered settling func-
tion, R0ðϕÞ. In this case, for the purposes of finding the minimum
sought in Eq. (13), we would be permitted to replace Rðϕ;ϕaggÞ by
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Fig. 3. The new compressive yield stress curves determined using Eqs. (17)–(25).
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the approximated densified hindered settling function, ~Rðϕ;ϕaggÞ
(see Eq. (10)).

For an intermediate underflow solids volume fraction, ϕu,
which is slightly larger than the solids volume fraction within
the aggregates, ϕagg , the densified hindered settling function,
Rðϕ;ϕaggÞ, also governs the maximum permitted underflow solids
flux, qmax, via Eq. (13). Consequently, the maximum permitted
underflow solids flux, qmax, predicted in a densified thickener is
still somewhat larger than that predicted in an initial undensified
thickener, since the densified hindered settling function, Rðϕ;ϕaggÞ,
remains smaller than the initial undensified hindered settling
function, R0ðϕÞ. For the purposes of computing qmax, it would not
however generally be permitted to replace Rðϕ;ϕaggÞ by the
approximated formula ~Rðϕ;ϕaggÞ in this case.

For an underflow solids volume fraction, ϕu, much larger than
the solids volume fraction within the aggregates, ϕagg , the mini-
mum sought in Eq. (13) tends to occur at ϕ4ϕagg . The initial
undensified hindered settling function, R0ðϕÞ, then determines the
maximum permitted underflow solids flux, qmax. Therefore, the
maximum permitted underflow solids flux, qmax, determined in a
densified thickener equals that determined in an initial undensi-
fied thickener (a point we have already made previously – see
Section 3.1). Hence, for cases with very large ϕu, we have explored
densification primarily as a way of reducing consolidated bed
height rather than as a means of increasing the underflow solids
flux. Computations of qmax with and without densification for the
cases of small, intermediate and large ϕu relative to ϕagg will be
presented in Section 4.

3.4. Minimum bed height

The discussion of Section 3.3 corresponded to a very tall
thickener operated at a very high underflow solids flux
(q-qmax). As stated previously, there is also an opposite limit
corresponding to a very short thickener operated at a very low
underflow solids flux (q-0). In this latter case, the minimum bed
height, hb;min, satisfies Eq. (14).

The minimum bed height, hb;min, will increase as the underflow
solids fraction, ϕu, increases and may actually increase quite
substantially with ϕu, since P′yðϕ;ϕaggÞ in Eq. (14) tends to be a
rapidly increasing function of ϕ.

The minimum bed height, hb;min, also tends to increase if we
change the gel rheology (e.g. from an exceedingly weak gel in the
neighbourhood of the gel point to a substantially stronger gel).
Moreover, the minimum bed height, hb;min, will decrease as the
aggregates densify, since the gel point, ϕg , then changes from a
comparatively small value, ϕg;0, to a rather larger value, ϕg;1. This
increases the denominator of Eq. (14) and hence decreases mini-
mum bed height, despite the fact that, had we considered the
numerator alone,

R ϕu
ϕg

P′yðϕ;ϕaggÞ dϕ would be independent of den-
sification whenever ϕu4ϕagg . The results of hb;min computed with
different rheologies and different underflow solids volume frac-
tions, with and without densification, are presented in Section 4.

3.5. Dimensionless equations

Dimensionless equations are convenient to describe and com-
pute the solids behaviours in the bed and are slightly simpler to
deal with their dimensional analogues. The dimensionless scheme
based on Howells et al. (1990) and Martin (2004) has been
developed with dimensionless coordinate, Z, bed height, Hb,
rheological functions, pyðϕ;ϕaggÞ and Rsðϕ;ϕaggÞ, underflow solids
flux, Q, and solids residence time, Tres

Z ¼ z
H0

; Hb ¼
hb
H0

pyðϕ;ϕaggÞ ¼
Pyðϕ;ϕaggÞ

A0
; Rsðϕ;ϕaggÞ ¼

Rðϕ;ϕaggÞuStokes;0

Δρg

Q ¼ q
uStokes;0

; Tres ¼
tresuStokes;0

H0

where H0 ¼ A0=ðΔρgÞ is the characteristic length scale and uStokes;0

denotes the Stokes' velocity of an isolated aggregate, as defined by
Usher et al. (2009)

uStokes;0 ¼
Δρg
R0ð0Þ

¼ Δρgϕagg;0

RStokes;0
ð26Þ

where Eq. (5) has also been used. For the parameter values
reported in Sections 3.1–3.2, H0 ¼ 0:00601 m and uStokes;0 ¼
0:0138 m s�1.

Eqs. (12) and (15) become, when converted to a dimensionless
form

dZ
dϕ

¼� p′yðϕ;ϕaggÞ=ϕ
1�Rsðϕ;ϕaggÞQ ð1=ϕ�1=ϕuÞ=ð1�ϕÞ2

ð27Þ

dTres

dZ
¼� ϕ

Q
: ð28Þ

Regarding the dimensionless sludge rheological properties
(Rsðϕ;ϕaggÞ and pyðϕ;ϕaggÞ), these are formally the same as the
expressions given previously, except that, for the initial undensi-
fied hindered settling function, R0ðϕÞ, the prefactor RStokes;0 must be
replaced by ϕagg;0. Specifically, Rs;0ðϕÞ becomes in lieu of Eq. (16):

Rs;0ðϕÞ ¼ ðϕþ rgÞrn r�rn
g ð29Þ

where rg and rn are the parameters which have been given in
Section 3.2.1 (see also Usher et al., 2009). Eq. (6) still applies
subject to the above-mentioned replacements as does Eq. (3). For
the dimensionless undensified compressive yield stresses, py;0ðϕÞ,
Eqs. (17) and (21) still apply with prefactors A0 and a0 replaced by
1 and a0=A0. Dimensionless densified compressive yield stresses,
py;1ðϕ;ϕaggÞ, are formally the same as Eqs. (18) and (22) but with
the prefactors A1, a1, and c1 replaced by A1=A0, a1=A0, and c1=A0,
respectively.

4. Results and discussion

As mentioned previously, the results presented here include
the maximum permitted underflow solids fluxes, the minimum
possible bed heights, the actual bed heights, and the solids
residence times. Calculations are most simply carried out in a
dimensionless form and the maximum permitted underflow solids
fluxes and the minimum bed heights are presented in this form (e.
g. Section 4.1). However, for the purposes of presenting the actual
bed heights and the solids residence times (e.g. Sections 4.2–4.4),
we reconverted back to a dimensional form using typical para-
meter values supplied in Section 3.

4.1. Maximum underflow solids flux and minimum
bed height predictions

The operating inputs, which may include the target bed height,
hb, the underflow solids flux, q, and the underflow solids volume
fraction, ϕu, have been described in Section 3. The dimensionless
maximum permitted underflow solids flux, Qmax, predicted in each
case is shown in Table 1. Results are presented for various under-
flow solids volume fractions, ϕu, and for both densified and
undensified cases. We are primarily interested here not so much
in the individual reported values of Qmax, but rather in how Qmax

changes due to changes in ϕu and/or due to densification. As the
underflow solids volume fraction, ϕu increases, we tend to see an
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increase in the value of the corresponding solids volume fraction,
denoted ϕcorres that corresponds to Qmax. That leads to a large
increase in the hindered settling function Rðϕ;ϕaggÞ in Eq. (13) and
thereby a decrease in Qmax. The effects of densification upon Qmax

are exactly as already anticipated in Section 3.3. Densified cases
tend to have higher Qmax than undensified ones at least when the
desired ϕu is not too large. For a large ϕu however, Qmax remains
the same regardless of whether or not densification occurs.

In Eq. (27), we are allowed to use any dimensionless underflow
solids flux, Q, value ranging from 0 to Qmax. The dimensionless
minimum bed height, Hb;min, is determined by using Eq. (27) with
Q¼0 and integrating up to the desired underflow solids volume
fraction. Table 2 shows the values of Hb;min calculated from both
undensified and densified cases. Again the focus is not so much on
the individual reported values of Hb;min, but on how Hb;min changes
with changing conditions. Table 2 bears out the discussion of
Section 3.4. The dimensionless minimum bed height, Hb;min, is
increased with increasing underflow solids volume fraction, ϕu.
Densification can decrease the dimensionless minimum bed
height, Hb;min, for a given underflow solids fraction, ϕu. In addition,
the values of Hb;min calculated by using the new compressive yield
stress functional form are slightly larger than those calculated by
using the original ‘USS’ compressive yield stress functional form.

For the various case studies mentioned in Section 3.1, Table 3
presents the ratio of the dimensionless underflow solids flux, Q, to
the dimensionless maximum permitted solids flux, Qmax, and also
the ratio of the dimensionless bed height, Hb, to the dimensionless
minimum bed height, Hb;min.

For a comparatively small underflow solids volume fraction,
ϕu ¼ 0:2, and/or an intermediate underflow volume fraction,
ϕu ¼ 0:24, Table 3 indicates how a large underflow solids flux
can be achieved in a densified thickener. This is because Cases
1 and 2 actually have the same dimensionless underflow solids
flux, Q, but very different dimensionless maximum permitted
underflow solids fluxes, Qmax, whereas Cases 2 and 3 have the
same dimensionless maximum permitted underflow solids flux,
Qmax, but very different dimensionless underflow solids fluxes, Q.
In fact Q in densified Case 3, actually exceeds Qmax in undensified
Case 1. Analogous flux parameter settings apply for Cases 4–6.
Despite the fact that Q=Qmax values in Cases 4 and 6 are chosen to
be rather smaller than in Cases 1 and 3, respectively, it is still in
fact the case that Q chosen in densified Case 6 exceeds Qmax

calculated in undensified Case 4. However, for Cases 7–8 with a
larger underflow solids volume fraction, ϕu ¼ 0:3, the dimension-
less underflow solids flux chosen in a densified thickener cannot
exceed the dimensionless maximum permitted underflow solids
flux calculated in an initial undensified thickener, since the
densified and the undensified maximum permitted underflow
solids fluxes are then the same. In general, the values of Q=Qmax

presented in Table 3 show the scope available for operating a
thickener at a higher underflow solids flux (subject to increasing
its height). Meanwhile, the values of Hb=Hb;min show the scope for
designing a thickener of lesser height (subject to decreasing its
underflow solids flux). Cases 9–16 which are not shown in the
table have the same dimensionless underflow solids flux ratio
chosen in Cases 1–8, respectively. However, Hb=Hb;min values
calculated from Cases 9–16 differ slightly compared with those
calculated from Cases 1–8, owing to the slightly different rheolo-
gical properties (Eqs. (21) and (22) instead of Eqs. (17) and (18)).

4.2. Solids volume fraction profile prediction

Figs. 4–6 show the solids volume fraction profiles determined
by using Eq. (27) with the initial inputs given by Tables 1–3.
In Fig. 4 for instance, Cases 1 and 3 both show a typical curve
shape including flat near the top of the bed, steeper in the middle

and less steep at the bottom. Cases 9 and 11 likewise both show a
typical curve shape including not quite flat near the top of the bed,
steeper in the middle, and less steep at the bottom of the bed.

Indeed looking at Figs. 4–6, the curves of Cases 1–8 are all flat
near the top of the bed, a manifestation of the network strength
being incredibly weak (exceedingly small dpyðϕÞ=dϕ in the neigh-
bourhood of the gel point) and hence, small jdZ=dϕj in the
neighbourhood of the gel point. Significant increase in the solids
volume fraction over a comparatively small height near the top of
the bed occurs in all these cases. However, the new dimensionless
compressive yield stress, pyðϕÞ functional form used in Cases 9–16
leads to a somewhat stronger network near the top of the bed, due
to finite dpyðϕÞ=dϕ in the neighbourhood of the gel point. Conse-
quently, the curves of Cases 9–16 shown in Figs. 4–6 manage to
have finite jdZ=dϕj near the top of the bed, but otherwise are quite
similar to their Cases 1–8 counterparts. Moreover, the slightly
stronger gel leads to a slightly higher bed overall.

The typical feature of steep curves in the middle (e.g. Cases 1, 3,
9 and 11) is due to the large jdZ=dϕj in the interior of the bed. The
denominator of Eq. (27) decreases with the increase in the local solids
volume fraction moving deeper into the bed, due to the increase of
Rsðϕ;ϕaggÞ. However, the minimum value which the denominator of
Eq. (27) can reach is only exceedingly small when the dimensionless
underflow solids flux, Q, is very close to the dimensionless maximum
permitted underflow solids flux, Qmax. Thus, jdZ=dϕj can only become
large in the interior of the bed when the dimensionless underflow
solids flux, Q is very close to the dimensionless maximum permitted
underflow solids flux, Qmax. This observation can be seen in Cases 1, 3,
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Fig. 4. The solids volume fraction profile – Small underflow solids volume fraction,
ϕu ¼ 0:2. For simplicity of interpretation, we have converted dimensionless coordi-
nate Z back into dimensional coordinate z here. Details of the various cases can be
found in Section 3.1 but briefly Cases 1 and 9 are undensified, whilst the remaining
cases are densified. Cases 1–3 use the original (Usher et al., 2009) functional form
for the yield stress, and remaining cases use a new form.
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9, and 11, whereas Cases 2 and 10 for which Q≪Qmax did not have the
steep section of curve for instance. As ϕ-ϕu, the denominator of
Eq. (27) invariably approaches unity. Thus jdZ=dϕj cannot remain
large as ϕ-ϕu even if Q-Qmax which is why curves such as Cases 1,
3, 9 and 11 become less steep right at the bottom.

Other details of the curves also become apparent. The densified
sludge rheological properties can be replaced by the undensified
sludge rheological properties at ϕ4ϕagg . Thus, for ϕ4ϕagg (which
will occur towards the bottom of the bed whenever ϕu4ϕagg),
jdZ=dϕj evaluated for the densified cases and the undensified
cases, respectively, have the same slope, given the same dimen-
sionless underflow solids flux, Q, and the same underflow solids
volume fraction, ϕu. This is particularly noticeable in Fig. 6.

Eq. (27) indicates clearly that the dimensionless hindered settling
function, Rsðϕ;ϕaggÞ, and the dimensionless underflow solids flux, Q,
affect the value of jdZ=dϕj only slightly near the bottom of the bed,
since the local solids volume fraction, ϕ, is then very close to the
desired underflow solids volume fraction, ϕu. Physically, this comes
about because the solids and liquid leave the thickener at the same
velocity at the bottom of the bed. Therefore, the hydrodynamic drag
forces between the solids and liquid are irrelevant there. The
dimensionless compressive yield stress, pyðϕ;ϕaggÞ is the main
influence upon jdZ=dϕj near the bottom of the bed. Hence, given
the same dimensionless functional form of pyðϕ;ϕaggÞ and the same
underflow solids volume fraction, ϕu, we obtain the same slope of
jdZ=dϕj near the bottom of the bed, regardless of the value of Q or
Rsðϕ;ϕaggÞ. That is very apparent in Figs. 4–6.

4.3. Prediction of bed height

Having now described the shapes of the solids volume fraction
versus height profiles, we turn to matters of thickener perfor-
mance enhancement, due to densification. Table 4 shows that the
bed height required to achieve the comparatively small underflow
solids volume fraction, ϕu ¼ 0:2, in a densified thickener is much
shorter than that in an initial undensified thickener, since densi-
fication affects the entire consolidated bed (i.e. ϕuoϕagg;1). A very
large dimensionless underflow solids flux which is not accessible
to the initial undensified thickener can also be achieved in a
densified thickener with only modest increases in bed height
(compared to the undensified case).

For ϕu4ϕagg , densification is relevant in the upper part of the
consolidated bed whereas the initial undensified sludge rheologi-
cal properties apply to the lower part of the consolidated bed.
Moreover, densification only affects the thickener performance
significantly when the upper part of the consolidation zone
accounts for a large proportion of the consolidated bed (e.g. as

in Table 5). Further increasing the underflow solids volume
fraction, ϕu can decrease the proportion of the upper part of the
consolidated bed in which densification is relevant and this
proportion could be quite small when the underflow solids
fraction, ϕu is rather larger than the solids volume fraction within
the aggregates, ϕagg (e.g. as in Table 6).

In line with the above observations, Table 5 shows that the bed
height calculated in a densified thickener can be considerably
shorter than that calculated in an initial undensified thickener
given the same dimensionless underflow solids flux, Q, and the
same (intermediate) underflow solids volume fraction, ϕu ¼ 0:24,
due to the upper part of the consolidated bed being comparatively
large. Moreover, the underflow solids flux in the densified case can
be increased substantially and still return a bed height comparable
with the undensified bed height. Nevertheless, for larger ϕu ¼ 0:3,
as shown in Table 6, the bed height decreases only slightly in a
densified thickener with the same operating parameters as used in
an initial undensified thickener, due to the upper part of the
consolidated bed being now comparatively small.

4.4. Solids residence time prediction

The solids residence time is another important operating
parameter in the design of thickeners. Table 4 shows (alongside
bed heights, hb) the solids residence time, tres, calculated for a
comparatively small underflow solids volume fraction, ϕu ¼ 0:2.

As shown in Table 4, the total solids residence time, tres,
calculated in a densified thickener can be much smaller than that
calculated in an initial undensified thickener. The total solids
residence time, tres, determined in undensified Case 9 is also
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Fig. 6. The solids volume fraction profile – Large underflow solids volume fraction,
ϕu ¼ 0:3. Cases 7 and 15 are undensified, whilst Cases 8 and 16 are densified. Cases
7 and 8 use the original functional form for the yield stress, whilst Cases 15 and 16
use a new form.

Table 4
Bed heights, hb, and total solids residence times, tres, calculated by using Eqs. (27)
and (28) at the comparatively small underflow solids volume fraction, ϕu ¼ 0:2. For
simplicity (i.e. ease of interpretation), we present results in a dimensional form
rather than a dimensionless form. Recall from Section 3.1 that bed height was set to
1 m exactly in Case 1, but calculated in the other cases. Recall also that Cases 1–2
and 9–10 all operate at the same underflow solids flux, but Cases 3 and 11 operate
at a much larger underflow solids flux.

Case Densified hb=m Total tres=h

Case 1 No 1 7.95
Case 2 Yes 0.24 2.12
Case 3 Yes 1.1 2.73
Case 9 No 1.14 9.02
Case 10 Yes 0.27 2.39
Case 11 Yes 1.26 3.11

Table 5
Bed heights, hb, and total solids residence times, tres, calculated by using Eqs. (27)
and (28) at the intermediate underflow solids volume fraction, ϕu ¼ 0:24. Recall
from Section 3.1 that bed height was set to 1 m exactly in Case 4, but calculated in
the other cases. Recall also that Cases 4–5 and Cases 12–13 all operate at the same
underflow solids flux, but Cases 6 and 14 operate at a substantially larger
underflow solids flux. In densified cases, where a distinction is made between
upper and lower parts of the bed, the solids fraction in the upper region is less than
the aggregate solids fraction (and hence suspension material properties are
affected by densification), whereas the solids fraction in the lower region exceeds
the aggregate solids fraction (and hence suspension properties remain unin-
fluenced by densification in the lower region).

Case Densified hb=m tres=h (upper) tres=h (lower) Total tres=h

Case 4 No 1 N/A N/A 20.96
Case 5 Yes 0.5 9.04 2.16 11.2
Case 6 Yes 0.93 7.78 1.48 9.26
Case 12 No 1.09 N/A N/A 22.62
Case 13 Yes 0.54 9.81 2.23 12.04
Case 14 Yes 1.00 8.38 1.52 9.9
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slightly larger than that determined in undensified Case 1, due to a
taller bed obtained in undensified Case 9. Although the bed
heights calculated in densified Cases 3 and 11 are slightly higher
than those determined in undensified Cases 1 and 9, respectively,
both the total solids residence times, tres, determined in densified
Cases 3 and 11 are decreased significantly, due to the larger
dimensionless underflow solids fluxes, Q chosen in densified Cases
3 and 11, respectively. Densified Cases 2 and 10 are also operated
at short residence times, due to the short bed heights obtained in
those two cases. The solids residence times, tres, calculated from
densified Cases 3 and 11 are slightly larger than those determined
from densified Cases 2 and 10 respectively (which have the lower
underflow solids flux), since the dimensionless underflow solids
flux, Q, chosen in densified Cases 3 and 11 is very close to the
dimensionless maximum permitted underflow solids flux, Qmax,
making the ratio Hb=Hb;min really quite large (see e.g. Table 3).

Table 5 presents the total solids residence times, tres, calculated at
the intermediate underflow solids volume fraction, ϕu ¼ 0:24. The
total solids residence time, tres, calculated in a densified thickener is
still substantially smaller than that calculated in an initial undensified
thickener, since the upper part of the bed for which ϕoϕagg (where
densification is relevant), accounts for a much larger proportion of the
total consolidated bed than the lower part where ϕ4ϕagg (and
densification has no effect). Due to a higher underflow solids flux, Q,
in densified Cases 6 and 14 (compared to densified Cases 5 and 13),
the solids residence times calculated in densified Cases 6 and 14 are
slightly smaller than those calculated in densified Cases 5 and 13.
Admittedly the beds for Cases 6 and 14 are rather taller than in Cases
5 and 13, but the intermediate value of Q=Qmax chosen for Cases 6 and
14 does not lead to excessive Hb=Hb;min values (see Table 3) and this
ensures that the solids residence times for Cases 6 and 14 are likewise
not excessive.

Results calculated from the cases of the underflow solids
volume fraction, ϕu ¼ 0:3, which is much larger than the solids
volume fraction within the aggregates, ϕagg , are shown in Table 6.
The total solids residence time, tres, calculated in a densified
thickener is only slightly smaller than that calculated in an initial
undensified thickener. This is because the dominant contribution
to determine the total solids residence time, tres, then comes from
the lower part of the consolidated bed throughout which the
initial undensified hindered settling function, R0ðϕÞ applies.

A final observation from Tables 4 to 6 is that a weaker network
quantified via the compressive yield stress (Eqs. (17) and (18)
applied in Cases 1–8 in lieu of Eqs. (21) and (22) for Cases 9–16)
leads to shorter bed heights, hb, and shorter total solids residence
times, tres, in an undensified or a densified thickener. Hence,
networks that are weak tend to be relatively easier to dewater.

5. Conclusions

Phenomenological, continuum-scale models for suspension
dewatering are immensely valuable for designing (and predicting

the performance of) dewatering equipment e.g. thickeners
(Landman et al., 1988; Martin, 2004; Usher and Scales, 2005).
Even though the continuum models considered herein do not
formally consider small scale microstructural details within the
suspension, the phenomenological material properties utilised by
them should nevertheless evolve if and when the suspension
microstructure evolves. Here, we have discussed how densification
of (microscale) aggregates within a suspension (Usher et al., 2009)
(in particular for aggregates formed by polymer flocculation with
polymers bridging between solid particles) can affect continuum-
scale material parameters, and have determined the consequences
for suspension dewatering in a steady-state thickener (considered
here, as it is far easier to model than an unsteady state operation,
such as a batch settler and/or a transient thickener, Bürger and
Concha, 1998; Bürger et al., 1999).

Aggregate densification (assumed to occur here by raking/
shearing the suspension as it dewaters) affects the thickener
performance significantly when the underflow solids volume frac-
tion in an initial undensified thickener is less than the solids volume
fraction within the aggregates. Larger maximum permitted under-
flow solids fluxes can be achieved in a densified thickener. More-
over, a shorter thickener (associated with a significantly shorter
residence time) can be achieved, and one can also operate at high
underflow solids fluxes which are inaccessible to the undensified
thickener. The thickener performance is still enhanced significantly
given an intermediate underflow solids volume fraction which is
slightly larger than the solids volume fractionwithin the aggregates.
When the required thickening duty is more demanding (large
underflow solids volume fraction), the thickener performance
enhancement owing to densification is however comparatively
modest. The reason is that, for a solids volume fraction above that
within the aggregates (accounting now for much of the height of
the thickener), the sludge rheological properties are unaffected by
densification. The thickener performance enhancements predicted
here are somewhat sensitive to different functional forms of the
suspension rheological properties (i.e. the form of the compressive
yield stress function near the suspension gel point). Specifically, the
bed heights, the total solids residence times and fine details of how
the solids volume fractions vary near the top of the bed are
sensitive to the compressive yield stress functional form.

The above findings offer useful insights to a chemical engineer
faced with designing a thickener or similar item of dewatering
equipment. Nevertheless our findings still constitute an incomplete
picture of a suspension being processed under simultaneous com-
pression and shear (Lester et al., 2010; Stickland and Buscall, 2009).
Aggregates in the suspension are assumed here to densify instanta-
neously in the presence of shear, whereas in fact they may densify on
time scales comparable those with for dewatering (van Deventer
et al., 2011). Moreover, whereas compression forces in the suspension
drive solids from high concentration regions to low concentrations
ones, shear itself may drive solids from high shear regions to low
shear regions (Leighton and Acrivos, 1987a,b; Acrivos, 1995), and
such effects are missing from the models analysed here.
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Chapter 4
Mathematical modelling of

time-dependent densified thickeners

This chapter has been published in Chemical Engineering Science: 99 103–112 (2013).

This chapter addresses how thickener performance and sludge rheological properties are

affected by time-dependent aggregate densification occurring in a continuous steady state

thickener.

Chapter 3 considered one limit of aggregate densification where the aggregates are

densified to have a fixed diameter before entering a thickener. Due to continuous rak-

ing of suspensions, the aggregate diameter is changing throughout a thickener (Gladman

et al., 2010; van Deventer et al., 2011; van Deventer, 2012). This implies that aggregate

densification is time-dependent and/or height-dependent. In this chapter, only aggregate

densification is assumed to be time-dependent but the thickener itself is assumed to be

at steady state. This implies that the solids flux operated in the thickener is spatially

uniform. The aggregates are also assumed to be stable throughout the thickener in this

chapter (Usher et al., 2009; van Deventer et al., 2011). In addition, the aggregates are also

assumed to enter the consolidating bed immediately and instantaneously. This implies

that the hindered settling zone (located above the consolidating bed) can be neglected in

this chapter.

Due to time-dependent aggregate densification occurring in a thickener, three inter-

esting research questions can be asked. How do engineers and researchers determine the

operating limits of the underflow solids flux in a thickener with time-dependent aggregate
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densification when the underflow solids volume fraction is specified? How do differ-

ent specified underflow solids fluxes affect the predictions of thickener performance and

sludge rheological properties? How does the rate of densification of aggregates affect the

predictions of consolidated bed structures and the evolutions of sludge rheological prop-

erties in a thickener? The above mentioned research questions are of particular interest in

this chapter.
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a b s t r a c t

A one dimensional dewatering model for a thickener consistent with time-dependent densification of
aggregates within a sludge suspension has been developed in this paper. The effects of different densification
rate parameters and different underflow solids fluxes on the predictions of the sludge rheological properties
and thickener performance have been explored. Pre-shearing of aggregates (which leads to the aggregates
densifying to some extent before entering the thickener consolidating bed) must occur if a large underflow
solids flux is required in a densified thickener. This increases the suspension gel point, and hence the solids
volume fraction at the top of the bed. The solids volume fraction at the top of the bed will however be the
initial undensified gel point in the case of a small underflow solids flux, where no pre-shearing of aggregates
needs to occur. The effects of densification and/or pre-shearing on the sludge rheological properties and
thickener performance have been predicted. For a densified thickener, an algorithm has been developed to
determine the maximum permitted underflow solids flux, qmax, assuming any possible solids volume fraction
at the top of the bed and the maximum underflow solids flux, qmu, constraining to the initial undensified gel
point at the top of the bed. Regarding the aggregate densification rate parameter, as this parameter was
increased, the sludge rheological properties evolved significantly during thickening and thickener performance
was substantially enhanced. Moreover, the total solids residence time required to achieve the desired
underflow solids volume fraction was significantly reduced both for a higher densification rate parameter
and in the presence of pre-shearing in a densified thickener.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Thickeners are urgently needed to process the significant
amounts of sludge produced in the world (Boger, 2009). The aims

of improving thickener design are to decrease the thickener bed
height (over which the suspension consolidation takes place),
increase the underflow solids flux and increase the underflow
solids volume fraction. Knowing the sludge rheological material
properties which include the so called hindered settling function,
RðϕÞ and the compressive yield stress, PyðϕÞ, engineers will be able
to simulate and improve the thickening process. A dewatering
theory developed by Buscall and White (1987) has been used to
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extract the sludge rheological properties and simulate thickener
performance. That theory however did not consider shear stress
which is often present in thickeners due to the action of rakes and
which substantially affects the thickening process.

Channell et al. (2000) conducted experiments investigating
the effects of shear on the sludge rheological properties. They
found that the sludge rheological properties were significantly
influenced by the presence of shear. Adding shear to a sludge
suspension dewatering operation can lead to densification of loose
solids-containing aggregates (flocs) within the sludge which
causes the decrease of the aggregate diameter throughout the
dewatering device (Usher et al., 2009; van Deventer et al., 2011;
Zhang et al., 2013). Such a dewatering operation in which suspen-
sion rheological properties depend not just on local solids fraction,
but also explicitly on residence time and/or position in the
dewatering device can be expected to be more difficult to model
than one in which such explicit time and/or position dependence
is absent (Usher et al., 2013). Densification in particular tends over
time to reduce the hindered settling function (wider channels
open up between flocs facilitating settling) and reduce the
compressive yield stress (flocs lose contact with neighbours,
limiting a sludge's ability to support stress). Densified aggregate
diameters are however believed to saturate to an eventual final
value in the presence of shear, meaning that the sludge rheological
material properties should likewise saturate. Usher et al. (2009)
developed a mathematical model to extract the densified sludge
rheological properties given different final aggregate diameters,
and applied that model to study the case of a thickener. That
mathematical model assumed the aggregates had evolved to a
final densified steady state before entering the consolidation zone
of the thickener. However, densification and the associated evolu-
tion of the aggregate diameter which both depend on the solids
residence time can in principle occur throughout the consolidating
bed in industrial thickeners. As densification occurs throughout
the consolidation zone, both the solids volume fraction within the
aggregates, ϕagg and the suspension gel point, ϕg , which can affect
the sludge rheological properties, increase with the decrease of the
aggregate diameter. The effects of densification as it occurs
throughout the consolidating bed upon the sludge rheological
properties must therefore be simulated and explored.

The work of van Deventer et al. (2011) assumed a densification
rate equation which described the evolution of the aggregate
diameter. An important parameter used in that rate equation is
the densification rate parameter, A, the reciprocal of which
determines the characteristic densification time required to
approach the final steady state aggregate diameter. The densifica-
tion rate parameter, A also affects the rate of change of the gel
point, ϕg and the rate of change of the solids volume fraction
within the aggregates, ϕagg , which in turn influence the hindered
settling function, RðϕÞ and the compressive yield stress, PyðϕÞ.
Thus, for the simulation and computation of the sludge rheological
properties in the presence of densification, the densification rate
parameter, A must be considered explicitly in the dewatering
models for thickeners: this was not tackled by Usher et al.
(2009). Previous work by ourselves (Zhang et al., 2013) widened
considerably the parameter space investigated by Usher et al.
(2009), but still did not address the question of time-dependent
densification.

When addressing how densification influences thickening, we
must of course identify the thickener operating parameters that
are affected. The underflow solids flux is a crucial operating
parameter in the design of a densified thickener. Usher and
Scales (2005) showed that there was a maximum permitted
underflow solids flux which could not be surpassed in a (unden-
sified) thickener for a given underflow solids volume fraction.
Experiments conducted by Gladman et al. (2010) argued that a

larger underflow solids flux could be achieved for a given under-
flow solids volume fraction at a given bed height in densified
thickeners. There is therefore an interest in finding how densifica-
tion affects the maximum permitted underflow solids flux in a
densified thickener. For an unnetworked feed to a thickener, the
solids volume fraction at the top of the bed, which is generally the
suspension gel point, has a bearing upon the maximum underflow
solids flux permissible in that thickener. We are interested here in
whether and how the chosen underflow solids flux imposes
conditions upon the solids volume fraction at the top of the bed
during densification. When a sufficiently large underflow solids
flux is given in a densified thickener, it may be necessary to pre-
shear aggregates which leads to the decrease of the aggregate
diameter to some extent before the material enters the consolida-
tion zone. The aggregates will also continue to densify in the
consolidation zone. In such a case, the actual height of the
consolidation zone and the solids volume fraction at the top of
the bed must be computed and explored. The effects of pre-
shearing of aggregates on the sludge rheological properties and
thickener performance also must be simulated and predicted.

Thickener performance characteristics including the bed
height, the solids residence time and the maximum permitted
underflow solids flux have already been predicted in terms of the
sludge rheological properties for both initial undensified thick-
eners and fully densified thickeners (Landman et al., 1988; Bürger
et al., 2000; Bürger and Karlsen, 2001; Martin, 2004; Usher and
Scales, 2005; Usher et al., 2009; Gladman et al., 2010; Zhang et al.,
2013). As the new sludge rheological properties are extracted and
computed in the presence of time-dependent densification, we are
interested here in predicting and computing the performance of
densified thickeners where the densification and consolidation/
dewatering occur simultaneously. We are also interested here in
the time-evolution in situ of the sludge rheological properties
themselves. These are the main novel aspects of the work
presented here.

This paper therefore investigates the effects of different densi-
fication rate parameters and different underflow solids fluxes on
the sludge rheological properties and thickener performance in
the presence of densification. Section 2 introduces a dewatering
model consistent with time-dependent densification, thereby
extending the earlier models presented by Usher et al. (2009).
The densification rate equation and an algorithm used to predict
the effects of the densification rate parameters and the underflow
solids fluxes on the requisite solids volume fraction at the top of
the bed are also introduced in Section 2. Section 3 illustrates
different cases given different operating parameters in a densified
thickener. The functional forms of the densified hindered settling
function, Rðϕ; tresÞ and the densified compressive yield stress,
Pyðϕ; tresÞ are also given in Section 3, being now functions of the
solids residence time in the system tres in addition to the solids
volume fraction ϕ. Section 4 considers and compares the simu-
lated results by giving different densification rate parameters and
different underflow solids fluxes. Section 5 highlights the
conclusions.

2. Modelling of the consolidation zone in the presence of
time-dependent densification

As the aggregates enter the consolidation zone, the sludge will
be dewatered and the solids volume fraction in the bed will be
increased. The compressive yield stress which measures the
strength of the gel is a vital parameter in this zone and must be
considered in the force balance equation (the other forces present
being buoyancy and frictional drag). A one dimensional force
balance equation governing the consolidation zone is written as
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(Buscall and White, 1987; Landman et al., 1988):

Rðϕ; tresÞqð1−ϕ=ϕuÞ
ð1−ϕÞ2

−
dPyðϕ; tresÞ

dϕ
dϕ
dz

−Δρgϕ¼ 0 ð1Þ

where ϕu is the underflow solids volume fraction, Rðϕ; tresÞ is the
densified hindered settling function, Pyðϕ; tresÞ is the densified
compressive yield stress, Δρ is the density difference between
the solids and liquid, g is the gravitational acceleration, tres is the
solids residence time, q is the steady and spatially uniform
underflow solids flux which is measured downward, and z is the
height in the bed which is measured upward.

Due to time-dependent densification that occurs throughout
the consolidation zone, the sludge rheological properties including
the densified hindered settling function, Rðϕ; tresÞ, and the densi-
fied compressive yield stress, Pyðϕ; tresÞ, depend upon both the
solids residence time, tres, and the local solids volume fraction, ϕ.
Thus, the gradient of the densified compressive yield stress,
Pyðϕ; tresÞ, with respect to the local solids volume fraction, ϕ
becomes

dPyðϕ; tresÞ
dϕ

¼ ∂Pyðϕ; tresÞ
∂ϕ

þ ∂Pyðϕ; tresÞ
∂tres

dtres
dϕ

: ð2Þ

The second term on the right hand side of Eq. (2) is neglected
when the aggregates reach the final steady state aggregate
diameter, since the compressive yield stress is irrelevant to the
solids residence time in that case and this has been the basis of
previous modelling by Usher et al. (2009) and Zhang et al. (2013).
Here however that term is retained.

The rate of change of the local solids volume fraction in the
consolidating bed, dϕ=dtres can be written as

dϕ
dtres

¼ dϕ
dz

dz
dtres

: ð3Þ

In addition, the solids settling rate in the consolidating bed in
terms of the underflow solids flux, q and the local solids volume
fraction, ϕ has been given by Usher and Scales (2005):

dz
dtres

¼−
q
ϕ

ð4Þ

where the sign on the right hand side indicates that the coordinate
z is measured upward and the solids residence time, tres is
increased from tres ¼ 0 in the feed at or above the top of the bed
to some positive value at the bottom of the densified thickener.

Substituting Eq. (2) into Eq. (1) yields

dϕ
dz

¼−
Δρgϕ− Rðϕ;tresÞ

ð1−ϕÞ2 q 1− ϕ
ϕu

� �
∂Pyðϕ;tresÞ

∂ϕ þ ∂Pyðϕ;tresÞ
∂tres

dtres
dϕ

: ð5Þ

Therefore, substituting Eqs. (4) and (5) into Eq. (3) and then
rearranging Eq. (3) yields

dϕ
dtres

¼
Δρgq− Rðϕ;tresÞ

ð1−ϕÞ2 q
2 1

ϕ−
1
ϕu

� �
− ∂Pyðϕ;tresÞ

∂tres
∂Pyðϕ;tresÞ

∂ϕ

: ð6Þ

Eq. (6) can be solved easily for ϕ vs tres by the midpoint rule.1

Then z vs tres (via Eq. (4)) and hence ϕ vs z (parametrically in terms
of tres) are solved easily.

For an unnetworked system in which the initial solids volume
fraction at the inlet of the thickener is less than the gel point, the
solids volume fraction at the top of the bed is either the initial

undensified gel point, ϕg;0 or else the final saturated steady state
gel point, ϕg;∞, respectively in initial undensified thickeners or fully
densified thickeners (with necessarily ϕg;∞4ϕg;0). When densifica-
tion occurs throughout the consolidation zone however, the solids
volume fraction at the top of the bed is possibly some a priori
unknown densified gel point ϕg which needs to be determined
and computed. Thus, it is vital to obtain the actual value of the
densified gel point at the top of the bed in densified thickeners.

Moving into the bed, the rate of increase of the solids volume
fraction ϕ in a consolidating and densifying bed tends to be more
rapid than that of the gel point ϕg if a small underflow solids flux is
selected in a densified thickener. Thus, all the aggregates intro-
duced to the thickener can be considered to enter the consolidat-
ing bed immediately and no pre-shearing of aggregates needs to
occur at early times: the gel point at the top of the bed is the initial
undensified gel point in that case. When the underflow solids flux
is however selected large enough, the rate of increase of the solids
volume fraction may fall and could potentially become slower
than that of the gel point itself at early times. This leads to a
paradoxical situation whereby a suspension which starts to gel as
the solids volume fraction, ϕ surpasses ϕg;0, could then “ungel” as
individual aggregates densify and lose contact with one another.
Hence to avoid this, pre-shearing of aggregates must occur (which
has the effect of slowing down further densification occurring in
the bed itself). The solids volume fraction at the top of the bed is
the densified gel point which needs to be calculated.

2.1. Evolution of the aggregate diameter ratio and the gel point

As mentioned previously, the aggregate diameter is decreased
when densification occurs. The densification rate parameter, A,
which affects the rate of decrease of the aggregate diameter, is an
important parameter for the predictions of thickener performance
and the bed structure. Moreover, the predictions of the densified
hindered settling function, Rðϕ; tresÞ, and the densified compressive
yield stress, Pyðϕ; tresÞ, depend on the densification rate parameter,
A. The evolution of the aggregate diameter in terms of the
densification rate parameter, A has been developed by van
Deventer et al. (2011)

dDagg

dtres
¼−AðDagg−Dagg;∞Þ ð7Þ

Dagg ¼ ð1−Dagg;∞Þe−Atres þ Dagg;∞ ð8Þ

where A is the densification rate parameter, Dagg is the aggregate
diameter ratio defined as the ratio of the densified aggregate
diameter to the undensified aggregate diameter, and Dagg;∞ is a
final steady state aggregate diameter ratio which is defined as the
minimum aggregate diameter ratio obtained in densified thick-
eners. Note that this final steady state aggregate diameter ratio,
Dagg;∞ is independent of the densification rate parameter, A. We
assume Dagg;∞ ¼ 0:9 here (Usher et al., 2009; van Deventer et al.,
2011). Mass balance for the solids volume fraction within the
aggregates must obey (van Deventer et al., 2011):

ϕagg ¼
ϕagg;0

D3
agg

ð9Þ

where ϕagg;0 is the initial undensified solids volume fraction within
the aggregates which is assumed to be 0.1667 in this paper (Usher
et al., 2009).

The densification theory (Usher et al., 2009; van Deventer et al.,
2011) indicated that the gel point increased with the decrease of
the aggregate diameter ratio. The densified gel point, ϕg formula
which is expressed in terms of the initial undensified gel point,
ϕg;0 and the aggregate diameter ratio, Dagg has been developed by

1 The 4th order Runge–Kutta method is normally a more accurate method.
However as has been discussed in the literature (Usher et al., 2009; Zhang et al.,
2013), the functions Rðϕ; tresÞ and Pyðϕ; tresÞ are not perfectly smooth at the point
where the solids volume fraction, ϕ equals the solids volume fraction within the
aggregates, ϕagg , meaning that 4th order Runge–Kutta method tends not to perform
any better than simpler algorithms such as the midpoint rule.

Y. Zhang et al. / Chemical Engineering Science 99 (2013) 103–112 105



van Deventer et al. (2011)

ϕg ¼
ϕg;0

D3
agg

ð10Þ

where ϕg is the densified gel point, and ϕg;0 is the initial
undensified gel point which is assumed to be 0.1 in this paper
(Usher et al., 2009). According to the above equations, ϕg is simply
a fixed fraction of ϕagg—corresponding to the fraction of space that
must be filled by aggregates for them to gel into a network.

2.2. Sludge rheological properties

As has been discussed previously, the sludge rheological
properties including the densified compressive yield stress,
Pyðϕ; tresÞ and the densified hindered settling function, Rðϕ; tresÞ
are influenced if densification occurs, since the gel point, ϕg and
the solids volume fraction within the aggregates, ϕagg increase
with the decrease of the aggregate diameters. Surprisingly per-
haps, the sludge rheological properties are also influenced by the
underflow solids flux, since the value of q we select determines
whether the aggregates need to be pre-sheared prior to entering
the consolidated bed. The precise details of how the sludge
rheological properties change with the above mentioned para-
meters will be discussed later. We will also identify certain critical
values of the underflow solids flux in the following sections.

2.3. Maximum permitted underflow solids flux

As mentioned above, the underflow solids flux affects the
consolidating bed structure and the actual bed height of a
densified thickener. Usher and Scales (2005) developed an algo-
rithm used to determine the maximum permitted underflow
solids flux for an undensified thickener. This balances buoyancy
of the solids to the hydrodynamic drag on them and is only
realised for an exceedingly tall thickener where the network
stresses are very weak. The undensified maximum permitted
underflow solids flux, qundensifiedmax is equal to the minimum possible
free settling solids flux determined by application of all possible
solids volume fractions in the bed (Usher and Scales, 2005). This
(minimum) free settling solids flux, qfs can be written as (Usher
and Scales, 2005)

qundensifiedmax ¼ qfs≡ min
ϕg;0 ≤ϕ ≤ϕu

Δρgϕð1−ϕÞ2

R0ðϕÞ 1−
ϕ

ϕu

� � ð11Þ

where R0ðϕÞ is the undensified hindered settling function.
In both an initial undensified thickener and a fully densified

thickener, the minimum free settling solids flux is determined at
some point in the interior of the bed where, as mentioned
previously, the gravity force balances the hydrodynamic drag.
The location of the minimum free settling solids flux is set largely
by a rapid increase of R0ðϕÞ with respect to ϕ and a slow decrease
of ð1−ϕ=ϕuÞ with respect to ϕ in the denominator of Eq. (11).
However, in a densified thickener (where the hindered settling
function depends on both the solids residence time and the solids
volume fraction and where Rðϕ; tresÞ will replace R0ðϕÞ in Eq. (11)),
the minimum sought of Eq. (11) can shift, due to the decrease of
the aggregate diameter throughout the bed. For a sufficiently low
densification rate parameter, A, the rate of evolution of the
aggregate diameter ratio is also extremely slow and the minimum
free settling solids flux is again determined at some point in the
interior of the bed, since the solids behaviour in that case is very
similar to that in an initial undensified thickener. However, for a
densification rate parameter, A, which is rather larger, the mini-
mum sought of Eq. (11) tends to occur at the top of the bed. This is

because any sharp increase in Rðϕ; tresÞ with respect to ϕ (drag
increases with the solids volume fraction) tends to be offset by a
sharp decrease in Rðϕ; tresÞ with respect to tres (drag decreases as
the aggregates densify and wider channels open up between
them).

In the presence of densification, we define two maximum
permitted underflow solids fluxes: the maximum permitted
underflow solids flux, qmu assuming the initial undensified gel
point at the top of the bed and the maximum permitted underflow
solids flux, qmax for access to any possible solids volume fractions
in a densified thickener, corresponding to the densified case with
an arbitrarily large amount of pre-shearing.

Specifically, qmu and qmax are written as

qmu ¼
Δρgϕg;0ð1−ϕg;0Þ2

R0ðϕg;0Þ 1−
ϕg;0

ϕu

� � ð12Þ

qmax ¼ min
ϕg;∞ ≤ϕ ≤ϕu

Δρgϕð1−ϕÞ2

R∞ðϕÞ 1−
ϕ

ϕu

� � ð13Þ

where ϕg;0 is the initial undensified gel point, ϕg;∞ is the fully
densified gel point, R0ðϕg;0Þ is the initial undensified hindered
settling function evaluated at ϕ¼ ϕg;0, R∞ðϕÞ is equal to
limtres-∞Rðϕ; tresÞ and ϕu is the underflow solids volume fraction.

Evidently qmax, which can never be exceeded for a given
underflow solids volume fraction in a densified thickener, is
larger2 than qmu which is likewise larger than the undensified
maximum permitted underflow solids flux. If the proposed under-
flow solids flux, q is smaller than qmu, the solids volume fraction at
the top of the bed will be the initial undensified gel point, ϕg;0. For
the case where the proposed underflow solids flux, q is larger than
qmu, pre-shearing of aggregates must occur and the solids volume
fraction at the top of the bed will be some densified gel point
which needs to be computed.

We emphasise that Eqs. (12) and (13) should be viewed as
engineering rules of thumb for defining the maximum permitted
underflow solids fluxes rather than comprehensive laws. They
work well for cases we shall consider here with densification rate
parameters of the same order of magnitude as those seen in van
Deventer et al. (2011), but it is always possible to envisage a
densification rate parameter sufficiently small whereby the densi-
fied maximum permitted underflow solids flux moves back
arbitrarily close to the undensified value.

Indeed it is not even unambiguous what physical criterion one
would use to define the maximum permitted underflow solids
fluxes in the time-dependent densified case—is the aim to avoid
points where dϕ=dz-0 (on the grounds that these lead to tall
thickeners) or should one be trying to avoid regions where
dPyðϕÞ=dz changes sign (to ensure a dynamically stable situation
where network stresses oppose suspension buoyancy)? These two
criteria are identical in an undensified case and are again unam-
biguous in a fully densified case, but differ in the case of time-
dependent densification – the latter criterion (which is what we
have used) turns out to be the more stringent one.

2.3.1. Algorithm for determining the gel point at the top of the bed
A simple formula is available to determine the maximum

permitted underflow solids flux, qmu assuming the initial unden-
sified gel point at the top of the bed (see Eq. (12)). For cases where

2 The claim that typically qmax exceeds qmu, is supported by arguments detailed
in Zhang et al. (2013) suggesting that the value of ð1−ϕg;∞Þ2=R∞ðϕg;∞Þ is well
approximated by the value of ð1−ϕg;0Þ2=ðDagg;∞R0ðϕg;0ÞÞ.
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qmuoqoqmax, the densified gel point at the top of the bed is also
determined via a simple algorithm described below.

We have already stated that for a sufficiently small densifica-
tion rate parameter, A, the maximum permitted underflow solids
flux accessible in a densified thickener corresponds to that in an
undensified thickener, but for a larger densification rate para-
meter, A (comparable with the values actually encountered in
practice by van Deventer et al., 2011), the maximum permitted
underflow solids flux assuming the initial undensified gel point,
ϕg;0 at the top of the bed instead approaches the rule of thumb
value qmu given by Eq. (12).

If the proposed underflow solids flux, q now exceeds qmu (but is
less than qmax given by Eq. (13)), then we have to search for a new
gel point, ϕg (which is larger than ϕg;0) at the top of the bed. The
equation for searching for this new gel point, ϕg can be written as

q¼ Δρgϕgð1−ϕgÞ2

Rðϕg ; tresðϕgÞÞ 1−
ϕg

ϕu

� � ð14Þ

where q denotes the proposed underflow solids flux, and tresðϕgÞ
denotes the amount of pre-shearing time computed via Eqs. (8)
and (10) needed to shift the gel point from ϕg;0 to ϕg . Again the
rule of thumb assumption3 applies here that, at tresðϕgÞ, aggregates
are still densifying sufficiently quickly that increases in Rðϕ; tresÞ
with respect to ϕ moving down into the consolidated bed are
offset by decreases in Rðϕ; tresÞ with respect to tres.

For a given underflow solids volume fraction, the maximum
permitted underflow solids flux that can ever be delivered is of
course qmax, which corresponds to pre-shearing all the way to a
final steady state aggregate diameter ratio given in a fully
densified thickener. Then, the solids volume fraction at the top
of the bed is the final steady state gel point, ϕg;∞ whereas qmax is
equal to the minimum sought in Eq. (13) considering the solids
volume fractions ranging between the final steady state gel point,
ϕg;∞ and the proposed underflow solids volume fraction, ϕu in a
fully densified thickener.

3. Case studies

Four cases are illustrated in this section. Two cases operate a
comparatively small underflow solids flux, including either a small
densification rate parameter or a large densification rate para-
meter (with a value as chosen by van Deventer et al., 2011),
respectively. The imposed underflow solids flux is smaller than
qmu given by Eq. (12) in those two cases. Another two cases include
the same small densification rate parameter and the same large
densification rate parameter as given in the previous two cases,
respectively, but a different underflow solids flux which is larger
than qmu. The operating parameters given in each case are shown
in Table 1.

The underflow solids volume fraction, ϕu is assumed to be
0.2 in all cases, the initial undensified gel point, ϕg;0 is chosen as
0.1 (Usher et al., 2009) and the initial solids volume fraction within
the aggregates, ϕagg;0 is assumed to be 0.1667 (Usher et al., 2009).
In addition, the final steady state aggregate diameter ratio, Dagg;∞ is
assumed to be 0.9 (a value used previously in computations by

both Usher et al. (2009) and van Deventer et al. (2011), and
moreover not too far from an experimentally determined value
0.846 of van Deventer et al. (2011) for a calcite suspension). Hence,
the final steady state gel point, ϕg;∞, determined by Eq. (10) is
0.1372 and the final steady state solids volume fraction within the
aggregates, ϕagg;∞, determined by Eq. (9) is 0.2286. The densities of
solids and liquid are chosen as 3200 kg m−3 and 1000 kg m−3,
respectively (Usher et al., 2009). The gravitational acceleration, g is
chosen as 9:8 m s−2.

3.1. Sludge properties

As densification occurs right throughout the consolidating bed,
the sludge rheological properties depend on the solids volume
fraction, ϕ, and the solids volume fraction within the aggregates,
ϕagg , which itself depends on the densification rate parameter, A,
and the solids residence time, tres. In order to simulate and
compute the sludge rheological properties, we must choose
appropriate functional forms for the densified hindered settling
function, Rðϕ; tresÞ, and the densified compressive yield stress,
Pyðϕ; tresÞ in terms of their undensified counterparts.

3.1.1. Hindered settling function
The initial undensified hindered settling function, R0ðϕÞ is

chosen here as (Usher et al., 2009; Zhang et al., 2013)

R0ðϕÞ ¼
RStokes;0

ϕagg;0
ðϕþ rgÞrn r−rng ð15Þ

where RStokes;0 is the initial undensified hindered settling function
of an isolated aggregate which is chosen as 2;60;469 Pa s m−2

(Zhang et al., 2013), rg and rn are the functional parameters which
are chosen as 0.05 and 5, respectively (van Deventer et al., 2011;
Usher et al., 2009).

The densified hindered settling function has been developed by
Usher et al. (2009) and Zhang et al. (2013). The reader is referred to
those papers for full details of the derivation, but briefly the formula
accounts for the fact that flow can go both around and through
aggregates, and moreover in the case of flow around aggregates, it is
necessary to recognise that the aggregates themselves are less
buoyant than pure solids would be. The result is

Rðϕ; tresÞ ¼
ð1−ϕÞ2R0ðϕaggÞRStokes;0Dagg

ϕagg;0R0ðϕaggÞð1−ϕ=ϕaggÞ2=raggðϕ=ϕaggÞ þ ðRStokes;0Daggϕ=ϕaggÞð1−ϕaggÞ2

ð16Þ
where ϕagg represents the solids volume fraction within the
aggregates, Dagg denotes the aggregate diameter ratio, and
raggðϕ=ϕaggÞ is the aggregate hindered settling factor which is a
function of ϕ=ϕagg and which will be defined later. Note that both
ϕagg and Dagg depend upon the solids residence time, tres and the
densification rate parameter, A.

The aggregate hindered settling factor, raggðϕ=ϕaggÞ is assumed
to be independent of densification and hence can be evaluated in
the initial undensified state (Usher et al., 2009; Zhang et al., 2013).
A suitable functional form of raggðϕ=ϕaggÞ is given by Zhang et al.
(2013):

raggðϕ=ϕaggÞ

¼
ϕagg;0 1−

ϕ

ϕagg

 !2

R0ðϕagg;0ÞR0 ϕagg;0
ϕ

ϕagg

 !

R0ðϕagg;0Þ 1−ϕagg;0
ϕ

ϕagg

 !2

−
ϕ

ϕagg
ð1−ϕagg;0Þ2R0 ϕagg;0

ϕ

ϕagg

 !0
@

1
ARStokes;0

: ð17Þ

3.1.2. Compressive yield stress
For an initial undensified system, previous work (Zhang et al.,

2013) considered two functional forms for the compressive yield

3 This rule of thumb procedure for relating ϕg to q breaks down when the
solids residence times are sufficiently long as to bring ϕg into the neighbourhood of
ϕg;∞ , since Rðϕ; tresÞ then ceases to change with tres, and identification of the
maximum permitted underflow solids flux corresponding to a given ϕg≈ϕg;∞ then
reverts to an interval search analogous to Eq. (13). As a consequence, for q values
which are very close to qmax, the values of ϕg vary more rapidly with respect to q
than the solution of Eq. (14) would suggest. However for the values of the
densification rate parameter, A and the underflow solids flux, q to be considered
here, Eq. (14) works well in practice.
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stress. One had a comparatively weak network in the neighbour-
hood of the gel point – as ϕ-ϕg , Pyðϕ; tresÞ approached zero as a
high power of ϕ−ϕg . The other was comparatively strong in the
neighbourhood of the gel point – as ϕ-ϕg , Pyðϕ; tresÞ approached
zero linearly in ϕ−ϕg . The weak gel had dϕ=dz-∞ at the top of the
bed where ϕ-ϕg , in order to keep dPyðϕ; tresÞ=dz finite at the top
of the bed. The strong gel however had dϕ=dz finite there. In the
presence of densification, we expect the bed height to shrink,
therefore dϕ=dz is likely to increase throughout the bed – and the
larger the densification rate parameter, A, the more dϕ=dz should
increase. Clearly for a weak gel where dϕ=dz is already large near
the top of the bed, it is difficult to detect a local increase in dϕ=dz.
Therefore in this study, we choose to consider the case of a strong
gel where the effects of varying densification rate parameter, Awill
be more apparent. The undensified compressive yield stress data
presented in Usher et al. (2009) are used here, but slightly
different gel strength formulae are developed to fit the data to
the strong gel case. Thus, the functional forms of the initial
undensified compressive yield stress, Py;0ðϕÞ, and the densified
compressive yield stress, Py;1ðϕ; tresÞ are chosen as

Py;0ðϕÞ ¼
a0ðϕ−ϕg;0Þ

ðmþ ϕ−ϕg;0Þðϕcp−ϕÞn0
ð18Þ

and

Py;1ðϕ; tresÞ ¼
a1ðϕ−ϕgÞ

ðmþ ϕ−ϕgÞðϕcp−ϕÞn1
ð19Þ

where a0, m, n0, a1, and n1 are the fitting parameters. The close
packing solids volume fraction, ϕcp at which Py;0ðϕÞ and Py;1ðϕ; tresÞ
are considered to become infinite regardless of whether or not
densification occurs is assumed to be 0.8 (Usher et al., 2009).

In this paper, the values of a0, m, and n0 are assumed4 to be
3:7914 Pa, 0.0363, and 10.8302, respectively. Due to a requirement
that the densified and undensified cases join up continuously with
continuous derivative at ϕ¼ ϕagg , the densified fitting parameters,
a1 and n1, which depend on the aggregate diameter ratio, Dagg and
need to be updated in each time step, are given by

n1 ¼ ðϕcp−ϕaggÞ
P′y;0ðϕaggÞ
Py;0ðϕaggÞ

þ 1
mþ ϕagg−ϕg

−
1

ϕagg−ϕg

 !
ð20Þ

and

a1 ¼
Py;0ðϕaggÞðmþ ϕagg−ϕgÞðϕcp−ϕaggÞn1

ðϕagg−ϕgÞ
: ð21Þ

The values of n1 and a1 can be calculated via using the chosen
parameters which have already been mentioned above. The value
of n1 ranges from n1¼10.8302 determined initially at Dagg ¼ 1
down to n1¼10.0288 determined at Dagg ¼ 0:91. Meanwhile the
value of a1 ranges from a1 ¼ 3:7914 Pa determined initially at
Dagg ¼ 1 up to a1 ¼ 6:4516 Pa determined at Dagg ¼Dagg;∞ ¼ 0:9.

Eliminating a1 yields a new expression of the densified com-
pressive yield stress, Py;1ðϕ; tresÞ:

Py;1ðϕ; tresÞ ¼ Py;0ðϕaggÞ
mþ ϕagg−ϕg

mþ ϕ−ϕg

ϕcp−ϕagg

ϕcp−ϕ

 !n1
ϕ−ϕg

ϕagg−ϕg
: ð22Þ

In Eq. (22), ϕagg , ϕg , and n1 are all well-defined functions of the
solids residence time, tres. Thus, it is easy to evaluate the derivative,
∂Py;1ðϕ; tresÞ=∂tres (required in Eq. (6)) using any standard mathe-
matical software (e.g. MATLAB and Mathematica). Note that by
construction ∂Py;1ðϕ; tresÞ=∂tres vanishes when evaluated at any
instantaneous ϕ¼ ϕagg value.

3.2. Dimensionless equations

It is possible to convert the systems of equations to dimension-
less form by defining a characteristic velocity scale, Δρg=RStokes;0

and a characteristic length scale, a0=ðΔρgÞ (Zhang et al., 2013). The
dimensionless sludge rheological properties, denoted now pyðϕÞ
and RsðϕÞ, the dimensionless location, Z, the dimensionless under-
flow solids flux, Q, the dimensionless solids residence time, Tres,
and the dimensionless densification rate parameter, α are also
easily defined as (Zhang et al., 2013)

pyðϕ; TresÞ ¼
Pyðϕ; tresÞ

a0
; Rsðϕ; TresÞ ¼ Rðϕ; tresÞ

RStokes;0

Z ¼ Δρgz
a0

; Q ¼ RStokes;0q
Δρg

Tres ¼
ðΔρgÞ2tres
a0RStokes;0

; α¼ a0RStokes;0A

ðΔρgÞ2

where as noted earlier a0 ¼ 3:7914 Pa, RStokes;0 ¼ 260469 Pa s m−2,
Δρ¼ 2200 kg m−3, and g ¼ 9:8 m s−2. Thus, the characteristic velo-
city scale now becomes 0:08277 m s−1, the characteristic length
scale now becomes 1:7585� 10−4 m, and the characteristic time
scale is 2:125� 10−3 s. Hence, based on the values given in Table 1,
the dimensionless densification rate parameter, α is evaluated to
2:125� 10−6 in Cases 1 and 3 and to 2:125� 10−5 in Cases 2 and 4.
In addition, the dimensionless imposed underflow solids flux, Q is
determined to be 7:25� 10−5 in Cases 1 and 2 and is determined
to be 1:21� 10−4 in Cases 3 and 4. The dimensionless undensified
maximum permitted underflow solids flux, Qundensified

max , the dimen-
sionless maximum permitted underflow solids flux, Qmu assuming
the initial undensified gel point at the top of the bed, and the
dimensionless densified maximum permitted underflow solids
flux, Qdensified

max are determined to be 7:06� 10−5, 1:11� 10−4, and
2:42� 10−4, respectively.5

Table 1
Operating parameters given in each case. Note that the proposed underflow solids
flux operated in each case is larger than the undensified maximum permitted
underflow solids flux, but smaller than the (fully) densified maximum underflow

solids flux. The values of qundensifiedmax , qmu, and qdensifiedmax are determined via Eqs. (11)–
(13), respectively. Observe that qoqmu in Cases 1 and 2, but q4qmu in Cases 3 and 4.

Case 1 Case 2 Case 3 Case 4

Small A=s−1 0.001 N/A 0.001 N/A

Large A=s−1 N/A 0.01 N/A 0.01

Small q=m s−1 6� 10−6 6� 10−6 N/A N/A

Large q=m s−1 N/A N/A 1� 10−5 1� 10−5

qmu=m s−1 9:2� 10−6 9:2� 10−6 9:2� 10−6 9:2� 10−6

qundensifiedmax =m s−1 5:84� 10−6 5:84� 10−6 5:84� 10−6 5:84� 10−6

qdensifiedmax =m s−1 2� 10−5 2� 10−5 2� 10−5 2� 10−5

ϕu 0.2 0.2 0.2 0.2
Dagg;∞ 0.9 0.9 0.9 0.9

4 Typicallym is a small parameter – smaller than ϕu−ϕg . Thus, except very close
to the top of the bed (where ϕ is near ϕg) we deduce ðϕ−ϕgÞ=ðmþ ϕ−ϕgÞ≈1.
Therefore, Py;0ðϕÞ≈a0=ðϕcp−ϕÞn0 and Py;1ðϕ; tresÞ≈a1=ðϕcp−ϕÞn1 . This behaviour was
also seen in the strong gel formulae of Zhang et al. (2013) – although Eqs. (18) and
(19) are not identical to the formulae utilised there.

5 These dimensionless values are surprisingly small, but such small values arise
because the chosen characteristic length and velocity scales become atypical of
suspensions significantly beyond the gel point, owing partly to the comparatively
weak buoyancy of flocs compared to pure solids, but primarily due to the rapid
increase in hindrance between flocs and in gel strength as the solids volume
fraction increases. As in Zhang et al. (2013) however, we are primarily interested in
relative changes of these dimensionless values between different cases, rather than
the actual dimensionless values in any particular case.
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Eqs. (4), (6) and (8) can be easily converted to dimensionless
form using the above dimensionless scales:

dZ
dTres

¼ −
Q
ϕ

ð23Þ

dϕ
dTres

¼
Q− Rsðϕ;TresÞ

ð1−ϕÞ2 Q2 1
ϕ−

1
ϕu

� �
− ∂pyðϕ;TresÞ

∂Tres

∂pyðϕ;TresÞ
∂ϕ

ð24Þ

Dagg ¼ ð1−Dagg;∞Þe−αTres þ Dagg;∞: ð25Þ
In the above expressions, Rsðϕ; TresÞ obeys the same equations ass
given in Eqs. (15)–(17) provided we replace RStokes;0 by ϕagg;0 (see
details in Zhang et al. (2013)). Likewise pyðϕ; TresÞ obeys Eqs. (18)
and (19) provided we replace a0 by unity and a1 by a1=a0 (again
see details in Zhang et al., 2013). Finally, Atres in Eq. (8) can be
replaced by αTres. Although computations are most conveniently
done in dimensionless form, in what follows, we will convert
many of our results back to dimensional form for ease of
interpretation.

4. Results and discussion

The sludge rheological properties including the densified hin-
dered settling function, Rðϕ; tresÞ, and the densified compressive
yield stress, Pyðϕ; tresÞ, were predicted consistent with time-
dependent densification throughout the bed in this section. More-
over, the solids concentration profiles, the bed heights and the
total solids residence times required to achieve the desired under-
flow solids volume fractions were also obtained via integration of
the governing equations with the midpoint rule.

4.1. Densified gel point

As discussed previously, the densified gel point at the top of the
bed can be increased to some extent via pre-shearing of aggre-
gates permitting values of Q=Qmu in excess of unity (e.g. Cases
3 and 4). No pre-shearing of aggregates is required in Cases 1 and
2, so the solids volume fraction at the top of the bed is the initial
undensified gel point, ϕg;0 in those two cases. Table 2 shows the
densified gel points at the top of the bed determined via Eq. (14) in
Cases 3 and 4, respectively.

As shown in Table 2, the densified gel point calculated from
Cases 3 and 4, respectively remains the same value for a given
underflow solids flux (with a fixed underflow solids volume
fraction), regardless of the densification rate parameter, since the
aggregates are pre-sheared to a specific aggregate diameter ratio
such that Eq. (14) is satisfied. If a smaller densification rate
parameter is given, the solids residence time required to pre-
shear the aggregates is correspondingly longer.

4.2. Densified compressive yield stress

The dimensionless densified compressive yield stress,
py;1ðϕ; TresÞ is an important parameter which determines the net-
work strength. Figs. 1 and 2 indicate the evolution of the
dimensionless densified compressive yield stress, py;1ðϕ; TresÞ given
different dimensionless densification rate parameters and differ-
ent dimensionless underflow solids fluxes, recognising that (in the
bed) ϕ is a function of Tres and hence equivalently Tres is a function
of ϕ. For a given dimensionless underflow solids flux and a given
underflow solids volume fraction (as in Fig. 1), the dimensionless
densified compressive yield stress, py;1ðϕ; TresÞ determined in the
case of a larger dimensionless densification rate parameter, α (in
Case 2) is considerably smaller than that determined in the case of

a smaller dimensionless densification rate parameter, α (in Case 1),
due to a rapid decrease of the aggregate diameter ratio, Dagg and a
rapid increase of the solids volume fraction within the aggregates,
ϕagg in Case 2. Also comparing Figs. 1 and 2, the dimensionless
densified compressive yield stress, py;1ðϕ; TresÞ determined in Case
3 is smaller than that determined in Case 1, since the aggregates
are pre-sheared before entering the bed. A similar observation can
be obtained by comparing Case 4 with Case 2. The dimensionless
fully densified compressive yield stress is obtained at late times, as
the aggregate diameter ratio reaches the final steady state aggre-
gate diameter ratio, Dagg;∞.

Table 2
The updated densified gel points at the top of the bed determined in Cases 3 and 4,
respectively and the corresponding amount of pre-shearing time calculated in
those two cases. Cases 1 and 2 have Q=Qmuo1 and consequently do not require
pre-shearing. Thus, in those two cases ϕg ¼ ϕg;0 ¼ 0:1.

Q=Qmu ϕg αTpre−shear
res tpre−shearres =s

Case 3 1.09 0.1043 0.1491 149.1
Case 4 1.09 0.1043 0.1491 14.91
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Fig. 1. The determination of the dimensionless densified compressive yield stress,
pyðϕ; TresÞ, with a small dimensionless underflow solids flux, Q ¼ 7:25� 10−5 (Case
1—slow densification (α¼ 2:125� 10−6) and Case 2—rapid densification
(α¼ 2:125� 10−5).
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Fig. 2. The determination of the dimensionless densified compressive yield stress,
pyðϕ; TresÞ, with a comparatively ‘large’ dimensionless underflow solids flux,
Q ¼ 1:21� 10−4 (Case 3—slow densification (α¼ 2:125� 10−6) and Case 4—rapid
densification (α¼ 2:125� 10−5)).
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4.3. Densified hindered settling function

Figs. 3–5 show the dimensionless densified hindered settling
function, Rsðϕ; TresÞ predicted in each case. Those figures indicate
how the dimensionless densified hindered settling function,
Rsðϕ; TresÞ changes with given different dimensionless densification
rate parameter, α and different dimensionless underflow solids
flux, Q in the consolidating bed of a densified thickener. Again the
calculations recognise that within the consolidated bed, ϕ is a
function of Tres, and hence Tres is a function of ϕ. The dimensionless
densified hindered settling function, Rsðϕ; TresÞ, calculated in
Case 1 increases from the top of the bed to the bottom of the
densified thickener. This is the same qualitative behaviour as
observed in an undensified bed with QoQundensified

max . However,
the dimensionless densified hindered settling function, Rsðϕ; TresÞ,
determined in Case 2 (with more rapid densification than in Case
1) decreases for the solids volume fraction, ϕ between 0.1 and 0.14,
and is then increased for ϕ40:14. In Case 3 (with a higher
underflow solids flux than in Case 1), the dimensionless densified
hindered settling function, Rsðϕ; TresÞ decreases with the increase
of the solids volume fraction for ϕo0:108 and then increases with
the increase of the solids volume fraction for ϕ40:108. Note
however that the amount of the initial decrease is extremely tiny
in this particular case. The dimensionless densified hindered
settling function, Rsðϕ; TresÞ, predicted in Case 4 (again

corresponding to comparatively rapid densification) has a similar
curve shape as that achieved in Case 2.

Zhang et al. (2013) made a good approximation of Rsðϕ; TresÞ
which can be used to explain the behaviour of Rsðϕ; TresÞ vs ϕ in a
densified thickener:

Rsðϕ; TresÞ≈Dagg
ð1−ϕÞ2Rs0ðϕagg;0ϕ=ϕaggÞ

ð1−ϕagg;0ϕ=ϕaggÞ2
ð26Þ

where Rs0ðϕagg;0ϕ=ϕaggÞ represents the undensified hindered set-
tling function in dimensionless form.

If ϕ=ϕagg increases significantly moving down from the top of
the bed, then Rsðϕ; TresÞ will increase (as the given Rs0ðϕagg;0ϕ=ϕaggÞ
is a rapidly increasing function). If however ϕ=ϕagg is more or less
constant moving down into the bed, then Rsðϕ; TresÞ will decrease
slightly, since the factor Daggð1−ϕÞ2 in Eq. (26) is a decreasing
function. The behaviour of Rsðϕ; TresÞ vs ϕ depends therefore on
whether ϕ=ϕagg is an increasing or a nearly steady function. This in
turn depends on the value of ððdϕ=dTresÞ−ðϕ=ϕaggÞðdϕagg=dTresÞÞ=
ϕagg . Due to ðϕg=ϕg;0Þ ¼ ðϕagg=ϕagg;0Þ ¼ 1=D3

agg , the value of
ððdϕ=dTresÞ−ðϕ=ϕaggÞðdϕagg=dTresÞÞ=ϕagg is equivalent to the value
of ððdϕ=dTresÞ−ðϕ=ϕgÞðdϕg=dTresÞÞ=ϕagg . Near the top of the bed
where ϕ≈ϕg , we must examine ððdϕ=dTresÞ−ðdϕg=dTresÞÞ=ϕagg .

If the dimensionless underflow solids flux, Q is not too large
and the dimensionless densification rate parameter, α is small (e.g.
Case 1), then dϕ=dTres tends to exceed dϕg=dTres, meaning that
(according to Eq. (26)), Rsðϕ; TresÞ will increase. If however the
dimensionless densification rate parameter, α is increased (e.g.
Case 2), then it is clear from Eq. (24) that dϕ=dTres≈
−ð∂py;1ðϕ; TresÞ=∂TresÞ=ð∂py;1ðϕ; TresÞ=∂ϕÞ. This implies that ϕ
increases moving into the bed in such a way as to keep
py;1ðϕ; TresÞ nearly fixed. However, py;1ðϕ; TresÞ at the top of the
bed vanishes. Hence fixing py;1ðϕ; TresÞ at or near zero then implies
ϕ≈ϕg moving down into the bed. Large α indicates a rapid change
in ϕg and hence a rapid change in ϕ. Moreover, Eq. (26) reduces to
a new expression:

Rsðϕ; TresÞ≈Dagg
ð1−ϕgÞ2Rs0ðϕg;0Þ

ð1−ϕg;0Þ2
ð27Þ

where ϕg;0 is the undensified gel point.
The evolution of the factor Daggð1−ϕgÞ2 explains the slight

decrease in Rsðϕ; TresÞ at early times. After a particular time, Tres
(of order α−1), ϕagg saturates at a final value ϕagg;∞. Beyond this
point, any further increase in ϕ and hence in Rs0ðϕagg;0ϕ=ϕaggÞ
implies that Rsðϕ; TresÞ will increase again (according to Eq. (26)).
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Fig. 3. The determination of the dimensionless densified hindered settling func-
tion, Rsðϕ; TresÞ, with a small dimensionless underflow solids flux, Q ¼ 7:25� 10−5—

(Case 1—slow densification (α¼ 2:125� 10−6) and Case 2—rapid densification
(α¼ 2:125� 10−5).
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The above arguments explain how Rsðϕ; TresÞ changes due to an
increase in the dimensionless densification rate parameter, α. Now
we turn to how Rsðϕ; TresÞ changes in response to the increasing
dimensionless underflow solids flux Q, which approaching the
dimensionless maximum permitted underflow solids flux, Qmax

tends to lead to very tall beds. For a sufficiently tall bed and a small
α (e.g. Case 3), dϕ=dTres must decrease—making it again compar-
able with dϕg=dTres at early times. Thus, this can lead (as before) to
a very slight decrease in Rsðϕ; TresÞ at early times. If the dimension-
less underflow solids flux Q is large and the dimensionless
densification rate parameter α is also large (e.g. Case 4), the gel
point, ϕg increases rapidly and then the local solids volume
fraction, ϕ also increases rapidly. This is conceptually similar to
Case 2 which has already been discussed. Thus, a slight initial
decrease in Rsðϕ; TresÞ is also observed in Case 4.

4.4. Thickener performance predictions

Predictions of thickener performance in the presence of densi-
fication are very important for improving the thickener design. As
mentioned previously, the main variables of interest include the
bed height, hb and the total solids residence time, ttotalres (given here
for convenience in dimensional form). These data determined in
each case are presented in Table 3. Figs. 6 and 7 meanwhile show
the solids volume fraction vs height in the thickeners. For a given

underflow solids flux, the bed height required to achieve the
desired underflow solids volume fraction decreases with the
increase of the dimensionless densification rate parameter rate,
α, due to the more rapid evolution of the sludge rheological
properties. As shown in Figs. 6 and 7, for a given dimensionless
densification rate, α and a given underflow solids volume fraction,
ϕu, the bed height determined by operating a smaller underflow
solids flux is smaller than that determined by using a larger
underflow solids flux.

For Case 2, Fig. 6 shows that a nearly flat line profile can be
observed near the top of the bed and then a sharp change in the
gradient can be obtained in the interior of the bed. A similar curve
shape can be observed for Case 4 in Fig. 7. For a comparatively
‘large’ dimensionless densification rate parameter, α, the ratio of
the solids volume fraction, ϕ, to the densified gel point, ϕg remains
roughly unity as long as the gel point, ϕg is still changing
significantly. Rapid changes in ϕg then imply rapid changes in ϕ
(in order to avoid any tendency of the system to “ungel”), hence
the flat line profile (i.e. ϕ changes significantly over a small
distance) near the top of the bed can be observed in the cases of
a large dimensionless densification rate parameter, α (e.g. Cases
2 and 4). Further down in the interior of the bed, the densified gel
point, ϕg reaches the fully densified gel point, ϕg;∞ and thereafter
remains constant. Whilst ϕ still continues to increase in the interior
of the bed, it is no longer tied to rapid increases in ϕg , hence the
sharp changes in the gradient can be seen in Figs. 6 and 7.

Table 3 shows the total solids residence time required to obtain
the desired underflow solids volume fraction. Although taller bed
heights are required to achieve the desired underflow solids
volume fraction in Case 3 and 4, the total solids residence times
calculated in those two cases are shorter compared to those
determined in Case 1 and 2, respectively, due to the presence of
pre-shearing of aggregates permitting a large underflow solids flux
given in Case 3 and 4. Thus, the rate of dewatering is also
improved via pre-shearing of aggregates in a densified thickener.

5. Conclusions

Thickening/dewatering with simultaneous in situ densification is
far more challenging to model than an undensified thickener and/or
a system where densification is effectively completed before sig-
nificant dewatering starts. Despite these modelling challenges
useful insights into systems with simultaneous dewatering and

Table 3
The total solids residence time and the corresponding bed height determined in
each case. Note that in Cases 3 and 4 (which require pre-shearing) the total solids
residence time includes the solids residence time required for pre-shearing of
aggregates and the solids residence time required for consolidating the bed,
although the former time is typically just a very small fraction of the latter.

Case 1 Case 2 Fully densified

ttotalres =hours 2.092 1.944 1.931

αTtotal
res

7.531 69.984 N/A

hb=m 0.286 0.253 0.249

Case 3 Case 4 Fully densified

ttotalres =hours 1.832 1.520 1.489

αTtotal
res

6.595 54.720 N/A

tpre−shearres =ttotalres
0.0226 2:725� 10−3 N/A

hb=m 0.418 0.332 0.323
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Fig. 6. The profile of the height in the bed vs the solids volume fraction – for a
small underflow solids flux (Case 1—small densification rate parameter and Case 2
—comparatively ‘large’ densification rate parameter). Data are compared with the
fully densified case. No comparison data are shown for the undensified case, since
the imposed underflow solids flux chosen in Cases 1 and 2 is larger than the
undensified maximum permitted underflow solids flux (see Table 1).
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comparatively ‘large’ underflow solids flux (Case 3—small densification rate
parameter and Case 4—comparatively ‘large’ densification rate parameter). Fully
densified data are also shown for comparison. As the imposed underflow solids flux
is larger than the undensified maximum permitted underflow solids flux, no
comparison has been made with undensified data.
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densification can be obtained. When a comparatively small under-
flow solids flux (which, by a simple rule of thumb formula valid in
cases of practical interest, can be up to the free settling solids flux,
corresponding to the initial undensified gel point) is operated in a
densified thickener, the solids volume fraction at the top of the bed is
the initial undensified gel point. A larger underflow solids flux
however requires pre-shearing of aggregates at early times in a
densified thickener. The solids volume fraction at the top of the bed
is then a densified gel point (again readily obtained by a simple rule
of thumb formula in cases of practical interest) which is larger than
the initial undensified gel point owing to this pre-shearing. That
densified gel point at the top of the bed depends on the imposed
underflow solids flux and the imposed underflow solids volume
fraction, but is independent of the densification rate parameter that
determines how rapidly aggregates densify. Nevertheless the densi-
fication rate parameter and the evolution of the solids volume
fraction within the aggregates substantially affect the sludge rheolo-
gical properties and thickener performance in a densified thickener.
A large densification rate parameter can decrease the densified
hindered settling function and reduce the densified compressive
yield stress for a given underflow solids flux and a given underflow
solids volume fraction. Thickening operations can then achieve
higher underflow solids fluxes and/or shorter bed heights. The sludge
rheological properties and the associated thickener performance
are further affected by pre-shearing of aggregates. Moreover,
densification in situ and/or pre-shearing of aggregates can incre-
ase the dewatering performance by decreasing the total solids
residence time.

Nomenclature

A aggregate densification rate parameter (s−1)
a0 curve fitting parameter for the undensified compressive

yield stress function (Pa)
a1 curve fitting parameter for the densified compressive

yield stress function (Pa)
Dagg aggregate diameter ratio
Dagg;∞ final steady state aggregate diameter ratio
g gravitational acceleration (m s−2)
hb bed height (m)
m curve fitting parameter for the undensified and densified

compressive yield stress functions
n0 curve fitting parameter for the undensified compressive

yield stress function
n1 curve fitting parameter for the densified compressive

yield stress function
Py;0 undensified compressive yield stress (Pa)
Py;1 densified compressive yield stress (Pa)
py;1 dimensionless densified compressive yield stress
q imposed underflow solids flux (m s−1)
qfs free settling solids flux (m s−1)
qmu maximum underflow solids flux assuming the initial

undensified gel point at the top of the bed (m s−1)
qmax maximum permitted underflow solids flux in densified

thickeners (m s−1)
Q dimensionless imposed underflow solids flux
Qmu dimensionless maximum underflow solids flux assuming

the initial undensified gel point at the top of the bed
Qmax dimensionless maximum permitted underflow solids

flux in densified thickeners
rn, rg curve fitting parameters for the undensified hindered

settling function
ragg aggregate hindered settling factor

R0 undensified hindered settling function (Pa s m−2)
R densified hindered settling function (Pa s m−2)
R∞ fully densified hindered settling function (Pa s m−2)
RStokes;0 initial undensified hindered settling function of an iso-

lated aggregate which has the same density as that of the
solids (Pa s m−2)

Rs0 dimensionless undensified hindered settling function
Rs dimensionless densified hindered settling function
tres solids residence time (s)
tpre−shearres solids residence time required for pre-shearing of

aggregates (s)
ttotalres total solids residence time (s)
Tres dimensionless solids residence time
Tpre−shear
res dimensionless solids residence time required for pre-

shearing of aggregates
Ttotal
res dimensionless total solids residence time

z height in the bed (m)
Z dimensionless height in the bed
α dimensionless aggregate densification rate parameter
Δρ density difference between the solids and liquid (kg m−3)
ϕ local solids volume fraction
ϕagg;0 initial solids volume fraction within the aggregates
ϕagg solids volume fraction within the aggregates
ϕagg;∞ solids volume fraction within fully densified aggregates
ϕg;0 initial undensified gel point
ϕg densified gel point
ϕg;∞ fully densified gel point
ϕu underflow solids volume fraction
ϕcp close packing solids volume fraction at which the com-

pressive yield stress becomes infinite
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Chapter 5
Effects of underflow solids volume

fractions on thickener performance subject

to aggregate densification

Summary

This chapter considers the operation of a thickener processing a solid-liquid sludge

suspension, where loose solid aggregates contained within the suspension are subjected

to shear-induced densification. Specifically this chapter considers the effect of varying

the underflow solids volume fraction in such a system upon the prediction of thickener

performance. The effects of different underflow solids volume fractions upon the deter-

mination of the underflow solids flux permitted in a thickener has also been explored.

Moreover, the effects of different proposed underflow solids volume fractions upon the

evolution of sludge rheological properties have been addressed. Pre-shearing of aggre-

gates proposed in Zhang et al. (2013a) influences the prediction of thickener performance

and the evolution of sludge rheological properties. In this chapter, whether or not pre-

shearing of aggregates needs to occur when giving different proposed underflow solids

volume fractions has been investigated. Pre-shearing of aggregates is not required if a

very large underflow solids volume fraction is given, the thickener then being operated at

a comparatively small underflow solids flux. Different values of the so called aggregate

densification rate parameters which are believed to have significant effects on the evolu-

109
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tion of sludge rheological properties and on the prediction of thickener performance have

been considered in this chapter. The extent in the improvement of thickener performance

due to aggregate densification has been explored. Thickener performance is significantly

enhanced when the underflow solids volume fraction is comparatively small. With the

increase in the underflow solids volume fraction, there is less improvement in thickener

performance.

5.1 Introduction

One advantage of densified thickeners where aggregates/flocs within sludge suspen-

sions become smaller in diameter throughout thickeners due to the presence of rakes is to

improve the performance of thickeners (e.g. shorter heights required for the consolidation

zone and larger underflow solids fluxes given in thickeners) (Usher et al., 2009; Gladman

et al., 2010; Zhang et al., 2013a,b). An important finding is that the underflow solids flux

operated in a steady state thickener can be increased for a given underflow solids volume

fraction after aggregate densification (Usher et al., 2009; Gladman et al., 2010; Zhang

et al., 2013a,b). Knowing different underflow solids flux operating ranges which were

discussed in the literature (Usher and Scales, 2005; Zhang et al., 2013a,b) is useful for the

design and control of a thickener with time-dependent densification, since the underflow

solids flux can influence the height and the solids residence time required for the consol-

idation zone. In a fully densified thickener, the consolidation zone can be divided into

2 sub-zones depending upon the ratio of the underflow solids volume fraction, φu to the

solids volume fraction within the final steady state aggregates, φagg,∞: Zoneupper where

the densified sludge rheological properties are applied and which is determined from the

top of the consolidation zone to some height predicted at φ = φagg,∞, and Zonelower

where the initially undensified sludge rheological properties are applied and which is un-

derneath Zoneupper (Zhang et al., 2013b). Densification still occurs in Zonelower but the

sludge rheological properties determined in Zonelower are exactly the same as the un-

densified ones, due to the overlapping and interpenetration of aggregates (Zhang et al.,

2013b). The presence of Zonelower affects significantly the determination of the maxi-

mum permitted underflow solids flux and may have effects on the prediction of thickener
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performance (Zhang et al., 2013b). We are interested in exploring how the presence of

Zonelower affects the predictions of the maximum permitted underflow solids flux and

thickener performance in a thickener subject to time-dependent densification.

When considering time-dependent aggregate densification, one important operating

parameter is the aggregate densification rate parameter, A which governs how the ag-

gregate diameters evolve in a thickener, and affects the evolutions of sludge rheological

properties and hence the prediction of thickener performance (Gladman et al., 2010; van

Deventer et al., 2011; Zhang et al., 2013a; Grassia et al., 2014). The works of Zhang

et al. (2013a,b) show that the largest extent in the improvement of thickener performance

is achieved at a fully densified state where aggregates/flocs are densified to the minimum

diameter. If time-dependent densification occurs, the faster the densification rate param-

eter, A that is given, the more significant improvements of the performance of thickeners

that have been achieved for a given underflow solids volume fraction and a given under-

flow solids flux (Zhang et al., 2013a).

The underflow solids volume fraction, φu determined at the bottom of a thickener is

expected to be a comparatively large value (which is much larger than the initial feed

solids volume fraction) and the underflow solids flux which is uniform in a steady state

thickener is also expected to be reasonably large (so as to cope with the incoming feed

flux) in practice (Diehl, 2006, 2012). Previous works (Usher and Scales, 2005; Usher

et al., 2009; Zhang et al., 2013a,b), albeit ignoring aggregate densification, show that the

limits imposed on the underflow solids flux are influenced significantly by the proposed

underflow solids volume fraction. When time-dependent densification occurs however,

we still need to explore how the limits imposed on the underflow solids flux are affected

by different proposed underflow solids volume fractions.

This chapter includes six sections in total which are introduced as follows. Section 5.2

reviews the mathematical model consistent with time-dependent densification. The sludge

rheological properties are also introduced in Section 5.2. Section 5.3 describes the effects

of different proposed underflow solids volume fractions upon the determinations of the

limits of the underflow solids flux. Different cases with different operating parameters are

considered in Section 5.4. The main outputs including the analysis of maximum permit-
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ted underflow solids fluxes, the evolutions of densified sludge rheological properties, the

bed heights, and the total solids residence times required for the consolidation zone are

illustrated in Section 5.5. Section 5.6 gives conclusions.

5.2 Mathematical model for thickeners subject to time-

dependent densification

This section reviews the suspension dewatering theory consistent with time-dependent

densification (Buscall and White, 1987; Usher et al., 2009; van Deventer et al., 2011;

Zhang et al., 2013a,b; Grassia et al., 2014). The functional forms of sludge rheological

properties are also given in this section. When the functional forms of sludge rheological

properties are given, an ordinary differential equation describing densification and con-

solidation which occur in parallel in a thickener can be written as (Zhang et al., 2013a)

dφ

dtres
=

∆ρgqu −
R(φ, tres)

(1− φ)2
q2u

1

φ
−

1

φu

− ∂Py(φ, tres)

∂tres

∂Py(φ, tres)

∂φ

(5.2.1)

where R(φ, tres) is the densified hindered settling function (a measure of the viscous re-

sistance to settling), Py(φ, tres) is the densified compressive yield stress (a measure of

the weight bearing strength of the suspension), tres is the solids residence time, ∆ρ is the

density difference between the solids and liquid which is chosen as 2200 kg m−3 (Usher

et al., 2009), g is the gravitational acceleration which is chosen as 9.8 m s−2, qu is a con-

stant and uniform underflow solids flux, due to the operation of steady state thickening.

Note that in this equation, our sign convention is such that the underflow solids flux is pos-

itive whilst the z coordinate is measured upward. The hindered settling zone is neglected

in this chapter. In other words, the solids are assumed to enter the consolidation zone

immediately and instantaneously. We define the z coordinate so that it is zero at the top of

the bed, and the solids residence time increasing from tres = 0 at the top of the bed to the
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maximum value required to achieve the desired underflow solids volume fraction. Due

to ∂Py(φ, tres)/∂φ and ∂Py(φ, tres)/∂tres being known, Eq. (5.2.1) can be solved easily

via classical numerical methods (e.g. Runge–Kutta methods, midpoint rules, and higher–

order Taylor methods) (Press et al., 1992). Here, the midpoint rule which is implemented

in Mathematica is utilised.

The determination of the solids velocity in a steady state thickener with time-dependent

aggregate densification is written as (Usher et al., 2009; Zhang et al., 2013a)

dz

dtres
= −qu

φ
(5.2.2)

where the minus sign on the right hand side of Eq. (5.2.2) refers to a decreasing height in

the bed and an increase of the solids residence time.

If densification occurs, the aggregate diameter is decreasing with the solids residence

time (van Deventer et al., 2011; van Deventer, 2012; Zhang et al., 2013a,b). The rate

equation for the decrease of aggregate diameter is given by van Deventer et al. (2011):

dDagg

dtres
= −A(Dagg −Dagg,∞) (5.2.3)

and

Dagg = (1−Dagg,∞)e−Atres +Dagg,∞ (5.2.4)

where Dagg is the dimensionless aggregate diameter ratio, A is the densification rate pa-

rameter, Dagg,∞ is the minimum dimensionless aggregate diameter ratio that is taken to

be 0.9 in this chapter (Usher et al., 2009; Zhang et al., 2013a,b), and tres is the solids

residence time.

As shown in Eq. (5.2.4), the rate of the evolution of the aggregate diameter ratio

depends upon the densification rate parameter, A which is a vital parameter in a time-

dependent densified system. Operating a large densification rate parameter leads to a

significant improvement of thickener performance (e.g. a significant decrease in the bed
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height) for a specified underflow solids volume fraction, unless that volume fraction is

exceedingly large (Zhang et al., 2013a). Hence, two different typical values of A which

are used in previous studies (A = 0.001 s−1 and A = 0.01 s−1, respectively) are given in

this chapter (van Deventer et al., 2011; Zhang et al., 2013a).

Sludge rheological properties that are key parameters in the fundamental dewatering

theory developed by Buscall and White (1987) and in the densification theory developed

by Usher et al. (2009) are very important for the design of thickeners and the prediction

of thickener performance. Knowing the functional forms of sludge rheological properties

can help engineers predict thickener performance as densification occurs in a thickener.

A general strongly gelled undensified compressive yield stress functional form for which

the derivative evaluated at φ = φg is some finite value is written as (Zhang et al., 2013a)

Py,0(φ) =
a0(φ− φg,0)

(m+ φ− φg,0)(φcp − φ)n0
(5.2.5)

where typical values might be a0 = 3.7914 Pa, n0 = 10.8302, m which is assumed to

be independent of densification is chosen to be 0.0363 (Zhang et al., 2013a), φg,0 is the

undensified gel point which is chosen as 0.1 (Usher et al., 2009; Zhang et al., 2013a), and

φcp which is also assumed to be independent of densification is chosen as 0.8 (Usher et al.,

2009; Zhang et al., 2013a).

In addition, the strongly gelled densified compressive yield stress functional form is

written as (Zhang et al., 2013a)

Py,1(φ, tres) =
a1(φ− φg)

(m+ φ− φg)(φcp − φ)n1
(5.2.6)

where a1 and n1 are fitting parameters, and φg is the densified gel point that is determined

by φg = φg,0/D
3
agg.

The curve fitting parameters, n1 and a1 in the functional form of the densified com-

pressive yield stress are determined by Zhang et al. (2013a):



5.2. MATHEMATICAL MODEL FOR THICKENERS 115

n1 = (φcp − φagg)

P ′y,0(φagg)

Py,0(φagg)
+

1

m+ φagg − φg
−

1

φagg − φg

 (5.2.7)

and

a1 =
Py,0(φagg)(m+ φagg − φg)(φcp − φagg)n1

φagg − φg
. (5.2.8)

The hindered settling function, R(φ, tres) that governs the solids settling velocity and

hence the solids flux is a key parameter when predicting the performance of thickeners

with time-dependent densification. A general functional form of the undensified hindered

settling function which only depends on the solids volume fraction is written as (Usher

et al., 2009; Zhang et al., 2013a,b)

R0(φ) =
RStokes,0

φagg,0
(φ+ rg)

rnr−rng (5.2.9)

where RStokes,0 which is the initially undensified hindered settling function of an isolated

aggregate is chosen as 260469 Pa s m−2 (Zhang et al., 2013a,b), φagg,0 is the solids volume

fraction within the initially undensified aggregates which is chosen as 0.1667 (Usher et al.,

2009; Zhang et al., 2013a,b), rg and rn are constant fitting parameters which are chosen

to be 0.05 and 5, respectively (Usher et al., 2009; Zhang et al., 2013a,b).

The densified hindered settling function that depends both on the solids volume frac-

tion and the solids residence time is written as (Zhang et al., 2013a,b)

R(φ, tres) =
(1− φ)2R0(φagg)RStokes,0Dagg

φagg,0R0(φagg)(1− φ/φagg)2/ragg(φ/φagg) + (RStokes,0Daggφ/φagg)(1− φagg)2

(5.2.10)

where ragg(φ/φagg) is the aggregate hindered settling factor determined by (Usher et al.,

2009; van Deventer et al., 2011; Zhang et al., 2013a,b)
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ragg(φ/φagg) =

φagg,0

1−
φ

φagg


2

R0(φagg,0)R0

φagg,0 φ

φagg


RStokes,0

R0(φagg,0)

1− φagg,0
φ

φagg


2

−
φ

φagg
(1− φagg,0)2R0

φagg,0 φ

φagg



.

(5.2.11)

5.3 Analysis of maximum underflow solids fluxes permit-

ted in a thickener

In this section, the maximum permitted underflow solids flux is analysed for a wide

range of the underflow solids volume fraction. The works of Usher et al. (2009) and

Zhang et al. (2013b) explored the criterion for the determination of the maximum permit-

ted underflow solids flux (assuming an arbitrarily tall thickener) in a fully densified thick-

ener. When the proposed underflow solids volume fraction, φu is larger than the solids

volume fraction within the final steady state aggregates, φagg,∞, the maximum permitted

underflow solids flux is equal to the minimum free settling solids flux (minimised over

the solids volume fraction) determined either using the fully densified sludge rheologi-

cal properties or using the initially undensified sludge rheological properties, depending

upon the proposed underflow solids volume fraction, φu and its relation to φagg,∞ (Zhang

et al., 2013b). This criterion can also be applied in a time-dependent densified system.

Before analysing the maximum permitted underflow solids fluxes operated in a thickener

subject to time-dependent aggregate densification, it is useful to choose a velocity scale

(RStokes,0/(∆ρg)) making the underflow solids flux be in dimensionless form. Thus, the

dimensionless underflow solids flux is defined by (Zhang et al., 2013a,b)

Qu =
RStokes,0qu

∆ρg
. (5.3.1)

The determinations of the limits of the underflow solids flux depend on the proposed
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underflow solids volume fraction, φu. Here, the underflow solids volume fraction, φu

is assumed to be larger than the initially undensified gel point, φg,0 but smaller than the

close packing solids volume fraction, φcp. Three solids volume fraction ranges are distin-

guished: a small solids volume fraction range which is between the initially undensified

gel point, φg,0 and the fully densified gel point, φg,∞, an intermediate solids volume frac-

tion range which is between φg,∞ and the solids volume fraction within the final steady

state aggregates, φagg,∞, and a large solids volume fraction range which is between φagg,∞

and φcp.

In the case where a large underflow solids volume fraction, φu (much larger than

φagg,∞) is given, Eq. (5.3.2) holds for the determination of the maximum permitted un-

derflow solids flux, Qmax (Zhang et al., 2013b)

Qmax = min
φagg,∞≤φ≤φu

φ(1− φ)2

Rs,0(φ)

1−
φ

φu


(5.3.2)

where φagg,∞ is the solids volume fraction within the final steady state aggregates which

is chosen as 0.2286 (Usher et al., 2009; Zhang et al., 2013a,b), and Rs,0(φ) is the di-

mensionless undensified hindered settling function which is itself defined by Rs,0(φ) =

R0(φ)/RStokes,0.

On the other hand, for an underflow solids volume fraction that is just slightly larger

than φagg,∞, the maximum permitted underflow solids flux1 is written as (Zhang et al.,

2013a,b)
1The fact that we are restricting the search for a minimum to the values in excess of a gel point is

indicative of our neglect of the hindered settling zone. One could extend the search all the way down to a
feed solids volume fraction, although this seldom has any bearing on the minimum in Eq. (5.3.3), except
for φu values exceedingly close to the gel point. Throughout this chapter we do not specify a feed solids
volume fraction, as this has no bearing on the bed. Indeed regardless of the feed, the solids volume fraction
determined at the top of the bed is the gel point, and this is varied (between φg,0 and φg,∞) by pre-shearing
the suspension, rather than by varying the feed solids volume fraction.
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Qmax = min
φg,∞≤φ≤φagg,∞

φ(1− φ)2

Rs,∞(φ)

1−
φ

φu


(5.3.3)

where φg,∞ is the fully densified gel point determined at the final steady state aggre-

gates (φg,∞ = 0.1372 (Usher et al., 2009; Zhang et al., 2013b)) and Rs,∞(φ) repre-

sents the dimensionless fully densified hindered settling function defined by Rs,∞(φ) =

R∞(φ)/RStokes,0.

In the case for φu < φagg,∞ but φu > φg,∞, the maximum permitted underflow solids

flux, Qmax can be determined using Eq. (5.3.4) (Zhang et al., 2013a,b)

Qmax = min
φg,∞≤φ≤φu

φ(1− φ)2

Rs,∞(φ)

1−
φ

φu


. (5.3.4)

In the case for φu > φg,0 but φu < φg,∞, it turns out that there is no upper limit to the

maximum permitted underflow solids flux. When the proposed underflow solids volume

fraction, φu lies between φg,0 and φg,∞, the system (if it is to gel) can only densify from

the initial aggregate diameter (Dagg = Dagg,0 = 1) to some aggregate diameter which

must be larger than the minimum aggregate diameter (Dagg > Dagg,∞). In other words,

the densifying system never becomes simultaneously fully densified and gelled when a

small underflow solids volume fraction is given. Under this circumstance, the lower and

upper limits for the underflow solids flux are nil and infinity, respectively. Thus, for a

suitably chosen φu, and provided one is able to pre-shear the system to prevent gelation,

the underflow solids flux can be chosen as an arbitrarily large value2.

For the case of φg,∞ < φu < φagg,∞, the system can be densified to the fully densi-

fied state, even before reaching the bed. Thus, the maximum permitted underflow solids

2Note that to achieve this arbitrarily large underflow solids flux, it may also be necessary to choose a feed
very close to the gel point, but this aspect is not explicitly studied here, since we focus on the consolidated
bed, the structure of which can be determined without prior knowledge of the feed solids volume fraction.
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flux is determined using Eq. (5.3.4) – this is the case which has been reported by Zhang

et al. (2013a). For the case of φagg,∞ < φu < φcp, both Zoneupper and Zonelower are

present. Zhang et al. (2013b) analysed the maximum permitted underflow solids flux that

was determined either in the interior of Zoneupper using Eq. (5.3.3) or in the interior of

Zonelower using Eq. (5.3.2), depending on the proposed underflow solids volume fraction,

φu. In this chapter, it turns out that for φu < 0.2905 but φu > φagg,∞ (φagg,∞ = 0.2286),

the maximum permitted underflow solids flux is determined in the interior of Zoneupper.

If φu > 0.2905, it is determined in the interior of Zonelower.

Another important limit for the underflow solids flux which is defined by Zhang et al.

(2013a) is the maximum underflow solids flux requiring an undensified gel point at the top

of the bed, qmu. As discussed in Zhang et al. (2013a), the criterion for imposition of pre-

shearing of aggregates is whether the proposed underflow solids flux is larger or smaller

than qmu. The determination of Qmu (a dimensionless form of qmu) is given by (Zhang

et al., 2013a)

Qmu =
φg,0(1− φg,0)2

Rs,0(φg,0)

1−
φg,0

φu


. (5.3.5)

Note that Eq. (5.3.5) uses the initially undensified sludge rheological properties, since

aggregates are assumed to enter the consolidating bed immediately and hence there is no

densification at the top of the bed (Zhang et al., 2013a). Eq. (5.3.5) also uses the concept

that as a rule of thumb in time-dependent densification, increases in the hindered settling

function as the local solids volume fraction increases are often offset by decreases in the

hindered settling function as the solids volume fraction within the aggregates increases,

which is why the undensified gel point, φg,0 at the top of the bed controls the underflow

solids flux (Zhang et al., 2013a).
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5.4 Case studies

Eight cases are illustrated in this section. Cases 1–4 consider a comparatively small

underflow solids volume fraction, Cases 5–6 give an intermediate underflow solids vol-

ume fraction, and Cases 7–8 consider a comparatively large underflow solids volume

fraction. Two densification rate parameters are given in this chapter (A = 0.001s−1 and

A = 0.01s−1, respectively (van Deventer et al., 2011; Zhang et al., 2013a)). Different un-

derflow solids flux ratios are also given in Cases 1–8. Recall that the minimum aggregate

diameter ratio which is assumed to be fixed, Dagg,∞ = 0.9 here. The hindered settling

zone is not explicitly modelled in this chapter. Thus, we only focus on the consolidation

zone. Table 5.1 shows the operating details of those cases.

φu solids flux ratios A/ s−1 Dagg,∞ φg,0 φg,∞ φagg,0 φagg,∞
Case 1 0.12 0.3 0.001 0.9 0.1 0.1372 0.1667 0.2286
Case 2 0.12 0.3 0.01 0.9 0.1 0.1372 0.1667 0.2286
Case 3 0.12 1.5 0.001 0.9 0.1 0.1372 0.1667 0.2286
Case 4 0.12 1.5 0.01 0.9 0.1 0.1372 0.1667 0.2286
Case 5 0.24 0.6 0.001 0.9 0.1 0.1372 0.1667 0.2286
Case 6 0.24 0.6 0.01 0.9 0.1 0.1372 0.1667 0.2286
Case 7 0.3 0.6 0.001 0.9 0.1 0.1372 0.1667 0.2286
Case 8 0.3 0.6 0.01 0.9 0.1 0.1372 0.1667 0.2286

Table 5.1: Operating details of Cases 1–8. Note that the underflow solids flux ratio given
for Cases 1–4 is defined as the ratio between the proposed underflow solids flux, Qu and
the maximum permitted underflow solids flux, Qmu imposing an undensified gel point at
the top of the bed. For Cases 5–8, the underflow solids flux ratio is defined as the ratio
between the proposed underflow solids flux, Qu and the maximum permitted underflow
solids flux, Qmax determined for the underflow solids volume fraction, φu that is speci-
fied. Eq. (5.3.5) is used to determine Qmu for Cases 1–4 and Eqs. (5.3.2–5.3.3) are used
to determine the maximum permitted underflow solids flux, Qmax for Cases 5–8. Specif-
ically in Cases 5–6, Qmax turns out to correspond to φ = φagg,∞ whereas for Cases 7–8,
it corresponds to a φ value greater than φagg,∞.

5.5 Results and discussion

This section describes the analysis of whether pre-shearing of aggregates occurs and

the simulation results including the maximum permitted underflow solids fluxes deter-

mined as different underflow solids volume fractions are given, the evolutions of sludge

rheological properties, and the predictions of thickener performance. In this section, some
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of the results (e.g. the maximum underflow solids flux and sludge rheological proper-

ties) are presented in dimensionless form (for computational convenience) but other re-

sults (e.g. bed heights and solids residence times) are presented in dimensional form to

give a better idea of scale. The dimensional compressive yield stress, Py(φ, tres) is con-

verted to dimensionless py(φ, Tres) by defining py(φ, Tres) = Py(φ, tres)/a0. Recall that

Rs(φ, Tres) = R(φ, tres)/RStokes,0 and Qu = RStokes,0qu/(∆ρg).

5.5.1 Maximum underflow solids flux and pre-shearing of aggregates

Fig. 5.1 shows the relationships of Qmu and Qmax with different underflow solids

volume fractions, φu. As shown in Fig. 5.1, Qmu is smaller than Qmax for φu < 0.2392

but is larger than Qmax for φu > 0.2392. This can be interpreted as follows. When the

underflow solids volume fraction, φu is smaller than 0.2392, a small proposed underflow

solids flux up to Qmu can be delivered from the top of the bed to the bottom of a thickener

without increasing the gel point at the top of the bed. If a larger underflow solids flux

(which is larger than Qmu) is operated however, in order to deliver the operated larger

underflow solids flux throughout the consolidating bed, the solids volume fraction at the

top of the bed (which generally is the gel point) must be altered (e.g. by pre-shearing

the suspension prior to thickening). The algorithm for calculating the densified gel point

at the top of the bed when a large underflow solids flux is given has been developed

in Zhang et al. (2013a). In this chapter, the densified gel point determined at the top of

the bed for a given large underflow solids flux in excess of Qmu (e.g. Cases 3–4) turns out

to be 0.10948 (instead of the undensified gel point of 0.1). Note that Zhang et al. (2013a)

argued that this densified gel point determined at the top of the bed is independent of the

aggregate densification rate parameter, A, but depends on the proposed underflow solids

flux. On the other hand, for φu > 0.2392, the curve of Qmax is underneath the curve of

Qmu implying that it is not normally necessary to pre-shear aggregates in order to deliver

any proposed underflow solids flux which is already constrained to be smaller than the

maximum permitted underflow solids flux (e.g. Cases 5–8).
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Figure 5.1: Relationships of the dimensionless maximum permitted underflow solids flux,
Qmax and the dimensionless maximum permitted underflow solids flux, Qmu required for
altering the solids volume fraction at the top of the bed. Note that the intersection point is
the critical underflow solids volume fraction which defines whether the system is neces-
sary to pre-shear. Recall that the solids volume fraction within the fully densified aggre-
gates, φagg,∞ = 0.2286. Qmax and Qmu are determined using Eq. (5.3.3) and Eq. (5.3.5),
respectively.

5.5.2 Sludge rheological properties

In this section, the evolutions of sludge rheological properties in a time-dependent

densified system for a wide range of proposed underflow solids volume fractions are dis-

cussed. The densification theory (Usher et al., 2009; van Deventer et al., 2011; Zhang

et al., 2013a,b; Grassia et al., 2014) implies that sludge rheological properties evaluated

for φ > φagg,∞ turn out to be unchanged from the initially undensified ones. Thus, sludge

rheological properties evaluated in Zonelower are still the initially undensified ones. The

evolution of sludge rheological properties determined in Zoneupper is therefore of partic-

ular interest in this section.

Figs. 5.2–5.4 present the evolutions of the dimensionless compressive yield stress,

py(φ, Tres) for each case. As shown in Figs. 5.2–5.4, for a constant local solids volume

fraction, the dimensionless compressive yield stress, py(φ, Tres) is decreased with an in-

crease of the densification rate parameter, A, since the aggregate diameter decreases more

rapidly as a larger densification rate parameter, A is given (corresponding to even num-

bered cases). Fig. 5.2 shows that the dimensionless compressive yield stress, py(φ, Tres)

is smaller for a given local solids volume fraction when pre-shearing of aggregates occurs,
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Figure 5.2: Evolutions of the dimensionless compressive yield stresses for Cases 1–4,
all of which have φu = 0.12. Note that the fully densified compressive yield stress is
not relevant, due to the underflow solids volume fraction that is smaller than the fully
densified gel point. The curves of Cases 1–2 start from the same undensified gel point
at φ = φg,0 (pre-shearing of aggregates does not occur in Cases 1–2) and the curves
of Cases 3–4 start from the same densified gel point at φg = 0.10948 (pre-shearing of
aggregates occurs in Cases 3–4).

due to smaller aggregate diameters. The tendency of the dimensionless compressive yield

stress, py(φ, Tres) predicted in this chapter is the same as that analysed in Zhang et al.

(2013a).

Figs. 5.5–5.7 show the evolutions of the dimensionless hindered settling function,

Rs(φ, Tres) for each case. The analysis of the evolutions ofRs(φ, Tres) presented in Zhang

et al. (2013a) can also be used here for explanations of Rs(φ, Tres) behaviours for each

case. For larger underflow solids fluxes operated in a densfied system, the ratio between

the local solids volume fraction, φ and the densified gel point, φg which depends on the

solids residence times is approximately unity near the top of the bed (see detailed ex-

planations in Zhang et al. (2013a)). As a consequence (again explained in Zhang et al.

(2013a)), decreasing segments of Rs(φ, Tres) curves near the top of the bed can be ob-

served in Figs. 5.5–5.7 (e.g. Case 6 and Case 8).

The Rs(φ, Tres) curves of Case 1, and Cases 3–5 always increase between φg deter-

mined at the top of the bed and φu determined at the bottom of the thickener, since not

only does the local solids volume fraction, φ increase somewhat, but the ratio φ/φg also

increases significantly (see details in Zhang et al. (2013a)). On the other hand,Rs(φ, Tres)

determined in Case 2 increases near the top of the bed and then decreases (albeit by tiny



5.5. RESULTS AND DISCUSSION 124

0.1 0.14 0.18 0.24
0.1

1

10

100

Solids volume fraction, Φ

D
im

e
n

s
io

n
le

s
s

p
y

HΦ,
T

re
s
L

a

Fully den
Case 6
Case 5
Unden

0.09 0.1 0.11 0.12 0.13 0.14

0.05

1

10

Solids volume fraction, Φ

D
im

e
n

s
io

n
le

s
s

p
y

HΦ,
T

re
s
L

b

Case 6

Case 5

Figure 5.3: Evolutions of the dimensionless compressive yield stresses for Cases 5–6 –
φu = 0.24. The sub-plot labelled ‘b’ is the zoomed figure of the sub-plot labelled ‘a’.
Note that the curves of Cases 5–6 start from the same undensified gel point at φ = φg,0.

amounts), since the solids volume fraction, φ seems to increase rather rapidly near the top

of the bed and then increases at roughly the same rate as that of the densified gel point,

φg (Zhang et al., 2013a). A similar tendency of Rs(φ, Tres) is also observed in Case 7.

5.5.3 Thickener performance

In this section, thickener performance is considered in terms of the bed height, zb and

the total solids residence time, ttotalres . Whether there is an improvement of thickener perfor-

mance due to aggregate densification might depend upon the proposed underflow solids

volume fractions. In this section, the effects of different proposed underflow solids vol-

ume fractions on the predictions of thickener performance have been analysed. Figs. 5.8–

5.10 present the solids volume fraction profiles for each case. For a given underflow solids



5.5. RESULTS AND DISCUSSION 125

0.10 0.15 0.20 0.25 0.30
0.1

1

10

100

1000

Solids volume fraction, Φ

D
im

e
n

s
io

n
le

s
s

p
y

HΦ,
T

re
s
L

a

Fully den
Case 8
Case 7
Unden

0.09 0.1 0.11 0.12 0.13 0.14

0.01

0.1

1

10

Solids volume fraction, Φ

D
im

e
n

s
io

n
le

s
s

p
y

HΦ,
T

re
s
L

b

Case 8

Case 7

Figure 5.4: Evolutions of the dimensionless compressive yield stresses for Cases 7–8.
Recall that the underflow solids volume fraction, φu = 0.3 in these cases. Again the sub-
plot ‘b’ is the zoomed figure of the sub-plot ‘a’. The curves of Cases 7–8 also start from
the same undensified gel point at φ = φg,0.

flux, qu, and a small underflow solids volume fraction, φu which is smaller than φagg,∞,

as shown in Fig. 5.8, the bed height calculated using a larger densification rate parameter,

A is much shorter than that predicted using a smaller densification rate parameter, A (e.g.

Cases 1–2 and Cases 3–4). If the given underflow solids flux increases but the underflow

solids volume fraction, φu and the densification rate parameter, A are not changed, the

bed height also needs to increase, since the local solids volume fraction, φ increases more

rapidly with position as a smaller underflow solids flux is given, and a tall bed is required

for delivering a larger underflow solids flux through the consolidation zone (e.g. Case 1

vs Case 3, Case 2 vs Case 4). For intermediate and large underflow solids volume frac-

tions (e.g. Figs 5.9–5.10), the bed heights also shorten (albeit not by quite so much) as

larger densification rate parameters are given (see Case 5 vs Case 6; Case 7 vs Case 8) for
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Figure 5.5: Evolutions of the dimensionless hindered settling functions, Rs(φ, Tres) for
Cases 1–4. Note that the sub-plot labelled ‘b’ is a zoomed figure of Case 2.
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Figure 5.6: Evolutions of the dimensionless hindered settling functions, Rs(φ, Tres) for
Cases 5–6.
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specified underflow solids fluxes.

Near the top of the bed, flat segments of the curves (e.g. Case 6 and Case 8) can be

observed in Figs. 5.9–5.10, due to the rate of increase of the local solids volume fraction, φ

that needs to keep up with that of the densified gel point, φg (Zhang et al., 2013a). Similar

results are also observed in Zhang et al. (2013a). If a large densification rate parameter,

A is given for an intermediate or a large underflow solids volume fraction, the system

is densifying to the fully densified state rapidly – this is the reason why the subsequent

slopes of curves plotted for Case 6 and Case 8 are the same as those of curves plotted for

the fully densified cases.

Tables 5.2–5.3 show the bed heights and the solids residence times required for achiev-

ing the desired underflow solids volume fractions. As shown in Table 5.2, the magnitude

of the bed height decreases dramatically when a small underflow solids volume fraction

and a large densification rate parameter are given. For an intermediate underflow solids

volume fraction, the height required for Zoneupper makes the dominant contribution to the

entire height of the consolidation zone and there is scope for reducing this height through

aggregate densification. On the other hand, the height required for Zonelower (unaffected

by aggregate densification) makes the dominant contribution to the entire height of the

consolidation zone implying that less improvement in thickener performance is achieved

for a large underflow solids volume fraction3.

Table 5.3 shows that the solids residence time in the consolidated bed calculated in

Case 1 is longer than that determined in Case 3, since a much larger underflow solids

flux is operated in Case 3. This is however offset by time needed for pre-shearing of

aggregates which must occur in Case 3. The total solids residence time required for

Case 2 is longer than that required for Case 4, due to a much larger underflow solids flux

operated in Case 4 and comparatively little pre-shear time in the rapidly densifying Case 4.

Table 5.3 also presents that the solids residence time required for the consolidation zone

is shorter for a specified underflow solids flux when a large aggregate densification rate

parameter is given (e.g. Case 2 vs Case 1 and Case 4 vs Case 3). This happens because

3The fact that we see in Table 5.2 the same Zonelower heights in Cases 5–6 and the fully densified
case (and likewise the same situation in Cases 7–8) is a manifestation of the system becoming already
virtually fully densified whilst still in Zoneupper. This is easy to check in Table 5.3 which computes the
solids residence times spent in Zoneupper, which greatly exceed the reciprocals of the densification rate
parameter either A = 0.001 s−1 or A = 0.01 s−1.



5.5. RESULTS AND DISCUSSION 128

φu |ztotalb |/m |zupperb |/m |zlowerb |/m
Unden 0.12 0.0462 N/A 0.0462
Case 1 0.12 0.0288 0.0288 N/A
Case 2 0.12 0.00592 0.00592 N/A

Case 3 0.12 0.0367 0.0367 N/A
Case 4 0.12 0.0132 0.0132 N/A

Case 5 0.24 0.724 0.621 0.103
Case 6 0.24 0.702 0.599 0.103
Ful den 0.24 0.699 0.596 0.103

Unden 0.3 1.975 N/A 1.975
Case 7 0.3 1.781 0.41 1.371
Case 8 0.3 1.779 0.408 1.371
Ful den 0.3 1.778 0.407 1.371

Table 5.2: Determinations of bed heights for Cases 1–8. |zupperb | represents the bed height
determined in Zoneupper and |zlowerb | represents the bed height determined in Zonelower.
Note that the total bed height, |ztotalb | is equal to |zupperb |+ |zlowerb | for Cases 5–8. The bed
height determined in the initially undensified thickener for φu = 0.12 is calculated using
the small underflow solids flux operated in Cases 1–2. The undensified cases formally as-
sign all the bed height to Zonelower (by definition, since the sludge rheological properties
in Zonelower are defined as being the undensified ones).

the local solids volume fraction changes faster moving through the consolidation zone

in a case of a larger aggregate densification rate parameter. As shown in Table 5.3, the

same trend is seen for the total solids residence time because any additional time required

for pre-shearing of aggregates decreases with the increase of the aggregate densification

rate parameter, A (e.g. Cases 3–4). Due to the same undensified sludge rheological

properties applying in Zonelower regardless of densification, the solids residence time

required for Zonelower must be the same4 regardless of densification if the underflow

solids flux and the underflow solids volume fraction are specified (e.g. Cases 5–6, and

Cases 7–8). However, for a specified large φu, the relative decrease in the solids residence

time originating now from Zoneupper is marginal.

4Strictly speaking for equal time in Zonelower, we require all cases studied to leave Zoneupper virtually
at full densification, so that they all enter Zonelower with a common φagg,∞, but this is certainly true for
the relevant data of Table 5.3 (i.e. Cases 5–8) with a densification rate parameter either A = 0.001 s−1 or
A = 0.01 s−1.
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φu ttotalres / hr tpreres/ hr tupperres / hr tlowerres / hr
Unden 0.12 0.168 N/A N/A 0.168
Case 1 0.12 0.106 N/A 0.106 N/A
Case 2 0.12 0.0219 N/A 0.0219 N/A

Case 3 0.12 0.126 0.098 0.028 N/A
Case 4 0.12 0.020 0.0098 0.0102 N/A

Case 5 0.24 8.811 N/A 7.304 1.507
Case 6 0.24 8.692 N/A 7.185 1.507
Ful den 0.24 8.681 N/A 7.174 1.507

Unden 0.3 152.104 N/A N/A 152.104
Case 7 0.3 141.2 N/A 24.937 116.263
Case 8 0.3 141.185 N/A 24.922 116.263
Ful den 0.3 141.179 N/A 24.916 116.263

Table 5.3: Determinations of solids residence times for Cases 1–8. tpreres represents the
solids residence time required for pre-shearing of aggregates which is predicted using
the algorithm presented in Zhang et al. (2013a). tupperres represents the solids residence
time determined in Zoneupper and tlowerres represents the solids residence time determined
in Zonelower. Note that the total solids residence time, ttotalres for Cases 3–4 includes the
solids residence time required for pre-shearing of aggregates (ttotalres = tpreres + tupperres ) and
for Cases 5–8 is equal to tupperres + tlowerres .
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Figure 5.7: Evolutions of the dimensionless hindered settling functions, Rs(φ, Tres) for
Cases 7–8.



5.5. RESULTS AND DISCUSSION 130

0.100 0.105 0.110 0.115 0.120
-0.05

-0.04

-0.03

-0.02

-0.01

0.00

Solids volume fraction, Φ

H
e
ig

h
t,

z
Hm

L

Case 4

Case 3

Case 2

Case 1

Unden

Figure 5.8: The solids volume fraction profiles for φu = 0.12. Note that the corresponding
profile for the fully densified system is not available, since the fully densified system
would not gel for φu = 0.12. The bed height required for the undensified system is only
determined using the smaller of the two given underflow solids fluxes (i.e. the underflow
solids flux is given in Cases 1–2), since the larger underflow solids flux which is given in
Cases 3–4 cannot be operated for the undensified system at φu = 0.12.
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5.6 Conclusions

Underflow solids volume fractions affect thickener performance and the determina-

tions of the limits of the underflow solids flux significantly. When a comparatively small

underflow solids volume fraction is given, the maximum permitted underflow solids flux

can be set arbitrarily large5 in a time-dependent densified system – this improves the per-

formance of thickeners dramatically. If the underflow solids volume fraction is increased

to a sufficiently large value, the maximum permitted underflow solids flux will never be

improved by densification but will maintain the same value determined in terms of the

initially undensified state, regardless of aggregate densification. This leads to little im-

provement of the performance of a thickener with time-dependent densification. In cases

which admit more scope for increasing the underflow solids flux in a thickener with time-

dependent densification, the performance of the thickener can be enhanced significantly

via aggregate densification.

5We have not discussed the role of the feed solids volume fraction here, since in many cases it does
not impact on the consolidated bed, but in the special case where the underflow solids flux is pushed to
arbitrarily high values, it is possible to show that constraints also appear for the feed, which must then have
a solids volume fraction just very slightly less than the underflow solids volume fraction.



Chapter 6
Analysis and control of thickeners subject

to aggregate densification

This chapter is a manuscript that is prepared for submission. This chapter explores

how the presence of the hindered settling region affects the determinations of consolidated

bed structures, and the evolutions of sludge rheological properties.

Summary

This chapter considers the effects of the presence of the hindered settling region upon

the consolidation region in a steady state thickener with time-dependent densification.

The modified solids flux theory consistent with time-dependent densification extended

by Grassia et al. (2014) has been used to predict the consolidated bed structures in this

work coupling them to the hindered settling region. Different aggregate densification

rate parameters which will affect the evolutions of aggregate diameters during aggregate

densification have been considered in this chapter. The evolutions of the solids volume

fractions in the hindered settling region have also been analysed. This chapter also inves-

tigates how the presence of the hindered settling region affects the evolutions of sludge

rheological properties. Moreover, the effects of the extent of densification occurring in

the hindered settling region upon the predictions of solids residence times and bed heights

determined in the consolidation region for different specified suspension fluxes have been

investigated. For smaller proposed suspension fluxes, the focus is primarily upon the

133
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consolidated bed (i.e., the height and the solids residence time required for the hindered

settling region is neglected). For larger proposed suspension fluxes however, the hindered

settling region might need to be considered. For a specified suspension flux and a specified

aggregate densification rate parameter, taller beds are achieved when more densification

occurs in the hindered settling region, but this is associated with higher underflow solids

volume fractions.

6.1 Introduction

A steady state thickener is an indispensable unit whose main objective is to increase

solids concentrations within suspensions in many industries including chemical engineer-

ing plants, minerals plants, food industries, and wastewater treatment plants (Stickland

et al., 2008; Boger, 2009; Diehl, 2012). Proper design and control of steady state thicken-

ers are essential to engineers and researchers, since the failure of thickeners may lead to

huge environmental disasters and economic losses (Boger, 2009; Jones and Boger, 2012;

Diehl, 2012). In practice, engineers often aim to operate thickeners at or near steady state

with continuous incoming feeds as well as with continuous thickened sludges drawn off

the bottom of thickeners (Keinath, 1985; Chancelier et al., 1997a; Bürger and Narváez,

2007). The so-called solids flux theory which is based on the theory developed by Kynch

(1952) is widely used for the design and control of steady state thickeners (Fitch, 1966;

Keinath, 1985; Lev et al., 1986; Chancelier et al., 1997a,b; Diehl, 2001, 2005, 2006,

2008a,b; Bürger and Narváez, 2007; Grassia et al., 2014). One limitation of the solids

flux theory is that it cannot predict the height of the consolidation region where the local

solids tend to form into a weight bearing gel. The solids flux theory however predicts

the thickener area required for achieving the desired underflow solids volume fraction,

and the underflow solids flux which is permitted in thickeners (Coe and Clevenger, 1916;

Talmage and Fitch, 1955; Fitch, 1966). On the other hand, the height of the consolida-

tion region can be predicted via the Buscall and White theory which incorporated sludge

rheological properties in a networked suspension into the description (Buscall and White,

1987). Many published papers can be found in the literature which predict the height of

the consolidation region using the Buscall and White theory for gelled suspensions (Land-
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man et al., 1988; Martin, 2004; Usher and Scales, 2005; Zhang et al., 2013a,b).

In general, two zones are found inside a thickener: the clarification zone and the thick-

ening zone (Martin, 2004; Bürger and Narváez, 2007). A thickener is operated ideally in

such a way that the solids volume fraction in the clarification zone is nil and no solids

are observed in effluents (Bürger and Narváez, 2007; Diehl, 2006, 2008a,b). The clari-

fication zone exhibits no complex rheology and is not therefore of interest in this work.

The thickening zone includes two regions: the hindered settling region where the sus-

pension’s weight-bearing strength is nil and the solids volume fraction is less than the

so-called gel point, φg (which is a critical solids volume fraction at which a solids net-

work is formed (Buscall and White, 1987; de Kretser et al., 2003; Bürger and Narváez,

2007)), and the consolidation region where significant dewatering occurs and the solids

volume fraction is larger than the gel point, φg (Martin, 2004; Bürger and Narváez, 2007).

In practice, engineers must avoid the so-called thickening failure and clarification failure,

in order to operate thickeners successfully. For a specified suspension flux, feeding an

excessively large solids flux to the thickener could lead (depending on the feed solids

volume fraction) to the failure of thickening such that the solids will flow upwards to the

clarification zone and effluents (Keinath, 1985; Chancelier et al., 1997a; Diehl, 2001).

The thickening failure can potentially occur if the proposed underflow solids flux is larger

than a local minimum value determined on the underflow solids flux vs. the solids volume

fraction curve (Laquidara and Keinath, 1983; Keinath, 1985). In addition, the clarification

failure (which occurs at even larger underflow solids fluxes) leads (regardless of the feed

solids volume fraction) to the effluents containing a large amount of solids (Laquidara

and Keinath, 1983). This happens if the proposed underflow solids flux is larger than the

maximum value (or the peak) determined from the underflow solids flux vs. the solids

volume fraction curve (Laquidara and Keinath, 1983). However, failures of thickening

and clarification are not considered in this work.

The so-called operating charts developed by Diehl (2001) for analysing the behaviours

of steady state thickeners where the underflow solids volume fraction is less than the

gel point give comprehensive solids volume fraction predictions in the hindered settling

region for different locations of the feed solids volume fractions and the feed underflow



6.1. INTRODUCTION 136

solids fluxes on the curve of the underflow solids flux vs. the local solids volume fraction.

If the underflow solids volume fraction increases to a larger value (e.g. larger than the

gel point), and/or the specified suspension flux is small enough that consolidation occurs

near the bottom of thickeners, the solids behaviours in both the hindered settling region

and the consolidation region for steady state thickeners have been analysed by Bürger and

Narváez (2007).

Fine particles and/or solids in suspensions will gather to produce larger aggregates/flocs

after flocculation or aggregation (Usher et al., 2009; Grassia et al., 2014). Due to the pres-

ence of rakes which shear those aggregates/flocs in a thickener, the diameters of aggre-

gates/flocs decrease over time (for a fixed solids mass in an aggregate) which can increase

the suspension dewatering rates via altering the so-called sludge rheological properties

and also increasing the gel point (Usher et al., 2009; Gladman et al., 2010; van Deven-

ter et al., 2011; Zhang et al., 2013a,b; Grassia et al., 2014). The above process is called

aggregate densification and is dependent on time. The sludge rheological properties in-

cluding specifically the so-called hindered settling function and the so-called compressive

yield stress are altered in the presence of aggregate densification (Channell and Zukoski,

1997; Channell et al., 2000; Usher et al., 2009; Gladman et al., 2010; van Deventer et al.,

2011; Zhang et al., 2013a,b). When considering aggregate densification in a thickener, it

is possible to identify a rate parameter which governs the rate of decrease of aggregate

diameters during aggregate densification (van Deventer et al., 2011; van Deventer, 2012;

Zhang et al., 2013a,b). This rate parameter is the so called aggregate densification rate

parameter which is assumed to be a specified constant value and in addition independent

of the solids volume fraction during time-dependent aggregate densification (van Deven-

ter et al., 2011; Zhang et al., 2013a,b). van Deventer et al. (2011) proposed an approach

to determine the final steady state aggregate diameter (or the minimum aggregate diam-

eter) after aggregate densification using equilibrium batch settling tests. Moreover an

approach for the determination of the aggregate densification rate parameter can be found

in van Deventer (2012). In situations where the aggregate diameter remains the initial

value (without shearing by rakes) or attains the minimum value after shearing, thickeners

are described as initially undensified or fully densified, respectively (Usher et al., 2009;
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Zhang et al., 2013a,b).

If time-dependent densification1 occurs in a thickener, there are two important time

scales: the densification time which relates to the changes of aggregate diameters from

the initially undensified value to the final steady state value, and the solids residence

time which relates to travel of aggregates from the feed point to the bottom of the thick-

ener (Gladman et al., 2010). Grassia et al. (2014) predicted the solids behaviours in the

hindered settling region of steady state thickeners using the modified solids flux theory

consistent with time-dependent densification by assuming that the total solids residence

time spent in a thickener is dominated by time spent in the hindered settling region for

aggregates continuously densifying from the initially undensified aggregate diameter to

some aggregate diameter obtained at the bottom of the hindered settling region. The

height of the hindered settling region may be determined during the course of aggregate

densification whilst the heights required for the hindered settling regions in an unden-

sified thickener fed initially undensified materials and in a fully densified thickener fed

fully densified materials remain undetermined as in standard Kynch theory (Grassia et al.,

2014). The solids volume fraction profiles calculated for different suspension fluxes and

different total solids residence times spent in the hindered settling region during aggre-

gate densification have also been explored in Grassia et al. (2014). However, the work

of Grassia et al. (2014) did not consider the consolidation region which is underneath

the hindered settling region. One of the aims of this work is to explore effects of the

presence of the hindered settling region upon the consolidation region during aggregate

densification. Another aim of this work is to explore effects of the extent of densification

that occurs in the hindered settling region upon the predictions of solids behaviours in the

consolidation region.

Consolidation which occurs in a gelled suspension bed is of course a very important

process where suspensions can be dewatered to obtain larger solids volume fractions. The

solids behaviours in the consolidation regions of undensified steady state thickeners and

fully densified steady state thickeners have already been predicted by many authors (Mar-

tin, 2004; Usher and Scales, 2005; Bürger and Narváez, 2007; Usher et al., 2009; Zhang

1Time-dependent here means time dependent in the Lagrangian sense following the progress of the
aggregates through the thickener; the system is still steady state in Eulerian sense.
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et al., 2013b). For cases where time-dependent densification occurs, Zhang et al. (2013a)

simulated the consolidation region neglecting the hindered settling region. For an un-

densified system and a fully densified system, the solids volume fractions at the top of

the bed are fixed (being the undensified gel point, φg,0 and the fully densified gel point,

φg,∞, respectively), regardless of the presence of the hindered settling region, since the

gel points are then invariant during consolidation (Buscall and White, 1987; Usher and

Scales, 2005; Usher et al., 2009; Zhang et al., 2013a,b). If time-dependent densification

occurs in a thickener where the hindered settling region is not explicitly modelled, the

solids volume fraction at the top of the bed could be any value between φg,0 and φg,∞,

according to the proposed underflow solids flux (Zhang et al., 2013a). However, if the

hindered settling region is explicitly included and lies above the consolidation region,

then as time-dependent densification occurs in a thickener, the evolution of the densified

gel point at the top of the bed must be calculated and this is of particular interest in this

work. One aim of this work is to determine the densified gel point at the top of the bed

as the hindered settling region lies above the consolidation region. Another aim of this

work is to analyse whether or not consolidation occurs for different specified suspension

fluxes, underflow solids fluxes, and solids residence times.

Pre-shearing of aggregates which increases the densified gel point at the top of the

bed is required before entering the consolidation region if a large underflow solids flux is

chosen (Zhang et al., 2013a). Some of this pre-shearing can be realised in the hindered

settling region. Nevertheless, under certain circumstances, pre-shearing may even be

required prior to material entering the hindered settling region. This situation would occur

when an underflow solids flux is specified which is larger than the maximum value for the

undensified system (Grassia et al., 2014). This maximum permitted undensified solids

flux is readily determined by plotting the underflow solids flux vs. the local solids volume

fraction curve for the initially undensified state and finding the local maximum (Laquidara

and Keinath, 1983; Grassia et al., 2014). It so happens that the underflow solids flux at

which one needs to pre-shear prior to entering the hindered settling region corresponds

to the same underflow solids flux for which the undensified system would exhibit the

clarification failure.
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The structure of this work is presented as follows. Sections 6.2–6.3 review the solids

flux theory consistent with time-dependent densification, and in addition review the con-

solidation theory consistent with time-dependent densification. Sludge rheological prop-

erties including the functional forms of the compressive yield stresses and the hindered

settling functions are also introduced in Sections 6.2–6.3. Section 6.4 introduces differ-

ent operating limits in undensified thickeners, thickeners with time-dependent densifica-

tion, and fully densified thickeners. The evolutions of the solids volume fractions in the

hindered settling regions of undensified thickeners, thickeners with time-dependent den-

sification, and fully densified thickeners, respectively are analysed in Section 6.5. The

determination of the densified gel point at the top of the bed, and the analysis of the con-

solidation region are given in Section 6.6: the analysis of Section 6.6 takes proper account

of the fact that a hindered settling region is present. Case studies are set up in Section 6.7.

The main simulation results including the solids volume fraction profiles, sludge rheo-

logical properties, and the heights required for both the hindered settling regions and the

consolidation regions are discussed in Section 6.8. Section 6.9 gives conclusions.

6.2 Solids flux theory consistent with time-dependent den-

sification

In this section, we review both the undensified solids flux theory and the densified

solids flux theory. When addressing the solids flux theory, it is necessary to describe the

functional form of the so-called hindered settling function, since the solids flux can be

expressed in terms of the hindered settling function (Usher and Scales, 2005; Usher et al.,

2009; van Deventer et al., 2011; Zhang et al., 2013a,b; Grassia et al., 2014). For initially

undensified cases, the hindered settling function only depends on the local solids volume

fraction, φ but is independent of the solids residence time, tres, whilst for time-dependent

densified cases, the hindered settling function is dependent on both the local solids vol-

ume fraction, φ, and the solids residence time, tres (van Deventer et al., 2011; Zhang

et al., 2013a; Grassia et al., 2014). Many published papers (Landman and White, 1992;

Lester et al., 2005; Diehl, 2007; Grassia et al., 2008, 2011) have described mathemati-
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cal models and have conducted experiments measuring the initially undensified hindered

settling function, R0(φ). The densified hindered settling function, R(φ, tres) can be ex-

pressed in terms of the solids residence time, tres, the local solids volume fraction, φ, and

the initially undensified hindered settling function, R0(φ). In this work, we choose the

functional form of the initially undensified hindered settling function presented in Zhang

et al. (2013a,b)

R0(φ) =
RStokes,0

φagg,0
(φ+ rg)

rnr−rng (6.2.1)

where φagg,0 is the solids volume fraction within the initially undensified aggregates, rg

and rn are the fitting parameters, andRStokes,0 represents the initially undensified hindered

settling function of an isolated aggregate/floc which is defined in Zhang et al. (2013b).

The constant parameters, φagg,0, rn, rg, and RStokes,0 are chosen as 0.1667, 5, 0.05, and

260469 Pa s m−2, respectively (Usher et al., 2009; Zhang et al., 2013a,b).

Subsequently, the densified hindered settling function, R(φ, tres) which is also chosen

from Zhang et al. (2013a,b) is

R(φ, tres) =
(1− φ)2R0(φagg)RStokes,0Dagg

φagg,0R0(φagg)(1− φ/φagg)2/ragg(φ/φagg) + (RStokes,0Daggφ/φagg)(1− φagg)2

(6.2.2)

where Dagg is the ratio of the densified aggregates to the undensified aggregates, φagg is

the solids volume fraction within the densified aggregates, and ragg(φ/φagg) is the aggre-

gate hindered settling factor. Note that this aggregate hindered settling factor, ragg(φ/φagg)

is assumed to be independent of densification and hence defined as follows (Usher et al.,

2009; Zhang et al., 2013a,b)
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ragg(φ/φagg) =
φagg,0(1− φ/φagg)2R0(φagg,0)R0(φφagg,0/φagg)

RStokes,0

R0(φagg,0

1− φagg,0
φ

φagg


2

−
φ

φagg
(1− φagg,0)2R0

φagg,0 φ

φagg



.

(6.2.3)

The solids volume fraction within the densified aggregates, φagg and the evolution of

the aggregate diameter, Dagg with the solids residence time are defined by Usher et al.

(2009) and van Deventer et al. (2011), respectively

φagg =
φagg,0
D3
agg

(6.2.4)

dDagg

dtres
= −A(Dagg −Dagg,∞) (6.2.5)

and

Dagg = (1−Dagg,∞)e−Atres +Dagg,∞ (6.2.6)

where Dagg,∞ is the minimum aggregate diameter ratio which is selected to be a com-

monly chosen value of 0.9 in this work (van Deventer et al., 2011; Zhang et al., 2013a,b),

and A is the aggregate densification rate parameter (i.e. various different possible values

for A will be considered in this work). Note that the minimum aggregate diameter ra-

tio, Dagg,∞ can be measured using equilibrium batch sedimentation tests (van Deventer

et al., 2011) and the aggregate densification rate parameter, A can also be determined by

experiments (van Deventer, 2012).

The solids volume fraction within the final steady state aggregates, φagg,∞ can be

calculated using Eq. (6.2.4) by setting Dagg = Dagg,∞. The fully densified hindered

settling function, R∞(φ) is evaluated at Dagg = Dagg,∞ and φagg = φagg,∞ via using
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Eqs. (6.2.2)–(6.2.3).

Steady state thickeners, regardless of densification or lack thereof, will have the sus-

pension flow balance and the solids mass balance (Bürger and Narváez, 2007; Diehl,

2008b)

f0 = fs + fe (6.2.7)

and

f0φf = fsφu + feφe (6.2.8)

where f0 is the feed volumetric rate, fs is the suspension volumetric flow rate, fe is the

volumetric overflow rate, φf is the initial feed solids volume fraction, φu is the underflow

solids volume fraction, φe is the overflow solids volume fraction.

When modelling a thickener, it is important to define the suspension flux, qs as the

sum of the solids flux and the liquid flux (Bürger and Narváez, 2007). The feed velocity,

q0, the suspension velocity, usb determined at the bottom of the thickener, and the overflow

velocity, qe which flows upward between the feed point and the overflow outlet are defined

as (Diehl, 2001, 2007, 2008a)

q0 =
f0
B

(6.2.9)

usb =
fs
B

(6.2.10)

and

qe =
fe
B

(6.2.11)
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where B is the cross sectional area.

The suspension velocity, usb determined at the bottom of the thickener equals the

suspension flux, qs, due to no slip condition at the bottom of the thickener (Martin,

2004; Grassia et al., 2014). Hence, substituting Eqs. (6.2.9)–(6.2.11) into Eq. (6.2.8)

yields (Diehl, 2001):

q0φf = qsφu + qeφe. (6.2.12)

Ideally, engineers expect that φe is nil and then Eq. (6.2.12) reduces (Bürger and

Narváez, 2007; Diehl, 2008b):

q0φf = qsφu. (6.2.13)

At steady state, the solids and liquid at the bottom of the thickener have the same

velocity (Martin, 2004; Grassia et al., 2014). One may express the underflow solids flux,

qu in terms of the underflow solids volume fraction, φu and the suspension flux, qs (Martin,

2004; Grassia et al., 2014)

qu = qsφu (6.2.14)

where qs represents the suspension flux including the solids flux and the liquid flux.

Substituting Eq. (6.2.9) into Eq. (6.2.13) and then rearranging yields an approach

determining the cross sectional area, B (Coe and Clevenger, 1916; Vesilind, 1979)

B =
f0φf
qsφu

. (6.2.15)

Determining the cross-sectional area B is obviously important for thickener design,

however it is evident from Eq. (6.2.15) that this can only be achieved once the denomina-
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tor of that equation, namely qsφu (or equivalently by Eq. (6.2.14), qu) is known. As stated

in Grassia et al. (2014), in the hindered settling region, the underflow solids flux, qu can

be expressed in terms of the suspension flux, qs and the local solids volume fractions, φ

qu = qsφ+ qfs(φ, tres) (6.2.16)

where qfs(φ, tres) is the free settling solids flux evaluated in the batch settling tests and

is independent of the underflow solids volume fraction. Note that the compressive yield

stress and/or the particle stress must be neglected when determining qfs in this fashion.

The functional form of qfs is proposed by Usher and Scales (2005)

qfs(φ, tres) =
∆ρgφ(1− φ)2

R(φ, tres)
(6.2.17)

where ∆ρ is the density difference between the solids and liquid which will be specified

shortly, g is the gravity acceleration, which is chosen as 9.8 m s−2. Note that, the densi-

fied hindered settling function, R(φ, tres) is replaced by the initially undensified hindered

settling function, R0(φ) if the system is initially undensified and is replaced by the fully

densified hindered settling function, R∞(φ) if the system is fully densified.

Eqs. (6.2.16)–(6.2.17) are important to analyse the solids behaviours and operating

conditions of a thickener. For a specified qs which is easily controlled in practice, there

is a minimum underflow solid flux achieved via plotting Eq. (6.2.16) in the undensified

and fully densified system, respectively. This minimum underflow solids flux is called the

limiting solids flux which is the maximum permitted underflow solids flux and hence the

maximum feed loading operated in a thickener for a specified qs (Vesilind, 1979; Diehl,

2001, 2008b). Note that as a very large qs is operated in a thickener, the limiting solids flux

may be determined at the feed solids volume fraction (Chancelier et al., 1997a; Grassia

et al., 2014). If an intermediate and/or a small qs is operated in a thickener, the limiting

solids flux may actually be determined at some point of the underflow solids flux vs. the

local solids volume fraction curve which lies to the right of the feed point (in other words,
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the critical solids volume fraction which corresponds to determine the limiting solids flux

is larger than the feed solids volume fraction) (Bürger and Narváez, 2007; Diehl, 2001,

2008b).

If time-dependent densification occurs however, a family of the densified underflow

solids flux vs. the local solids volume fraction curves must be plotted for different ag-

gregate diameters ranging between the initially undensified value and the fully densified

value (Grassia et al., 2014). Theoretically, for a specified qs, the upper bound of the den-

sified limiting solids flux is evaluated at the fully densified state using the fully densified

hindered settling function, R∞(φ).

6.3 Consolidation theory consistent with time-dependent

densification

The theory presented in Section 6.2 is adequate for describing the hindered settling

region, but must be extended for describing the consolidation region. We wish to progress

beyond design criteria that solely fix the cross sectional area of a thickener (see Eq. (6.2.15))

so as also to determine required thickener heights. Thus, in this section, the focus is

mainly on the predictions of the bed height and the solids volume fraction profile via

combining the fundamental consolidation theory developed by Buscall and White (1987)

with the densification theory developed by Usher et al. (2009) and van Deventer et al.

(2011), and extended by Zhang et al. (2013a,b). The consolidation theory and the den-

sification theory have been described by many researchers in the literature (Buscall and

White, 1987; Usher et al., 2009; van Deventer et al., 2011; Zhang et al., 2013a,b; Grassia

et al., 2014). Hence, we briefly review these theories in this section. One feature of the

consolidation theory and the densification theory is the use of the so-called compressive

yield stress, Py(φ, tres) (see details in Buscall and White (1987); Usher et al. (2009); van

Deventer (2012); Zhang et al. (2013a,b)). As the local solids volume fraction exceeds

the gel point, φg where the solids contact each other, the solids enter the consolidation re-

gion where the compressive yield stress, Py(φ, tres) must be taken into account (de Kretser

et al., 2003; van Deventer, 2012; Zhang et al., 2013a,b). If consolidation occurs, the solids
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volume fraction can increase dramatically, which is the aim of the thickening process.

Knowing the functional form of the compressive yield stress, Py(φ, tres) is vital to de-

sign and control a thickener. Experiments and mathematical models have been established

to determine the undensified compressive yield stress, Py,0(φ) (Buscall and White, 1987;

Green and Boger, 1997; Usher et al., 2001; de Kretser et al., 2001). The densified com-

pressive yield stress, Py(φ, tres) can be expressed in terms of the undensified functional

form. In this chapter, we choose both the undensified and densified functional forms of

the compressive yield stresses from Zhang et al. (2013a)

Py,0(φ) =
a0(φ− φg,0)

(m+ φ− φg,0)(φcp − φ)n0
(6.3.1)

and

Py(φ, tres) = Py,0(φagg)
(m+ φagg − φg)

(m+ φ− φg)
(φ− φg)

(φagg − φg)

φcp − φagg
φcp − φ


n1

(6.3.2)

where φg,0 is the initially undensified gel point, m is a constant value which is assumed

to be independent of densification, a0 and n0 are the curve fitting parameters for the

undensified functional form, φcp is the close packing solids volume fraction which is also

assumed to be independent of densification, φg is the densified gel point, φagg is the solids

volume fraction within the densified aggregates (see Eq. (6.2.4)), and n1 is the curve fitting

parameter for the densified functional form. The constant parameters φg,0, a0, n0, m, and

φcp are assumed to be 0.1, 3.7914 Pa, 10.8302, 0.0363, and 0.8, respectively (Usher et al.,

2009; Zhang et al., 2013a,b).

The densified gel point, φg and the curve fitting parameter, i.e. the exponent n1 are

given by (van Deventer et al., 2011; Zhang et al., 2013a)

φg =
φg,0
D3
agg

(6.3.3)
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and

n1 = (φcp − φagg)

P ′y,0(φagg)

Py,0(φagg)
+

1

m+ φagg − φg
−

1

φagg − φg

 (6.3.4)

where P ′y,0(φagg) is the derivative of the initially undensified compressive yield stress with

respect to the local solids volume fraction evaluated at φ = φagg.

The fully densified compressive yield stress, Py,∞(φ) has the same functional form

as Eq. (6.3.1) replacing φg,0 by φg,∞, and replacing the curve fitting parameters from the

undensified form to the fully densified form (Zhang et al., 2013a,b):

Py,∞(φ) =
a∞(φ− φg,∞)

(m+ φ− φg,∞)(φcp − φ)n∞
(6.3.5)

where φg,∞ is the fully densified gel point, a∞ and n∞ are the curve fitting parameters

evaluated in the fully densified state: these depend on the aggregate diameter ratio,Dagg,∞

in the fully densified state; for Dagg,∞ = 0.9 as considered here, a∞ = 6.4516 Pa and

n∞ = 10.0335. Note that these rather complicated formulae for Py(φ, tres), and Py,∞(φ)

ensure that both Py(φ, tres), and Py,∞(φ) and their derivatives with respect to φ, match

those of Py,0(φ) when φ = φagg (Usher et al., 2009; van Deventer et al., 2011; Zhang

et al., 2013a,b).

Now we turn to the force balance equations. In the absence of densification, the force

balance equation is written as (Buscall and White, 1987; Landman et al., 1988; Usher and

Scales, 2005; Zhang et al., 2013a,b)

dz

dφ
= −

dPy,0(φ)/dφ

∆ρgφ(1− (R0(φ)/(∆ρg(1− φ)2))qu(1/φ− 1/φu))
(6.3.6)

where Py,0(φ) is the undensified compressive yield stress, z is the height of the bed which

is measured upwards, and qu is the underflow solids flux which is measured downwards.

Note that the denominator on the right hand side of Eq. (6.3.6) is positive (on the grounds
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that hydrodynamic drag is smaller than gravity) (Zhang et al., 2013a,b). Hence the leading

minus sign on the right hand side of Eq. (6.3.6) ensures that the solids volume fraction

increases moving into the bed (i.e. φ increases as z decreases with our sign convention).

If the system is fully densified, the force balance equation has the same form as

Eq. (6.3.6) replacingR0(φ) and Py,0(φ) byR∞(φ) and Py,∞(φ), respectively (Zhang et al.,

2013b)

dz

dφ
= −

dPy,∞(φ)/dφ

∆ρgφ(1− (R∞(φ)/(∆ρg(1− φ)2))qu(1/φ− 1/φu))
. (6.3.7)

For a thickener with time-dependent densification, the local solids volume fraction

can be written in terms of either the height, z or the solids residence time, tres (Zhang

et al., 2013a; Grassia et al., 2014). Thus, it is convenient to write the rate equation for the

change of the local solids volume fraction (Zhang et al., 2013a)

dφ

dtres
=

∆ρgqu −
R(φ, tres)

(1− φ)2
q2u

1

φ
−

1

φu

− ∂Py(φ, tres)

∂tres

∂Py(φ, tres)

∂φ

(6.3.8)

where ∂Py(φ, tres)/∂tres in the numerator of Eq. (6.3.8) represents that the densified com-

pressive yield stress depends not only on the solids volume fraction, but also on the solids

residence time when time-dependent densification occurs.

It is easy to predict the bed heights via integrating Eq. (6.3.6) with the solids vol-

ume fraction ranging between φg,0 and φu for an undensified system and via integrating

Eq. (6.3.7) with the solids volume fraction ranging between φg,∞ and φu for a fully den-

sified system. Eq. (6.3.8) could be also easily solved via using the midpoint rule, if the

densified gel point at the top of the bed is identified (Press et al., 1992). We will anal-

yse the evolution of the densified gel point at the top of the bed in the presence of the

hindered settling region for a thickener with time-dependent densification shortly. Before

doing that however, we wish to cast our equations in dimensionless form and also take a
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closer look at the undensified and fully densified cases.

6.3.1 Dimensionless equations

A dimensionless system of equations is convenient to analyse the behaviours of ag-

gregates/flocs in a thickener with time-dependent densification and hence we convert the

dimensional system of equations to dimensionless form by defining a scale, α (Zhang

et al., 2013a; Grassia et al., 2014):

α = a0A/(∆ρguStokes,0), uStokes,0 =
∆ρg

RStokes,0

Z =
z∆ρgα

a0
=

zA

uStokes,0
, Rs(φ, Tres) =

R(φ, tres)

RStokes,0

Q =
q

uStokes,0
, Tres =

tresuStokes,0∆ρgα

a0
= tresA, py(φ, Tres) =

Py(φ, tres)

a0

where uStokes,0 denotes the Stokes settling velocity. Using these dimensionless forms,

the effect of densification rate parameter, A has been scaled out of the hindered settling

region, but retains importance in the consolidated bed.

The evolution of the aggregate diameter ratio can be expressed using the above men-

tioned dimensionless scalings:

Dagg = (1−Dagg,∞)e−Tres +Dagg,∞. (6.3.9)

The dimensionless free settling solids flux, Qfs determined in the batch settling test is

written as:
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Qfs =
φ(1− φ)2

Rs(φ, Tres)
. (6.3.10)

The dimensionless underflow solids flux, Qu which is expressed in terms of the di-

mensionless free settling solids flux, Qfs and the dimensionless suspension flux, Qs is

written as:

Qu = Qfs + φQs. (6.3.11)

The dimensionless rate equation for the solids velocity which is expressed in terms

of the dimensionless underflow solids flux, Qu, and the local solids volume fraction is

written as:

dZ

dTres
= −Qu

φ
(6.3.12)

where the minus sign on the right hand side of Eq. (6.3.12) represents the dimensionless

solids residence time, Tres increasing from Tres = 0 at the feed point and the dimen-

sionless height, Z being measured upwards and Z = 0 being at the feed point of the

thickener.

The underflow solids volume fraction, φu is determined:

φu =
Qu

Qs

. (6.3.13)

The dimensionless force balance equations for initially undensified thickeners, thick-

eners subject to time-dependent densification, and fully densified thickeners are given by

Eqs. (6.3.14–6.3.16), respectively:
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dφ

dZ
= −

φ−
Rs,0(φ)Qu(1− φ/φu)

(1− φ)2

α ∂py,0(φ)/∂φ
(6.3.14)

dφ

dTres
=

Qu −
Q2
uRs(φ, Tres)

(1− φ)2

1

φ
−

1

φu

− α∂py(φ, Tres)
∂Tres

α ∂py(φ, Tres)/∂φ
(6.3.15)

and

dφ

dZ
= −

φ−
Rs,∞(φ)Qu(1− φ/φu)

(1− φ)2

α ∂py,∞(φ)/∂φ
. (6.3.16)

6.4 Theory for operation and control of a thickener

In this section, we analyse the operating limits including the maximum permitted di-

mensionless underflow solids flux, Qu,max (for a given suspension flux), the maximum

permitted dimensionless suspension flux, Qs,max (for a given underflow solids flux), and

the underflow solids volume fraction, φu,max determined using Eq. (6.3.13) with the max-

imum permitted dimensionless underflow solids flux, Qu,max calculated for a specified

dimensionless suspension flux, Qs. These limits can be determined using the solids flux

theory, regardless of the compressive yield stress.

A general formula determining the dimensionless underflow solids flux, Qu in the

absence of the compressive yield stress is expressed in terms of the underflow solids

volume fraction, φu (Usher and Scales, 2005; Usher et al., 2009; Zhang et al., 2013a):

Qu =
φ(1− φ)2

Rs(φ, Tres)(1− φ/φu)
≡

Qfs

1− φ/φu
. (6.4.1)
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Substituting Eq. (6.4.1) into Eq. (6.3.13) and rearranging yields a formula for the

determination of the dimensionless suspension flux, Qs:

Qs =
φ(1− φ)2

Rs(φ, Tres)(φu − φ)
≡

Qfs

φu − φ
. (6.4.2)

In an undensified system and a fully densified system, Rs(φ, tres) in the denominators

of Eqs. (6.4.1)–(6.4.2) will be replaced by Rs,0(φ) and Rs,∞(φ), respectively. For a given

underflow solids volume fraction, φu, the maximum permitted dimensionless underflow

solids flux, Qu,max, and the maximum permitted dimensionless suspension flux, Qs,max

are equal to the minimum values of Eq. (6.4.1) and Eq. (6.4.2), respectively (Fitch, 1966;

Usher and Scales, 2005). For a given dimensionless underflow solids flux, Qu, the max-

imum permitted dimensionless suspension flux, Qs,max is equal to the maximum value

obtained via the dimensionless solids flux formula (Eq. (6.3.11)) subject to satisfying

the constraint given on Qu. For a given dimensionless suspension flux, Qs, the maxi-

mum permitted dimensionless underflow solids flux, Qu,max equals the minimum value of

Eq. (6.3.11) (Keinath, 1985; Bürger and Narváez, 2007; Grassia et al., 2014).

6.4.1 Undensified and fully densified thickeners

The theory presented up to now can be used to model and control thickener operation,

but is considerably complicated by the presence of time-dependent aggregate densifica-

tion. Looking at either the initially undensified or fully densified cases is simpler, and we

do this in the first instance. The controllable operating parameters include the feed ve-

locity (or the feed volumetric rate), the overflow volumetric rate, and the suspension flux

(or the suspension volumetric rate). In this work, we only focus on the behaviours of the

thickening zone (ignoring the clarification zone), and for the purposes of the immediate

discussion, we focus on the hindered settling region only, rather than the entire thickening

zone, including the consolidated bed. When controlling a thickener, there are three impor-

tant operating states: the underloaded state where the proposed underflow solids flux is

smaller than the limiting solids flux, the critically loaded state where the proposed under-
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flow solids flux is exactly equal to the limiting solids flux, and the overloaded state where

the proposed underflow solids flux is larger than the limiting solids flux and hence the

solids flow upwards entering the clarification zone and effluents (Keinath, 1985; Chance-

lier et al., 1997a; Diehl, 2001, 2008b). Ideally, engineers may expect to operate a critically

loaded and/or an underloaded thickener in practice. Thus, the dimensionless underflow

solids flux, Qu equals Q0φf .

Fig. 6.1 shows the maximum permitted dimensionless underflow solids fluxes deter-

mined in both undensified and fully densified systems, for a specified suspension flux. As

shown in Fig. 6.1, the maximum permitted dimensionless underflow solids flux, Qu,max

increases with the increase of the suspension flux, Qs in both undensified and fully densi-

fied systems. For a specified suspension flux, Qs, the maximum permitted dimensionless

underflow solids flux, Qu,max can be read off from Fig. 6.1. Hence, the maximum permit-

ted dimensionless feed velocity, Q0,max (Q0,max ≡ Qu,max/φf ) can also be available for

a specified dimensionless suspension flux, Qs and a given initial solids volume fraction,

φf . We can also explain Fig. 6.1 in such a way that a maximum permitted dimensionless

suspension flux, Qs,max is determined for a specified dimensionless underflow solids flux,

Qu (and/or a specified dimensionless feed velocity, Q0).

For a specified dimensionless suspension flux, Qs as shown in Fig. 6.1, the maximum

permitted dimensionless underflow solids flux, Qu,max determined in a fully densified

system is larger than that determined in an undensified system. For a specified dimen-

sionless underflow solids flux, Qu (and/or a specified dimensionless feed velocity, Q0),

the required suspension flux, Qs determined in a fully densified system is smaller than

that determined in an undensified system. The reason for the above observations is due

to the much smaller aggregate diameter ratio and hence the much smaller dimensionless

hindered settling function in a fully densified system which leads to a faster settling rate.

If a comparatively large dimensionless suspension flux, Qs is given in a fully densified

system, the dimensionless fully densified hindered settling function, Rs,∞(φ) is used in

Eq. (6.3.11). On the other hand, for a sufficiently small dimensionless suspension flux,Qs

operated in a fully densified system, the minimum point of Eq. (6.3.11) will be achieved

using the initially undensified hindered settling function, Rs,0(φ), due to a large under-
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Figure 6.1: Relationships of the suspension flux, Qs and the underflow solids flux, Qu

determined using Eq. (6.3.11) in the undensified state and the fully densified state, re-
spectively. Note that each curve is plotted precisely over the domain where a local min-
imum point on the Qu vs φ function exists; at higher Qs values, that point might shift to
the feed (Chancelier et al., 1997a). The sub-plot labelled ‘b’ is a zoomed picture of the
sub-plot labelled ‘a’.

flow solids volume fraction that is much larger than the solids volume fraction within the

fully densified aggregates, φagg,∞ (Zhang et al., 2013b). The formula for Rs(φ, Tres) co-

incides with that for Rs0(φ) in that limit (although neglect of the consolidated bed is also

untenable in that limit) (Zhang et al., 2013b). This is the reason why the fully densified

curve plotted in Fig. 6.1 coincides with the undensified counterpart as the dimensionless

suspension flux, Qs is sufficiently small.

Corresponding solids volume fraction

When controlling a steady state thickener, we define a so-called corresponding solids

volume fraction, φcorres to be a critical solids volume fraction that delivers a critical un-

derflow solids flux (or equivalently the limiting solids flux). Once φcorres is defined, φu

can also be determined and turns out to be a factor 1 + |Qfs(φcorres)/Q
′
fs(φcorres)| larger
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Figure 6.2: Determinations of the underflow solids volume fractions, φu for different
specified dimensionless suspension flux, Qs in both undensified and fully densified sys-
tems. Note that the relationships between the dimensionless suspension flux, Qs and the
corresponding solids volume fraction, φcorres are also presented. The horizontal lines with
‘4’ and ‘◦’ represent the initially undensified gel point, φg,0 and the fully densified gel
point, φg,∞, respectively.

than φcorres. The variable Q′fs(φcorres) represents the derivative of Qfs(φ) with respect

to φ evaluated at φcorres. Fig. 6.2 shows the maximum dimensionless suspension fluxes,

Qs,max obtained using Eq. (6.4.2) in both undensified and fully densified systems for dif-

ferent specified underflow solids volume fractions, φu. We have however plotted Fig. 6.2

in the form of the solids volume fraction vs Qs (rather than Qs vs the solids volume

fraction) so as to explain this in terms of the maximum available underflow solids vol-

ume fractions, φu,max that are achieved for different specified dimensionless suspension

fluxes, Qs. We can denote these underflow solids volume fractions by the symbol φu,max

(as they deliver the maximum underflow solids flux at the given Qs). The value of φu,max

increases with the decrease of the dimensionless suspension flux, Qs for both undensified

systems and fully densified systems. As shown in Fig. 6.2, for a specified dimensionless

suspension flux, Qs, the value φu,max obtained in a fully densified system is larger than

that obtained in an undensified system. Moreover, the dimensionless suspension flux, Qs

determined in an undensified system is smaller than that determined in a fully densified

system for a given underflow solids volume fraction, φu.

Fig. 6.2 also shows the corresponding solids volume fractions, φcorres determined for
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specified suspension fluxes, Qs. As shown in Fig. 6.2, the corresponding solids volume

fraction, φcorres increases with the decrease of the dimensionless suspension flux, Qs for

both undensified and fully densified systems. The curves determined in the fully densified

system are above those determined in the undensified system, due to the decrease of the

dimensionless hindered settling functions upon densification. Fig. 6.2 also shows that for

a specified suspension flux, Qs, the fully densified corresponding solids volume fractions,

φfull dencorres determined in the fully densified system tend to be larger than the fully densified

gel point, φg,∞ if the undensified corresponding solids volume fraction, φundencorres determined

in the undensified system is larger than the undensified gel point, φg,0 (although neglect

of consolidation is then untenable). On the other hand, if φfull dencorres is smaller than φg,∞,

φundencorres tends to be smaller than φg,0 for a specified suspension flux, Qs.

6.4.2 Outlook for thickeners with time-dependent densification

As discussed previously, maximum permitted underflow solids fluxes, Qu,max and

the underflow solids volume fractions at these maxima, φu,max can be easily determined

for specified suspension fluxes Qs in both undensified and fully densified systems. If

time-dependent densification occurs however, the determinations of maximum permitted

underflow solids fluxes,Qu,max and the underflow solids volume fractions associated with

these maxima, φu,max for specified suspension fluxes, Qs are complicated, since the di-

mensionless densified hindered settling function, Rs(φ, Tres) changes with both the local

solids volume fraction, φ and the aggregate diameter ratio, Dagg which itself depends on

the dimensionless solids residence time, Tres. Nevertheless, some upper bounds on the

maximum permitted feed velocities, Q0,max (and/or the maximum permitted underflow

solids fluxes, Qu,max) and the underflow solids volume fractions associated with these

maxima, φu,max for specified suspension fluxes, Qs can be determined using the fully

densified system (Grassia et al., 2014).
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6.5 Analysis of the hindered settling region

In this section, we focus on the evolution of the solids volume fractions in the hindered

settling region where the solids volume fraction is less than the gel point. The analysis of

the solids behaviours in the hindered settling region is useful to design and control thick-

eners exhibiting time-dependent densification. We will also discuss the solids volume

fraction profiles determined in the hindered settling regions of undensified thickeners,

thickeners subject to time-dependent densification, and fully densified thickeners, respec-

tively.

6.5.1 Undensified and fully densified thickeners with specified Qs

At steady state, the solids flux formula (Eq. (6.3.11)) must be always valid in the

hindered settling region. For a specified suspension flux, Qs, the solids volume frac-

tion profiles determined in the hindered settling regions of undensified and fully densified

thickeners depend on the proposed feed velocity, Q0 and/or the proposed underflow solids

flux, Qu. When a thickener is operated with a feed solids volume fraction, φf , a feed ve-

locity, Q0 and a proposed underflow solids flux, Qu, it can happen that the solids volume

fraction actually encountered in the hindered settling region can differ from φf . In par-

ticular when the thickener is underloaded it can happen that the solids volume fraction in

the hindered settling region is even smaller than φf . This is believed to occur for waste

water and/or biological sludges (Diehl, 2001), although the extent to which it happens

when other suspensions and/or slurries are used is unknown. On the other hand for a crit-

ically loaded thickener, the hindered settling region selects a corresponding solids volume

fraction, φcorres (see e.g. Fig. 6.2), which is determined independently of the feed solids

volume fraction (and may indeed be rather larger).

When the hindered settling region is analysed for a thickener that is (at least nomi-

nally) critically loaded, it can be divided into two cases depending upon the relationships

between the corresponding solids volume fractions, φcorres and the gel points, φg. If the

corresponding solids volume fractions, φundencorres determined in initially undensified thicken-

ers and the corresponding solids volume fractions, φfull dencorres determined in fully densified

thickeners are smaller than the initially undensified gel points, φg,0 and the fully den-
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sified gel points, φg,∞, respectively, the solids flux formula (Eq. (6.3.11)) is satisfied.

The solids volume fractions in the hindered settling regions are uniform and determined

via Eq. (6.3.11) for undensified and fully densified thickeners, respectively (Bürger and

Narváez, 2007). It should be noted that, in a state of critical loading, Eq. (6.3.11) may

have two solutions: one that is smaller than the initial feed solids volume fraction, φf and

the other that is larger than φf (Bürger and Narváez, 2007). A unique solution will be

given by adding an entropy condition derived by Bürger and Narváez (2007), and this is

the solution that we denote by φcorres (usually φcorres > φf for critical loading). If φundencorres

and φfull dencorres are larger than φg,0 and φg,∞ determined in undensified and fully densified

thickeners, respectively, consolidation must occur before φcorres is ever attained and the

proposed underflow solids flux must be below the underflow solid flux curve, due to the

presence of the consolidated bed providing an upwards network force on solids. Under

these circumstances in the hindered settling region, the thickener is actually underloaded

(i.e. not critically loaded as first assumed) (Zhang et al., 2013a,b).

It is clear that knowing the values of φcorres and φg is very useful for understanding

the operation of undensified and fully densified thickeners. One of the objectives in what

follows is to generalise the definitions of φcorres and φg to the case of thickeners with time-

dependent densification. Note that in the special case when φcorres < φg, for undensified

or fully densified thickeners, it is not necessary to define the heights and hence the solids

residence times spent in the hindered settling regions (Fitch, 1966). Hence, engineers

generally focus their design efforts on the determination of the required cross sectional

area, B which can be calculated via using Eq. (6.2.15) (Fitch, 1966). In the case of time-

dependent densification however, as we will see below, the predictions of heights and

solids residence times need to be made even for φcorres < φg.

6.5.2 Thickeners with time-dependent densification and specified Qs

If time-dependent densification occurs for a specified suspension flux, Qs, different

proposed underflow solids fluxes, Qu and the values of the corresponding solids volume

fractions, φcorres achieving the minimum of the underflow solids flux curves are what

govern the solids volume fraction profiles in the hindered settling region. Given any
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Figure 6.3: A general underflow solids flux vs. the local solids volume fraction curve.
Note that this figure is plotted using the suspension flux, Qs = 0.0034. Tres = 0 rep-
resents the initially undensified state and Tres → ∞ represents the fully densified state.
The horizontal lines with ‘4’ and ‘5’ represent the maximum permitted underflow solids
fluxes determined in undensified and fully densified systems, respectively. The vertical
lines with ‘◦’ and ‘�’ denote the corresponding solids volume fractions evaluated in un-
densified and fully densified systems, respectively.

dimensionless solids residence time, Tres for which aggregates have been subjected to

densification at any point in the hindered settling region, and given a value of suspension

flux, Qs, we can plot an underflow solids flux, Qu vs the solids volume fraction, φ curve

(see e.g. Fig. 6.3): the corresponding solids volume fraction, φcorres for time-dependent

densification is defined as being the solids volume fraction giving the minimum of this

curve for any particular Tres. In what follows, we think of Tres as determining the extent

of densification that has occurred up to any point in the hindered settling region, and

a parameter Tcorres as determining the extent of densification that has occurred at the

bottom of the hindered settling region (Grassia et al., 2014). The larger Tcorres that is

operated, the more densification that occurs in the hindered setting region, and this affects

the value of φcorres at the bottom of the hindered settling region, which we denote φcritcorres.

There are two bounds of the corresponding solids volume fraction in a thickener with

time-dependent densification: the lower bound that is φundencorres and the upper bound that is

φfull dencorres . These can be easily read off from the underflow solids flux curves such as those

shown in Fig. 6.3. We analyse three situations depending upon different locations of the

above two bounds.
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The case φfull dencorres < φg,∞

For φfull dencorres < φg,∞, the critical corresponding solids volume fraction, φcritcorres deter-

mined using Eq. (6.3.11) with any hindered settling region corresponding solids residence

time, Tcorres is typically smaller than the so called critical densified gel point, φg,c defined

as the gel point determined according to Eq. (6.3.3) and Eq. (6.3.9) using the same Tcorres.

The proposed corresponding solids residence time, Tcorres will affect the evolution of the

solids volume fractions in the hindered settling region for a specified suspension flux, Qs.

Note that the underflow solids volume fraction, φu can be larger than the critical densi-

fied gel point, φg,c at any given corresponding solids residence time, Tcorres: it is only

φcritcorres which we require to be less than φg,c. When the corresponding solids residence

time, Tcorres and the suspension flux, Qs are given, the underflow solids flux, Qu is also

determined which is the minimum value of Eq. (6.3.11) by setting Tres in Eq. (6.3.9) that

equals Tcorres (Grassia et al., 2014).

Our determination of the critical corresponding solids volume fraction, φcritcorres pre-

supposes a critically loaded thickener at time Tcorres. If on the other hand, the proposed

underflow solids flux, Qu is smaller than the maximum underflow solids flux determined

in the undensified state, Qunden
u,max, the thickener is invariably underloaded. The solids vol-

ume fraction in the hindered settling region which can be determined using Eq. (6.3.11)

(or read off at each value of Tres from the point at which the underflow solids flux curve

attains the target Qu) decreases moving downwards the bottom of the hindered settling

region (Grassia et al., 2014). Such a state is unstable and as a result the settling veloc-

ity need not be confined in the vertical but instead overturning could occur (with both

horizontal and vertical velocity components) in an effort to redistribute higher solids vol-

ume fraction material below lower solids volume fraction material. A multidimensional

solids flux theory might be needed in this case (Grassia et al., 2014). Nevertheless, for

underloaded thickeners operated at very low suspension fluxes (and hence very low solids

volume fractions in the hindered settling region), aggregate densification might not af-

fect the solids volume fraction profiles in the hindered settling region, since the solids

residence time spent in the hindered settling region will be typically very small. Little

densification should take place there.
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If the proposed underflow solids flux,Qu is larger than the maximum underflow solids

flux determined in the undensified state, Qunden
u,max but is smaller than that determined in the

fully densified state, Qfull den
u,max , the solids volume fractions in the hindered settling region

are not uniform but are determined via Eq. (6.3.11) (Grassia et al., 2014). This equa-

tion varies according to the amount of densification experienced at different points in the

thickener. It is first necessary to determine a critical corresponding solids volume frac-

tion, φcritcorres achieving the minimum value of the underflow solids flux curve plotted when

setting Tres = Tcorres. The maximum available solids volume fraction in the hindered

settling region equals φcritcorres and the solids residence time spent in the hindered settling

region equals Tcorres. The maximum underflow solid flux, Qu,max is then evaluated at

time Tcorres and at the critical corresponding solids volume fraction, φcritcorres. The under-

flow solids flux must however be uniform over the entire hindered settling region. A solids

volume fraction can then be obtained for each Tres (0 ≤ Tres ≤ Tcorres) (Grassia et al.,

2014). When calculating the solids volume fraction in the hindered settling region, the

solution of Eq. (6.3.11) may not be unique, but the correct solution branch needs to satisfy

that the solution must be larger than the initial feed solids volume fraction, φf but smaller

than the critical corresponding solids volume fraction, φcritcorres (Bürger and Narváez, 2007;

Grassia et al., 2014). The critical corresponding solids volume fraction, φcritcorres is most

readily determined by specifying the corresponding solids residence time, Tcorres. An

alternative approach where we specify e.g. the height of the hindered settling region is

much more computationally intensive (Grassia et al., 2014). The problem is that relating

region heights to solids residence times relies on knowledge of the solids volume frac-

tion and the underflow solids flux and these are only obtained directly in terms of Tcorres,

rather than in terms of region heights.

In summary, for the small underflow solids fluxes, Qu which are equal to and/or

smaller than Qunden
u,max, the heights and the solids residence times required for the hindered

settling region are not determined by theory. It is possible to determine a thickener’s cross

sectional area but not its height. However, for a larger proposed underflow solids flux,Qu,

the heights and the solids residence times associated with the hindered settling region can

be determined (Grassia et al., 2014). In practice (for a given suspension flux, Qs) it is
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easiest to set the value of Tcorres (which we interpret now as the minimum solids resi-

dence time permitted in the hindered settling region of the thickener to achieve our target

underflow solids flux) and use this Tcorres to fix Qu. A minimum height in the hindered

settling region (which is determined via Eq. (6.3.12)) can also be specified. Note that (in

the case when φfull dencorres < φg,∞) we are free to choose any Tcorres we like up to arbitrarily

large values. The larger the Tcorres value we choose, the closer the underflow solids flux

delivered is pushed to Qfull den
u,max .

The case φfull dencorres > φg,∞ and φundencorres < φg,0

In this situation, the configuration of a thickener with time-dependent densification is

complicated. The problem is that if the material is considered to be in the hindered set-

tling region, and to dewater under densification according to the hindered settling region

theory just presented, eventually it may gel, i.e. the hindered settling region theory may

cease to apply. Here, we assume that the proposed underflow solids flux, Qu is larger

than the maximum permitted underflow solids flux determined at the initially undensified

state, Qunden
u,max but is smaller than that determined at the fully densified state, Qfull den

u,max . The

critical corresponding solids volume fraction, φcritcorres determined via Eq. (6.3.11) by set-

ting Tres = Tcorres could be either smaller or larger than the critical densified gel point,

φg,c determined using Eq. (6.3.3) by setting Tres = Tcorres, depending upon how much

densification is assumed to occur in the hindered settling region.

If φcritcorres is smaller than φg,c for a given suspension flux, Qs, the evolution of the

solids volume fraction in the hindered settling region is the same as that analysed for

cases where φfull dencorres < φg,∞. If φcritcorres is larger than φg,c for a specified suspension flux,

Qs however, this implies that the corresponding solids residence time, Tcorres and the

underflow solids flux, Qu have been chosen too large. The theory presented in this work

only exhibits physically sensible behaviour with a smaller Tcorres value. We rationalise

this behaviour as follows: physically we know that a suspension jumps from an ungelled

hindered settling region to a gelled consolidated bed, but we do not know in advance

where and when in the thickener that jump takes place. In fact Tcorres is an estimate of

time spent in the hindered settling region when that jump occurs. If the Tcorres value we
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initially select leads to φcritcorres larger than φg,c, that is merely a sign that the jump to the

gelled consolidated bed took place sooner than we estimated: less time is spent in the

hindered settling region, and more time is spent in the bed.

The case φundencorres > φg,0

For φundencorres > φg,0, the critical corresponding solids volume fraction, φcritcorres deter-

mined via Eq. (6.3.11) with any Tcorres tends to be larger than the critical densified gel

point, φg,c determined at the same Tcorres. We therefore consider that the system gels

immediately into the consolidated bed without spending significant time in the hindered

settling region. The solids volume fraction at the top of the bed is the undensified gel

point, φg,0 (Zhang et al., 2013a), and (owing to the presence of network stress) the un-

derflow solids flux delivered can be any value up to the undensified maximum underflow

solids flux, Qunden
u,max.

In summary, there are various scenarios under which we can perform design calcu-

lations on the hindered settling region of critically-loaded thickeners subjected to time-

dependent densification, but other scenarios in which such calculations are not possible.

Depending on the relation between the corresponding solids volume fraction (that deliv-

ers the critically-loaded underflow solids flux) and the suspension gel point, it may be

possible to perform these calculations for any solids residence time in the hindered set-

tling region, or for short solids residence times (but not for longer time), or perhaps not at

all. In cases when we can perform the hindered settling region calculations, the challenge

now is to match the calculations onto the consolidated bed. This is addressed in the next

section.

6.6 Analysis of the consolidation region

Consolidation is an important process in industrial plants since it is specifically in

the consolidated bed region where the solids volume fraction can increase to a very large

value. In this section, we analyse whether the consolidation region needs to be modelled

during aggregate densification (for relatively modest underflow solids volume fractions,

φu, the consolidated bed might be insignificant). Before describing a thickener with time-
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dependent densification, it is necessary to analyse undensified and fully densified thick-

eners.

6.6.1 Undensified and fully densified thickeners with specified Qs

For undensified and fully densified thickeners (where the suspension flux, Qs and the

underflow solids flux, Qu are both specified), it is necessary to evaluate the underflow

solids volume fraction, φu via Eq. (6.3.13) before further analysis of the configuration of

thickeners. In an underloaded undensified thickener and/or an underloaded fully densified

thickener, if φu is larger than either φg,0 for an undensified thickener or φg,∞ for a fully

densified thickener, it is easy to determine the bed heights, Zb required for the consol-

idation region using either Eq. (6.3.14) for an undensified thickener or Eq. (6.3.16) for

a fully densified thickener. The solids residence time, Tres,b spent in the consolidation

region is also easily determined via Eq. (6.3.12) once the solids volume fraction profiles

in the consolidation region are obtained.

For a critically loaded undensified thickener and a critically loaded fully densified

thickener, if the underflow solids volume fractions, φu are larger than φg,0 for an undensi-

fied thickener and φg,∞ for a fully densified thickener, and in addition the corresponding

solids volume fractions, φundencorres and φfull dencorres are smaller than φg,0 and φg,∞, respectively,

Eq. (6.3.14) and Eq. (6.3.16) are also used to determine bed heights needed for the con-

solidation regions of an undensified thickener and a fully densified thickener, respectively.

The solids residence time is also predicted using Eq. (6.3.12). Note that now the proposed

underflow solids fluxes can theoretically be equal to the limiting solids fluxes which are

computed via Eq. (6.3.11) in both undensified and fully densified thickeners for suitably

specified suspension fluxes, Qs (a fact which follows because network forces only appear

for solids volume fractions a finite amount above φundencorres and/or φfull dencorres ). As the suspen-

sion fluxes decrease, the corresponding solids volume fractions, φundencorres and φfull dencorres shift

to larger values but calculations can still proceed provided these values are smaller than

the gel points (φg,0 and φg,∞, respectively).

On the other hand, if the underflow solids volume fractions, φu and the corresponding

solids volume fractions (φundencorrres and φfull dencorres ) are all larger than the gel points φg,0 for
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a critically loaded undensified thickener and φg,∞ for a critically loaded fully densified

thickener, the ‘ungelled’ underflow solids fluxes, Qu determined using Eq. (6.3.11) for

the specified suspension fluxes, Qs cannot be achieved in undensified and fully densified

thickeners, respectively, since the denominators of Eq. (6.3.14) and Eq. (6.3.16) become

zero evaluated at the corresponding solids volume fractions. The beds then become ar-

bitrarily tall (and may start to invade the clarification zone). There are two approaches

for avoiding the above mentioned thickening failure: one that can decrease the proposed

underflow solids fluxes, Qu maintaining the same specified suspension fluxes, Qs, and

the other that can increase the suspension fluxes, Qs maintaining the same underflow

solids fluxes, Qu. Both the above two approaches will decrease the available underflow

solids volume fractions, φu. Eq. (6.3.14) and Eq. (6.3.16) are again used to determine

bed heights for an undensified thickener and a fully densified thickener, respectively af-

ter adjusting the underflow solids fluxes and/or the suspension fluxes. In all these cases,

the focus is upon computing the heights of (undensified or fully densified) consolidated

beds. Indeed, the undensified and fully densified theories do not specify the heights of the

hindered settling region, just the consolidated bed heights.

6.6.2 Thickeners with time-dependent densification and specified Qs

In line with what was discussed above, the corresponding solids volume fractions in

the hindered settling region turn out to be important parameters when analysing the solids

behaviours and the configuration of a thickener with time-dependent densification. Thus,

whether consolidation is even relevant in a thickener with time-dependent densification

for a specified suspension flux, Qs depends upon different values of the above mentioned

corresponding solids volume fractions.

The case φfull dencorres < φg,∞

When the suspension flux, Qs and the (hindered settling region) corresponding solids

residence time, Tcorres are given (with any value of Tcorres now admitting a valid solu-

tion), the underflow solids flux, Qu, the critical corresponding solids volume fraction,

φcritcorres, and the underflow solids volume fraction, φu can all be determined. Whether
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consolidation occurs or not depends upon the relationship between the underflow solids

volume fraction, φu and the critical densified gel point, φg,c determined using Eq. (6.3.3)

by setting Tres = Tcorres. If φu < φg,c, consolidation will never occur in a thickener with

time-dependent densification. Otherwise for φu > φg,c, consolidation will occur. The

solids volume fraction at the top of the bed is equal to φg,c, if consolidation occurs. The

bed height, Zb and hence the solids residence time, Tres,b required for the consolidation

region can be predicted using Eq. (6.3.15) and Eq. (6.3.12), respectively. Once the solids

residence time required for the consolidation region is found, the total solids residence

time, T totalres required in a thickener with time-dependent densification which is the sum of

Tcorres and Tres,b can also be determined. Note that the critical densified gel point, φg,c

which is typically larger than φcritcorres could be any value ranging between the undensified

gel point, φg,0 and the fully densified gel point, φg,∞, depending on different proposed

Tcorres.

For φu which is larger than φg,∞, consolidation must invariably occur. Moreover if

the solids residence time spent in the hindered settling region is sufficiently long, the

consolidation region becomes fully densified and hence the solids volume fraction at the

top of the bed is the fully densified gel point, φg,∞. Then Eq. (6.3.16) and Eq. (6.3.12)

are used for the determinations of the bed height, Zb and hence the solids residence time,

Tres,b required for the consolidation region, respectively.

The case φfull dencorres > φg,∞ and φundencorres < φg,0

For this case, as a suspension flux, Qs and a corresponding solids residence time,

Tcorres are given, the critical corresponding solids volume fraction, φcritcorres is either smaller

than or larger than the critical gel point, φg,c determined at Tres = Tcorres depending upon

how much densification is assumed to occur in the hindered settling region. We focus

now on relatively small values of Tcorres for which φcritcorres < φg,c. Both the proposed

underflow solids flux, Qu and the underflow solids volume fraction, φu can be determined

when Qs and Tcorres are specified.

For φcritcorres < φg,c and φu which is also smaller than φg,c, there is no consolidated

bed observed in a thickener with time-dependent densification. For φcritcorres < φg,c but
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φu which is larger than φg,c however, the consolidated bed should exist and the solids

volume fraction at the top of the bed equals the critical densified gel point, φg,c. Hence,

the bed height, Zb and the solids residence time, Tres,b spent in the consolidation region

are calculated using Eq. (6.3.15) and Eq. (6.3.12), respectively.

The case φundencorres > φg,0

For cases where φundencorres > φg,0, consolidation must occur in a thickener with time-

dependent densification. We consider that the suspension gels immediately (the solids

volume fraction being the undensified gel point, φg,0 at the top of the bed) and therefore

do not attempt to model the hindered settling region. We are free to set Qs and Qu

independently, subject to the constraint that Qu must not exceed Qunden
u,max. When Qu is

chosen close to Qunden
u,max, it is known that φu is strictly greater than φundencorres, which in turn

exceeds φg,0 in this case. The consolidated bed might be determined using the theory

presented in Zhang et al. (2013a).

6.7 Case studies

In this section, eight cases are illustrated. We choose two specified suspension fluxes,

Qs and two corresponding solids residence times, Tcorres to analyse the solids behaviours

in thickeners with time-dependent densification. Hence, four underflow solids fluxes, Qu

are evaluated. A large suspension flux, Qs (Qs = 0.0034) is given in Cases 1–4 whilst

an intermediate suspension flux, Qs (Qs = 0.0015) is given in Cases 5–8. Two densi-

fication rate parameters, A which are chosen from previous studies (A = 0.01 s−1 and

A = 0.001 s−1, respectively (Zhang et al., 2013a,b)) are considered in this work. Odd

numbered cases have the smaller densification rate parameter, A (A = 0.001 s−1). Even

numbered cases operate the larger densification rate parameter, A (A = 0.01 s−1). The

solids volume fraction within the initially undensified aggregates, φagg,0, the solids vol-

ume fraction within the fully densified aggregates, φagg,∞, and the fully densified gel

point, φg,∞ are chosen to be 0.1667, 0.2286, and 0.1372, respectively, with the unden-

sified gel point being φg,0 = 0.1 (Usher et al., 2009; Zhang et al., 2013a,b). The final

aggregate diameter ratio, Dagg,∞ = 0.9 (Usher et al., 2009; Zhang et al., 2013a,b). The
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density difference between the solids and the liquid is assumed to be 2200 kg m−3 (Usher

et al., 2009; Zhang et al., 2013a). Rheological property values have been specified in

Sections 6.2 and 6.3. In particular for the value RStokes,0 (RStokes,0 = 260469 Pa s m−2)

given in Section 6.2, the Stokes settling velocity, uStokes,0 = 0.08277 m s−1. The fact that

settling is hindered however gives typical velocities much smaller than uStokes,0.

Table 6.1 shows details of different operating parameters given in each case. In this

work, for a specified suspension flux, Qs, the minimum value on the underflow solids flux

vs. the local solids volume fraction curve obtained at the fully densified state (Dagg =

Dagg,∞ = 0.9) is always smaller than the maximum value on the underflow solids flux vs.

the solids volume fraction curve determined at the undensified state (Dagg = Dagg,0 = 1).

In other words, pre-shearing of aggregates is not needed prior to the hindered settling

region (a considerable simplification; see Grassia et al. (2014) for details). Table 6.1 also

shows that the underflow solids volume fractions, φu obtained in Cases 1–8 are larger

than the critical densified gel points, φg,c. Thus, consolidation may occur in Cases 1–8.

The critical corresponding solids volume fractions, φcritcorres calculated in Cases 1–8 are

all smaller than φg,c. Thus, the solids volume fraction at the top of the bed is equal to

φg,c for those cases. The high suspension flux cases (e.g. Cases 1–4) actually exhibit

that φfull dencorres is smaller than φg,∞ meaning that solutions of Eq. (6.3.11) can be found

for any Tcorres (even though we only contemplate two given Tcorres values in Table 6.1).

The low suspension flux cases (e.g. Cases 5–8) have φfull dencorres larger than φg,∞ but φundencorres

smaller than φg,0. It turns out that (as we shall discuss later) solutions of Eq. (6.3.11)

coupling the hindered settling region and the consolidated bed can only be obtained when

the corresponding solids residence time, Tcorres is less than a critical value (Tcorres ≈

0.378) – although this is larger than the Tcorres values contemplated in Table 6.1.
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Qs Tcorres Qu φu φcritcorres φg,c
unden 0.0034 N/A 0.000364 0.1071 0.0728 0.1

Cases 1–2 0.0034 0.05 0.000370 0.1088 0.0741 0.1014
Cases 3–4 0.0034 0.3 0.000397 0.1166 0.0798 0.1082
Full den 0.0034 N/A 0.000513 0.1509 0.1049 0.1372
unden 0.0015 N/A 0.000205 0.1367 0.0982 0.1

Cases 5–6 0.0015 0.05 0.000208 0.1390 0.0999 0.1014
Cases 7–8 0.0015 0.3 0.000222 0.1483 0.1078 0.1082
Full den 0.0015 N/A 0.000285 0.19 0.1420 0.1372

Table 6.1: Operating parameters for Cases 1–8 and comparisons between undensified and
fully densified cases (at critical loading for the given Qs). The underflow solids flux,
Qu, and the underflow solids volume fraction, φu are determined using Eq. (6.3.11), and
Eq. (6.3.13), respectively. Recall that the undensified gel point, φg,0 = 0.1 and the fully
densified gel point, φg,∞ = 0.1372.
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6.8 Results and discussion

The simulation results presented below include the evolutions of the densified sludge

rheological properties including the densified compressive yield stress, py(φ, Tres) and

the densified hindered settling function, Rs(φ, Tres), the solids volume fraction profiles

in both the hindered settling region and the consolidation region, bed heights, and solids

residence times required for achieving the calculated underflow solids volume fractions,

φu.

6.8.1 Evolution of sludge rheological properties

In the hindered settling region, the compressive yield stress, py(φ, Tres) is nil, since

aggregates settle separately in the hindered settling region (van Deventer, 2012). In the

consolidation region however, the compressive yield stress, py(φ, Tres) must be consid-

ered (Usher et al., 2009; van Deventer, 2012). Here, the evolutions of the above mentioned

sludge rheological properties determined in both the hindered settling region and the con-

solidation region are presented.

Densified compressive yield stress, py(φ, Tres)

Figs 6.4–6.5 show the evolution of the compressive yield stress during aggregate den-

sification for Cases 1–8. For a specified suspension flux, Qs, and a specified aggregate

densification rate parameter, A, the more densification that occurs in the hindered set-

tling region, the smaller the compressive yield stress, py(φ, Tres) that is obtained in the

consolidation region for a given local solids volume fraction, since more densification

occurring in the hindered settling region can lead to larger densified gel points at the top

of the bed associated with smaller aggregate diameter ratios entering the consolidating

bed. When the dimensionless suspension fluxes,Qs, and the dimensionless corresponding

solids residence times, Tcorres are specified, the dimensionless compressive yield stresses

determined using larger aggregate densification rate parameters are smaller than those

obtained using smaller aggregate densification rate parameters when the local solids vol-

ume fractions are given, due to more rapid decreases in the aggregate diameter ratios in

those cases where larger aggregate densification rate parameters are given. As shown in



6.8. RESULTS AND DISCUSSION 171

0.098 0.100 0.102 0.104 0.106 0.108 0.110

0.1

0.2

0.5

1.0

2.0

5.0

10.0

Solids volume fraction, Φ

D
im

e
n

s
io

n
le

s
s

p
y

HΦ,
T

re
s
L a

Case 2

Case 1

Unden

0.100 0.105 0.110 0.115

0.1

0.2

0.5

1.0

2.0

5.0

10.0

Solids volume fraction, Φ

D
im

e
n

s
io

n
le

s
s

p
y

HΦ,
T

re
s
L b

Case 4

Case 3

Unden

Figure 6.4: Evolutions of the dimensionless compressive yield stresses, py(φ, Tres) for
Cases 1–4. The fully densified compressive yield stresses are not shown here, since the
system is not dewatered as far as the fully densified state gel point. Note that the curves
for Cases 1–2 start from the same point which is the critical densified gel point. Again,
the curves for Cases 3–4 start from the identical value which is also the critical densified
gel point. Recall that the sub-plots labelled ‘a’ and ‘b’ are plotted using Tcorres = 0.05
and Tcorres = 0.3, respectively. In addition, the dimensionless suspension flux, Qs given
in Cases 1–4 is 0.0034.

Fig. 6.5, for larger solids volume fractions, the system is densified to the fully densified

state when the larger aggregate densification rate parameter and the larger corresponding

solids residence time are specified (e.g. Case 8).

Densified hindered settling function, Rs(φ, Tres)

The evolutions of the hindered settling function in the hindered settling region as well

as in the consolidation region are presented here. Fig. 6.6 shows the evolutions of the hin-
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Figure 6.5: Evolutions of the dimensionless compressive yield stresses, py(φ, Tres) for
Cases 5–8. Recall that Tcorres = 0.05 and Tcorres = 0.3 are given in Cases 5–6 and
Cases 7–8, respectively. The dimensionless suspension flux, Qs = 0.0015 for Cases 5–8.

dered settling functions determined in the hindered settling region2. The dimensionless

hindered settling functions, Rs(φ, Tres) obtained in the hindered settling region increase

with the increase of the local solids volume fractions from the feed point to the bottom of

the hindered settling region for each case. As shown in Fig. 6.6, for a specified dimension-

less suspension flux, Qs, the dimensionless hindered settling function, Rs(φ, Tres) deter-

mined in the hindered settling region becomes smaller for a given solids volume fraction

2Note that the effect of the densification rate parameter has been scaled out of the hindered settling
region, therefore, the hindered settling functions determined in Cases 2, 4, 6, and 8 are identical for any
given solids volume fraction to those determined in Cases 1, 3, 5, and 7.
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Figure 6.6: Evolutions of the dimensionless hindered settling functions, Rs(φ, Tres) ob-
tained in the hindered settling region for Cases 1–8. Recall that according to our chosen
dimensionless scales, the dimensionless hindered settling functions determined in odd
numbered cases are analogous to those determined in adjacent even numbered cases when
the dimensionless suspension flux and the dimensionless corresponding solids residence
time are specified. The sub-plots labelled ‘a’ and ‘b’ are plotted using a large suspension
flux, Qs = 0.0034 and an intermediate suspension flux, Qs = 0.0015, respectively.

as more densification occurs in the hindered settling region, associated with aggregates

attaining smaller diameters.

Figs. 6.7–6.9 show the determinations of the dimensionless hindered settling function,

Rs(φ, Tres) determined in the consolidation region. The dimensionless hindered settling

functions, Rs(φ, Tres) determined for Cases 1–4 in the consolidation region increase with

the increase of the local solids volume fraction from the top of the bed to the bottom of

the consolidation region. These are cases for which the gel point at the top of the bed,

φg,c is quite some distance above φcritcorres (see Table 6.1), meaning that significant network

stress gradients are required at the top of the bed to balance the resultant of gravity and
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viscous drag (gravity and viscous drag only being in balance at φcritcorres not at φg,c). To

support these network stresses, the solids volume fraction must grow rapidly moving into

the bed, and it is known that if the solids volume fraction grows more rapidly than the gel

point itself, then Rs(φ, Tres) must also grow (Zhang et al., 2013a). If the dimensionless

suspension flux, Qs, and the dimensionless corresponding solids residence time, Tcorres

are specified, the dimensionless hindered settling functions, Rs(φ, Tres) determined in

cases where larger aggregate densification rate parameters are given are smaller than those

calculated in cases where smaller aggregate densification rate parameters are given for any

specified local solids volume fractions. The reason for the above observations is due to

a greater extent of densification happening in situ within the bed when larger aggregate

densification rate parameters are given for a specified Qs and a specified Tcorres.

As shown in Fig. 6.8, for Cases 5–8, the dimensionless hindered settling functions,

Rs(φ, Tres) determined in the consolidation region decrease with the increase of the lo-

cal solids volume fractions at early times and then increase with the increase of the local

solids volume fractions later on. Zhang et al. (2013a,b) proposed an approximated func-

tional form of the dimensionless hindered settling function, R̃s(φ, Tres) for suspension

solids volume fraction significantly below the solids volume fraction within the aggre-

gates themselves (see details in Zhang et al. (2013b))

R̃s(φ, Tres) ≈
Dagg(1− φ)2Rs,0(φg,0φ/φg)

(1− φg,0φ/φg)2
(6.8.1)

where recall that Rs,0(φg,0φ/φg) represents the dimensionless undensified hindered set-

tling function, which now is evaluated at a solids volume faction φ that times φg,0/φg.

This solids volume fraction is smaller than the true solids volume fraction, φ.

At early times, shortly after entering the bed, the rate of change of the local solids

volume fraction near the top of the bed roughly equals that of the densified gel point in

the consolidation region for Cases 5–8 (Zhang et al., 2013a). This ultimately follows

from the small difference between φcritcorres and φg,c reported in Table 6.1. Since gravity

and viscous drag balance perfectly at φcritcorres, they are still in near balance upon entering

the top of the bed at the solids volume fraction, φg,c. The first two terms in the numerator
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of Eq. (6.3.15) balance and the remaining terms in Eq. (6.3.15) then maintain py(φ, Tres)

roughly constant, which is achieved by keeping φ close to φg. Referring to Eq. (6.8.1),

we see that the Rs,0(φg,0φ/φg) term remains roughly fixed (as its argument is fixed) and

the denominator of Eq. (6.8.1) is likewise fixed. The remaining terms in the numerator

of Eq. (6.8.1) then give a weak decrease in the dimensionless hindered settling function,

Rs(φ, Tres) as the local solids volume fraction, φ increases in line with the densified gel

point, φg, and as the aggregate diameter ratio, Dagg shrinks due to densification (Zhang

et al., 2013a). This situation persists until φ increases sufficiently that the balance of the

first two terms in the numerator of Eq. (6.3.15) is lost. Then, the rate of change of the

local solids volume fraction will exceed that of the densified gel point, the dimensionless

hindered settling functions, Rs(φ, Tres) increase again. Similar observations are also ob-

tained in Zhang et al. (2013a). The hindered settling function curve for Case 8 approaches

the fully densified hindered settling function curve, since Case 8 is densified nearly to the

fully densified state at later times. Case 6 is also seen to migrate relatively close to the

fully densified state, although to a lesser extent than Case 8.

6.8.2 Solids volume fraction profiles in a thickener subject to time-

dependent densification

The solids volume fraction profiles determined in thickeners with time-dependent den-

sification involve two parts: the solids volume fraction profiles obtained in the hindered

settling region and the solids volume fraction profiles obtained in the consolidation re-

gion. Note that in addition to the profile in the hindered settling region and the profile in

the consolidated bed, there is also a jump from the bottom of the hindered settling region

(the critical solids volume fraction, φcritcorres) to the top of the consolidated bed (the critical

densified gel point, φg,c). We require φcritcorres < φg,c here, but first we verify whether that

expectation is borne out.

Comparison between φcritcorres and φg,c

Figs. 6.10–6.11 show the evolution of the corresponding solids volume fractions with

different specified dimensionless corresponding solids residence time for specified sus-
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Figure 6.7: Evolutions of the dimensionless hindered settling functions, Rs(φ, Tres) in the
consolidation region for Cases 1–4. Note that the sub-plots labelled ‘a’ and ‘b’ are plotted
using Tcorres = 0.05 and Tcorres = 0.3, respectively.

pension fluxes. In cases when the corresponding solids volume fraction curve shown in

Fig. 6.10 is always underneath the gel point curve, it implies that the corresponding solids

residence time, Tcorres can be any value and the theory presented in this work can be

applied (e.g. Cases 1–4). As shown in Fig. 6.11 however, in certain cases, the corre-

sponding solids volume fraction curve intersects the gel point curve at some critical point

(Tcorres ≈ 0.378). If the corresponding solids residence time, Tcorres is larger than that

intersection point, we interpret this to mean that Tcorres has been chosen too large, and

the system jumps into a consolidated bed sooner than we anticipated. We can however

perform calculations with smaller Tcorres values (e.g. Cases 5–8).
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Figure 6.8: Evolutions of the dimensionless hindered settling functions, Rs(φ, Tres) in the
consolidation region for Cases 5–8. Recall that Tcorres = 0.05 and Tcorres = 0.3 are used
to plot the sub-plots labelled ‘a’ and ‘b’, respectively.

Solids volume fraction profiles in the hindered settling region

Fig. 6.12 presents the evolution of the solids volume fractions in the hindered settling

region for specified suspension fluxes and corresponding solids residence times. The

maximum solids volume fraction achieved in the hindered settling region and the calcu-

lated underflow solids volume fraction obtained at the bottom of the thickener increase

with the increase of the corresponding solids residence time for a specified suspension

flux. In other words, for a specified suspension flux, more densification occurring in the

hindered settling region leads to a larger solids volume fraction obtained at the bottom

of the hindered settling region, and in addition a larger underflow solids volume fraction

obtained at the bottom of the thickener. For a specified suspension flux and a specified

corresponding solids residence time, although the heights required for the hindered set-

tling region under our chosen dimensionless scales have exactly identical values for dif-
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Figure 6.9: Zoomed hindered settling functions, Rs(φ, Tres) determined in the consolida-
tion region for Cases 5–8.
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Figure 6.10: Evolution of the corresponding solids volume fraction, φcorres with different
corresponding solids residence time, Tcorres – the large suspension flux, Qs = 0.0034.
Note that the gel point is determined via Eq. (6.3.3) with different Tcorres.
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Figure 6.11: Evolution of the corresponding solids volume fraction, φcorres with different
corresponding solids residence time, Tcorres – the intermediate suspension flux, Qs =
0.0015. The vertical line represents the intersection point between the corresponding
solids volume fraction curve and the gel point curve. The corresponding solids residence
time at this intersection point is roughly 0.378. Again the gel point is evaluated using
Eq. (6.3.3).

ferent aggregate densification rate parameters, shorter dimensional heights are required

for the hindered settling region as a larger aggregate densification rate parameter, A is

given, since densification occurs more rapidly in the hindered settling region for a larger

aggregate densification rate parameter, A. Fig. 6.12 also shows that more densification of

aggregates occurring in the hindered settling region leads to taller heights required for the

hindered settling region, if the suspension flux is specified. Unsurprisingly more distance

is covered in a longer corresponding solids residence time. However densification can

also lead to slightly faster settling velocities averaged over the hindered settling region,

meaning that the height of the hindered settling region can grow slightly faster than the

growth in Tcorres.

Solids volume fraction profiles in the consolidation region

Here, we present the solids volume fraction profiles in the consolidated bed, from

which bed heights can be readily determined. It can be deduced from Table 6.1, consol-

idation will occur for all the Cases 1–8, since the underflow solids volume fractions, φu

calculated for those cases are larger than the critical densified gel points, φg,c. Figs. 6.13–
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Figure 6.12: Evolutions of the solids volume fractions in the hindered settling region.
Note that there is no difference between adjacent odd and even numbered cases, since
they only differ in their value of the densification rate parameter, A. However the effect of
this parameter has been scaled out of the hindered settling region. The sub-plots labelled
‘a’ and ‘b’ are plotted using a large suspension flux (Qs = 0.0034) and an intermediate
suspension flux, (Qs = 0.0015), respectively. Recall that Tcorres equals 0.05 for Cases 1–2
and Cases 5–6, and equals 0.3 for Cases 3–4 and Cases 7–8.

6.14 present the solids volume fraction profiles obtained in the consolidation region. For

a specified suspension flux, Qs and a specified aggregate densification rate parameter, A,

the bed height required for the consolidation region increases with the increase of the di-

mensionless corresponding solids residence time, Tcorres (compared Cases 1 vs 3, Cases 2

vs 4, Cases 5 vs 7, Cases 6 vs 8). In other words, more densification that occurs in the

hindered settling region leads to a taller bed height required for the consolidation region

when the suspension fluxes, and the aggregate densification rate parameters are specified.

This is due to larger underflow solids volume fractions, associated with larger underflow

solids fluxes. These larger underflow solids volume fractions need more bed heights to

be attained despite the more densified aggregates entering the top of the bed. As shown

in Figs. 6.13–6.14, the top of the beds are situated at the same coordinate location if the
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solids volume fractions at the top of the bed are the same (e.g. Cases 1–2, 3–4, 5–6, and

7–8). This is a result of both the location of the top of the bed and the solids volume

fraction there being set by the behaviour in the hindered settling region.

Fig. 6.14 shows that Cases 5–6 have the same slope near the top of the bed, since

(owing to the fact that φg,c is only very slightly above φcritcorres) the solids volume fraction

near the top of the bed needs to be at a level where gravity and viscous drag nearly match

and the rate of change of the solids volume fraction is approximately identical to that

of the densified gel point3 near the top of the bed for Cases 5–6 (Zhang et al., 2013a).

Similar observations are also found for Cases 7–8. Another interesting observation in

Fig. 6.14 is the steep increase of the slope in Case 6 and Case 8 towards the bottom

of the bed. These two cases end up fairly close to full densification. Near the bottom

of the bed then, for Case 6 and Case 8, ∂py(φ, Tres)/∂Tres (the third term on the right

hand side of Eq. (6.3.15)) vanishes. The middle term in the numerator of Eq. (6.3.15)

always vanishes near the bottom of the bed (a manifestation of a no slip condition imposed

between the solids and liquid there) (Martin, 2004; Zhang et al., 2013b; Grassia et al.,

2014). Hence, we are left in Case 6 and Case 8 with a (gravity)-(fully densified network

stress) balance at the bottom of the bed. The steepening of the slope dZ/dφ observed in

Fig. 6.14 reflects a steep dpy(φ, Tres)/dφ at the comparatively high solids volume fraction

in the fully densified system (this also corresponds to the so called stress limit in Martin

(2004)). Although conventionally we think of network stresses in densified systems as

being less than their undensified counterparts, eventually (at the solids volume fraction

within the aggregates, φagg) the densified and undensified network stresses must match,

and this constraint then leads to an increase in the gradient dpy(φ, Tres)/dφ, and hence

the large dZ/dφ observed in Fig. 6.14.

Finally we turn to the effect of varying the densification rate parameter, A (compar-

ing the adjacent odd and even numbered cases). Although the dimensionless bed height

calculated using a small aggregate densification rate parameter, A is shorter than that

obtained using a large aggregate densification rate parameter, A, this is a result of our

chosen dimensionless scale (Z = z∆ρgα/a0). The dimensional bed height determined

3The result that φ changes at the same rate as φg follows from Eq. (6.3.15) under conditions when the
first two terms in the numerator of Eq. (6.3.15) nearly cancel.
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Figure 6.13: Solids volume fraction profiles determined in the consolidation region
for the specified suspension flux, Qs = 0.0034. Recall that the sub-plot labelled
‘a’ presents the results calculated using a small corresponding solids residence time
(Tcorres = 0.05) whilst the sub-plot labelled ‘b’ presents the profiles obtained using a
large Tcorres (Tcorres = 0.3). The origin of the vertical coordinate, Z is placed at the
top of the hindered settling region, and Z is measured upwards. Thus, the top of the
consolidation region is already at a negative value of Z.

using a large aggregate densification rate parameter, A is shorter than that predicted us-

ing a small aggregate densification rate parameter, A, when the suspension flux and the

corresponding solids residence time are both specified.

6.8.3 Total solids residence times and total thickener heights

The total solids residence time, T totalres in dimensionless form, and the total thickener

height, Ztotal, are important parameters when controlling and designing a thickener. Ta-

ble 6.2 shows that the dimensionless total solids residence times, T totalres and the dimen-

sionless total heights required for the thickener, |Ztotal| for each case. Consider first of all,
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Figure 6.14: Solids volume fraction profiles determined in the consolidation region for
the specified suspension flux, Qs = 0.0015. Recall that the sub-plots labelled ‘a’ and
‘b’ are plotted using a small Tcorres (Tcorres = 0.05) and a large Tcorres (Tcorres = 0.3),
respectively.

Cases 1 vs 2, 3 vs 4, 5 vs 6, 7 vs 8. For a specified suspension flux and a specified corre-

sponding solids residence time, although the dimensionless solids residence time and the

dimensionless height required in the hindered settling region are identical, regardless of

the aggregate densification rate parameters, the dimensional solids residence time and the

dimensional height required in the hindered settling region decrease in proportion with

the increase in the aggregate densification rate parameters. The dimensionless solids res-

idence time spent in the consolidated bed and the dimensionless consolidated bed heights

decrease with the decrease in the aggregate densification rate parameters when the sus-

pension flux and the corresponding solids residence time are both specified. However, the

above dimensional results increase with the decrease in the aggregate densification rate

parameters if the suspension flux and the corresponding solids residence time are both

specified. Note that this can be inferred by rescaling the dimensionless heights and times
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by the dimensionless parameter α (e.g. T/α = ∆ρgtuStokes,0/a0 and Z/α = z∆ρg/a0).

These rescalings come about quite naturally on the grounds that there is one set of scal-

ings appropriate to collapse the data in the hindered settling region, but a different set of

scalings that are more natural for the bed, especially when we are interested in varying

the densification rate parameter as is the case here.

The total solids residence times and the total thickener heights can be obtained by

summing the hindered settling region and the consolidation region contributions. As pre-

sented in Table 6.2 (Cases 1 vs 3, 2 vs 4, 5 vs 7, and 6 vs 8), increasing the corresponding

solids residence time (in the hindered setting region) leads to an increasing amount of

time spent in the bed. This is due to an increasing bed height required to attain an increas-

ing underflow solids volume fraction (the underflow solids volume fractions are given in

Table 6.1). Another way to achieve a high underflow solids volume fraction of course is

to decrease the suspension flux, and the low suspension flux Cases 5–8 tend to have taller

beds and significantly longer solids residence times spent in the consolidated bed than

their high suspension flux counterparts (Cases 1–4). In all of Cases 5–8, the proportion

of the solids residence time spent in the bed is far higher than the proportion spent in the

hindered settling region.

When decreasing the suspension flux, the solids residence times spent in the consoli-

dation region increase significantly, due both to smaller underflow solids fluxes and larger

underflow solids volume fractions. As also shown in Table 6.2, if the suspension flux de-

creases, the proportion of the total height required for the consolidation region increases,

due to larger underflow solids volume fractions.

It is worth recalling that to obtain the data of Table 6.2 we have (as in Grassia et al.

(2014)) set the value of the corresponding solids residence time, Tcorres, and then used this

as a basis for computing hindered settling region heights, solids residence times spent in

the consolidated bed, consolidated bed heights, overall solids residence times, and overall

thickener heights. It is this procedure of setting Tcorres which makes it remarkably easy

to design the thickener and to couple the computations of the hindered settling region to

those of the bed, since the densification state of the system and its solids volume fraction

at the boundary between the hindered settling region and the consolidated bed regions
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Tcorres Tres,b T totalres

Case 1 0.05 0.0587 0.1087
Case 2 0.05 0.2044 0.2544
Case 3 0.3 0.0769 0.3769
Case 4 0.3 0.2802 0.5802
Case 5 0.05 0.8282 0.8782
Case 6 0.05 2.3423 2.3923
Case 7 0.3 1.0409 1.3409
Case 8 0.3 4.1924 4.4924

|Zh| |Zb| |Ztotal|
Case 1 0.000276 0.000207 0.000483
Case 2 0.000276 0.00072 0.000996
Case 3 0.00193 0.00028 0.00221
Case 4 0.00193 0.00099 0.00292
Case 5 0.000114 0.001476 0.00159
Case 6 0.000114 0.003946 0.00406
Case 7 0.000775 0.001855 0.00263
Case 8 0.000775 0.006975 0.00775

Table 6.2: Solids residence times spent in the consolidation region, Tres,b, total solids
residence times, T totalres , heights required for the hindered settling region, |Zh|, bed heights,
|Zb| and total thickener heights, |Ztotal| given for Cases 1–8. Here Tcorrres is the solids
residence time in the hindered settling region (a parameter that we set). Note that the
total solids residence time, T totalres is equal to Tcorres + Tres,b and the total height required
for the thickener, |Ztotal| equals |Zh| + |Zb|. Recall that the proposed (dimensionless)
suspension flux, Qs equals 0.0034 for Cases 1–4 and 0.0015 for Cases 5–8. Recall also
that the (dimensional) densification rate parameters are 0.001 s−1 for odd numbered cases
and 0.01 s−1 for even numbered cases. The dimensionless densification rate parameters,
α are 2.125× 10−6 and 2.125× 10−5 for odd and even numbered cases, respectively.

are all well defined. Different Tcorres values give different overall solids residence times

and/or overall thickener heights. Attempting a design starting from a given total solids

residence time or a given total thickener height is more laborious to compute however, as

the boundary between the hindered settling region and the consolidated bed region is not

known in advance.

6.9 Conclusions

If time-dependent densification occurs throughout a steady state thickener, the hin-

dered settling region will affect the consolidation region via changing the densified gel

point at the top of the bed and therefore changing the sludge rheological properties. For a

specified dimensionless suspension flux in a thickener with time-dependent densification,
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one approach for increasing the underflow solids volume fraction and hence the underflow

solids flux is to operate more densification in the hindered settling region.

For a specified dimensionless suspension flux and a given aggregate densification rate

parameter, more densification occurring in the hindered settling region may lead to taller

beds and hence longer solids residence times, due to larger underflow solids volume frac-

tions and smaller underflow solids fluxes. If an identical amount of densification of ag-

gregates for a specified suspension flux is operated in the hindered settling region, shorter

beds and shorter solids residence times are determined for the consolidation region when

a larger aggregate densification rate parameter is given. The total heights and total solids

residence times (the hindered settling region plus the consolidated bed) required for a

thickener are also shorter under the above circumstances when a larger aggregate densi-

fication rate parameter is operated. When an identical amount of densification is given

in the hindered settling region, the underflow solids volume fraction increases but the un-

derflow solids flux decreases with the decrease of the suspension flux. However when

the suspension flux becomes sufficiently small (such that the solids volume fraction com-

puted in the hindered settling region might appear to exceed the suspension gel point), we

interpret this to mean that the suspension actually spends a very limited amount of time

in the hindered settling region, but instead jumps very quickly to the gelled state in the

consolidated bed.

When the dimensionless suspension flux and the dimensionless corresponding solids

residence time are specified, the solids volume fraction at the top of the bed is independent

of the aggregate densification rate parameter. More densification occurring in the hindered

settling region leads to an increase in the solids volume fraction at the top of the bed

for a given suspension flux. For the identical amount of densification occurring in the

hindered settling region and a specified suspension flux, the sludge rheological properties

(i.e. Py(φ, tres), and R(φ, tres) in dimensional form) decrease, at any given solids volume

fraction, with the increase in the aggregate densification rate parameter. This implies

that both the suspension permeability and compressibility are increased when a larger

aggregate densification rate parameter is given.



Chapter 7
Conclusions and future work

This concluding chapter describes the main outcomes achieved from the simulations

of batch settlers and continuous gravity thickeners subject to aggregate densification.

Some future work related to dewatering of sludges subject to time-dependent aggregate

densification is also illustrated in this chapter.

7.1 Conclusions

In this thesis, the pseudo-steady state model which neglects the hydrodynamic forces

associated with both the solids flux and the solids motion is used to predict the solids

behaviours in an initially networked batch settler subject to time-dependent densification.

For such systems, different proposed initial suspension heights influence significantly the

consolidated bed structures and the determinations of the consolidated bed heights due

to the evolutions of the functional forms of the compressive yield stress for a specified

initial feed solids volume fraction. The solids volume fractions obtained at the bottom of

batch settlers after time-dependent aggregate densification, φbe can be identical to values

determined at the bottom of initially undensified equilibrium state batch settlers, φbe,0 for

comparatively tall initial suspension heights, when the initial feed solids volume fraction

is given. On the other hand, φbe might be increased after time-dependent aggregate den-

sification (compared to the undensified state) when a shorter initial suspension height is

specified.

A shorter consolidated bed height is achieved at the equilibrium state after time-
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dependent aggregate densification, compared to that obtained at the equilibrium state of

the initially undensified batch settler for the initial feed solids volume fraction, φf smaller

than the fully densified gel point, φg,∞. This is despite the fact that in the initial state

some of the material is still contained in an unconsolidated column, whereas in the final

state all of it is consolidated. For φf > φg,∞ however, the consolidated bed height always

increases with time until the fully densified equilibrium state is achieved. In other words,

the consolidated bed height achieved at the fully densified equilibrium state is taller than

that obtained at the initially undensified equilibrium state for φf > φg,∞. This reflects

a very significant amount of unconsolidated material in the undensified state when φf is

high. Thus, correspondingly less mass is in the consolidated (but undensified) bed. For

smaller initial feed solids volume fractions (e.g. φf < φg,∞), the suspension height inter-

sects the consolidated bed height at the critical time evaluated at φg = φf in cases where

time-dependent aggregate densification occurs. For larger φf (e.g. φf > φg,∞) however,

the above mentioned two heights will never intersect. In other words, the suspension

height will always be taller than the consolidated bed height for φf > φg,∞. Thus, a

column of unconsolidated material persists even in the fully densified state.

There are differences in predicted behaviours according to whether the suspension is

strongly or weakly gelled, terms which refer to the local functional form of the compres-

sive yield stress in the neighbourhood of the gel point. If the initial feed solids volume

fraction, φf is smaller than the fully densified gel point, φg,∞ but is larger than the ini-

tially undensified gel point, φg,0, the consolidated bed heights predicted using the strongly

gelled formula will always increase for the densification time smaller than the critical time

evaluated at φg = φf and then will decrease until the fully densified equilibrium state is

reached. However, when using the weakly gelled formula for φf < φg,∞ but φf > φg,0,

the evolutions of the consolidated bed heights are subtle. The consolidated bed heights

increase at early times and then commence to decrease already at some densification time

that is smaller than the critical time determined at φg = φf . This is attributed to the in-

ability of the uppermost part of the consolidated bed to bear virtually any weight at all in

the weak gel case as φg approaches φf .

For a steady state continuous gravity thickener in situations where the hindered set-
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tling region is neglected, larger maximum permitted underflow solids fluxes are achieved

in both a thickener where time-dependent aggregate densification occurs, and a fully den-

sified thickener, compared to those evaluated in an undensified thickener for smaller un-

derflow solids volume fractions, φu. In addition, the maximum permitted underflow solids

flux could be any arbitrary value in a thickener where time-dependent aggregate densifi-

cation occurs for φu > φg,0 but φu < φg,∞ (although this does require the capacity to pre-

shear the suspension). On the other hand, the maximum permitted underflow solids fluxes

determined in an undensified thickener, a thickener where time-dependent aggregate den-

sification occurs, and a fully densified thickener are identical for a much larger underflow

solids volume fraction, φu. When the proposed underflow solids volume fraction, φu is so

large that the maximum permitted underflow solids flux cannot be increased, the improve-

ment of thickener performance achieved after aggregate densification is insignificant.

In a steady state continuous gravity thickener where time-dependent aggregate densi-

fication occurs and the hindered settling region is neglected, a shorter consolidated bed

height is achieved as small and/or intermediate underflow solids volume fractions and

larger aggregate densification rate parameters are given. For a much larger underflow

solids volume fraction, φu however, aggregate densification might affect insignificantly

the predictions of consolidated bed heights. Away from this high φu regime, fully densi-

fied thickeners give lower consolidated bed heights than their undensified or only partly

densified counterparts. After aggregate densification, the compressive yield stress and the

hindered settling function are reduced when the underflow solids volume fraction and the

underflow solids flux are given in a steady state continuous gravity thickener. The evolu-

tion of these sludge rheological properties is controlled by the aggregate densification rate

parameter mentioned above. The larger the aggregate densification rate parameter that is

given, the smaller the compressive yield stress and the hindered settling function that

might be achieved for specified underflow solids volume fractions and underflow solids

fluxes.

If a large underflow solids flux is operated for small and/or intermediate underflow

solids volume fractions, pre-shearing of aggregates is required and hence the solids vol-

ume fraction determined at the top of the consolidated bed becomes a densified gel point
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which is larger than the undensified gel point, φg,0. The determination of this densified

gel point is independent of the aggregate densification rate parameter but depends upon

the proposed underflow solids flux, the proposed underflow solids volume fraction, and

the aggregate diameter ratio determined at the top of the consolidated bed (Zhang et al.,

2013a).

When considering a steady state continuous gravity thickener where time-dependent

aggregate densification occurs but the hindered settling region cannot be ignored (but

rather needs to be matched onto the consolidated bed), the hindered settling region might

itself exhibit aggregate densification so as to increase the underflow solids volume frac-

tion and the underflow solids flux for a specified suspension flux. The solids volume

fraction determined at the top of the consolidated bed which is the densified gel point is

affected by the presence of the hindered settling region during time-dependent aggregate

densification. This densified gel point depends upon the proposed solids residence time

in the hindered settling region, and hence the extent of densification that occurs in the

hindered settling region. The hindered settling region can be neglected by giving a very

small suspension flux. Giving more densification in the hindered settling region leads to

taller consolidated bed heights if the suspension flux and the aggregate densification rate

parameter are specified. This is due to an increase in the underflow solids volume fraction.

When the suspension flux and the underflow solids flux are given, for a given amount of

densification occurring in the hindered settling region, the consolidated bed tends to be

shorter when a larger aggregate densification rate parameter is given.

7.2 Future work

Batch sedimentation considered in this thesis neglects the hydrodynamic forces asso-

ciated with the solids motion during aggregate densification, an assumption which is only

valid in the slow densification limit. However, ordinarily the hydrodynamic forces asso-

ciated with the solids flux and the solids motion affect significantly the solids behaviours

in a batch settler, especially for the initial feed solids volume fraction larger than the gel

point (Buscall and White, 1987; Auzerais et al., 1988; Howells et al., 1990; van Deven-

ter, 2012). Up to now, the numerical schemes in the literature can accurately predict the
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solids behaviours in an initially unnetworked batch settler (including a settler exhibiting

aggregate densification) where the initial feed solids volume fraction, φf is less than the

gel point, φg (Auzerais et al., 1988; Bürger and Karlsen, 2001; Garrido et al., 2004; van

Deventer et al., 2011; van Deventer, 2012). However, little attention is focused on the

initially networked batch settler where φf > φg, when time-dependent aggregate den-

sification occurs and the hydrodynamic drag forces associated with the solids fluxes are

also considered. Hence, the numerical schemes for predicting the batch settling process

consistent with time-dependent aggregate densification should be developed in the future.

This thesis only considers one dimensional solid mechanics. However, sedimentation

and aggregate densification might be required to be described using the multidimensional

solid mechanics (Lester et al., 2010). Using one dimensional solid mechanics might lead

to failures for predicting the solids behaviours in a thickener subject to time-dependent

aggregate densification particularly in cases where suspension overturning might occur,

due e.g. to the high solids volume fraction material being placed above the lower solids

volume fraction material (Grassia et al., 2014; Zhang et al., 2014). Hence, mathematical

models should be established and/or extended using the multidimensional solid mechanics

to describe the settling process and aggregate densification (Lester et al., 2010; Grassia

et al., 2014; Zhang et al., 2014). This is one of the aims that will be addressed in the

future.

In this thesis, only steady state thickeners where the underflow solids flux is uni-

form are considered. The transient continuous gravity thickeners where the solids flux

is not spatially uniform and where the feed may vary with time have been predicted by

many researchers (e.g. Martin (2004), Bürger et al. (2013) and Betancourt et al. (2014)).

However, time-dependent aggregate densification was not considered when predicting the

transient continuous gravity thickeners. It is of particular interest to consider aggregate

densification in the transient continuous gravity thickeners in the future. The solids be-

haviours and the consolidated bed structures predicted in the transient continuous gravity

thickeners subject to aggregate densification are also of particular interest in the future.

Experimental data have already been available for predicting the sludge rheological

properties subjected to time-dependent aggregate densification in a low solids volume
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fraction range (van Deventer et al., 2011; van Deventer, 2012). Our mathematical mod-

els presented in this thesis predict how the sludge rheological properties subjected to

time-dependent aggregate densification evolve in the high solids volume fraction range

which is larger than the gel point. However, experimental data of those sludge rheo-

logical properties subjected to time-dependent aggregate densification in the high solids

volume fraction range should be obtained in the future. In addition, the performance of the

thickener subjected to time-dependent aggregate densification has already been predicted

using our mathematical models presented in this thesis. Experiments conducted by Glad-

man (2004) and Gladman et al. (2010) show partly the validation of our mathematical

models: the underflow solids flux which can be increased after aggregate densification.

However, when time-dependent aggregate densification occurs, experiments for determin-

ing the consolidated bed height and the solids residence time should be conducted in the

future.

When time-dependent aggregate densification occurs, the value of the final steady

state aggregate diameter ratio, Dagg,∞ is an important parameter. In this thesis, Dagg,∞

is chosen to be 0.9 which is generally used in the literature (Usher et al., 2009; van De-

venter et al., 2011). Experiments have already been conducted for the determination of

the value of Dagg,∞ (van Deventer et al., 2011). Our mathematical models presented in

this thesis are sensitive to the value of Dagg,∞. Choosing different values of Dagg,∞ may

influence the results predicted using our mathematical models in this thesis. However,

the objective of this thesis is to provide general mathematical models and/or widely used

approaches predicting the performance of the thickener subjected to time-dependent ag-

gregate densification. In the future, the simulation of a steady state thickener subjected to

time-dependent aggregate densification using our mathematical models presented in this

thesis may be required when specifying different values of Dagg,∞.



Chapter 8
Appendix

This appendix presents all the fitting parameters and the values of those fitting param-

eters for the sludge rheological properties (including the hindered settling function and

the compressive yield stress) used in the mathematical models presented in this thesis, as

well as describes how one can obtain the values of those fitting parameters.

The fitting parameters used in the functional form of the initially undensified hindered

settling function are rg and rn. The values of rg and rn are chosen to be 0.05 and 5,

respectively (Usher et al., 2009; van Deventer et al., 2011). In Chapters 5–6, the fitting

parameters used in the functional form of the initially undensified compressive yield stress

are a0, m, and n0. The values of a0, m, and n0 are chosen as 3.7914 Pa, 0.0363, and

10.8302, respectively (Zhang et al., 2013a). Two different functional forms of the initially

undensified compressive yield stress (weak gel and strong gel, respectively) are chosen in

Chapter 2. Table 8.1 presents all the fitting parameters as well as the values used in both

the weakly and strongly gelled formulae in Chapter 2.

All the fitting parameters used in the functional forms of the hindered settling func-

tion, R(φ) and the compressive yield stress, Py(φ) in this thesis are dependent on sludge

b C0/Pa k0 b1 c0/Pa k3
Weak gel 0.002 3.1866 11 N/A N/A N/A
Strong gel N/A N/A N/A 0.0363 3.7914 10.8302

Table 8.1: The values of fitting parameters used in the functional forms of the initially
undensified compressive yield stress in Chapter 2. Note that all these values are chosen
from Usher et al. (2009) and Zhang et al. (2013a).
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materials and flocculation conditions (Usher, 2002; de Kretser et al., 2003). Using differ-

ent sludge materials and different flocculation conditions can lead to different values of

the fitting parameters for the functional forms of the hindered settling function, R(φ) and

the compressive yield stress, Py(φ) (Usher, 2002; de Kretser et al., 2003). In addition, one

can develop different functional forms of the hindered settling function and the compres-

sive yield stress once obtaining experimental data. However, it should be noted that the

functional forms of the initially undensified hindered settling function and the compres-

sive yield stress are required to be simple in order to obtain the densified counterparts.

As discussed in Chapter 1, the initially undensified gel point, φg,0, the close packing

solids volume fraction, φcp, and the sludge rheological properties (including the hindered

settling function, R(φ) and the compressive yield stress, Py(φ)) can be determined via

pressure filtration and centrifugation tests. A large amount of experiments have already

been conducted for the determinations of the initially undensified hindered settling func-

tion and the compressive yield stress using different sludge materials in the past three

decades (Buscall and White, 1987; Landman and White, 1992; Green et al., 1996; Green

and Boger, 1997; Channell and Zukoski, 1997; Channell et al., 2000; de Kretser et al.,

2001; Usher et al., 2001; Usher, 2002; Gladman, 2004; Gladman et al., 2005; Lester et al.,

2005; Stickland et al., 2008; Usher et al., 2013).

Now, we turn to describe the general procedures obtaining the fitting parameters for

initially undensified sludge rheological properties:

1. Choose a sludge sample and a proper technique (e.g. pressure filtration or centrifu-

gation tests) determining the initially undensified hindered settling function and the

compressive yield stress.

2. Choose the proper functional forms of the initially undensified hindered settling

function and the compressive yield stress with several free unknown parameters.

3. Once obtaining experimental data, one can use the so called curve fitting technique

obtaining the values of those free unknown parameters. This procedure is easy to

implement using different software (e.g. Matlab, Mathematica, and Gnuplot).
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