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Chapter 1

Introduction

1.1

Scope of course

This course aims to introduce and discuss a number of commonly used mathemat-
ical methods techniques that graduate students will find useful in their research.
In the subsequent lectures we will aim to cover the following topics:

Advanced differential equations, series solution,classification of singulari-
ties. Properties near ordinary and regular singular points. Approximate
behaviour near irregular singular points. Method of dominant balance.
Airy, Gamma and Bessel functions.

Asymptotic methods. Boundary layer theory. Regular and singular pertur-
bation problems. Uniform approximations. Interior layes. LG approxima-
tion, WKBJ method.

Generalised functions. Basic definitions and properties.

Revision of basic complex analysis. Laurent expansions. Singularities.
Cauchy’s Theorem. Residue calculus. Plemelj formuale.

Transform methods. Fourier transform. FT of generalised functions. Laplace
Transform. Properties of Gamma function. Mellin Transform. Analytic
continuation of Mellin transforms.

Asymptotic expansion of integrals. Laplace’s method. Watson’s Lemma.
Method of stationary phase. Method of steepest descent. Estimation using
Mellin transform technique.

Conformal mapping. Riemann-Hilbert problems.

Many of the above topics could easily be studied in detail over many lectures,
but our motivation is to give a flavour of the particular topic rather than give
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an exhaustive treatment of the subject. There will be sufficient detail for the
interested reader to follow up and investigate further if required. The course
therefore proceeds at a fairly rapid pace and students are strongly advised to
study the techniques, work through the examples covered and also attempt the
set problems.

Recommended Texts It will be assumed that students have done basic
courses on real and complex analysis. The following texts cover various topics
discussed in the course, although no single book covers all the topics that we will
be discussing.

1. C. M. Bender & S.A. Orszag, ‘Advanced Mathematical Methods for Scien-
tists and Engineers, McGraw-Hill.

2. N. Bleistein & R.A. Handelsman, ‘Asymptotic Expansions of Integrals.’
3. F. W. J. Olver, ‘Introduction to Asymptotics and Special Functions’, Dover.

4. M. J. Ablowitz & A. S. Fokas ‘Complex variables, introduction and appli-
cations’, C.U.P.

5. M. J. Lighthill ‘Introduction to Fourier analysis and generalised functions.’,
Dover.

The book by Bender & Orszag is particularly recommended and is one of my
favourites. It contains a wonderful selection of worked examples and accompa-
nying commentary. It is easy to read and well worth purchasing.

1.2 Important definitions and preliminaries

In this section we will introduce some of the definitions and notation which will
be used extensively in later parts of the course.

1.2.1 Ordering symbols, ’O and ’o’ notation

Ordering symbols ‘O’ and ‘o’
Definition of ‘O’:  Let ¢(z), v () be real or complex valued functions. Let
xo be a limit point of a set R not necessarily belonging to R. We write

$=0() in R
if 3 a constant A (independent of x) so that

¥ < Al¢| Ve R
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Also v = O(¢) as x — xg in some neighbourhood A, if A such that
Y| < Algp| Ve e ANR.
If ¢ # 0 in R then 1p = O(¢) as x — xg if% is bounded in R as x — xo.

Examples
sinz =0(x) as x—0.

cost =0(1) as x—0.

Definition of ‘0’:  We write ) = o(¢) as x — xq if for any given e >0 3
netghbourhood A, of xo such that

|| < Aelg| Vo e AcNR.

Note that if ¢ # 0 in R then ) = o(¢) as x — g if%—)O as T — xg.

Sometimes << used in place of o notation.

If the functions involved depend on parameters, in general the constants A,
and neighbourhoods A, A, will depend on the parameters. If however, A, A, A,
are independent of the parameters, the order relation is said to hold uniformly in
the parameters.

Examples

sinz =o0(1) as x — 0.

Examples
sin(x +¢) = O(1) uniformly as x — 0.

VT +¢e—+/x=0(e) nonuniformly as e — 0.

sin(z +¢€) = 0(6_%) uniformly as € — 0.

1.2.2 Asymptotic sequences

Asymptotic sequences are extremely useful and will be used throughout this
course.
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Video clip of section on the O and o nota-
tion.Click here to open video clip in external
player.

Definition The sequence of functions {¢,} is called an asymptotic se-
quence for x — xqy in R if for each n, ¢, is defined in R and

Gni1=0(¢,) as x—xo in R.
If the sequence is infinite and ¢n1 = O(¢y) uniformly in n, then the {¢,} is said
to be an asymptotic sequence uniformly in n. If the ¢, depend on parameters, and

Gns1 = 0o(¢Pp) in the parameters, the {¢,} is an asymptotic sequence uniformly in
the parameters.

Example The following define asymptotic sequences
{(x —x)"} z—290 x€C.

{z™"}, as z — oo.
{7} as z — oo,

where R(A,) < R(Ap41) for each n.

Definition We say

Observe that this implies

flz)=(104o0(1))g(x) as x— x.

1.2.3 Asymptotic expansion

Definition Let {¢,} be an asymptotic sequence. The series

Z angbn(x)


http://helix.stream.manchester.ac.uk/flash/50543577_hi.mp4
http://helix.stream.manchester.ac.uk/flash/50543577_hi.mp4
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is said to be an asymptotic expansion to N terms of f(x) as v — xq if

Mz

andn(z) = O(pny1) as x — xp.

n=1

Sometimes this is written as
flx) ~ Zangbn(x) to N termsas x—x9 in R.

If N = oo then
T)~ Y andn()

s called an asymptotic expansion. An asymptotic expansion involving certain
parameters is said to hold uniformly in the parameters if

f Z an¢n ¢N+1)

uniformly in the parameters for each sufficiently large N, (not necessarily uni-
formly in N). If ¢, = 27 where 0 < A} < Xg < -+ < A\ < A\ppy < ...
then

Ont1 a?n

1
= = —0 as 1z — oo.
¢n 1'/\n+1 aj)\n-}—l*)\n

The above definitions stem from Poincaré’s studies, [Poincaré| (1886), where
he introduced asymptotic power series as a means for making divergent series
more useful. In Poincare’s definition the point xy is infinity and the asymptotic
sequence is 2~ " where z — 0o in some section in the complex plane.

Poincaré power series expansionsA series Y, a,z~" is called an asymp-
totic expansion of f(z) in some sector S, « < arg(z) < f if for each N > 0

f(2) =) anz "+ 0(z""M) 2z 5 0,

Examples Consider

This suggests

Define
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with 2 > 0 and fixed n. Now

Thus ) ¢, is an asymptotic expansion.

Note that that the series

N |

i (%—1)...(%—71—1—1)6”
— n! "

converges only for || < |z|. Thus the series in an asymptotic expansion
does not necessarily converge.

Clip covering asymptotic expansions. Click
here to open video clip in external player.

How do we know that \/z + € ~ 2 3 ¢, (, €) above?
Theorem The asymptotic expansion to a given number of terms of a given
function is unique if the asymptotic sequence is given.

Proof
If f(z) ~ Y andn(z) then
f@) = ardx + Ru(x)
k=1
where R, () = o(¢n).
Hence
n—1
k=1
Therefore
n—1
f(x) — ¢nk:1 ax P —a,| = % —0 as = — xo.



http://helix.stream.manchester.ac.uk/flash/21587190_hi.mp4
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Hence a, is given uniquely by

(M:1m1<ﬂ@_ Ziam“@> (1.2.1)

Conversely,suppose we have N + 1 functions f(x),¢1(x),...on(z) defined
in R. Then if holds and a,, # 0 for m = 1,2,..., N then {¢,} is an
asymptotic sequence for x — xo and > a,¢, is an asymptotic expansion to N
terms of f(x) as x — xq.

Proof: We have to show that ¢,,1 = o(¢,) for n = 1,2,...,N — 1. Now
from (|1.2.1))

f= Z arPr = 0(Pm).
=1

Replace m by m + 1 and we have

/- Z kPl = Am1Omt1 + 0(Prmg1 ).
=1

= Am1Pm+1 + 0(1)Prns1,
= (am+1 + 0(1))¢m+1-

Hence
(am+1 + 0(1>)¢m+1 = O<¢m)

Thus if @41 # 0 then g1 + o(1) # 0 for some z in the neighbourhood of z
and dividing gives the result

¢m+l = O(¢m)

The same function may have different asymptotic expansions involving two differ-
ent asymptotic sequences, or two different functions may have the same asymp-
totic expansion.

Examples
1 1 e (_1)n+1
= ~ — 0.
r+1 .1'(1 + l) ; xrn as T o0
1 r—-1 (1)
:U—i—l_w?—lNZ x2n as = oo
1
Also

x’l’l/
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Video clip covering above examples.Click here
to open video clip in external player.

¢, are said to be asymptotically equivalent as x — g if

f(x) = g(z)(1+ O(1)).

The usefulness of an asymptotic expansion arises from the fact that only a
few terms of the series are required to give a good approximation to the function,
whereas with a Taylor series expansion many terms are required for equivalent
accuracy.

Note that from the definition of an asymptotic expansion, the remainder after
N terms is much smaller than the last term retained as x — x,.

Example Consider

t

oo —t
IM@:/ € ar.

Put t = 2 + z and then

Ei(z) = ¢ / ‘ dz,
0

-1 n—1_n—1 —1)rn
:——/ wz1——+——+ 4 >_Z 4\ )i
gn—1 (1 +2)

—_
+
ISHEN

Integrating term by term gives

where

et [ eTE" o [ (=)
R, (1) = (—1)" B "
@ = [ dz = | e


http://helix.stream.manchester.ac.uk/flash/65057131_hi.mp4
http://helix.stream.manchester.ac.uk/flash/65057131_hi.mp4
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We have
n!

ntl :

|R. ()| < e_””/ e dt = e
0

Thus for fixed n, R, = O(%57) as @ — oo. Hence S, is an asymptotic

n

expansion for Ei(z) to n terms as x — oc.

If we take z = 10 then

S1(10) =0.1xe™'% ||Ry(10)] < 0.01 x ™.

S4(10) = 0.0914 x e~ |R4(10)| < 0.00024 * e~ ™.

1.2.4 Additional notes

In general it is not permissible to differentiate asymptotic expansions.

Example If
f(x) =z +sinz, f'(zr)=1+4 cosu,

then
flz)~x as x— o0

but it is not true that
fl(x)~1 as z — oc.

Example If
f(z) = e " cos(e¥)

and z is real, then

0 0
flx)~0+—-+—5+... as z— o0,
r

but
f'(z) = —sin(z) — e * cos(e”)

oscillates as x — oo.
Differentiation is ok when it is known that f’(x) is continuous and its asymp-
totic expansion exists. Also if f(z) is an analytic function of z and has a Poincaré

type of asymptotic power series expansion ie

a; a
f(z)~a0+—1—|——§+... to N termsas z— o0
z oz
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uniformly in arg(z) in some sector S, then the expansion can be differentiated ie

a 2a
f’(z)~——§+—32+... to N—1 termsas z— o0
z z

uniformly in arg(z) in some sector S’ contained in S.
Integration is usually ok. Additional properties and proofs concerning asymp-
totic expansions may be found in [Erdélyi (1956)), |(Olver| (1974).

Bibliography
ERDELYI, A. 1956 Asymptotic Expansions. Dover (reprint).
OLVER, F. W. J. 1974 Introduction to Asymptotics and Special Functions. Dover.

POINCARE, H. 1886 Sur les intégrales irréguliéres des équations linéaires. Acta
Math. 8, 259-344.



Chapter 2

Basic complex analysis, review of
important results

In the section we will review some fundamantal concepts and theorems of complex
analysis which are used in later sections. A good reference text is the book on
Complex Variables by Ablowitz & S.| (2003)).

2.1 Singularities of complex functions

Definition An isolated singular point is a point where a (single-valued or a
single branch of a multivalued) function f(z) is not analytic, ie near z = zy the
derivative of the function f'(zy) does not ezist.

In the neighbourhood of an isolated singular point the function may be repre-
sented by a Laurent expansion:

oo

f(z) = Z cn(z — 20)". (2.1.1)

n=—oo

An isolated singularity of a function f(z) at z = zy is a pole of order N,
where N > 1 is a positive integer, if

L 90)
f() (Z—Z())N

where ¢(z) is analytic in a neighbourhood of z = zy and ¢(zp) # 0. A simple
pole is when N = 1.

Example The function

2z —2)?
flo =220
2(z+1)
has a simple pole at z = 0 and a pole of order 3 at z = —i.

17
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It may turn out that the singularity is removable as for example with

sin z

f(z) =

where one could define f(0) to be 1.

Definition An isolated singularity that is neither removable nor a pole is
called an essential singular point. An essential singular point has a full Lau-
rent expansion in that given

z

o0

f(2)= ) ealz=z0)"

n=—oo

then for any M > 0 there exists an m < —M such that c,, # 0.

Example f(z) = e~= has an essential singular point at z = 0 and

o=y U0

Multivalued Functions A function such as f(z) = 22, f(z) = log(z) are
multivalued functions with a branch point.

A point is a branch point if the multivalued function is discontinuous after
traversing a small circuit around the point.

Example Consider 1

flz)=(z-1)"
and consider the circuit z = 1 4 re? as # ranges from # = 0 to # = 2m. The
argument of the function when § = 0 is zero but when # = 27 the argument of

f(z) is .

We can work with a single-valued branch of a multivalued function if we
work in a restricted region of the complex plane with branch cuts.

Example Consider
f(z) = (2 +1)%.
This has branch points at z = 4i. We can define f(z) = (ryry)2ei+02)/2 where
z=—i+re, —37/2<6, <7m/2and z =i+ e, —7/2 <0y < 37/2.
This makes the function continuous in the region z = iy, |y| < 1 and dis-
continuous for |y| > 1. Hence we have branch cuts as shown in figure

Example Consider )
f(z) = (2 +1)z.
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Figure 2.1: Solid lines indicate branch cuts for f(z) = (22 + 1)1/2.

Figure 2.2: Solid lines indicate branch cuts for f(z) = (22 + 1)'/2,

Alternatively we can define f(2) = (r175)2e/@02)/2 where 2 = —itre®, —71/2 <
0 <3m/2 and z =i+ 12, —7/2 < 0y < 37/2.

This makes the function discontinuous in the region z = iy, |y| < 1 and
continuous for |y| > 1. We then have branch cuts as shown in figure 2.2]

2.2 Cauchy’s residue and other important theo-
rems

The following results are heavily used in our work later. Proofs of the theorems
may be found in standard texts.

Theorem (Cauchy) Suppose f(z) is analytic in a simply connected domain D,
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and if C is a closed contour in D then

j{f(z) dz = 0.

Theorem- Cauchy’s integral formula. If f(z) is analytic in D and on a

closed contour C then all the derivatives f*®)(2),k =1,2,... ewist in D and
k! f(§)
B () = 2 ¢ —2 2 qe.
196 =5 = e

Let f(z) be analytic in region D except for an isolated singular point at z = 2o,
and suppose that

[e9]

f(z) = Z cn(z — 20)".

n=—oo

The coefficient c_y is called the residue of f(z) at z = z.
Definition Let C be a closed curve in region D containing the point z = z
and zg does not lie on the curve. The winding number or index of C with respect

to 2y is defined by
1 d
€20 = 5 § -2
c

2w Jo 2 — 2o

GIGE

I=-1 [=2 =1 I1=0
Figure 2.3: Winding numbers I for different circuits around z = zj.
Cauchy’s Residue Theorem Let f(z) be analytic inside and on a closed

contour C except for a finite number of isolated singular points zy, za, . . . zn inside

C. Then N
j{f(z) dz = ZWiZak](C,zk),
¢ k=1

where ay, is the residue of f(z) at z = zy, and I(C, zx) is winding number of C
with respect to zy.
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Example Consider the different circuits as shown in figure 2.3l The winding
numbers are as shown for the different circuits.

Proof of Cauchy’s theorem: This is a sketch proof for a simple closed curve,
see figure [2.4]and apply Cauchy’s theorem to contour ¢! = C+ Ly +c¢;+ L) +...+
L, + ¢, + L7 and use fact that integrals over L, and L cancel out, and integrals
around —c;, give residues of f(z) around z = z.

Figure 2.4: Contour for proof of Cauchy;s residue theorem.

2.3 Use of Cauchy’s residue theorem in evaluation
of integrals

Cauchy’s residue theorem is very useful when evaluating certain integrals, invert-
ing transforms etc. We will study a few examples.

Example Suppose f(z) is analytic in C except for a finite number of poles which
do not lie on the real axis. Also suppose that there exists an M, R and k£ > 1

such that for |z| > R
M
<
) <
then

/00 f(z)dx = 2mi Z{res(f(z) in upper-half plane},

/OO f(z)dx = —2mi Z{res(f(z) in lower-half plane }.

Proof Consider §. f(z)dz where I is as shown in fig. Cauchy’s theorem
gives

]{ = 2mi Z{res(f(z) in upper-half plane}.
r
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Figure 2.5: Contour for example taken in upper-half plane

29 21

Z3 20

Figure 2.6: Poles of 1/(1 + 2*).

But n
]{ = / f(z)dx + / f(Re™)iRe™ db.
r —-R 0
Now
M M
f (Re")iRe" d@‘ ST R=

Hence as R — oo the integral fo " f(Re®)iRe® df — 0 and we obtain the result.
A similar result is obtained by taking a contour in the lower half plane.

/°° dx
Coo Lzt
2ikm—im

The function f(z) = 1/(z*+ 1) has simple poles at z = 2, = e 1 , k =
0,1,2,3 and z = 21, 29 lie in the upper-half plane, see fig. 2.6

Hence
< dx 1
/ool+$ —QWZZRGS T 2k).

k=1,2

Example Consider




2.3. USE OF CAUCHY’S RESIDUE THEOREM IN EVALUATION OF INTEGRALS23

s P Ly
Ly Ly
A 4 a
-Ry L > R
Figure 2.7
Now ! ]
Zk
R == ——
esly ) 1224
Hence o 4 .
X . i 3im
/Oo [T = 27i |:—1(64 +e )}

o om(l+e =1+ 7w
"2 { N ] N2}
Suppose f(z) is analytic in C except for a finite number of poles which do not
lie on the real axis. Also suppose that there exists an M, R such that for |z| > R

M
[F(2)] < B

then for any a > 0

/OO e f(x) do = 2mi Z{r@s[f(z)emz] in upper-half plane}.

e}

Note by taking real and imaginary parts we can use this result to work out
integrals of the form [~ f(z)cosax dz and [ f(x)sinaz dz.
Proof Consider fL1+L2+L3+L4 €' f(2) dz as shown in ﬁgurewhere Li, Ly, Ls, Ly
denote the sides of the rectangle —R; < R(z) < Ry, and 0 < ¥(z) < S and
Ry, Ry, S are such that all the zeros of the function in the upper-half plane are
contained in the rectangle.

Using Cauchy’s theorem

/ € f(2)dz = 2mi Z[Res[f(z)emz, in upper-half plane].
Li+Lo+L3+Ly

Consider

s
I, = / e f(2)dz = / el (Bati) £(Ry 1 iy)i dy.
Lo 0
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We have
S S —asS
_ . M2 _ M2(1 — € )
L < YR dy < —= Wy = —~— 7
Bl < [ il < [ emay = e
i.e
M,
L] < —/=.
‘ 2‘ - CIRQ

Similarly if

S
Iy = / e f(2)dz = —/ el =R (R +iy)idy.
Ly 0

We have

S S —aS

_ . M4 _ M4(1 — € )
I < YW f(—R dy < — Wdy = ——=~.
< [ emerir g < B[ ey =0
Thus
M.
L] < —.
CLRl

Next if

I3 = / e f(z)dz = —/ ST £(3S - x) da

L3 _Rl
then
Ro> M3 Ro
1I5] < / e | f(iS + )| dv < —/ e du.
—R1 S —R;
Thus
|I5| < Mge*aSM_
S

Note that

Ry
L = / " f(z) de.

Ry

Taking the limits S — oo, R — 00, Ry — oo independently, and noting that
Iy, I3, I, — 0 gives the required result

/ e f(x) dz = 2mi Z[Res[f(z)emz, in the upper-half plane].

o0
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2.4 Jordan’s Lemma

Jordan’s Lemma is also useful when evaluating contour integrals. The condi-
tions on the function are slightly weaker than in the previous result.

Consider
]:/ewzf(z) dz
r

where a > 0 and I" is the semicircle in the upper-half plane centered on the origin

and of radius R. f|f(Re?)| < G(R) and G(R) — 0 as R — oo then

lim I =0.

R—o0

Proof of Jordan’s Lemma Now
7= /7r jeiaf(cos0+isin0) £( Reif) Rei® gg.
0
If we make use of the result that 0 < 20/7 <sinf for 0 < § < 7/2 then
1] < / ’ e sl RG(R) db
0

w/2
<2 / RG(R)e™ 280/ g — @(1 — e,
0

a

Let R — oo and the result follows as G(R) — 0 as R — oc.

Example Show that

*  ¢inzx T
— " _dr=—(1—-¢Y.
/0 z(x? +1) ‘ 2( )
Consider

eiz
—d
fg z2(z2+1) N

We take a contour as shown in figure [2.8| with a semicircular path of large radius
R and a small semicircular path of radius ¢ around the origin. The integrand has
a simple pole at z = ¢ inside C' Applying Cauchy’s Theorem gives

eiz eiz 671
— dr = 2miRes[— ] = 2mi[S—] = —mie~ L.
7402(22_1_1) z = 2mi 63[2(22+1),z] m[2i2] Tie

Pl ko dor

Now
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Figure 2.8: Contour C. Here Cf is a semi-circle of radius R and Cjs a semi-circle
of radius 4.

and using Jordan’s Lemma fCR — 0 as R — oo. Also

) §etd 0
B e e s 9
/ca - /7T 552620 4 1) df =i(6 — ) + O(%)

I
Ly Lo
-6 eiz

R T R :
e Sin T
=/ ————d — de =2 | ——d.
/5 o(2? +1) ”/R @@+ / @)

Hence taking the limit as R — oo and § — 0 gives

22’/ S;idx—m:—me_l,
o w(z+1)

as 0 — 0.
Note that

and thus

*®  dinx T
T _dr=—(1—eY).
/0 x(:v2+1)dx 2( )

Let f(z) be analytic in C except for a finite number of poles, none of which
lie on the positive real axis. Suppose a > 0 and a is not an integer. Suppose
that (i) there exist constants M, R > 0 and b > a such that |f(z)| < M/|z|® for
|z| > R and (ii) and constants S, W > 0 and 0 < d < a such that for 0 < |z] < 5,
|f(2)] < W/|z|% Then [° ! f(x)dx is absolutely integrable and

/000 v Hf(x)de =

7.[.6771'(11

Z{res[z“’lf(z)] at the poles off(z),z # 0}

sin(a)
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and the branch 207! = e(0=118(x) () < arg(z) < 27 is used.

Proof Note that for 0 < z < S, we have

20 f(2)] < Waa—d-L,
and for large positive x > R we have

2% L f ()] < Mo~

and thus the integral exists and is absolutely convergent. To evaluate the integral
consider the integral of 27! f(2) around the contour I' = C} + Cy + C5 + C} as
shown in the figure 2.9, Applying Cauchy’s theorem gives

Y

Figure 2.9

Ir = / 27 (2)dz =
C1+C2+C3+Cy

2mi Z{res[z“_lf(z)] at the poles off(2),z # 0}.
Now let I, = [, 2°7'f(#) dz and note that

27 —02
|| = / (Re)*~! f(Re™)iRe™ d@‘
01
|R|*! b
<M - RdO < 2rM R*
C1 |R|
independent of #,,65. Hence I; — 0 as R — oo. Similarly
01 ] ] ) 2w —0o 6a—l
|I3| = / (ee’)*1 f(ee)iee® dQ‘ <W —edf
2m—0; 6, €

< 2Wer™?,
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Hence Is — 0 as ¢ — 0.
Next

R
L= [ = [ e et e dy

and

R
_[2 — / Za_1f<Z) dz = _/ (ye2i7r—i92)a—lf(y€2i7r—i02)€2i7r—i02 dy
Co €

R
— _ / ya—1€27ri(a—1)e—i(a—l)Gze—iGQf(ye—iaz) dy

Letting R — 00,€ — 0,60, 2 — 0 shows that

I+ 1 — / YN (1 — D) £(y) dy.
0

Hence putting it all together shows that
- / y* e 2 sin(mwa) f(y) dy
0

= 27 Z{res[z“_lf(z)] at the poles off(z),z # 0}.

Thus .
/ 2 f(x) de =

0

7T6—7F(IZ

{res[z~' f(z)] at the poles of f(2), z # 0}

sin(a)

Example Consider

[e’¢) s—1
/ * dx
o l+uw

with 0 < $(s) < 1. Applying the previous result gives
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Figure 2.10: Contour £ and C..

2.5 Plemlj formulae

Suppose L is a smooth contour (which may be closed or open) and suppose ¢(z)
is continuous at z. Consider

O(z) = L/ &df

2mi Jp & — 2

If 2z lies on £ then the integral may not exist in the normal sense and we have to
work with the Cauchy principal value integral.

Consider the limit as € — 0+ along the curve £ — £, and C, as shown in the
figure The convention is that ¢ — 0+ implies the region on the left in the
positive direction of L.

Thus
Ot (2) = lim L/ @dé—f- lim L/ &dﬁ
C

=0+ 270 Jp o p £ —2 =0+ 211 Jo & — 2

The first integral reduces to

if e
and for the second put & = z + ee? to obtain
i o [ At et o = 5o
Hence
() = 26(:) + 5 ][ﬁgﬂ_—gl dt. (25.1)
Similarly
O (2) = —%gb(z) + 2% ]lﬁf% . (2.5.2)

The formulae (2.5.1}2.5.2)) are known as the Plemlj formulae [Plemelj (1908)).
They have important applications in many Riemann-Hilbert problems (see
later).
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Example Consider the following problem which arises in a (triple-deck) ap-
plication.
Uy + Uy = O, Uy = —Pzy Uz = Py,

for0 <y<oo, —o0o<uz<o00,and
u(z,y=0+) =—=P(z), v(z,y=0+)=—-A'(2).

In terms of the complex velocity u — tv and z = x 4 1y we have

U — 1w = ! /mwdf.

o w2 —E

Here m(§) is a suitable distribution of sources (to be found).
With z = x4y let y — 0+ and use the Plemlj formula. This gives This gives

u(x,0+) —iv(z,04) =1 [Qim][io gn_% dé + %m(m)

Using the conditions on y = 0 gives

m(z) = 24" (x),
e L me
m
Hence

P =2 f

ie the interaction law in subsonic flow.
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Chapter 3

Approximate solution of linear
differential equations using
Frobenius series

3.1 Introduction

A large number of special functions are defined in terms of an ordinary differential
equation. It is useful to be able to predict solution properties just by examin-
ing the coefficents of the differential operator. Fortunately, there exist powerful
methods for predicting the local behaviour of the solutions near a point z = z
without needing to solve the full differential equation. In many cases the dom-
inant behaviour can extracted without too much work, In this chapter we will
discuss the Frobenius [Frobenius (1873) method for obtaining series solution of
linear ordinary equations about ordinary and regular singular points. In a later
chapter we will extend the ideas to obtain apprioximate solutions near irregular
singular points. The material discussed here follows closely the book by Bender
& Orsag Bender & Orszag| (1999) which contains many wonderful, fully worked
examples.

3.2 Classification of singularities

Consider a homogeneous linear differential equation.

Ly =0,
where
m n—1 d
L= %4‘2%—1(1’)%4"”'?1(%)% + po(z). (3.2.1)

Definition - Ordinary Point The point © = xy(# o0) is called an ordinary
point of if po(z), p1(x), ..., pn_1(x) are analytic in a neighbourhood of .

31
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Definition - regular singular point

The point x = xo(xg # 00) is a regular singular point of if all of (x —
20)"po(x), (x — 20)" 1p1(2),. .., (¥ — 2)pu_1(x) are analytic in a neighbourhood
of r = xy.

Definition - irregular singular point The point © = zo(# o0) is called an
irregular singular point of iof 1t is meither an ordinary point or a reqular
singular point. To classify the point at infinity, put * = 1/t and rewrite the
differential equation in terms of t. Then the point at oo is either an ordinary
point, reqular singular point, or an irregular singular point, if t = 0 is an ordinary
point, reqular singular point, or irreqular singular point respectively.

Examples
1. y"(x) = (1 + 2?)y(x). Every point & = x((# 00) is an ordinary point.

2. zy”(x) — v/ (x) +y = 0. Every point x = x¢ with zq # 0 or zg # 0o is an
ordinary point.

3. (x—=1)y"(z) 4+ xy(x) = 0 All points z = xy, with xg # 1 or oo are ordinary
points. g = 1 is a regular singular point.

4. 23y"(z) —y = 0. The point z = 0 is not an ordinary point or a regular
singular point.

Video clip of last section/Click here to open
video clip in external player

3.3 Properties near ordinary and regular singular
points
All n linearly independent solutions of (3.2.1) are analytic in a neighbourhood of

an ordinary point, Fuchs| (1866]). The radius of convergence of a Taylor series of a
solution about x = x( is at least as large as the distance to the nearest singularity


http://helix.stream.manchester.ac.uk/flash/63182485_hi.mp4
http://helix.stream.manchester.ac.uk/flash/63182485_hi.mp4
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of the coefficient functions. Near a regular singular point, the form of the n'”
solution is at worst of the form,

i
L

y(@) = (v —m0)7 ) _[log(w — x0)]" Ak ()

>
Il

where Ay (x) is analytic at xg, and v is an indicial exponent.

Video clip discussing properties near ordinary
and regular singular points.Click here to open
video clip in external player.

Example Consider Airy’s equation
y" = xy. (3.3.1)

Here every point (# oo) is an ordinary point and the solution can be expressed
as a Taylor series expansion.

Seek a solution of the form y(z) = > °  a,z" and substitution into the
equation (3.3.1) and equating coefficients of like powers of x leads to

anin—1)=0n=0,1,2, ann—1)=a,-3, n=34,...

Thus aq, as are arbitrary, as = 0 and

aof(g) alf(g)

= y  A3ntl = ; a3p42 = 0.
32!l (n + %) st 32!l (n + %) snt

A3n

The Gamma function I'(z) used above satisfies I'(z 4+ 1) = 2I'(z). Hence we have
obtained two linearly independent solutions

0 3"
o) =G G
n=0

and
0 x3n+1
ys(w) = Ch Y

9"nIl(n+3)

n=0


http://helix.stream.manchester.ac.uk/flash/89365543_hi.mp4
http://helix.stream.manchester.ac.uk/flash/89365543_hi.mp4
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The radius of convergence of both series is infinity, the distance to the nearest sin-
gularity. By convention the two linearly independent solutions of Airy’s equation,
the Airy functions Ai(x), Bi(x) are defined by

e 3n e 3n+1

2 X 4 X
Ai =33 I ——— ] -
i() HXZ; 9"n!l'(n + 2) HZ:; 9"nl(n+3)’
| o0 XSn 5 o0 X3n+1
Bix) =375y —— 4338y ——
; 9"/l (n + 3) ; 9"n!T'(n + 3)

Video clip with worked example for Airy’s
equation.Click here to open video clip in ex-
ternal player.

3.4 Frobenius solution for 2nd order odes

Near a regular singular point the solution can be obtained as a Frobenius series

in the form .

y(zr) = Z ap(x — o).

k=0
Here ay # 0 and + is an indicial exponent (to be found), see below. Consider the
equation
y"(x) + pi(2)y' (2) + pol2)y(x) = 0, (3.4.1)

and
) = 1S pale— a0 o) = > gl — )"
r) = —- n(x — x0)", )= —-— (2 — x0)".
D1 (z — o) n:op 0 Do (z — 20)? 2 q 0
If we seek a solution in Frobenius form
y(@) =Y a(z — 20)*7,
k=0

then substitution into the equation (3.4.1)) gives:

[V + (po — 1) + qolao = 0, (3.4.2)


http://helix.stream.manchester.ac.uk/flash/11635996_hi.mp4
http://helix.stream.manchester.ac.uk/flash/11635996_hi.mp4
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n—1

[(v+n)* 4+ (po— D(v+n) + qlan = = Y _[(v+ k)Pt + Goslar, n=1,2,....

k=0
(3.4.3)
From (33.4.2)) since ag # 0 we obtain the indicial equation

P(y)=9*+ (po — 1)y +qo = 0.

This gives two roots 71, 72, and we will assume that R(y;) < R(72). Then P(y2 +
n)#0forn=12....
From (|3.4.3)) solving for a,, gives

_ Z;é[(V + E)Dn—k + Gn—k)ar
P(y+n)

The expression together with the fact that P(vy; +n) # 0 shows that we
can obtain at least one solution in Frobenius form with the a,, given by
in terms of ay and v = 5. Whether a second solution of this form exists or not,
depends on whether the indicial roots differ by an integer or not. If v — v #
integer, then P(y 4+ n) # 0 and a second solution of Frobenius form also exists
with a,, given by in terms of ap and 7 = ;. If v —~; = N, where N is a
positive integer then note that from (3.4.3)) we obtain

(3.4.4)

Ap =

N-1

P(y1+ N)ay = —Z[(% + k)pN_k + qN_k)ar. (3.4.5)

But 71 + N = v, and thus the left hand side of([3.4.5) is
P(y2)an = 0.

If the right hand side of (3.4.5)) equals zero then ay is indeterminate and a second
linearly independent solution of Frobenius type exists with v = ~;.

Video clip of solution properties near a regu-
lar singular point. Open video clip in external
player.

Example Consider Rayleigh’s equation which arises in Hydrodynamic Stability
Theory, see MAGIC014.

2

U-c

¢" — (o® + Jp=0, 0<z<o0,


http://helix.stream.manchester.ac.uk/flash/90183638_hi.mp4
http://helix.stream.manchester.ac.uk/flash/90183638_hi.mp4
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where a and ¢ are constants and U = U(x). Suppose c¢ is real and there exists ..
such that U(z.) = ¢, and near = = x,

1
Ulx)=c+ (x —z.)U'(z.) + §(x — 220" (ze) + .. ..
Here x = x. is a regular singular point because in terms of our earlier notation
in (3.4.1) pi(z) = 0 and
u” @ U” ()

U — C) (x N x@) + g2 + ) an q1 U/(xc)

The indicial equation is
y(y—=1)=0, = v=0,1

and the roots differ by an integer.
Also the condition from (3.4.5) with N = 1 reduces to

U// (IC> _
U'(x.)

q1 =

Thus if U”(z.) = 0 then we have two linearly independent solutions of Frobenius
type.

Video clip of worked example for Rayleigh’s
equation. Click here to open video clip in ex-
ternal player.

3.5 Roots differ by an integer, v» — v, = N

Let
Z an () (x — 20)7™.

Now

Ly = agP(y)(z — 20)" 2 + (3.5.1)

o0

n—1
D (@ POy n) D a0y + D)y + qumgay) | (= o)
7=0

n=1


http://helix.stream.manchester.ac.uk/flash/50118953_hi.mp4
http://helix.stream.manchester.ac.uk/flash/50118953_hi.mp4
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Now let ay be arbitrary and choose a,(v), n=1,2,... so that

B Z;(l)[(V + k)Dn—k + Gn—i)ar
P(y+n)

an() =
and assume that P(y+n) #0 forn=1,2,...

Roots differ by an integer, v, — v, = N
Then from (3.5.1)) we have

Ly = agP(y)(z — )72 (3.5.2)

We can see that if v is chosen to be 7, the right hand side of (3.5.2)) is zero and

we have the solution y(z,~,) obtained earlier.

Roots differ by an integer, v — v, =0

Suppose we differentiate both sides of (3.5.2) with respect to v and then set
v = 5. Then

) = aol(e — 2)log(x — x0)(z — z0)* 2 P(e)

Iy
+ (x —20) 2P (7). (3.5.3)
If the roots are equal ie 75 —v; = 0 then P'(7y2) = 0 and we see that the right

hand side of (3.5.3)) is zero. Therefore when we have equal roots a second linearly
independent solution is

- aan(’}/)
8_ﬁy|'y='yz =y(z,72) IOg($ — x0) + ; 8—7’7272(33 )

Y2+n

Video clip of working for two equal roots. Click
here to open video clip in external player.
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3.6 Roots differ by an integer v, — v, =N > 0
From (3.5.3) note that is we set v = 7, the right hand side is equal to
ao(z — 20) 2 P'(72) = ao( — 20) " V2P (),

and is not zero. However, consider

dy - .
L (a_,y)’“y:w + Z bn(z — 20) ™|,
n=0

— ao(x — m0)71+N_2P/(,72) + bOP(’Yl)(fE . $0)71—2 (3.6.1)
0 n—1

+ Z[P(% +n)b, + E (Pn_jbj + @n_jb;)](x — o) 2,
n=1 =0

Equating powers of (x — z) to zero gives:

n—1
P(ﬁYl + n)bn + Z(pn—j(’yl +]) + Qn—j)bj - 07 n = 17 27 LR} N - 17
j=0
n—1
P(yi+n)by+ Y (o +5) + )by = 0, n=N+1,... (3.63)
j=0
n—1
P(yi+ N)by + Z(Pn—j(% + )+ @u-j)b; = aolP' (7). (3.6.4)
j=0
From (33.6.2) since P(7y;) = 0 we see that by is undetermined.
But from (3.6.4) since P(y; + N) = P(7,) we have an expression which de-
termines aq in terms of by, by, ..., by_1.
The term by is undetermined, but a non-zero by just replicates a multiple of
the y(x, v2) solution. Hence a second linearly independent solution is obtained in
the form

a o0
D= g b+ D bl = a)
n=0

This can be expressed as

y1 = klog(z — xo)y2(z,72) + Z Cn (T — o) " (3.6.5)
n=0

Note that if the right-hand side of (3.4.5)) is zero, ag is zero and the coefficient &k
of the logarithmic term in ([3.6.5)) is zero.
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Example Consider again Rayleigh’s equation which we met in an earlier ex-
ample:

U//
"o 042 +

&~ (@ + 5
where a and ¢ are constants and U = U(x). Suppose c¢ is real and there exists ..
such that U(z.) = ¢, and near = = x,

Jp=0, 0<z<o0,
c

U) = ¢ + (z — )0 () + %(x a2 ()

Here z = x. is a regular singular point because in terms of our earlier notation

as in p1(z) =0 and
_ 2 u” q1
po(z) = (a® + U—c): =) +@+..., and ¢ = Uilwn)
The indicial equation gives two roots a = 0 and 1 differing by an integer. The
Frobenius method gives two linearly independent solutions of the form

P1(z) = (x — @) + ao(x — x.)* + az(x — z)° + . . .,

Ga(z) =14+ bi(z — 2) + o — 2)* + bs(w — ) + ...
U// .
—l—%@(m)(m —x.)log(z —x.) x> z,.
The presence of the logarithmic branch point raises questions about what happens
for xr < x..

U”(:cc)

Video clip of worked example for Rayleigh’s
equation. (Click here to open video clip in ex-
ternal player.
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Chapter 4

Solution properties of linear
differential equations near an
irregular singular point

4.1 Introduction

We have seen how to construct the local solution properties near ordinary points
and regular singular points. The more interesting case is to estimate behaviours
near irregular singular points.

There is a powerful technique developed by |Carlini| (1817)), Liouville (1837),
Green (1837) based on the method of dominant balance. This is explained clearly
with lots of illustrative examples in Bender & Orszagl (1999). Carlini’s (1817)
work concerned a problem in planetary motion. He introduced what is now known
as the WKB expansion (see later in the course) and obtained an asymptotic
expansion for a Bessel function of the first kind for large values of the parameter.
Almost 20 years later Liouville (1837) used a similar WKB type expansion for a
problem in heat conduction, and Green| (1837)) for a problem concerning waves in a
fluid. The technique is more popularly known as the WKBJ after Wentzel (1926)),
Kramers| (1926), Brillouin (1926), and Jeffreys (1924]). A historical account of the
development of the WKBJ method can be found in [Pike| (1964)), and [Froman &
Froman| (2002).

Note that Frobenius type solutions do not work near irregular singular points.
One example will suffice to illustrate this.

Example Consider

wty =y,

and we see that x = 0 is an irregular singular point. If we look for a solution of

41
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the form

y=3_ a7, (ag #0),
n=0

then we obtain
Zan n+v)(n+y—1)z"""? = Zan
n=0

The coefficient of 27 gives ap = 0 which is a contradiction and therefore no
solution of this type exists near x = 0.

7 Mathematical Methods
+

Video clip of worked example/Click here to
open video clip in external player.

4.2 Method of Dominant balance

In this section we will discuss the method of dominant balance which is described
in Bender & Orszagl (1999) and which is used to obtain approximate solutions
to linear ordinary differential equations about irregular singular points. We will
study this technique by working through some examples.

The method of dominant balance relies on looking for local solutions of the
form y = %@, as & — xy. The various steps are as follows.

e Substitute into the equation and retain only the dominant terms.

e Solve asymptotically for S(x).

e Continue like this until the full leading order behaviour is obtained.
e Check that any assumptions made in the working are consistent.

We will illustrate the technique with an example.

Example Consider the equation

zhy’ =y (4.2.1)


http://helix.stream.manchester.ac.uk/flash/73309756_hi.mp4
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and look for a solution as z — 0 of the form

y =@,
Now
y'(x) = 8'(2)e™, y'(x) = (5’2(1’) + 5" (x))e” . (4.2.2)
Substitution of (4.2.2 - ) into the equation (4 gives
' (8% +85") —1=0. (4.2.3)

We have to solve this for S(z) as x — 0. Let us assume that

S'(z)=cx®+..., S"(z)=caz®t+.. ..
Substitution into gives
(P2 + caz®t) ~ 1. (4.2.4)

By balancing the various terms in (4.2.4]) there appears to be various possibilities
for choosing «. For example

o rit Ll — a=-2.
o 2yt o _cagttel — o= —1.

o cart™l vl — a=-3.

Only the first possibility is self consistent because choosing a = —1 or 3 implies
that the term omitted is larger than the ones retained for the balancing as  — 0.
Thus with o = —2 and retaining the dominant terms gives

=1, = c=4,1.
We can continue in this manner and set
S'(z) = cx? + Ay (), (4.2.5)
where A;(z) = o(x™2). Substitution into gives
o' (Pt + 2ea7 2 A + A2) + 2t (—2cxP + A)) ~ 1,

or
2cx? Ay + 2 A2 — 2cx + 1A' ~ 0.

Again looking for a term of the form A;(x) = c;2” and looking for a dominant
balance suggests that

5:—1, 01:1.
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Other possibilities lead to inconsistencies.
Thus
S'(z) =cx >+ a7t + Ay(x), Ay(x) =o(x ).

The equation for A, is
(14 2cAy) + 22° Ay + 2 A3 — 2 + 2% A} ~ 0. (4.2.6)
Note that is identically satisfied by Ay = 0 (not typical) giving
S'(z)=cx>+at, S(x)=—cr ! +log(z)+ Sp.

Hence )
y(z) = 5@ = Kgets.

It can be verified that this satisfies the equation x*y” = y exactly.
The previous example was unusual in that the expansion for S(z) terminated
after a finite number of terms. This is not typical.

Mathematical Methods

Video clip of worked example for ¢ —xty = 0.
Click here to open video clip in external player.

Example Consider the equation
vy —y =0. (4.2.7)

Note that x = 0 is an irregular singular point of (4.2.7)). We will seck a solution
of the form y = e%®) as x — 0. This gives

?(8” 4+ 5") = 1. (4.2.8)
A dominant balance gives (with ¢ = £1)
S'(x) = cx7% 4+ A(z), A(z) =o(z"?). (4.2.9)
Substituting into gives

3
23 (P 2ex 2 A+ A? — 5026_% + A ~ 1,


http://helix.stream.manchester.ac.uk/flash/50543577_hi.mp4
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ie 5
2cr2 A+ 23 A% — gcx% + 234" ~ 0.

A dominant balance gives

A~ —.
4x

Hence 3
S'(z) = ca™2 + Zafl + B(x), B(z)=o(z"). (4.2.10)

The equation for B after substituting (4.2.10) into (4.2.8)) is

9 3 3
Z 4 2Bz + ixQB +2°B? — Zx +2°B ~ 0.

16
This gives
3
B(z) = 55277 +o(z72)
Hence
S'"(z) =cx™2 + §x_1 + ix_i +
N 4 32c ’
giving
S(x) = —2ca77 + §log(:z:) — ix%.
4 16¢

Thus the leading order behaviour of y(z) as z — 0 is
S(x) 3 —2(:]}_%
y~ e’ ~ e U(x),

where ¢ = +1 and U(z) = 1 + o(z2).

Video clip showing leading order behaviour of

23y" —y = 0 as * — oo. Click here to open

video clip in external player.

The above gives the leading order asymptotic behaviour of the the solutions.
The full asymptotic behaviour for y(z) requires more work. To do this we first

set
(o)

y(x> - 62C$7§W(‘T)7 W(ZL’) ~ Zanxna+%, (4-2~11)

n=0


http://helix.stream.manchester.ac.uk/flash/54559850_hi.mp4
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where « is to be found. We have
/ -3 / 2017%
y = [—cx2W +W'le :
7 2 -3 3, 3C s " 2ea=3
y' =[x W = 2cx 2W+5$ W4+ We :
Substituting into the equation 23y” —y = 0 gives

W" — 2cz 2 W' + %CI'SW = 0. (4.2.12)

If we seek an asymptotic expansion for W(x) as x — 0 in the form
W(z) ~ Z a2,
n=0

with (ap # 0) then substitution into (4.2.12) gives

4 4

n=0 n=0

3 3 3 3 3 5 3C
g n(na+-— 4o 1)greti—2_9 E : . 2\ nati—3 s BN}
nzoa (na 4)(na Yz cd ap(nat+=)z" iz E . "t i—3

Note that the coefficient of the dominant term z~2 in (4.2.13)) is

3¢ 3c
(Io(—— + —

=0
2 2) ’

which is satisfied identically leaving ag undetermined. Balancing the next terms

in (4.2.13)) suggests that

o . o l
giving a = 3.

The coefficient of 217"*~2 in (4.2.13) shows that

3 3
an(na + Z—l)(na +q- 1) — 2capi(n+1)a=0, n=0,1,2,...
giving
o (2n+3)(2n—1)a
T 6e(n+ 1) "

Hence an asymptotic expansion of the solution to

n=0,1,2....

x3y”—y:0
as x — 0 1s
3

160x%+...anx%+...),

A QCZ‘_% 3 o
y ~ Ae xa(1l
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Video clip of example showing full asymptotic

expansion for 23y” = y. as x — oo. Click here

to open video clip in external player.

where A is an arbitrary constant, ¢ = 1 and ag = 1

o +3)(2n — 1
SN )1l ) PR P S
16c(n + 1)

Example Consider the equation
22y +xy — (22 + )y = 0. (4.2.14)

Note that x = oo is an irregular singular point. The leading order behaviour is
easily obtained to be

y(x) ~ Cz 2e* as z — oo.
We will obtain the full asymptotic behaviour as x — oo. Write
y(z) = Ae“W(x),

where )
W(z)=a"2(1+o0(x)), as x— oo,
A is an arbitrary constant and ¢ = +1. If we substitute into the equation (4.2.14)
we find that W satisfies
W + (2c2® + o)W + (cx — v*)W = 0.

We seck an asymptotic expansion of W (x) as

W(x) ~ ianxmé,

n=0

with ag # 0. Substitution into the equation for W gives

2

n=0

(4.2.15)

Z an(n&_ﬁ)ma——)x”a%—k; an(n(x—?(%x"o‘*é—i—m”a;)—l—; an(ca™ T2 =122 ~ ()


http://helix.stream.manchester.ac.uk/flash/98424979_hi.mp4
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The coefficient of the a¢ term in (4.2.15)) is zero. The dominant balance in
(4.2.15) suggests that

27~ = q= 1.
Equating the coefficients of 2" in (4.2.15) to zero gives

1 3 1 1
(na — 5)(7104 - §)an + ap1((n+1)a — 5)20 + a,(na — 5) + appc — va, = 0.

Hence

1
anf(n + 5)2 — v —2c(n+ a1 =0, n=0,1,.....,

giving

(n+3)?—v°
2c(n+1) 7

The solutions of (4.2.14]) therefore have the behaviour

Upy1 = n=0,1,.... (4.2.16)

s = 1
y(x) ~ Ax™2e“(1 + Zanﬁ)
n=1

as x — 0o, with ap = 1 and a,, given by (4.2.16|).
Note that the series terminates if

1
V:j:(n—|—§) n=0,1,...,

in which case we have an exact solution of the equation.
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Chapter 5

Some special functions

5.1 Airy Functions

Airy functions arise often in asymptotic expansions and in the theory of differ-
ential equations. We will look at a few properties.
Ai(z),Bi(z) are called Airy functions and are two linearly independent solu-

tions of
y' — 2y =0. (5.1.1)

Note that every point # oo is an ordinary point of the differential equation, and
if we look for a Taylor series solution we find

y:ianz”, ag # 0

n=0

and

S
IS

I'(5) TG
)&0,a3n+1—

Azp = . 2
9”n'I‘(n + 3

———2———Q1,a342 = 0, 5.1.2
9npI(n 4 370 72 (5.12)

where ag, a; are arbitrary constants - see lecture 2. Thus

9 0o zgn 4 o0 23n+1
=aol'( — =+ ail'(5 _ .
¥(z) = wl(3) HZ:O () TG nzzo 9"nlL(n + 3)

The radius of convergence of the series is infinite since all points are ordinary
points. We define Ai(z), Bi(z) by

> 3n > 3n+1
Ai = 3723 I 374/3 S — 5.1.3
i(2) ; 9"nIl(n + 2) ; 9"nIl(n + 3) ( )

3n 3n+1

Bi(z) = 370y = 433y . (514
i(z) ; 9"n!l(n + 3) - nz:% 9"n!T(n + 3) ( )

o1
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0.75

A
wvwwvvww

(b)

Figure 5.1: Sample plots of the Airy function (a) Ai(x) and (b) Bi(z) on the real
line. Notice the highly oscillatory behaviour for large negative x. Ai(x) decays
exponentially for large positive  and Bi(x) grows exponentially for large positive
x.

For large x — oo

1 12 3

A Ty de 3%?
i(z) 2ﬁx e :

1 3

Bi(z) ~ ——a dei"?

A study of the large x behaviour of the differential equation yields

3
2

y(x) ~ Ca aet?,

but the constants appropriate to Ai(x), Bi(x) can only be determined from an
integral representation of the functions. For z — —oo we can look for a solution
of the form y = e5®) as before. This leads to

S"+ 8% —x=0. (5.1.5)

Hence

Writing
2
§ = +ig(~2): + B(x), Bx) = of(~2)
we find that after substitution into ([5.1.5)) that

B(x) ~ —i log(—x).

Hence

(194

y(x) ~ C(—z)~ 1302 gy 1o —.
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5.1.1 Airy functions, behaviour for large x.

Since Ai(x),Bi(z) are real for real arguments x the behaviour as x — —oo must
be a linear combination of the above solutions. Hence

)+ Ca(—a) cos(z (~)

|
wlw

y(z) ~ Cy(—z) "3 sin(%(—x) ), (5.1.6)

as r — —o0.
Further terms in the expansion may be obtained by writing

2

2 )+ Co(—2) 5wy () cos(5(~2)

y(x) ~ Co(—2) " (x) sin(5(~2)

Njw
Njw

+ + =),
(5.1.7)
where the 7/4 factor is inserted for convenience. After substitution into the

equation (j5.1.1)) one can find the behaviours of wy(z), ws(z). It is convenient to
introduce t = —x and rewrite (5.1.7)) as

w1 3
N

2 : 2
y(@) ~ Wi(t)sin(5t} + %) + Wa(t) cos(5tF + %), (5.1.8)
Then
dy 1 23 0w 1. 28w
i Witz + W) cos(§t2 + Z> + [W] — Watz] sm(gt'z + Z)
d2 1 1 1 1 1., . 2 3 m
d_t;y = [-ti (W1t§ + WQ/) + Wll/ - §t7§W2 — WQ/t§] SlIl(gtg + Z)

1 1 ]_ 1 1 2
[t (W] — Wat2) + Wy + §f§W1 + Witz] cos(gt% +r

).

W

Hence substituting into Airy’s equation in terms of ¢ ie

d?y
CY =0
dt2 —I— y )

and equating the coefficents of the sine and cosine terms to zero leads to

1
W — 202 W), — 5t—%w2 =0, (5.1.9)

1
WY+ 2t2 W/ + §t—%W1 = 0. (5.1.10)
Next seek asymptotic expansion solutions to these equations in the form

o0

Wit) =Y ant ™75, Wyt) = bt ™74
n=0

n=0
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The equation (5.1.9) for W leads to

1
)t =0, (5.1.11)

e+ Jna+ 3+ D+ Y b8+ )~ 5

4

and the equation (5.1.10))for W5 to

NE

1 = 1, 1
—npf . - - —na+§ _
§ b ( n6+ nﬁ+1+1)t +n§zoan( 2(na+4)+2)t =0, (5.1.12)

The dominant terms in (5.1.11}}5.1.12)) show that

O.bo = O, O.CLO =0

leaving ag, by arbitrary.
At next order we obtain f = a = % and

(6n + 1)(6n + 5) (6n +1)(6n+5)
bn+1 = - Qp, OGpt1 = n-
48(n+1) 48(n + 1)
The choice of the constants
1
—, by=0
ag NG 0
represents the behaviour of Ai(z) as © — —oo. In this case the terms
a2n+1:0,n:0,l,..., bgnzo,nzo,l,....
We obtain
_1 2 3 ™ 1 2 3 s

Al(z) ~ (=2) " Tws (@) sin[3(=2)2 + ]+ (=2) Twa(w) cos[5 (=)= + ]

where
1 - 3n
~ = n ) — —OQ,
wl(ﬂc) — HZ:O Con® x o0
5 oo
wo(x) ~ ——=(—x)7"2 Y coppi@ r — —00,
\/— % +
and n 5 1
. 1 3\"T(n+l(n+3)
"o2r \4 n! '
The behaviour of Bi(z) is described by the choice

1
(lozo,bozﬁ.
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In this case the terms

as, =0, n=0,1,..., byi1 =0, n=0,1,....
We obtain
Bmx>~<—x>iuuu»an§<—xﬁ%§J+<—xy¢uacwcoﬂ—«—xﬁ%%}
(—x) giCZn-‘rlx , T —00,
n=0
N—OOCan oy —o0,

Video clip for discussion of the properties of
Airy’s functions. Click here to open video clip
in external player.

5.2 Stokes’s Phenomenon

If we write
f(z)~g(z) as z— z
then it is unclear which path we are specifying as z — zy in the complex plane.
For the equation

d?y
gz
we found that
1 3 1 3
Ai(z) ~ —_ae i Bi(z) ~ —_yaetER (5.2.1)

But Ai(z) is an enitre function and its Taylor series (reftayairyai) converges for
all finite values of |z| whereas the right-hand side of (5.2.1)) is a multi-valued
function with branch points. How is this resolved. Note that

f(z) ~g(2)
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holds only in a certain sector. Since Bi(z) grows exponentially along the real axis
it suggests to restrict z such that
™ T
arg(z2)] < 5. = |arg(2)| < 3.
Thus the sector of validity for Bi(z) to have the behaviour as in (5.2.1)) is
|arg(z)| < /3.
In general if

then

Now
f(2) = 9(2) + (f(z) —9(2)).

We say that when z lies in a certain sector g(z) is dominant and f(z) — g(z) small
or subdominant. As the edges of the sector, or wedge, are approached f(z) — g(2)
is not small. Outside the sector f — g becomes larger than g. This exchange of
identities is called Stokes’s Phenomenon after Stokes (1857) who first observed
it.

The edges of the sector or wedge where the difference in behaviour occurs on
different sides are called Stokes Lines. For some of the second order equations
studied earlier, we observed that

Yy~ eSLQ(x)

as  z — 2.
Stokes lines are defined by
R(S1(2) — Sa(z)) = 0.
and anti-Stokes lines by
F(S1(z) — Sa(2)) = 0.
Example Consider the Airy functions. The Stokes lines are given by
Re(z%) =0
giving

arg(z) = +Z

3™ |z| — oc.

The function Bi(z) has the behaviour

3
2
e3??

ST

Bi(z) ~ %z_

valid only in the sector |arg(z)| < m/3.
However for Ai(z) it can be shown from the integral representation (see below)

for Ai(z) that
1

T oym

as z — 0o holds in a much larger sector for |arg(z)| < 7.

3

1 2,5
—% 222
~Tie 37 ’

Ai(z)



5.3. LINEAR RELATIONS BETWEEN AIRY FUNCTIONS 57

Mathematical Methods

Video clip for discussion of the Stokes’ phe-
nomenon.Click here to open video clip in ex-
ternal player.

5.3 Linear relations between Airy functions

In the equation

—2im/3

we can replace zy by w3zy where w = e is a cube root of unity.

Next put ¢t = wz and note that

d*y
— —ty=0
az Y
so that y = Ai(wz) is also a solution of Airy’s equation. Similarly Ai(z), Ai(wz),Ai(w?z), Bi(z2)
are all solutions of Airy’s equation but we can only have two linearly independent
solutions. Hence there exists a, b such that

Ai(2) = aAi(wz) + bAi(w?2).

From the Taylor series (5.1.3) for Ai(z) comparing the coefficents of the 29,z
terms shows that
a+b=1, aw+bw?=1.

Hence
a=-w, b=—w
Thus
Ai(2) = —wAi(wz) — w*Ai(w?z), (5.3.1)
and similarly
Bi(z) = iwAi(wz) — iw’Ai(w?z). (5.3.2)

These relations can be used to obtain asymptotic expansions for Ai(z), Bi(z) valid
in other sectors given that

3 3n
Ai(z) ~ g% Z(—l)”cnz_%, |arg(z)| < . (5.3.3)
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with

1 (3)” I(n+3)L(n+ é).

= —| -
"o n!

4
To use (5.3.3) with (5.3.1) we require that
—71 <arg(wz) <m, and — 7 <arg(w?z) <.

This implies that provided 7/3 < arg(z) < 57/3, we can write

Video clip for properties of Airy functions
and asymptotic expansions across different sec-
tors/Click here to open video clip in external
player.

5.4 Integral represensations of Airy functions

Consider the Airy equation

d*y 0
—_— =2 —
dz? Y

and suppose we seek a solution in the form

y2) = [Fls)e as

Substitution into the equation shows that

/C (s2 — 2)F(s)e™ ds = 0.


http://helix.stream.manchester.ac.uk/flash/67418087_hi.mp4
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Integrate by parts then

dF
[—F(s)e¥”]c + / (s*F + —)e**ds = 0.
C ds
The first term above is to be evaluated at the endpoints of the curve C'. Suppose

we choose F' so that IF
— +5°F =0,
ds

ie

w

F(s)=e 5.
For this to satisty the equation we also need to choose a suitable contour C' so
that s
[F(s)e™)o =[e"5 " ]c = 0.

This gives rise to three sectors

7T< ()<7T 7T< ()<57r 7T< (s) < T
—— <arg(s) < =, —<arg(s)<-—, ——<arg(s)<-——
6 - MBS s 6 2" 6
33
where |e” 3 | — 0, provided the endpoints of the start and begin in these sectors.
This gives rise to three functions

1 SZ—ﬁ
fa=5=[ €75 ds,
21 Jo,

where the curves are as in the fig. The Airy function Ai(z) is given by

1 53
Ai(z) = Py e**75 ds.
Tt Jco,y

The Airy function of the second kind Bi(z) is given by
Bi(z) = i[f2(2) — f5(2)].

5.5 Properties of parabolic cylinder functions

Consider the parabolic cylinder equations

1 1
" 2
+v+-—=27)y=0.
v+t g =12y
All points except z = oo are ordinary points and one can readily obtain Taylor
series solutions about z = 0. For z — oo if we look for a solution of the form

y ~ e5) we find that

22 z

et, and y(x)~cz’e” T, z— o0

N

v—1

y(x) ~ 1z
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Figure 5.2: Various contours for solutions of the Airy equation in the integral
representation

Video clip for discussion of the integral repre-
sentation of Airy’s functions./Click here to open
video clip in external player.

The convention is to take D,(z) as the solution with the property that

S

z

y(z) ~2"e” 1, 2z — o0.

Note that D, (—z) is also a solution and if we put x = iz we find that the equation
becomes

d?y 1 a?
Tz Tyt y=0,
ie P | )
Y x _
or 2 ,
Y x
ZJ _ 1 [ VO
de—I—( (v+1)+ 4)y 0


http://helix.stream.manchester.ac.uk/flash/44213490_hi.mp4
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Figure 5.3: Stokes lines for parabolic cylinder function

Thus y = D_,_1(—iz) is also another (linearly independent) solution. A linear
relationship must therefore exist between the three solutions and one can show

that
. V2 .
DV(Z) _ GWZDV(—Z) + —Trez(u—i—l

)3 —1z
T(—v) Doyma(=iz)

is valid for all z.
From the leading order asymptotic behaviour we see that the Stokes lines are
given by
3
Re(2%) =0, = arg(z) = j:%, izﬂ.
The asymptotic behaviour for D, (z) as z — oo can be obtained (see examples

2), and shows that
D,(z) ~ e i(—l)”anz_% as z— o0, |arg(z)| < 3—7T (5.5.1)
n=0 7 4

Here a¢p = 1, and
viv—1)...(v—=2n+1)
an = :
2nn!
Since D, (z) is subdominant in |arg(z)| < m/4 the expression (5.5.1) is valid in
the larger sector | arg(z)| < 3w/4. [NB, as a rule of thumb this is generally true].

We can use the relation

V2r
[(=v)

D,(2) =e"*D,(—z) + YD, (—iz)

in conjunction with ([5.5.1)) to derive an expression valid for a larger sector.
Note that to use (5.5.1) with D, (—z) if we write —z = |z|e”" " we require

37T< —|—0<37T :W<9<77T
A i 1 A 1
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Similarly to use (5.5.1) with D_,_;(—iz) if we write —iz = |z]e™ 27 we

require
s —h< o
4 4"

Hence for 7/4 < arg(z) < 57 /4 using (5.5.1)) we find that

5 X 92 1 ‘ 5 X
DV(Z> ~ e T Z(_l)nanz—2n o ( 7T)2 e Z an_2n
n=0 n=0

5
as z — 00, % < arg(z) < Iﬁ (5.5.2)
Here by = 1, and
v+ 1D)(wv+2)...(v+n)

21|

b, =
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Chapter 6

Properties of the Gamma function

Before we discuss Laplace and Mellin transforms we need a few properties of the
Gamma function. Many of these can be found in standard texts such as the book
by Olver| (1974)), or Whittaker & Watson! (1927) A course of modern analysis.

6.1 Definition of the Gamma Function due to
Weierstrass (1856)

The Gamma function T'(z) is defined by the equation

1 Y20 Ze— 2
() = zeII {(1 + n) I3 (6.1.1)

where the constant vy is the Fuler or Mascheroni constant

. 1 1 1

The Gamma function was first defined by Euler in a different way (see below).

Note that if )
t 1 1
un:/ dt:——logn+
o n(n+t) n n

then

O<Un<—2
n

and so ) >, u, converges. Also

— lim {14 Lyl L
7= lim { +§+§+W+E_Ogm}

= li n+1 = n-
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Thus the constant 7 takes a finite value in the limit. Next consider (with the

principal value of log(z), —7n < arg(z) <),
z 22 28
log(1+2) = 2] = |- 2 -
’ og(1 + n) n ‘ 2n?  3n3 ’

[ EINEs
< (1+E=+5+ )
n n n

Let integer N be such that |z| < N/2 and then for n > N, we have |z|/n < 1/2

and so

log(1+ =) — 2| <
n n

Mathematical Methods

Video clip on Weierstrass definition of Gamma
function. Click here to open video clip in ex-
ternal player.

Thus it follows that when |z| < N/2 the series
Z <10g(1 + i) - i)
n=N+1 n "

is an absolutely and uniformly convergent series of analytic functions, and so its
exponential

z

e [(142)

n

is an analytic function for all finite values of z. The Gamma function I'(z) defined

by .
= (14 2) o]

is analytic except for the points z = 0, —1, —2,... where it has simple poles.
It is easy to prove from this that

1) =1, I'(1)=—.
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Video clip showing working for I'(1) = 1. Click
here to open video clip in external player.

6.2 Euler’s (1729) definition of the Gamma func-

tion
Now )
e L (e )
N (|
m—00 n

: —Zz m i
= zmh_rgom I, (14 n)

Thus except at the points z =0, —1, —2,... we have

o 1.2....(m)
F(Z)—nllg%oz(zu)...(wm)

z

This formula is due to Euler (1729). Note that if z is not a negative integer, using
Euler’s formula

L(z+1)
L(z)
lim 1.2....(m) m2+1z(2+1)...(2—|—m) 1’
m—oo (z4+1)(z+2)...(z+m+1) 1.2....m m?
, mz
= lim ——— ==z

m—oo 2 +m+1 o
Thus
[(z+41) = 2I'(2).

Using this for positive integer n, gives I'(n) = (n — 1)L

6.3 Integral representation of the Gamma func-
tion

Consider


http://helix.stream.manchester.ac.uk/flash/50538644_hi.mp4
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where $(z) > 0. Note that

1
IL,(2) = nz/ (1—t)"*'dz
0

and after integrating by parts a few times we obtain

B nn—1)...1 et
Hn<z>_z(z+1)...(z—|—n—1)/0t at,

te 12....n .
Ma(2) = z(z+1)...(z—|—n)n ‘

Taking the limit shows that I1,(z) — I'(z) as n — oco. Hence

P(2) = fim [ (1—Lyetar,

n—oo Jg n

Once can show that

n t (o)
[(z)=lim [ (1——=)""'dt= / e 71 dt.
0

n—oo 0 n

where we have made use of the result that

t
el = lim (1+ —)"

n—00 n

6.4 Mittag-Leffler (1880) expansions and infinite
products

An important identity is

T(z)0(1—z) = 2#£0,41,42, ...

sin(mz)

From the Euler definition we have
1 —
L(z)0(1—2z)

zZz+1D) ... z+n)(1=-2)2-2)...(n+1—2)
{ |

lim
n—o0 nlnnlnt=2

ZzHZ‘;l (1 _ 2_2) _ sin7rz‘

n2 T

Put z = 1 to obtain I'(3) = /7.
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In the last section use is made of the more general result stated below.
Suppose that f(z) is an analytic function for all values of z and which has

simple zeros at ay,asg, ... and lim,_, |a,| is infinite. Then
1o, z 2
1) = foe e, { (1= 2 )i |
ap

For the function f(z) = %22 we have f(0) = 1, f'(0) = 0 and the function has
simple zeros at z = +nw, n=1,2,.... So

sin z z s z . 22
(1 2 et o (1)
z n=1 nw ¢ +mr € n=1 n2m2

Video clip showing proof of I'(2)['(1 — 2) =
msinmz. (Click here to open video clip in ex-
ternal player.

The proof of the previous result requires the following theorem which shows
how to construct a Mittag-Leffler expansion.
Theorem

Suppose g(z) is an analytic function whose only singularities are simple poles
aj, as, ... where |ay| < lag| < .... Let by, bg,... be the residues at these poles.
We will assume that we can construct a sequence of circles C,, with centre at
O not passing through the poles of g(z) and such that g(z) is bounded on C,, ie
lg(2)| < M on C,, and M is independent of m.

Then if x is not a pole of g(z)

g(m):g(O)—i-gbn[ ! +i}.

r—a, Qa,

Proof
We have from Cauchy’s Theorem

1 g(2) b,
_ dz =
21 Jo, 2 — X : g(x)—'—z;ar—x

the summation being over all poles inside C,,. But

L/ Mdzzi_/ M(ML/ _9z)
2mi Jo 2 —x 21 Jo 2 211 Jo 2(2 — x)
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9(2)
————dz.
+Zar+2m o, 2(z —x) :

where R, is the radius of C,,. Let m — oo and subtracting the two expansions
gives the required result

Now

M

Ry,

1
)+ b, )
S [ o]
We apply the previous result to the function

f'(2)

9(2) = B

where f(z) is an analytic function for all z and it has simple zeros at the points
ai, as, ..., where lim,, , |a,,| is infinite.
Then f'(z) is analytic and since

F2) = (= @) ) + 52 = an PP () +

F(2) = flla,) + (z —a.) f'(a,) + ...

f'(z)
f(2)
Then if we can find a sequence of circles such that f'(z)/f(z) is bounded on

C,, as m — oo it follows that

Sz 0 [ 1 } |

the function g(z) = has a simple pole at z = a, with residue 1.

—lz—ay an

Integrating and taking the exponential gives

Zf/< ) z
f(z) =ce 70 I, {(1 - i) ean} :
an

Putting z = 0 gives ¢ = f(0) and hence

10 = roe e, [(1- 2 )]

an



6.5. HANKEL’S (1864) LOOP INTEGRAL FOR T'(Z). 69

|
1

Figure 6.1: Loop contour for Hankel’s integral representation of I'(2).

6.5 Hankel’s (1864) loop integral for I'(z).

An alternative integral representation of I'(z) was given by Hankel and is

1 p—

TG " 2n /C(—t)—ze—t dt

where C is the loop contour, see figure , which starts at oo + 70 encircles the
origin and tends to oo — ¢0. Alternatively

I(z) = ﬁ _ 2% /Dt_zet dt (6.5.1)

where D is the contour as in the figure [6.2]

Figure 6.2: Loop contour for Hankel’s integral representation of I'(z).

—#logt jg the principal

We will use the second form, and the branch of t7* = ¢
branch of the log function, ie —7 < arg(t) < 7.

The integrand in is an analytic function in the restricted region and
so by Cauchy’s theorem the loop integral can be deformed to the paths starting
at —oo — 10 looping around the origin and ending up at —oo + 0.

The integral around the loop is

1 s

. . 0 .
: 26619666 e z(log e+10) do = 0
2m J_,

T

as we take the radius of the loop ¢ — 0. On the lower part of D put t = 7e~
and on the upper part t = 7¢'™ to get

10 , 1 [ .
I(z) = _2_7”/00 e TrFe"™ dr — 57 i e Tt e dr
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1 > 1
== sin(ﬂz)/ e "t *dr. = —sin(mz)I'(1 — 2).
m 0 m

Using the identity I'(z)I'(1 — 2) = n(ezys We obtain

1 1
— = —/ t~%el dt.
L(z) 27 Jp

Video clip showing Hankel’s integral represen-
tation of I'(2). Click here to open video clip in
external player.

6.6 Stirling’s formula for I'(z) for large z.

We will also need the asymptotic form for I'(z) for |z| large and this is given by
Stirling’s formula:

r(z) = @ () {1 + 0(%)] 2] = oo, |arg(2)] <

This can be derived from the integral representation above, see later in the course.
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Chapter 7

Matched expansions, Boundary
Layer Theory, WKDB method.

7.1 Boundary layer theory - regular and singular
perturbation problems.

In this section we will consider boundary layer and WKB theory for obtaining
asymptotic solutions to differential equations whose highest derivatives are mul-
tiplied by a small parameter e. We will find that the solutions change rapidly in
thin regions as ¢ — 0. A singular perturbation problem is characterised by the
fact that the e = 0 problem has quite different solution properties as compared
to the 0 < € << 1 problem. In a regular perturbation problem as ¢ — 0 the
solution tends to the solution for ¢ = 0. This is best illustrated by looking at
some simple examples.

Example
Consider

y' 4+ 2 —y=0, y0)=0, y(1)=1 (7.1.1)
and 0 < € << 1. The general solution is

mix max

(& — €

y(z,€) = ,

emt — em2

where
my=—€e+V1+e2, myg=—€—V1+e

As € — 0 we have
sinh(z)

y(x) = sinh(1)’

and everything seems ok.

71



72CHAPTER 7. MATCHED EXPANSIONS, BOUNDARY LAYER THEORY, WKB METHOD.

We can also obtain a solution as follows: Write
y =Yy +eY] + €Y+

Substitution into the equation (7 and equating coefficents of like powers of €
to zero gives

(7.1.2)

Y-y = -2Y, (): Yi(1) = 0.

Solving (7.1.2)) gives
_ sinh(z)
~ sinh(1)’

sinh(z)
sinh(1)

Yi=(1-a)

Again there are no problems - we have a regular perturbation problem.

Video clip for regular perturbation problem ex-
ample. Click here to open video clip in external
player.

Example
Consider
ey +2y —y=0, y0)=0, y(l)=1, (7.1.3)
for 0 < € << 1. The solution is as before
emiT _ oMot
y(l’,E) - Gml _ €m2 9

where now

=~ {1+ VITD, ma= (-1 Vo)

As € — 0 we have

1 2
mip — — Mo ~ ——.
€
Note that as e — 0
1 xT xT xT xT
gl e ) (R — ),

Clearly there are two distinct regions:


http://helix.stream.manchester.ac.uk/flash/96092380_hi.mp4
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7.1. BOUNDARY LAYER THEORY - REGULAR AND SINGULAR PERTURBATION PROBLEMS.

a8

= O(1), and then

1 x 2z

Y~ 6_5(65 — e . )

e r >> ¢ and then
1 =z
Yy~ e 2e2.

The analytic solution for different values of e is shown in Fig. [7.I] Note that

1

N‘\

0.8

06 7 1.0
oot

04 f
| ha

0.2

0 ! ! ! !
0 0.2 0.4 0.6 0.8 1

Figure 7.1: Solution y(z, €) for different values of e.

the solution changes rapidly in the region z = O(e). We have an example of a
singular limit as € — 0. The region = O(e) is called a boundary layer.
Suppose we try solving the equation as before. Put

y=Yy+eY1+....
This gives after substitution into
2V, - Yy =0, 2Y{-Y =Y/, (7.1.4)
and boundary conditions
Yo(0) =0, Yo(1)=1,

Y1(0) =0, Yi(1) =0,

etc. Now there is a problem! The order of the equations is reduced,
ie we now have first order equations for the Y;. Consequently which boundary
conditions do we choose? The exact solution suggests we can satisfy the condition
at x = 1. Let us continue with the boundary condition at x = 1.
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Mathematical Methods

Video clip showing working for singular pertur-
bation example.Click here to open video clip in
external player.

Solution of first order problem
2]~ Yo =0, Yo(1) =1,

gives

Yb =e 2 .
Clearly this solution is not valid for all z since the condition at = 0 is not
satisfied. When x is small the solution fails and we need to examine this region

in more detail. The Y| solution is the leading order outer solution. Now when x

is small we have ) .
Yo~ e 2(1+ 5) =0(1).

Put z = €"X say where n > 0 is to be found. The variable X is called the
inner variable and is O(1) in the inner region of thickness O(€¢"). The differential

equation ([7.1.3)) in terms of X is

d? d
61*2"d—Xy2 + 25"% —y=0. (7.1.5)

For n > 0 the dominant terms are the first two terms and these balance if
1—-2n=—n — n=1.

A quick consistency check shows that this is ok, (other choices for n eg n = 1/2
are not ). In the inner region if we put

y = yo(X) + ey (X) + ...

with @ > 0 and substitute into ((7.1.5)) (with n = 1) we find that the leading order
problem is

and one boundary condition is yo(X = 0) = 0.
The other condition must come from matching with the outer solution taking
X large. Solving yields
Yo(X) = A+ Be X
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7.1. BOUNDARY LAYER THEORY - REGULAR AND SINGULAR PERTURBATION PROBLEMS.

and y0(0) = 0 implies that A = —B. Thus
yo(X) = A(1 — ™).

To obtain the constant A we match the inner solution just derived with the outer

solution.
yo(X)~A for X >>1,

and )
Yo(x) ~e 2 for = —0.

and

(NI

This gives A = e~
yo(X) = e72(1 — e~ 2¥).

Summary so far: 1 term inner and 1 term outer expansions.
outer:

r=0(1), y=Yo@)+eVi(e)+ ...,

Yo(z) = e zeb.

inner:

Video clip for discussion boundary layer solu-
tion. |Click here to open video clip in external
player.

These are the basics of boundary layer theory and matched asymptotic ex-
pansions. The solution can be continued to higher order. Notice that the outer
solution expanded for small x gives

T
ywe_%(l—l—§+...)+EY1(:17)+....

When written in terms of x = €X this suggests that the inner solution should
proceed as
Y=Y +eyi+....
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We had assumed that the outer expansion proceeded in powers of € but this
does not have to be the case. One needs to proceed on a term by term basis
matching the inner and outer solutions systematically and this will inform how
the addtional terms behave. We will continue to the next order for both the inner
and outer solutions. Now for the outer solution

y=Yy+eY1 + ...,
and the problem for Y] is
2Y/ -V =Y/ =-e =z, Yi(1)=0.

Solving gives

For the inner problem, we have x = ¢X and
y=1(X)+ey(X)+....
The problem for y; is

d2y1 dyl 1 2X
A B 1
ax? T Tax )

2X 1 2X

where we have incorporated the boundary condition and A is an arbitrary con-
stant to be determined from matching with the outer solution. The outer solution
expanded for small = gives

xTr— ]. T —
youm:eleLeg(x—l)e i ,
T r—1 T
Ne—%(1+—+...)+ee—%(< )(1+—+...))

2 8 2
Written in terms of inner variables this is

X
2

0| —

_1 _1
Youter ~ € 2 + €e 2(

The two term inner solution is

(1—e )+ elA(l — e 2¥) + %X(e‘” + e 2] +. ..,

Yinn = €

[N



7.2. UNIFORM APPROXIMATIONS 7

1 1
~ez +E(A+§Xe—%)+..., (7.1.7)

as X — 0o. This has to match with the two term outer solution written in terms
of inner variables, i.e.,

X 1
Youter ™~ 6_% + 66_%(3 — g) + ... (718)
A match is only possible if A = —%e‘é. Thus
1 X
= —ge-%a —e )+ el e,

Mathematical Methods

Video clip showing example of higher-order
matching.Click here to open video clip in ex-
ternal player.

7.2 Uniform approximations
A uniform approximation to the solution valid in the whole region is defined by

Yunif = Y;)uter + Yinn — Ymatch

where Ypaien is the approximation to y(z) in the matching region.
For the above problem we had

_1
e 2

Y:)uter = 67%6% +€ (513 — 1)67% + 0(62).

_1
2z 1 1 _ 2z e 22X 2z
€

(1—6_T)+6[—§e_5(1—e )+ 5 (I+e ) +....

The matching region is X (= z/e) >> 1 and = << 1, e,

Yinn = €

N[

e<<x <<l

Thus a one-term uniform approximation is

_1 =z _1 _ 2z _1
Yunif =€ 2€2 +e 2(l—e ¢ )—e 2
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ie
1 x 2z

Yunif = 675[65 — e €.
A two term uniform approximation is

1
2

Yunif = e zet + ee (x — 1)@—%
2w
te2(l—e ) fte[——e2(l—e ¢)+ o1 =
e (- + Dye )
_Te e—= 4+ e
8  2e
ie
3 - X 2z 67% z 67% 2x
Yunif = 6_%(65 —e + 56_7) + € 3 (x—1)e 2 4+ e )

Video clip for uniform approximations. Click
here to open video clip in external player.

7.3 More on matching and intermediate variables

In the previous example we constructed an outer solution with z fixed and e
tending to zero, and an inner expansion with X = z/e fixed and € going to
zero. Grapically the process may be represented as in fig. with the region
A representing the outer solution and region B the inner solution. The figure
also shows an overlap region where the two solutions agree. However closer
examination of the figure might suggest that there is a possibility of a region
C not accessible by the inner or outer solutions. In reality the actual domains of
validity of the two solutions may be larger than the above limiting process allows.
The difficulty here is arises from the way the matching is done.

A different way to match the two solutions is to introduce an intermediate
variable, say z = €*¢ with (in the above example) 0 < a < 1. We have X =
x/e = ¢ ¢ and so as € — 0 with £ fixed gives X — oo and ¢ — 0 with £ fixed
also gives x — 0. Thus ¢ is an intermediate variable and it is in this variable
that we attempt to match the inner and outer solutions. The region defined by
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Figure 7.2: Outer solution represented by region A with ¢ — 0 x fixed, and inner
solution by B with € — 0 with X = /¢ fixed.

€0

X

Figure 7.3: Overlap region (shaded) working in terms of intermediate variables
r=¢c¢and X = e ¢ with 0 < a < 1, and € — 0+.
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Video clip showing use of intermediate vari-
ables for previous example.Click here to open
video clip in external player.

¢ = 0(1) is an overlap region for the two solutions, as shown schematically in fig.
(.3l

We will show how this works with another example in which the differential
equation is nonlinear.

Example Consider
ey +y +y* =0, y(0)=0,y(1) =1/2. (7.3.1)
Suppose we look for an outer solution of the form
Y=Y tey+....
Then from (|7.3.1)) we obtain
Yo+ =0, yg + i+ 2oy = 0. (7.3.2)

The solution of the outer problem shows that

——2:1, —:$+k,
Yo Yo
and so
1
yo_x—i-k:'

The boundary layer occurs at x = 0 (why?) and so we need to use the condition
yo(1) = 1/2 giving k = 1, and so

1
r+1

Yo =
At next order
Y1+ 2y + 1o =0, yi(1) =0.
Substituting for yo = 1/(z + 1) gives

L2
Y x—i—lyl_(l—i-x)?"
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Hence
2

I
(1+2)%y + ki = —2log(z + 1).

(1+2)y) =

Applying the condition y;(1) = 0 gives k; = —2log 2 and thus

B 210g(1+%)
h= (1+z)

For the inner solution we need to seek a solution in terms of an inner variable
say © = €"X and substitution in ((7.3.1) shows that n = 1 for a distinguished
limit. The inner solution may be expanded as

y=Y(X)+eV1(X)+....
After substitution into ([7.3.1]) and using x = €X we obtain
Yo' +Y =0, Y/+Y/ +Y¥;=0.

The boundary conditions are

Solving for Y| yields
YE) = AO -+ Boe_X, and Ao + B() = 0.

Thus
Yb = Ao(l - €_X).

To find Ay we match with intermediate variables and put o = €%, X = e 1+a¢,
and 0 < o < 1 with £ = O(1). The one term outer solution written in terms of £

is
1

N1+€a§f\./

Similarly the outer solution in terms of ¢ is

y:ydx)—l—--- 1—€af—|—.... (7.3.3)
Y= Yo(X) 4o~ Ag(l— e Ay,

Thus matching with ((7.3.3) shows that Ay = 1 with error O(e®).

Before we match to second order we need to find Y; which satisfies
Y/ +Y{+Y7 =0, Yi(0)=0.

Thus
Y'1// _‘_}/1/ — _(1 - €_X)2.
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Solving and applying the condition on X = 0 gives (check)
1
Vi(X)=A(1—e )+ 5(1 —e ) — X(1+2e7%).

Next we write the outer and inner expansions in terms of the intermediate
variables and do the matching. The outer expansion written in terms of ¢ is

Lol olog- 24
out = € 0 e
Yout =112 (14 x)? Ay
L, 2 log( )+
= € og(————)+...,
14 ex€ (14 ex¢)? & 14 ex¢

~ 1=+ 4+ 2log 2(e — 26 THEH O(2)) — 26(1 — 2€%€) (€€ — O(*)).
(7.3.4)

Next the inner solution written in terms of £ is
1
Y = (L —e™) +e(A4(1—e ) + 5(1 —e ) = X(1+27%)) + ...,

a— a— 1 a— a—
:(1_6—6 1£)+6 Al(l_e—e lf)+§(1_6—26 15)_€a—1€(1+26—6 15) +...,

~1+eA1+§—ea5+... (7.3.5)
In ([7.3.4) if we keep terms to order e and assuming that the terms O(e2%)
smaller than terms of O(e) we require 0 < av < 1/2. This gives

are

Your ~ 1 — €€+ €2log 2 + O(e?, €T ). (7.3.6)

Comparing ((7.3.6|) and (7.3.5) we see that the terms of O(e®) match automatically
and to match the O(e) terms we require

€A, + % = 2¢elog 2,
giving
1
A= —3 + 2log 2.

At the next order of matching the terms of O(€?*) match automatically.
The composite solution to O(€?) is

Yecomp = Yout + Yinn — Ymatch-

In the above example we find

1 n 2¢ | 2 e
comp — (0]
Yeomp = 27411 (x4 1) S+ 1
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Figure 7.4: A comparison of the numerical solution of ((7.3.1)) (solid lines) with
the composite solution given by (7.3.7)) (dashed line) taking (a) e = 0.2, and (b)
e=0.1

(142e7¢)

1 T 1 2z X
—~42log2)(1—e )+ =(l—e*)—=
e|(—5+2log2)(1—e )+ (e ) -2

1 1
—(1+e(—§+210g2—|—§—%)). (7.3.7)

A comparison of the numerical solution of (|7.3.1)) with the composite solution
is shown in Fig. (7.4 and shows excellent agreement for e small.
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7.4 Interior boundary layers

Video clip covering an example of hidden
boundary layer. |Click here to open video clip
in external player.

Consider
ey +a(x)y +b(x)y=0, y(0)=A4y(1)=DB. (7.4.1)
The outer problem (set € = 0) is just
a(z)y’ + b(z)y = 0.

Take a(z) > 0 and then

[‘:v b(s)

y =———=y, y=~Ce o™

a(x)
Again there are two boundary conditions to satisfy and so there must be a bound-
ary layer, but where is the boundary located?

Video clip for example of boundary layer not
at x = 0. (Click here to open video clip in
external player.

Suppose that we have a boundary layer at © = & of thickness 7(¢). We write
r=7+v(e)X, where X =O0(1).
Then substituting into (7.4.1)) with y =Y gives

e &Y a(z++X)dY
— — T X)Y =0.
72dX2+ » dX+b(x+7 ) 0
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Now expand a, b as
a(Z +vX) =a(z) +vXd (@) + ..., (T +~vX)=0bZ) +XV(Z)+...,

to get
e &Y  a(z)dY
—_———t+ —— )Y +---=0. 4.2
2 dX? + X +b(2)Y + 0 (7.4.2)

For |y| << 1 the dominant terms are

e Y adY
2 dX?  ydX'
For a balance we require
€ 1
? ~ ; = 7= 0(e)

Hence set v = € ie x = T + €X. From (7.4.2)) the reduced inner equation is

¢! {% + a(i)g] +0(@)Y +---=0. (7.4.3)

The leading order inner problem is

d*Y . ay
—+a

axz T Dx =0

giving
Y = OO + Cle_a(j)X.

Now we have assumed that a(z) > 0. If £ > 0 we need to match as we go out of
the boundary layer, ie we need limits X — 4o0.

As X — oo everything is ok, but as X — —oo it suggests that C; must be
zero to avoid exponential growth.

But ¢ = 0 implies no boundary layer. Hence x = 0 and the boundary layer
isat z =0 if a(z) > 0.

Similarly if a(z) < 0 then we have a bounday layer at x = 1. If a(z) = 0
inside the region we have an internal boundary layer. The above analysis also
breaks down.

7.4.1 Further Examples including interior layers

Consider
ey +ay — (E2° + Dy =0, y(=1)=1,y(1) =2

and —1 < x <1, 0 < e << 1. The above discussion suggests an interior layer
at z = 0.
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Mathematical Methods

Video clip for above section. |Click here to open
video clip in external player.

For the outer solution put

Y=Y +e€y+ ...,
to get
/
Yy — Yo = 0.
Thus
Yo = Ax.

Here we have a new difficulty. Which boundary condition do we choose?” We can
show that there are no boundary layers near x = +1. We write

y=Aix

where the + stands for x > 0 and — for = < 0.
From the boundary conditions it suggests that

A+ — 2, A, - —1

When z is small the ey’ term is not negligble, and hence we look for an interior
layer at = 0 and write

This gives with y =Y

e d*’Y X dY
T el B VAR
st yax T

For a dominant balance this suggests that

€ 1
;NO(l) — v =0(e2).

Hence set z = ¢2 X and from the outer solution it suggests that we expand the
inner solution as )
y=ce€2Yy+eY]+....
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Mathematical Methods

Video clip for interior layer problem, outer so-
lution for above example. Click here to open
video clip in external player.

Substituting into the equation gives

1d2Y 1 1 ldY 1
661(62 0—|—...)—|—62X€2(€2d0+“')_62%+...:0_

dX?

Hence the leading order problem is

d*Yy dYo

X——-Yy=0. 7.4.4
ax: T tax T (7.44)
The boundary conditions suggest that we must match with the outer solution as
X — 4o00. This suggests that

Yo~ AL X as X — +foo. (7.4.5)

The equation ([7.4.4) can be solved in terms of parabolic cylinder functions. If we
put

X2
Yo=e¢1TW,
then W, satisfies
W”+(1 —2—X2)W =0
0" 4770
Note that two linearly independent solutions of the equation
1 X?
W/,+(§+V—T)W:O,

are the parabolic cylinder functions W = D, (X) and D_,_(iX).

In order to do the matching we require the behaviours of D, (x) for |z| large.
The properties of D, (z) are summarized below (see for example Abramovitz &
Stegun['}

o
2

z 3
D,(z) ~zVe" T Z(—l)"anz_% as z— o0, |arg(z)] < Zﬂ (7.4.6)
n=0

IM. Abramovitz and I. A. Stegun Handbook of Mathematical Function, Dover. [web version
also available]
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D,(z) ~ e T nf%(—l)"anz_zn — 12?7:):) e e nf% bz 2"
as  z — 00, % < arg(z) < % (7.4.7)
Here ag = by = 1, and
0 = viv—1)...(v —2n+1) b — (V+1)(V+2)...(l/—|—n).

2nnl 2npl

Hence we can write the solution of ((7.4.4) as
2
Yy =e 1 (CD_o(X) + EDy(iX)).

Now using

and )
2 2m)2
D_5(X) ~ X 27T — ( 7T)2e27”Xe T, as X — —o0
I'(2)
Dy(iX) ~ (iX)eXT as X — —oo,
we find that
2 C 2 2
Yy ~oe ﬁe’ + E(iX)es X — o0,
ie
Yo~ EiX as X — o0.
Hence
El - A+.
Similarly
2 2 2
Yy~ e T [—C’V(ZW)X@XT + E(iX)eXT] X = —c0.
Hence
Yo~ (—/(2m)C+iE)X +0(1) X — —o0,
giving

—/(@2m)C+iE=A_.

Using the given values for A, leads to

3
C=—, FE=-2,
2T
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and the inner solution as

Yo = (\%_WDQ(X) - 2¢D1(¢X)) -

A uniform approximation can be calculated to give

(\/%D_Q(%) - QiDl(%)> e %

A comparison of the uniform approxmation

N

Yunif = €

1 3 x (R 22
wnif = €2 [ ——=D_o(~=) — 2iDy(—=) | e %.
i =€ (m v 1(ﬁ))e

with a numerical solution of the differential equation
ey +ay — (2° + Dy =0, y(=1)=1,y(1) =2

and —1 <z <1, 0<e<<l1,for e=0.05is shown in Fig. [7.5] below.

20+

15+

‘ ‘
Z10 707\_’ / 05 10

Figure 7.5: A comparison of the (exact) numerical solution to the full equation
as compared with the uniform approximation (dashed line) for e = 0.05.

Video clip for interior layer problem, inner so-
lution for above example. [Click here to open
video clip in external player.
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7.5 The LG approximation, WKBJ Method

Boundary layer theory fails when we have a rapid variation in the solution
throughout the region rather than locally at some location.

Example Consider
ey +by =0, y(0)=0, y1)=1,

where b > 0 and 0 < € << 1. Note that the general solution is

sin(x\/g)
y=———".
sin(y/?)
The outer solution is just y = 0. For the inner solution, suppose we set
r=T+v(X, v<<l1.

Then the equations gives

A dominant balance gives v = ¢z and the resulting inner problem is

]
— + by =0.
dX2+y 0

The solution gives
y = Asin(vVbX) + Bcos(VbX).

We can choose any ¥ but note that for any choice of z the solution is not of
boundary layer form and cannot be matched to the outer solution as X — +oo
because the inner solution oscillates.

Video clip for above example. Click here to
open video clip in external player.

Boundary layer theory fails for these types of singular perturbation problems
in which we have wavelike behaviour (as opposed to dissipative or dispersive
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behaviour). The LG approximation or WKBJ theory is ideal for these classes of
problems. The technique we describe below leads to an approximation which was
obtained by |Liouville| (1837) and Green| (1837). In fact as noted earlier, Carlini
(1817) had also used the same ideas.

The method is more commonly known as the WKBJ method after Wentzel
(1926)), Kramers| (1926)), Brillouin| (1926)), and |Jeffreys| (1924). (Theoretical physi-
cists call it the WKB method). However it is more correct it to call it the LG
approximation which was used by Jeffreys, Wentzel, Kramers and Brillouin, to
derive the connection formula in the presence of turning points (see later).

Consider
e =Q(z)y, Q(x)#£D0. (7.5.1)
The basic idea of the theory is that for € — 0 we look for a solution to (7.5.1)) of
the form )
y~ A(z,0)e 5 , d(e) =0

where A(z,9), s(x,d) are slowly varying functions of x, but note the rapid varia-
tion of the solution because of the exponential factor. We can absorb the A into

the exponential by writing
S(z,8)

y=e s . (7.5.2)
Substitution (7.5.2)) into the equation ([7.5.1)) gives
S/2 S//
|5+ 5] -aw -0

where primes denote differentiation with respect to x.
. 1 .
For a dominant balance we have § = €z, and the equation for S reduces to

572 — Q(z) = —e2 5" (7.5.3)

This suggests that we write
o0
S = Ze%Sn, e — 0.
n=0

Substitution into (7.5.3)) gives

(S +e2S+ ... —Qx) = —er(S! + 28" +...). (7.5.4a)

Equating like powers of € in ([7.5.4al) to zero gives
(S0)* = Q=) (7.5.4b)
28,8, = -8, (7.5.4c)

n—1
2505, + Y SIS, = =S, n>2 (7.5.4d)
j=1
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We can solve ([7.5.4b|) to obtain
Sy =+ / Q: dr,

, S0 1
Hence the leading order behaviour of the solution can be written down as
_1 1 * 1 1 r 1
y~ QI3 C1eXp(—% Q2)+02€Xp(——% Q2)|, (7.5.5)
€ a € a

where C', (5, a are determined from the boundary conditions. This is the LG
approximation to the solution. The approximation with just the leading order
term Sy gives what the physicists like to call the geometrical optics approximation.
The approximation is also referred to as the physical optics approximation.

Video clip for WKB method- general theory.
Click here to open video clip in external player.

Example Consider again
ey +by =0, y(0)=0,y(1) =1,
and b > 0. Here Q(z) = —b, and so
So = +iVba.

Hence using ([7.5.5))
Yy~ b‘i(Clem\/g + Cge_m\/g),

Yy~ A sin(ﬁx} + A COS(\/EZE).
€ €

Applying the boundary conditions gives the exact solution

. sin(\/gx)
sin(,/%)

or
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Example Consider
ey’ — (1+2%)% =0, y(0)=0,y(0)=1
If we look for a solution

1 oo
y~exp (5 > 8"S,)
0

then again with § = €2 we obtain

3
S?=(1+2%2 Sp=+(= +a).

3
Next
S = —i log(1 + 2%)? = —% log(1 + x?).
Thus
$3 33‘3
y~ (142272 (01 exp@fx) + Oy exp(—?fx)) (7.5.6)
€2 €2

To find the constants we need to apply the boundary conditions. The condition
y(0) = 0 leads to (after substituting z = 0 in ([7.5.6)

0201—|—02.

Now assuming that differentition of ((7.5.6) is valid, we find that

y'(x) ~ @ (Cl exp((% Tl«)) — s exp(M)>

1 1
€2 €2

—z(142?)"? <C’1 exp((% il x)) +Cs exp(ﬂ)) .

1 I
€2 €2
Hence applying y'(0) = 1 gives

1

1= 675(01 — 02)

Solving for C, Cy gives

=

1 1
ez, (Cy= 5%

Hence a WKB approximation to the solution is

3
Tt
y~e§(1+x2)_%sinh<3 : ), e — 0.

€2
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The WKB method can also be used for certain eigenvalue problems.

Example Consider
y'+ Ap(z)y =0, y(0)=0, y(r)=0. (7.5.7)

This equation has nontrivial solutions only for certain discrete values of A say
(A1, Ag,...). We can obtain an approximation to the eigenvalues and eigenfunc-
tion for large A.

Look for an asymptotic solution in WKB form as

y ~exp(AZ Y A28, ().

n=0

Substitution into the equation (7.5.7) gives
AS)+ A28 4+ NS+ A8 ) + Ap(a) = 0.

Solving for Sy, S gives
Y 1 1
Sy=i [ ()i, S =~ loglp(o)|
Hence

y~ ol |Crsinhd [ o)) + Cocosint [ (p(a)) )]

The boundary conditions in ([7.5.7)imply

Cy =0,
and .
sin(\z / (p(2))? dz) = 0.
0
Hence N .
Jy(p(2))7 dz
Thus
n2m?
~ Ay = T , n>>1,
[fy (p(x))7 dx]?

and approximate solution to ([7.5.7]) is

y ~ [p|7TC, sin(A3 / (p(2))2 dz).
0
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7.5.1 Additional notes
Implicit in the use of the WKB (LG) method ie

y~exp() 6" 'S, (x))

n=0
is that the series .
Zé”’lsn(:t), as 0—0
n=0

is an asymptotic series, uniformly valid for all = throughout the interval. This

requires that
§"Spi1(z) = 0(6" 1S, (2)), n=1,2,...,

holds uniformly in .

Since we take the exponential of the above series, for the WKB (LG) approx-
imation to be a good approximation, if we truncate the series at n = M — 1 say,
then we should have

(SMSM_H(ZE) = 0(1) 0—0
since
exp(0M Suri1(z)) =1+ 0 Sarya(z)), as § — 0.
7.5.2 Turning points and connection formulae

So far in
ey —Qz,€)y =0
we have taken Q(z,€) > 0 in the interval.
We will now consider

ef) —Q(x)y=0, a<z<b Qrg) =0, Qf(x9)>0, a<mzo<b (7.5.8)

We will assume that there is only one zero in the a < x < b. A WKB approxi-

mation to the equation (7.5.8]) is
_1 1 [* 1
y~ ClQ(x)| "7 exp (i—l/ (Q(s))? ds.) :

Thus for x > xq we write

v~ 1@l e (5 [ Qepbas) +ase (< [T@eias)],

1
€2

and for x < xy we have

y~ QI [Bl cos( 7 [ 1Q(s)12ds) + Bosin( x|@<s>|5ds>] . (75.10)
€2 €2
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The above approximation fails near x = xy, where we have

Q(z) ~ (x — x0)Q (xg) + . ... (7.5.11)

If we put © = zy + €7X and substitute into the differential equation (7.5.8))
and use ([7.5.11)) we obtain

—2v de

W — <€7XQ/($())y + .. ) = 0.

€€

For a dominant balance we require

1
TN, = = 3

The dominant equation in this region reduces to Airy’s equation

Y Xey—0, c=Qw)>0
e cy=0, c= To )
This has the solution
Yinn = D1Ai(c3 X) + DyBi(c3 X), (7.5.12)

which is the inner solution. We need to match this with the outer solution

(7.5.9(7.5.10) as X — +o0 or x — x9 + . Now
1

3
Al(X) ~ mX_‘lle_g)(Q, X — o0,
1 3
Bi(X) ~ — “1eiY? . X 5 o0
™

2

Also . 5
AIX) ~ (X sin(5 (—X)? + %) X = —c0,
Bi(X) ~ %(—X)i cos<§(—X)3 R
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Now if we take the lower limit in (7.5.9) to be equal to z( (this is not necessary
but it simplifies the expressions) then

/ (@ids= [ @+ T ar,

ol

+
:v:}co
- AT [
0

Q"; o) ar
Q

-
N\»—-

T ar

Hence . 5
[ (@tas ~ Skt - a)?

Hence as * — zg+ the outer solution behaves as

12 12,
yl . ~c(x —xo)] 1 {Al exp(—5c2 (v — xo)%) + Ay exp(——zc2 (v — $0)§)] 7
€2 3 €2 3
ie
1 2 1 3 2 1 3
youtNC 4612X i Alexp(§ 2X2)+A26Xp(—§C2X2)
Also . b
1 1 3 1 3
Yinm ~ ﬁXUc‘ﬁ (71@—30”“” + Dgegci””) . (7.5.13)
To match with the inner solution (|7.5.13]) as X >> 1 we must have
D D
1 C_le — A2c_i€_$7 _20_% _ AlC 46 112
24/ T T

Similarly as x — 0— we have

r 1 2
| @t ds ~ ~ k(oo - ).
To
Thus
_ 1 1 21 3 .2 3
Your ~ € (g — )71 [Bl cos(§c2(azo —x)2) — By sm(gm(xo —$)2)} ,
2 1 3 2 1 3
Your ~ C Tem 12|X| I [Blcos(g 2(—X)2) BQSll’l(g 2(—X)2)}. (7.5.14)
And
; L(—X)’ic’T12 D sin(gc%(—X)% + Z) + D cos(gc%( X)% +z)
Yinn ™ 1A 4 26083 4
Nl
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OI
FS
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|
o
Sy
—
Il
o
&=
—~
S
+
S
~—
Il
—~
| =
—_
_|_
s
[\o}
S
~—
QI
=
@)
|
gl

1
1 1 12 A
e By = S (D) — Do) = — (L — Ap/2)c T T,

V2r

Hence solving for By, By gives

Al
By = — + A2,
e

BQ - % —AQ\/§

Summary: For z > z

v~ QI e (5 (CC )

FAyexp (—} / :<Q<s>>% ds.)} ,

and for x < xg we have

v~ 101 A [ jlas+ 5]

1
€2

1 [ 1
+2A; cos(—+ / |Q(s)|2 ds + %)} :
€2 Jzo

For (z —z9) << 1

(7.5.16a)

(7.5.16b)

y ~ /TCT BT [2A2Ai(c%e_%(x —x0)) + AlBi(c%e_%(x — mo))] :

The formulae ([7.5.16|) are known as the connection formulae. The constants
Ay, Ay are determined by the boundary conditions. ** CHECK video™*
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Chapter 8

Introduction to generalised
Functions

8.1 Introduction

Consider the the following function.

0, <0,
d(r)=¢ € 0<z<e
0, z>e

If f(z) is continuous in an interval which includes the origin and (0, €) then

/OO Sc(x)f(z)do =€} /ef(x) dx.
—00 0
From the mean value theorem
| 1wds=ere). 0=
0

and therefore

/ o) f(a)de = f(e), 0<E<.

—00

If we let € — 0 we obtain

/ " 5(@) f(x) di = £(0),

o0

for all functions f(x) continuous in a neighbourhood including the origin. The
function 6(x) is the limit of the d.(x) as € — 0 is called the delta function, and is
an example of a generalised function. Note that

0, <0
&@:{0 z>0.
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and is undefined at x = 0. It is not an ordinary function and also not integrable
in the usual sense.

The concept of a delta function dates back to the time of Kirchoff| (1882)) and
Heaviside| (1893)). The physicist Paul Dirac, after whom the function is named, in
the 1920’s popularised the concept of the delta function in quantum mechanics,
see Dirac| (1947), but from a mathematical viewpoint there were many shortcom-
ings. The theory of generalised functions dates back to the work of Sobolev (1936)
and [Schwartz (1950)), Schwartz (1951). A popular and readable text (An intro-
duction to Fourier Analysis and generalised functions) was produced by [Lighthill
(1980) based on the theory of Mikunsinski (1948) and Temple (1953)), Temple
(1955). The brief introduction below follows Lighthill’s book, but see also Jones
(1982) (Generalised Functions) which does things in a more formal setting. If
you want a very formal treatment with linear functionals and measure theory,
the book by Vladimirov| (2002) Methods of the theory of generalised functions is
highly recommended.

We first need to introduce the idea of what Lighthill calls good functions and
fairly good functions.

Definition We say that f(z) € C™(a,b) if f(x) and its first m derivatives are
continuous in the interval (a,b).

f(x) € C>*(R) is the class of infinitely smooth function in R.

Example The function e** € C*(R).

Definition A function is said to belong to G if f(x) € C*(R) and
k
i | e @) =0

for every k and for every integer m > 0.
The space G is the space of good functions in the sense of Lighthill. The space
G 1is also called the Schwartz space.

Example e eg.

Definition A function is said to belong to N if f(x) € C*(R) and if there
exists some N such that

for every k > 0.
The space N is the space of fairly good functions in the sense of Lighthill.

Example 2 € N. Any polynomial expression belongs to V.



8.1. INTRODUCTION 103

The following properties are straightforward to demonstrate.
e f(r)€G = f'(x) €.

o f(z),9(x)eG = f(z)+g(x)€g.

o f(x) G, g(x) e N = f(x)g(x) €G.

Definition A sequence {¢, ()}, and ¢,(x) € G is called a regular sequence
in G if for any f(x) € G the limit

n—oo

lim [ (@) /() de

ex1Sts.
Two reqular sequences {¢n ()}, {1n ()}, are equivalent sequences in G
if
lim On(z) f(x)de = lim Un(x) f(x) da.

n—oo [ _ n—oo | _

7x2/n2 7‘%4/”2

Example ¢ ,€ are equivalent sequences in G.

Definition Fach equivalent class of reqular sequences in G defines a gener-
alised function.

Definition The sequence d,(x) = \/Ze e defines the function &(x) such
that

/_ " 5(a) () d = £(0)

[e.e]

for f(x) €

Proof We have to prove that the limit of the sequence

o0

lim On(x) f(z) dx = f(0).
Now
%) 00 no
/ 6n(:13)dx:/ \/je "dr = 1.
—00 —00 ™
Also

)= £ =1 [ #)ds] < M,
0
since f(z) € G and is bounded. Thus

[ s - 10| =| [ a0 - o) ds
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SM/ \x!én(x)dx:]\/[/ ]ac\\/iem”2 dx
—00 —00 m

n o 2 M 2 M
< 2M _ —nx d [ n-|1oo g
- \/;/0 e v \/mr[ s v/ nm

Hence taking the limit as n — oo proves the result.

8.2 Derivatives of generalised functions

Suppose that {¢,(x)}52, is a regular sequence in G then since ¢/, (x) € G we have
after integrating by parts

| a@i@ide=— [ o,

for every f(z) € G. Letting n — oo we see that {¢] (z)}>2, is also a regular
sequence. We denote the generalised function defined by this sequence as ¢'(x)
and we see that

/ Z o (@)f(a)do =~ [ Z o) () d,

We can continue in this way and we see that generalised functions possess deriva-
tives to all orders and in an obvious notation

oo gk T 00 k
[ D e = 1 [ st s) e

k
o dx

Example

Video clip on introduction to generalised func-
tions. [Click here to open video clip in external
player.



http://helix.stream.manchester.ac.uk/flash/50056419_hi.mp4
http://helix.stream.manchester.ac.uk/flash/50056419_hi.mp4
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Suppose {¢,(x)}22, is a regular sequence in G. Then

/_Oogzﬁn(ax—i-b) x)dx = |a|” 1/ On(x I_b) dx.

Hence for F(x) € G

/Z b(az + b)F(z) dz = |a| ! /Z (@) F(E

Example

/OO S(ax — b)F(x)dx = |a| ™ /OO 5($)F(x ;r b) dr = \a!lF(g), a#0.

—0o0 —00

Definition We say that f(x) R) if [7_|f(x)|P dx exists.

Thus for example Li(R) is the space of absolutely integrable functions.

Video clip discussing properties of generalised
functions. Click here to open video clip in ex-
ternal player.

Definition The function f(z) € K,(R) if for some N >0
oo P
[
o (L a?)N

Example Consider the Heaviside function

0, <0
H<x):{1 x>0

Clearly H(z) is not absolutely integrable but H(x) € K;(R), with N = 1.

Example f(z) = H(z)z® € K;(R) with N = 3.


http://helix.stream.manchester.ac.uk/flash/72063007_hi.mp4
http://helix.stream.manchester.ac.uk/flash/72063007_hi.mp4
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Theorem Suppose f(x) € Ki(R). Then it is possible to construct a regular
sequence {(ﬁn(a:)};‘f’:o in G which defines a generalised function ¢(x) such that

lim ¢n dx—/ oz )dx:/_oo f@)F(@)de,  (8.2.1)

for any F(z) € G.

Proof For a proof see Jones, section 3.2.

The main point of this theorem is that it allows one to define a whole range
of generalised functions for which the integral on the right hand side of
exists. The integral exists in the normal sense.

Example Consider the Heaviside function introduced earlier. This satisfies the
condition of the theorem. Hence we can consider H(x) as a generalised function
and using an earlier result for the derivatives of generalised functions, we have

/_ Z H'(2)F(z) do = — /_ Z H(2)F'(2) dz

for any F(z) € G. Now

/_ " H(2)F(2) do — /0 " () do = [F@)E = —F(0).

Hence we see that

and thus

Example Consider the function sgn(x) defined by
sgn(x) = -1, =<0
& - 1, >0
This satisfies the condition of the theorem with N = 1. Hence

/_Z dsgd—i(X)F(f”) dr = — /Oo sgn (x)F’(x) dx,

—00

:/0 F’(x)da:—/oooF’(a:)da::2F(0).

—00

Hence we have
dsgn(x)
dx

= 2)(x).
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Consider the function |z|*. Now
/ (14 23N |z|* do

is convergent only if « > —1 and if we take 2N > 1 4 «. Thus we can define a
generalised function |z|* if &« > —1. Now

d
log|a| = [z| sgn(x),

and so

—— 2| = afz|*'sgn(x),

dx

provided also o > 0.

Video clip discussing extensions to include
functions in K,(R). Click here to open video
clip in external player.

We make use of a result which states that if f(x) is an ordinary function
and both f'(x) and f(z) belong to ICy(R) then the derivative of the generalised
function formed by f(z) is the generalised function formed by f'(x).

This can be used to define generalised functions such as |z|* for non-integral
a < 0. For all @ and o not equal to a negative integer, we can define the
generalised functions

o 1 dn a+n n
= e DTy arm e e
a — 1 d" atn (. n+1
[el*sen(e) = T e e 1 )
1 d"

x| H () = [T H ()],

(a+1)(a+2)...(a+n)dz"

where n is a positive integer such that n + R(a) > —1. For completeness, the
generalised function 7! is defined by

vt = 2 flog e,


http://helix.stream.manchester.ac.uk/flash/10538221_hi.mp4
http://helix.stream.manchester.ac.uk/flash/10538221_hi.mp4
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and if m is a positive integer

. -1 m—1 dm—l .
v Emzl)!dxml(lOgMD -

8.3 Application to singular integrals

We will show one use of the above results for handling singular integrals. But
first we need the following result.
Suppose f(x) is a continuous function with a derivative f'(x) both belonging

to Ky. Then

L@ HE - o) = LHE - a) + [a)il - a)

Proof
With the given conditions f(z)H(z — a) and the derivative - [f(z)H (z — a)]
define generalised functions. Hence for any good function ¢(x) we have

| @i -l de = [~ f@)H - ad @) de

—— [ @ @an

Integrating by parts we obtain

[e.9]

- /_OO f@)H(z —a)d(z)dv = = [f(z)o(2)] + [ [(x)o(x)dx

a

- [ @i - @+ - @)t de

— 00
Hence

%[f(x)H(x —a)] = ﬁH(m —a)+ f(a)d(z — a).

dx
Consider the integral

/a b igb(m) dx

where ¢(x) is a continuous differentiable function of x and ¢(0) # 0 and @ < 0 < b.
In the normal sense the integral does not exist since

€1 b
< lim / + lim >de
€1—0— a ea—0+ . xX
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does not exist if €;, €3 go to zero independently.
However the Cauchy principal value of the integral is defined by

foae (e [) e
a -
— 60 1o i~ d(a)log o] — | /() o el d

Example

Video clip discussing Cauchy principal value
integral. Click here to open video clip in ex-
ternal player.

Let us see how we can tackle the integral using generalised functions. Consider

/a @ e /OO[H(SU —a)z™! — H(z — b)a~|¢(x) dz.
Now
(H(z —a) — H(z — b)) log |z|] =
[H (2 — a)log(|z|/|al) — H (2 — b) log(|x|/[b])
+H(z — a)log|a| — H(z — b)log [b]]
={o'H(x —a) — 2 'H(x — b)} + d(x — a) log|a| — 6(x — b) log |].
Hence

/_ T H(z = a)e! — H(z — b6 (x) do =

- A(H(z ~a) — H(z ~ b)) log|a|/¢(z) dz

o0

N /_Oo (8(z — b) log b| — 6(z — a) log |a]) () dz

o0


http://helix.stream.manchester.ac.uk/flash/33871208_hi.mp4
http://helix.stream.manchester.ac.uk/flash/33871208_hi.mp4
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= 60 ogb] — o(a)loglal — [~ {(H(e )~ H(z — b)) log|a]}¢/(x) o

which is the same as the Cauchy principal value interpretation.
Consider next singular integrals of the form

/ ’ 2P o(x) da

0

where 0 < b and f is not a negative integer. We can write the integral as

/00 (2P H(z) — 2P H(z — b))p(x) da.

—00

Next note that
[P H(z — b)) = [(2®T — 0T H (x — b) + VT H(z — D))"
= (B+n)2" ™ H(z —b) + 0PT5(x — b).
Continue differentiating like this to obtain
(2T H (x — )] =
B+n)(B+n—1)...(8+1)2’H(z —b) + 60Dz — b)+
+(B+ )P (1 — ) e (B4 ). (B + 267 (@ — D).

Hence the integral can be written as

/_OO {2PH(z) — 2P H(x — b)}o(x) do =

/ ) [WMH () — 2P H(z = b))™
_ B+n)(B+n—1)..(3+1)

[e.e]

B (e —b)  bPe(x —b) N
AT T T T | Y@
Finally we obtain b
/0 2P p(x) de =

(=" = PHH () — H(x — ™) () di

(ﬁ"‘l)(ﬁ"‘?)---(ﬁ—kn)/_w (H(z) — H(z — 1)) (x)d

po+1 B br3+2¢/(b) (_1)nflbﬁ+n¢(n71)(b)
R A R e R R R CE)

The above intepretation agrees with the Hadamard finite part of the integral
fob 2P é(x) dz.
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Video clip discussing Hadamard finite part in-
tegral. |Click here to open video clip in external
player.

Example Consider

*b b
/ 32 f(x) da = hm/ x 732 f () da.
0 e—=0 [,

[The notation [ " is sometimes used to denote a singular integral and that we
need to interpret in the Hadamard finite part sense|. Now

/ e f(x) de. = [—227 V2 f ()] + / 20 Y2 f () da

€ €

b
— 22 (b)) + 26 2 (e) + / 2072 (2) da

€

The Hadamard finite part of the integral is defined by ignoring the ¢=/2 f(¢) term
and taking the limit as e — 0 giving

*b b
/ 732 f(x) de = [-2b7 V2 f(b)] +/ 20 V2 f! (z) d.
0

€

Example Consider

We can write

1 7
CT T m e e )
+5(:1:—1)+ 55’(x—1)

-
@
=
a
@
Z.
-+
=
=
2
Il
—_
\
S
_I_
=
=
@
5
=
3
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We will investigate Fourier transforms properties of generalised functions after
we have discussed Fourier transforms.
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Chapter 9

Integral Transforms

9.1 Fourier Transform

Definition We say that
@ L@ i [ If@Pds <.
Q
Note that L;(R) is the space of absolutely integrable functions in R.

Theorem Suppose f(t) and its derivative is continuous on R except at a finite
number of points for which f has integrable bounded discontinuities, and f(t) €
LY(R). Then Fourier’s Integral Theorem states that

et + fa =5 [ etan [~ emrma @

27 —00 o)

Note that if f(¢) is continuous at t = z the left hand side of (9.1.1)) reduces to
f(z). For a proof of (9.1.1) see, for example, the book by Sneddon The use of

integral transforms.
The theorem can also be proved under less restrictive conditions, see Titch-
marsh.

Definition The Fourier transform F(k) of the function f(x) is defined by

F(k) = \/% /_ @) da, (9.1.2)

and the inverse Fourier transform by

1 > ikx
S + )] = \/_27/_00 F(k)e™® d. (9.1.3)

113



114 CHAPTER 9. INTEGRAL TRANSFORMS

Note that different authors may use definitions of a F'T different to that given
above.

We will sometimes write F(f(x); k) to denote the FT when we want to show
the function explictly. Likewise F~!(F(k)) will denote the inverse Fourier trans-
form.

9.1.1 Basic properties of FT

Some of the following properties are easy to prove. Suppose F'(k) is the FT of
f(z). Then

L F(f(x—a); k) = e ™ F(f(x): k).

2. F(f(ax);k) = ﬁF(S)

In the above the overbar denotes the complex conjugate.

Theorem If f(x) satisfies the conditions of the Fourier Integral Theorem, then
1. F(k) is bounded for —oo < k < oc.

2. F(k) is continuous for —oo < k < o0.

Proof of (1)

PO < o= [ el = —= [ r@lde <

for some constant M since f is absolutely integrable. Hence F'(k) is bounded for
real k.

Proof of (2) Consider

1 > —ikh 2
|F(k+h)—F(k)|§\/—2—7r/_oo|€ —1||f(x)]d:c§\/;M

Also

lim [e=* — 1| =0
h—0
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for all z € R. Hence

lim |F(k+h) — F(k )|<l1 le™ ™ — 1| f(z)| dz = 0.
h—0

SN

Thus F (k) is continuous.
If f(x) is continuously differentiable and f(x) — 0 as |x| — oo then
F(f'(2); k) = ik F (k).

The proof follows easily from integration by parts.
If f(x) has a jump discontinuity at x = xo then

(i) = o= [ et

e[ [

= ikF(k) + e~ [f(zo+) — f(x0—)]-

Example Let a,b > 0 and consider

flz) = e <0

—bx

= e x> 0.
Then
1 0 ik d > b ik d
Fk)=— eMe Tt a:—i—/ e e x),
( ) \% 27T </oo 0
1 1 1

= - TaE T i)

We can invert the transform obtained in the last example using contour integra-

tion. Now - . - .
I = iha dk = e ' gp
! /_OO SRS /_OO “ % +ia

' eixz
1 — dz
c 2+

where the contour C' is chosen appropriately.
For x < 0 we choose C' to be the real axis and the semicircular arc '} in the
lower half plane, see figure [9.1]

Consider
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&

x>0

Figure 9.1: Contours for example.

The integrand has a simple pole at z = —ia and so using Cauchy’s theorem

R ikx izx 12T
—/ i . dk+/ i< — dk = 2miRes| ' — ] iq = —2me™.
r k+ia o, Ztia z +ia

From Jordan’s Lemma f o 0 as the radius of the circle R increases. Hence
I =2we*™, <0

Similarly for z > 0 if we deform in the upper-half plane see figure 9.1 and
applying Cauchy’s Theorem gives

R eikz elize
/ i _ dk:+/i —dz=0
_r k+ia c, Z2tia

This gives I; = 0 for « > 0. For x = 0 using Cauchy’s theorem

Ry i
— dk + —dz =0
_pk+ia c, 2t ia
R ; ™ - 10
/ L dk:—i/ R
_rk+ia o Re? +ia

[Re™ + ia]
(R + ia]

Thus

1 , 1
= ;[log(Rew +ia)|y = H log

Hence taking the limit R — oo we find

<
dk =m.
/_ook:—l—z'a i
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Putting the results together we find that

1 1 e’ x <0,
Flloe——]={ 1 2=,
vama =ik 0 2>0
. 1 . .
In the same way we can invert Vanrin USing the contours as shown in figure

to obtain

Cy
(0] Zb
z <0
R \

Figure 9.2: Contours for example.

0 z<0,
-1 1 1 | = 1,
Vo (b+ik) 6_2’”” T > b
Putting it all together we find
e’ x <0,
FYF(k)) = 1 =0,
e x>0

9.1.2 Convolution Theorem

Definition We define the convolution of two integrable functions f(x) and g(x)
as the operation f * g given by

1 [ee]
@) v gle) = o= / fla = ol de
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Convolution Theorem Suppose that F(k) and G(k) are the Fourier transforms
of f(x) and g(x) respectively. Then

F{f (@) g(2)} = F(R)G(K),

and
F(a) % gla) = F~ (F(R)G(R),
S Y NI B e
= [ fa-0u©de == [ Fwcme e
Proof

Fif rg)) =5 [ e [ fa-og(e)de

—or [ a0 [ et 0pa—gan,
1 o0 . o0 .
5o [ e [ epman,

= G(k)F (k).

Hence proof.

9.1.3 Parseval’s Relation

Suppose we put = = 0 in the convolution theorem
| s -gie= [ e rmom
This gives
| ©a-9de= [ Fwcm .
Next substitute g(z) = f(—z) and note that (see section
G(k) = Fl(g(@)} = F{F—2)} = F@)} = F(R).

Hence
| t@f@de= [ FwFw
/_oo |f(x)|2dx—/_oo F(k)[2 dk. (9.1.4)

This result is known as Parseval’s relation. It is important in many signal pro-
cessing applications. The integral ffooo |f(x)|* dz can be thought of as the energy
of a signal and [*°_|F(k)|* dk is what is really measured and known as the power
spectrum.
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9.1.4 Fourier transform of generalised functions

Consider the generalised function d(x) introduced earlier. If we proceed naively
the Fourier Transform of §(x) is

1 o : 1
5 —ikx dr = 7
V2T /_oo (x)e v V2T

and by the Fourier inversion theorem

1 [ .
d(x) / e dx.

:% N

The results are correct but recall the ‘sifting properties’ were only established
for the class of good functions f(x) € G and €*** does not belong to this class.
We have to first establish some properties for Fourier Transforms of generalised
functions.

Theorem If {¢,(x)} € G then its Fourier Transform U, (k) also belongs to G.
Proof For any p > 0

‘/ 2Py (x)e”* da

< [ laPlouta) do < oc

since ¢, () is a good function.
Note that if f(x) € G then its Fourier Transform F(k) exists and also

dF > . —ikx
T /_OO —ixf(x)e " dx

exists. In fact all the derivatives of F'(k) exist and

_ _ia\a —ikx
i /OO( i)l f(x)e "™ dx
We also need to prove that for any r > 0

. d1F (k)
1 T
\kﬂinoo i dk4

| =0

for all q.
Now using

d1F oo )
— _ia\a —tkx
i /_OO( i)l f(x)e” "™ dx

integration by parts gives

1 [ _ikz A9
_ - ike 9
7 R



120 CHAPTER 9. INTEGRAL TRANSFORMS

with g(x) = (—iz)?f(x).

Thus
dF 1 /°° iy
— (& e
dke  (ik)™ dz™
Hence one can choose m such that for any » > 0
) d1F (k)
1 k" =
\k\linoo | dk =0

Thus F(k) is also a good function belonging to G.

Suppose {¢pn(x)} is a reqular sequence and f(x) € G. If ®,(k) is the Fourier
Transform of ¢,,(x) and F(k) the Fourier transform of f(x), then from Parseval’s

e /_ Z B, ()F(x) dz — /_ Z bu(2) (=) da

Hence if the limit -
lim On(z) f(—2) dx

n—oo [ _

exists for every arbitrary member of G then the limit

o0

nh_)ngo . O, (z)F(x)dx

also exists for every F' € G. If ¢(x) is the generalised function defined by the
regular sequence {¢,(x)} then we define the generalised function ®(z) by the
regular sequence {®,(k)} and we call ®(k) the Fourier transform of ¢(z).

on(x) = \/ge_x%.

This defines the delta function 6(z) and note that

/ \/7 —nxl—ikx dr
—k2 zk

—e4n.

Example Consider

Taking the limit as n — oo shows that A, (k) defines the generalised function 1.
Hence the Fourier Transform of §(x) is 1/4/27, ie

. 1
x)e_lkw dr = —

v Vi
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Mathematical Methods

Video clip on Fourier Transforms of generalised
functions. Click here to open video clip in ex-
ternal player.

The inverse transform transform can be worked out in a similar way by taking
the sequence A, (k) = e /4" and shows that

lim A, (k)e™ dk = 2r.
n—00 —00
Hence s
Py Le™* dk = §(z),

which is a restatement of the Fourier inversion for d(z).
One can show that if G(k) is the Fourier transform of a generalised function

g(x) then , N
g(x) = N /_Oo G(k)e™ dk.

More generally, suppose {222 (z)} defines the generalised function 22 (z) then
the Fourier transform of {d ¢"( )} is given by

dxP

where ®(k) is the FT of ¢(z).

| e de = Gy,

Example

and using the inversion formula

1 [~ A
o (ik)Pe™® dk = 6@ (z).

Other properties of generalised functions also carry over to Fourier transforms,

thus for example
8] ) efibk/a
/ S(ax —b)e * dy = ———.

0 lal


http://helix.stream.manchester.ac.uk/flash/32912464_hi.mp4
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1 . .
7 Rk dl = §(x — b).
T J -
1 o0 . )
o (ik)Petke=®k gl = §P) (2 — b).
™ —0o0

Example Consider the Fourier transform of the function
f(z)=e""H(x) — e H(—x)

where a > 0 and H(z) is the Heaviside function. Now

[e.9]

V2 F (k) = / (e™H(z) — e H(—x))e ™" du,

—0o0

00 0
_ / e—(a—i—ik)x dr — / e(a—ikz):c d[L’,
0 —o0

1 1
(a+ik) a—ik

Now take the limit as @ — 0. Then we see that f(z) approaches the generalised

function sgn(x). Thus the Fourier transform of sgn(x) is %\/% Next note that

H(x) = 3(1 4 sgn(x)). Thus the Fourier transform of H(x) is

1 T

FUH(@)i k) = (o + 1/ 35(-R))

1
\/27T.

M: tical Methods

Video clip on Fourier Transforms of generalised
functions- examples. Click here to open video
clip in external player.

9.1.5 Solutions of PDE’s using FT and Green’s functions

Consider the solution of Laplace’s equation in the half-plane with Dirichlet bound-
ary conditions, ie

Guz + Pyy =0, —o0<zx <00, y=>0 (9.1.5)


http://helix.stream.manchester.ac.uk/flash/60667592_hi.mp4
http://helix.stream.manchester.ac.uk/flash/60667592_hi.mp4
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with boundary conditions
¢(z,0) = f(z), —oo <z <00,

d(z,y) =0 as 2? +1y* = oo.
Let ®(k,y) be the FT of ¢(x,y) ie

1 o ,
O(k,y) = — z,y)e” T dx.
()= == [ o)
The FT of the equation (9 and boundary conditions gives

d>®
—— —k*® =0
dy? ’

O(k,0) = F(k), ok,y) =0 asy— oo,
where F'(k) is the FT of f(x). The solution of (9.1.6) gives

O(k,y) = F(k)e MV,

Inverting ((9.1.7) and using the convolution theorem yields

1 o0
o) = o= / RGIEELS

where g(x) is the inverse Fourier transform of e~*¥ and

- 2y
F 1(6 ky):\/;xQ—}—yQ.

L[ Y
] O v

This is Poisson’s integral formula for the half-plane. From

Hence

_1[” Y
D=1 [ 1Ot w0

taking the limit as y — 0+ shows that

T y—0+

é(z,0) = :—hm/f x_y ~dE, y >0,

)2+ y?)

Thus another representation of the delta function is

1 y
R P

123

(9.1.6)

(9.1.7)
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Consider the diffusion equation
Ot = K@z, —00<x <00, t>0,

subject to
¢(Z’,0) :f<x)> —00 < x <00,

and x > 0 is a constant. Define the FT

Bk, t) \/% /_Oo o(z, e dr.

Then the transform of the equation becomes
o, = —kk*®, t >0,
and
O(k,t =0) = F(k)
where F'(k) is the FT of f(x). Solving gives

O(k,t) = F(k)e ™.

Inverting gives

12
zkx kk tdk_

ol ) = m/

- E / F(€)g(x - €) d.

after using the convolution theorem and where g(x) has the Fourier transform
e~"*t Thus
oo

efntheikx dk

g(x)z\/%—ﬂ/_oo

1 e?
NG A
Hence ( 5)2
x J—
¢z, t) = \/H/ f(&) exp[— ype ] d€.

We can write

o) = [ F(OGE - e de
where the function

(=8

1
G([E—§7t) - /—47”{15 exp[ Akt

]
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is the Green’s function of the diffusion equation for the infinite interval. Note
that we have another representation of the Delta function by taking the limit
t — 0+ ie

(z —§)?

. 1
5(‘I - 5) = tl—l>r(§}i- \/m eXp[_ Axt ]

Consider the linearised K-dV equation
Ut + Clhy + Ugee =0, —00< T <00, t>0,

where ¢ > 0 is a constant. The initial conditions are

Define a FT . -
Uk, t) = — u(z, t)e * dx
)= = [ uted

and taking a FT of the equation shows that
Uk, t) = F(k)e ekt

Hence
oo

vl

Suppose we take f(z) = 0(z), and F(k) = \/LTW Then

u(z,t) = F(k)e™® =)ot g

1 [ . ,
U(x, t) = %/‘ eZk(xfct)elk:St dk

—00

1 o0
== / cos(k(x — ct) + k*t) dk

T
1 /°° k k3
= cos(—(x — ct) + —) dk.
7T3t% 0 (3t%< ) 3 )
Hence . .
u(z,t) = Ai((‘” — )),

3t3 3t
where we have used the integral representation of the Airy function

. 1 [ k3
Ai(z) = — cos(zk + 3) dk.
0

™
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9.2 Laplace Transform

From the Fourier integral formula ((9.1.1)), namely

1 [ . o
g(x) = —/ elkx/ ek g(t) dt dk. (9.2.1)
2m —00 —o0
Suppose we let
glx) = e “H(x)f(x), ¢>0
so that g(x) = 0 for x < 0. Then the above formula (9.2.1)) becomes

i B t) dt dk
fa) =5 [ e [ e aar

Next let s = ¢ + ik to obtain

fla) = —— / T /0 T e (1) dt ds.

27 Joino

The Laplace transform of f(z) is defined as

L(f(x);s)=F(s) = / e f(x)dr, R(s)>0.
0
The inversion formula is given by

FUEO) = J@) =50 [ e Fs)ds, >0

2 i
Theorem

Suppose (i) f(x) is integrable over every finite interval [a, b],0 < a < b and (ii)
there exists a real number ¢ such that for arbitrary b > 0 the integral be et f(t) dt
tends to a finite limit as T — oo, and for arbitrary a > 0 the integral [*|f(t)| dt
tends to a finite limit as ¢ — 0+, then the Laplace transform of f(x) exists for
R(s) > c.

Proof If a, € are arbitrary and (e < a), and suppose ¢ > 0, then

[ s dt] < [[eisnar< [awar

€

If ¢ < 0 then

[ e dt‘ < ["eisnar< e [poar

€
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Thus [, e * f(t) dt exists for arbitrary a. Note that

/OTe—ptf(t)dt: (/Oa+/ab+/bT) e (1) dt

and letting 7' — oo and using the given conditions proves the result. One can
further prove that if, in addition to the above mentioned conditions, f(t) = O(e®)
as t — oo then the Laplace transform converges absolutely for R(s) > c. If
f(t) = O(t°) as t — oo then the Laplace transform converges absolutely for
R(s) > 0.

One other result worth noting is that with the conditions stated above the
Laplace transform £(f(z);s) = F(s) is an analytic function of s in the half-plane
R(s) > c. |For a proof see, Sneddon.|

The following basic results are easy to establish. Suppose F(s) is the Laplace
transform of f(¢). Then

o L(e7™ft) =F(s+ a).

o L) = () = 57F(0) = 52(0) = oo = sf(0) = [0
where £ (t) = d™f/dt".

o L(t"e ™) = qimr, a>0.

Example
L(z";s) = / e dr = 3_”_1/ t'etdt = s (v + 1),
0 0
where (v + 1) = [7#"e~"dt is the Gamma function and R(v) > —1.

Example Consider

/ e Stelt dt = st R(s) >0,
0

52 4+ q?’

and a is a real. Taking real and imaginary parts shows that

s
t);5) = ——
Lleos(at);s) = 5,
L(sin(at);s) = ¢
T 82 g2

Example Consider the Laplace Transform of the Bessel function Jy(at), a > 0.

We have

9 /2
Jo(az) = —/ cos(at cos 0) db.
0

™
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So
L(Jo(at); / / cos(at cos 6) db
/ / *cos(at cos ) dt df,
B g/ 2s / du
A 52+a200529 T Jo 82+ a?+ sPu?’
Hence )
L(Jy(at);s) = ——
(o)) = sy

9.2.1 Convolution theorems

Definition Suppose L(f(t)) = F(s) and L(g(t)) = G(s). The convolution of
f(t) and g(t) is defined by
— [ s -ngryar
0

Theorem
L(f(t)*g(t)) = F(s)G(s),
ft)xg(t) = L7H(F(s)G(s))
Proof
Now

/ /ft—T ) dr dt.
:/o g(T)/T “f(t —T1)dtdT =

/0°° e g(7) dr /0 et dt = F()G(),

after reversing the order of integration, see figure [9.3]

9.2.2 Tauberian and Abelian theorems

Consider

n tk
k=0
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Figure 9.3: Shaded region in the convolution integral

The Laplace transform of f(t) gives

00 n k
F(s) = / e_StZak%dt
0 k=0

n
= E aksfk’l.
k=0

We deduce that
lim (sF'(s)) = lim (f(t)) = ao.

S§—00 t—0+

and
lim (s""'F(s)) = lim (f(")(t)) = a,.

s—00 t—0+

129

Thus the behaviour of the function near ¢ = 0+ is reflected in the behaviour of
the LT for large s. The above result holds more generally and are known as the

Tauberian and Abelian theorems.

Suppose the Laplace transform F'(s) of a function f(¢) exists and in addition

f(t) and its derivatives exist as t — 04. Then
1. lim, 0 F(s) = 0,

2. limy_yoe 8”71 (8) — 8" f(0) — - - - — sf=1(0) = £)(0).

3. Suppose f(t) is bounded for all ¢ > 0 and the limit lim; ., f(t) = f(c0)

exists, then
lim sF(s) = f(o0).

s—0+
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Example Consider

fO)=1—e (a>0), F(s)= 8(81 3
lim (sF(s)) = 1 = f(o0).
lim (°F(s) = f(0)) = lim (=) =a = f(0)

9.2.3 Watson’s Lemma

The use of Laplace transforms leads to integrals of the form

F(s) = /0 T et dt. (9.2.2)

One is often interested in trying to estimate this integral for s large. This is
where Watson’s lemma becomes extremely useful. Observe that for well behaved
functions f(t) the dominant value of the integral will occur in the vicinity
of t = 0. This suggests that we should be able to estimate the integral by replacing
the f(t) by its local expansion for ¢ = 0. The more formal result is summarised
in Watson’s lemma.

[ZEE0TES =T 7=
) Mathematical Methods
[

Video clip showing proof of I'(2)['(1 — z) =
msinmz. Click here to open video clip in ex-
ternal player.

Theorem: Watson’s Lemma Suppose f(t) = O(e™) ast — oo and in some
neighbourhood of t = 0, f(t) can be expanded as

n

ft)=1t" [Z apt’ + Rn+1(t)] , O<t<T, a>-—1,
k=0

where | Ry 1(t)] < A" for 0 <t < 7.Then

F(s) = /OOO e S f(t)dt


http://helix.stream.manchester.ac.uk/flash/17258830_hi.mp4
http://helix.stream.manchester.ac.uk/flash/17258830_hi.mp4

9.2. LAPLACE TRANSFORM 131

has the asymptotic expansion

n

F(s)wZakF(a+k+1)+O( ! s — 00.

Sa+k+1 gotn+2 )’
k=0

F(s) = /O e~ () dt + /Too e~ (1) dt

— / ey " apth dt + / e U R, (1) dt + / eStf(t)dt.  (9.2.3)
0 k=0 0

T

/ efstakta+k dt = / efstaktoﬂrk dt — / efstaktoﬂrk dt
0 0 T

MNa+k+1)
gotktl

Also

= ag +O0(e™).

Here we have used
I(a) = / Pt gt Ra) > 0.
0

Using the given behaviour for R,,,1(t) the second term in (9.2.3]) can be esti-
mated as follows:

T —styo ! —stya+n 1
/0 o5t Rn+1(t)dt‘ gA/O e~ styatn+l :O(Sa+n+1).

Finally for the last term in ((9.2.3) we have

/ 0 dt’ <B / et gt — Be~(s=)7

which tends to zero exponentially for s — co. Combining the estimates leads to
the required result that

~ T 1 1
F(S)NZak (o +k+ )—{—O( s — 00.
k=0

8a+k+1 gatn+2 )’

Watson’s lemma is extremely powerful and can be used to generate asymptotic
expansions from the knowledge of the local behaviour of the integrand in Laplace
type integrals.

Example
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Mathematical Methods

Video clip showing proof of Watson’s Lemma.
Click here to open video clip in external player.

Consider for example the parabolic cylinder function D,(z). An integral rep-
resentation of D,(z) is given by

which is valid for ®(v) < 0.
We apply Watson’s lemma to the function

2 . o $2n—v—1
)=e Tt =S (1)
flt) = >0

Using Watson’s lemma gives

e‘é = (-1)"I'2n —v
D”(Z>Nr(—y)z(2n73 el

The result is also valid for R(v) > 0.

| Z?n—y
n=0 ’

The LT is very useful for solving a number of ODE, PDE and other problems.
We will just look at one or two (ununusal) examples.

Example Suppose
F(n)= / e " f(x)dr
0

for n integer, and

S = ZF(n) = Z/Ooo flz)e ™ du.

Assuming that we can interchange the summation and integration we find

5 = / " H)hz) da,


http://helix.stream.manchester.ac.uk/flash/50850595_hi.mp4
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where

h(z) = Ze‘m _

—
n=0 €

Suppose we take a > 0,p > 0 and

xp—le—ax
f@) =S
) ="Tp)
so that - -
e*ﬂl’x — e*(l{l‘
F(n) :/ —_— dx
0 F(p)
I'(p) Jo (n+a)p
Hence

> 1 Sl |
S = —_— = / P! dx.
7; (n+a)p Jo T(p) 1-e*

Take a = 1 and we see that

/OOO e dx =T'(p)C(p)

1l—e*

where ((p) is the Riemann zeta function.

Z%:C(p).

n=1
Eg.,
1 2
@=2 =%
1
The function
> 1
C(pra) =) ntap
n=0

is called the generalised Riemann zeta function. Note that ((p, 1) = ((p).
One can express the zeta function in terms of a Hankel type loop integral, see

figure B
_ T(-p) [ (=zple™
C(pv CL) - . L dZ

271 1 —e*

It can be further shown using these representations that ((p,a) is an analytic
function for all p except p = 1 where ((p,a) has a simple pole with residue 1.
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| .
#

Figure 9.4: Loop contour for Hankel’s integral representation of ((z).
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9.3 Mellin Transform

The Mellin transform is extremely useful for certain applications including solving
Laplace’s equation in polar coordinates, as well as for estimating integrals.
We will first consider the generalised Laplace transform.

9.3.1 Generalised Laplace transform

Suppose that for finite T the function g(t) is absolutely integrable on (0,7), ie

/0 lg(t)| dt < oo

and g(t) = O(e™) as t — oo for some real constant . Then the one-sided Laplace
transform

L¥g;s] = /0 ) e g(t)dt

converges absolutely and is holomorphic (analytic) in R(s) > a.
Similarly suppose

/0 (1) dt < 0o

and g(t) = O(e?!) as t — —oo for some real constant 3. Then the one-sided
Laplace transform

sl = [ o= [ ety

—00

converges absolutely and is holomrophic in the left half-plane R(s) < 5. Under
the same conditions on ¢(¢) and if § > a then the two-sided Laplace transform

Llgisl = [ ety
converges absolutely and is holomorphic in the vertical strip a < R(s) < [ see
figure[9.5] If 8 < « then the generalised Laplace transform does not exist for any
S.
Suppose § > « and let t = —log(z), and g(—logx) = f(z). Then note that

e—st — eslog(a}) — 5.

Hence

Llg,s] = /OO 2 f(x) dx.

0

= M[f; s]
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3(s)

7

Figure 9.5: Common strip of analyticity of g(s)

where M is the Mellin transform of f(x).

So the Mellin transform of f(z) is the two-sided Laplace transform of g(t)
where t = —log(z) and it converges absolutely and is holomorphic in the strip

a < R(s) <p.

Example Consider g(t) = e~%!. Then

GT(s) = / e Ste " dt
0
B e~ (s+a)t]> 1
B s+a |,  s+a
provided R(s) > —a.

Similarly
0 0
G~ (t) :/ e e dt :/ e~ gt

B 6—(5—a)t 0 B 1
N s—a _Oo_a—s’

for R(s) < a. Thus M[e=l: s] converges and is analytic in the strip —a < R(s) <

a.

Example Consider g(t) = e . Then

G7(s) = s+a
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provided R(s) > —a. Similarly

0 0
G(t):/ eSte“tdt:/ et gt

B ef(era)t 0 B 1
N sta | . a+s

for R(s) < —a. Thus M[e~*; s] where t = log(z) does not exist.

Now since
g(t) =0(e*), as t— oo
we obtain
flz)=0(x"%), as x—0+.
Also
g(t) = 0(e?), as t— —oo,
and so

f(x)=0(z""), as = — oco.

Thus when the Mellin transform of f(z) exists its strip of analyticity is deter-
mined by the behaviour of f(z) as x — 0+ and  — oo. The inversion formula for
the Mellin transform follows from the inversion formula for the two-sided Laplace
transform of ¢(¢). Now

1 c+ioco .
)= — *Llg;s]d
g( ) 27TZ /C_ioo € [97 8] SJ
where we require that a < ¢ < .
Putting x = — log(t) we find

f(x) = g(—log(t) = —— / T s Mf 8] ds.

21 ) oino

This inversion formula is valid at all points > 0 where f(x) is continuous.

Theorem

Suppose F(s) is a function of the complex variable s = o + i1 which is reqular
in the infinite strip a < o < b and that for any arbitrary small positive €, F(s)
tends to zero uniformly as T — oo in the strip a + € < o < b+ €. Then if the
integral

/Oo F(o +ir)dr

e}

converges absolutely for each value of o € (a,b) and, if for positive real values of
x and a fired ¢ € (a,b) we define

fl@) = —— / T P (s) ds

21 Joino
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then in the strip a < o < b
F(s) = / 57 () da.
0

For a proof, see Sneddon.

Video clip on a discussion of the Mellin Trans-
form. Click here to open video clip in external
player.

Example Consider f(z) = e~* where a > 0. Then

Me % §] :/ ¥ e dy
0

1 0
= —S/ e du.
a” Jo

[(s)

as

Example Consider f(z) = 1/(e” — 1). Then Mellin transform of f is

o 1
0 e’ —1

00 [e.e]

= 2 E e " dx,
n=1

0

oo

o0
:E / ¥ e ™ dx
n=1"0

()¢
—
=

[

-
@
=~
=

ns
n=1

where ((s) is the Riemann zeta function. We require that R(s) > 1 for conver-
gence.


http://helix.stream.manchester.ac.uk/flash/69443257_hi.mp4
http://helix.stream.manchester.ac.uk/flash/69443257_hi.mp4
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Example Consider f(z) = 1/(1 + x). The Mellin transform of f is

& 1
/ A dz.
0 1 +x

In the section on basic complex analysis we saw how to evaluate integrals like
this and

oo s—1
/ * dx
o l+uw

M(f; 5]

,/Te—wsi . 1
. S ] at 2= -1
sin(s7) {reslz 1+z] s b
7T
~ sin(ms)’

Note that we can also evaluate the Mellin transform of f(z) = 1/(1 + x) as

o 1
./\/l[f,s]/ 2o dx
0
by letting = ¢/(1 — t). Thus

M[f;s]:/o a f;>s_1 (<11__f)>2 dt:/o 1 —¢) " dt

= /1 (1 —t)' 7 dt = B(s,1—s) =(s)I(1 — s),

where B(p, q) is the Beta function. Hence

C(s)I'(1—s) = sin7(Ts7r)'

Video clip on a discussion of the Mellin Trans-

form of 1/(1+z). Click here to open video clip
in external player.

Example Suppose f(xz) =1/(1 + z)" then by the same technique we obtain

M|f;s] = /0 711 —t)" " 1dt = B(s,n — s) = —F(p)l{‘((rlb)_ p).


http://helix.stream.manchester.ac.uk/flash/69443257_hi.mp4
http://helix.stream.manchester.ac.uk/flash/69443257_hi.mp4
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Video clip discussing examples. (Click here to
open video clip in external player.



http://helix.stream.manchester.ac.uk/flash/12191325_hi.mp4
http://helix.stream.manchester.ac.uk/flash/12191325_hi.mp4
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9.3.2 Mellin transform- basic properties

Suppose F(s) is the Mellin transform of f(x).
o M[f(ax);s]| =a*F(s), a>0.
o Mlzf(x);s] = F(s+a).

M(f'(x);s] = /00 ¥ (2) da

0

:usvuﬂ?—@—wy/mfzﬂwdx

0
— (= 1)F(s—1),
provided that x*~1 f(z) goes to zero at x = 0+ and x — oo.
o Maf/(a)is] = [0 f'(s) ds = —sF(p).
o Mz" [ (x); ] = (—1)"HELF(s),

Both require that z"+*~9f("=9(z) is zero as + — 0+ and x — oo for
g=1,...n.
9.3.3 Mellin transform- Parseval’s formula

Suppose F(s) is the Mellin transform of f(x) and G(s) is the Mellin transform
of g(x). Then

1 c+100

M[f(z)g(x); s] = 2—/ F(2)G(s — z) dz.
T Je—ioo

The result for s =1 gives the Parseval formula for Mellin transforms ie
1 c+ioco

/000 f(z)g(z)de = — F(2)G(1 — z)d=.

2mi c—100

Proof
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1 c+1i00 0
= — F(2) dz/ v g (x) da
2m c—100 0
1 c+i00
=5 - F(2)G(s — z) dz.

In the above, the interchange of the order of integration requires some suitable
conditions on f(x) and g(z) .

Example Consider the exponential integral

Ei(x):/ € du

u

o —q"l,'
= / ¢ dq.
1 q

The Mellin transform of Ei(x) is given by

oo 0 p—qz
F(s) = / A dx/ dq,
0 1 q
= / @/ s leme® dz,
1 4 Jo
)

= %, R(s) > 0.

Example It is a useful exercise to invert the previous transform. So consider

1 [t T(s)z*

[ = — d
" o oo s °
where ¢ > 0. We will evaluate
1 r —F
270 J 14 Ly +C+ L z

where the contour is as shown. The integrand I'(z)z~%/z has a double pole at
z = 0 and simple poles at z = —1,—2,.., , see figure 9.6, From the properties
of the integrand, the integrals along L, Ly tend to zero as R — oo where we
parameterize L by 2z =y +1R,, 0 <y < c and similarly for Ls.

On the contour C' where z = R,e?’, 7/2 < 0 < 7 and —7 < 6 < —7/2
and R, lies between zeros of the Gamma function on the negative real axis. The
values of 6 are chosen so that we may use the asymptotic form for the Gamma
function given by Stirling’s formula.
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L

A

<
Lo

Figure 9.6: Singularities of I'(z)/z lie on the negative real axis at z = 0, —1, =2, ..

If R, is large we may use the asymptotic form for I'(z) to obtain the estimate

~ e_R" log(z)(cos 8+isin 6) 2m 6%“’ eRn(cos 0+isin 6)(log %4—1‘9)
RS
n

_ e—Rn log(x) cos @ 2m GR" log % cos Ge—RnQ sin 0
3
RS

If we choose R, > ex and note that for —m < 6 < —7 and § < 6 < m we have

cosf < 0 and —#sinf < 0, we see that the integrand is exponentially small, and
thus the integral around C goes to zero as R,, — oco. Using Cauchy’s theorem we
obtain

1 mst(s)

271 L S

r
ds = Z{Residues of z7° iz) ,z < 0}.

We can write
L1+ 2) =1+ z29(2)
in the neighbourhood of z = 0 where g(z) is analytic near z = 0. Hence

I(z) = %m b2) = é +g(2),

and so z = 0 is a simple pole of I'(z) with residue 1. In the same way we obtain
Fz)=E-1)(z=2)...(z=n)'(z —n)
and so

1+g(2) _ =

F(z_n):z(z—l)...(z—n)— zn!

(1+0(2)),
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showing that z = —n is a simple pole with residue (—1)"/n! for n > 1. Thus for
the function
NC)
x
z

the residue contribution from z = —n, n>1is

-n n!
Now near z = 0 we can write

[(z) = = =7+ 0(2)
and so
r 1 _~y4+0(z 1 1
ng _ eleg(ﬂ:)%” — ;(1 _ zlog(x) + O(ZQ))<; — v+ O(Z))

1 (y+logx)
= h e — + O(1).
Hence the residue contribution from the double pole at z = 0 is —y —log(x). The
inversion gives
(_1)an
nn!

Bi(x) = —log(x) =7 — 3

n=1

Example
Suppose that F(s) is the Mellin transform of a real-valued function f(r).
Then consider

M(f(re?); 5] :/ f(re®)yrs= dr.
0
We will assume that f(z) with 2z = re' is the analytic continuation of a the

function f(r) defined in some sector —a < arg(z) < a.
Thus

R R
s—1 dr — 156 i0y,.s—1 d s—1 dz =0
/o f(r)r r—e /0 f(re)r r+ /Cf(z)z z ,

where the contour C' is as shown in figure 9.7,
Provided the integral along C' goes to zero as R — oo we obtain

0o R
/ f(rew)r“l dr = eise/ f(r)rs’1 dr = e’iSGF(s).
0 0
A sufficient condition for this is that

2°f(2) = 0, |z] =00, |arg(z)| < a.
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Re"

Figure 9.7

Since the Mellin transform of f(r) exists we have
r*f(r) =0, r— oo,

in the strip of analyticity and so the above condition is also valid provided « is
suitably chosen.
From

/ flre®yrs=Vdr = e ' F(s).
0
taking real and imaginary parts gives

F(s)cos s = M[R{f(re")}; s],

F(s)sinsf = M[-S{f(re")}; s],
These results are due to [Harrington| (1967).

9.3.4 Mellin transform- Applications to solution of pde’s

Consider the solution of
7’2@5,” + rgbr + ¢00 =0

in the wedge 0 <7 < o0, 0 <6 < «a together with the boundary conditions
oo(r,0) =0, o(r,a)=f(r), 0<r<oo,

o(r,0) >0 as r—o00,0<6<a.

Now let us take the Mellin transform of the equation and suppose that ®(s, 6)
is the MT of ¢(r,6). This gives

/00 5 (2 Gry + 1O 4 Pog) dr
0
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This becomes
[ r — sG] + 5*®(s,0) + Dy = 0.

For the integrated term to vanish we require that
[t ¢, — sré¢]s° = 0.
The transformed equation is then

d*®(s,0)

102 + 520 = 0.

Solving and using the transformed boundary conditions that
Dy(s,0) =0, P(s,a)=F(s),
we find that

cos(sh)
cos(sa)’

O (s,0) = F(s)
In the previous section we discussed how to invert Mellin transforms of the type
F(s)sin(sf), F(s)cos(sH).
The next example shows how to do this for a specific case.

Example
In the problem we met earlier

Vip=0, 0<r<oo, 0<6<a

¢9(7ﬂ7 0) = 07 ¢(7“> Oé) = f(?"),
we found that the Mellin transform of ¢ was given by

F(s) cos(sh) .

(s,0) = cos(sa)

Suppose we take

f(r):{l 0<r<l, ‘

0 1<r
Then for 0 < R(s),

! 1
F(s) —/ rldr = =
0

S

Hence
cos(sh)

scos(sa)

O(s,0) =



9.3. MELLIN TRANSFORM 147

This can be inverted using residues, but we can make use of the above results to
obtain the solution in a different manner.
We see that
(r,0) = M[R{g(re”)}; s]

where the Mellin transform of g(z) is Scosl(sa)

To find g(z) first note that if h(r) = 5 — tan™" r then

M(s) = / rs_l(g —tan"'r)dr
0

1, _1 o *1 ., 1
= [gr (§—tan g —1—/0 P dr.

The integrated term vanishes provided that 0 < R(s) < 1. We are left with

1 [ re
M(s):—/O i

s 1472

The integral is of the form

/Ooofralf(r) dr = — 2%

sin(a)

—Tmai

Res[2* 1 f(2)]

with ¢ = s + 1 which we have met earlier and we find that

M(s) = =——

~ 2scos(Z)

Next using the property that if H(s) is the Mellin transform of h(r)

MIn(r*);s] = k™ H (D),
With k£ = % the Mellin transform of

2
1= % tan-1(*
- an” (")

is therefore .

scos(as)

provided 0 < R(s) < k. Finally pulling all the results together we see that

4, cos(s0)

| = Rlg(re”)]

s cos(sa)

where
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2
gle] =1 — = tan™'(z"),
T

where k = 7-.
Note that for |arg(z)] <

=1
Eh(z):z—tan_lzzﬁ—/ ——dt
2 2 2 ), 112

- —i[log(z — i) —log(z +i)].

21
Now
Rg(2)] = R[A(z")] = R[A(r*e™)].
Putting 2% = —i 4+ r1e?, and 2* = i 4 rye% we find that
TRlg(=)] = 56— 0
gl =50 — )
Now i i
r*sin(k6) + 1 r*sin(kf) — 1
tanf; = ————72 ° tanfo = ——~ 72—
o rkcos(kf) anvz rkcos(kf)
Hence finally we obtain the solution
(61 — 62)

¢(r,0) = Rlg(2)] =

7

T —tan~! [2’”%05(’“9)} 0<r<l1

1—r2k

1<r

_1 | 2r* cos(k6
tan |:T2k—_(1)i|

where k = 21
«

9.4 Riemann-Lebesgue Lemma, and analytic con-
tinuation of Mellin transforms.

In the later examples we make use of the Riemann-Lebesgue lemma stated
below.
Suppose f(t) is sectionally continuous in a compact interval [a,b]. Then (i)

b
/ei’\tf(t)dtzo(l), as A — 00.



9.4. RIEMANN-LEBESGUE LEMMA, AND ANALYTIC CONTINUATION OF MELLIN TRANSFOI

(i) If a is finite or —oo, b finite or oo and f(t) is continuous in (a,b) and

b
I= / M F(t) dt
converges uniformly at a,b for sufficently large X then

I'=o0(1), as X\— oc.

Proof of Riemann-Lebesgue Lemma We will only prove part (i) for the case
when f(t) is continuous in (a,b). If f(t) is sectionally continuous, we split the
interval into portions in which is it continuous and use the result repeatedly.

Given €>0 we can partition the interval (a,b) into points a =ty < t; <--- <
t, = b so that

[f(t) = f(te)] <

2(b—a)
Then
b n i n 23
/ eiAtf(t) dt = Zf(tk)/ ez‘)\t dt + Z/ eiAt(f(t) — f(tk)) dt.
a 1 tp—1 k=1 7 tk—1

Suppose M = max |f(t)| for ¢ € [a,b]. Then for A >0

tr )
/ elAt dt
t—1

At ei)\tk,1

A

e

2
<z
A

Hence

b 2Mn "
AN dE] < Z—— ty — th
[ eaoa] <5 D - nog

_2Mn+e<
— Ty Ta2°F

provided A > 4Mn/e.
Let s = o + i)\ and consider

M|f(z);s] = /000 2 f(x)de = /000 27 eMos@) £ (1) da.

If we make use of the Riemann-Lebesgue Lemma then for any ¢ which lies in the
strip of analyticity of the MT of f(x)

lim |[M[f(x);0+ i)\ =0,

A—00

ie the MT of f(x) tends to zero along vertical line in the strip of analyticity.
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Mathematical Methods

Video clip on a proof of the Riemann Lebesgue
Lemma. Click here to open video clip in ex-
ternal player.

9.5 Analytic continuation of Mellin transforms

Now

Mle % s] = / ¥ e dy = T'(s)
0

is analytic in the right-hand plane 0 < R(s).
Consider next the MT of the function e~*. This is given by

Me ;] :/ ¥ e dr.
0

Note that the integral does not converge absolutely, only conditionally. We can
evaluate the integral by considering

%Zs—le—zz dZ
C

where the contour C is as shown in figure [10.1} From Cauchy’s theorem

U >

&

Lo A

C

Figure 9.8: Contour C' = Ly + C 4+ Ly + Cy

j{zs_le_iz dz=20
c


http://helix.stream.manchester.ac.uk/flash/88574318_hi.mp4
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since the integrand is analytic inside C. Now

|‘[CQ| — |/ 25610 5616 s—1 —16(0050+151n0) Aol — -0,
3
as 0 — 0 provided R(s) > 0. Next with s = o + i\
0 . . . .
| | _ _/ (RezG)s—liRezee—chos9+Rsm9 do| .
Cy -5
So
| ’ < 6|>\7r/2/v2 GAQRUG—RSiHG A6
0
< T2 Roc 3 /2 e~ db
0
< 71_6\)\|7r/26|>\\%R0'—1‘
Thus

| [ |—=0 as R—
C1

provided R(s) < 1. Hence taking the limit as 6 — 0 and R — oo we obtain

L
L1 Lo

/ :L,s—le—iz dr = / (6—i%y)s—le—ig€—y dy
0 0

=72 / Y leVdy = e 3T (s)
0

giving

Hence the Mellin transform of ¢ is given by

™

Me ;5] = T(s)e 2, (9.5.1)

provided 0 < R(s) < 1

We can analytically continue M[e™*;s] into the right half-plane R(s) > 1
using the formula (9.5.1)).

Similarly we showed earlier that the function f(x) = 1/(1+ z) has the Mellin

transform
1 T

1—|—x;5}:

M| (9.5.2)

sin(rs)’
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Mathematical Methods

Video clip on a discussion of the Mellin Trans-
form of e~*. (Click here to open video clip in

external player.

Video clip on a discussion of the analytic con-
tinuation of Mellin Transform. Click here to
open video clip in external player.

again provided 0 < R(s) < 1. We can use to analytically continue
M([1/(1 + x);s] into the right half-plane R(s) > 1. The analytic continuation
gives a function which has simple poles at the positive integers.

Let F(s) = M|[f(z);s| be the Mellin transform of f(z) which is analytic in
the strip a@ < R(s) < . Suppose that as x — oo we have

N(m)

flx) ~ e i x Z Cmn(log )™,
m=0

n=0

where R(d) > 0,v > 0 and R(r,,) is an increasing sequence in m, and N(m) are
non-negative integers. Then F'(s) can be continued analytically into the right-half
plane 8 < R(s). The analytic continuation is such that

1. If R(d) > 0, then F(s) is analytic in the right-half plane.
2. If d=—iw, w # 0 then F(z) is analytic in the right half-plane.
3. If d =0 then F(s) is analytic in the right-half plane except for poles.

The proofs of the results are given in detail in (Bleistein & Handelsmanl (1975,
chap. 4). Outline proofs are as follows:

Proof of (1) This follows from the properties of the Mellin transform given
earlier. Proof of (2) Write

F(s):/Oooa:s_lf(x)dx:/les_lf(z)dx+/ooass_lf(x)7dx,

1


http://helix.stream.manchester.ac.uk/flash/69443257_hi.mp4
http://helix.stream.manchester.ac.uk/flash/69443257_hi.mp4
http://helix.stream.manchester.ac.uk/flash/61013585_hi.mp4
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and express the second integral as

/loo(f(:c) — hy(2))z* do + /100 h(z)2*~t dz,

where

N(m)
hi(z) = ™" Z x ™ Z Cmn(log z)".
n=0

R(rm)<k

Note that f(z) — hp(z) = O(e“* 7% (log2)N)) where j is such that
%(Tj) Z k.

So the first term is analytic in the extended strip av < R(s) < k.

We need to prove that the term

/ hy(z)2*~t dx,
1

can be analytically continued in the extended strip.
Let hy(z) = “*" 27" Hy(z), where Hy(z) = O((logz)V () as 2 — oo.
Now

/ hy ()2~ dx,:/ e ps o Hy (2) da
1 1

00
:/ plw xu—lxs—ro—ka(I) dr
1

B msfro*lleiwx”Hk(x) 0
1wy

1

RO s —ro — v)xHy(z) + 4@
_/ ezwm xs—ro—u—l [( 0 ) : k( ) dx dr
1

1w

The last term is of the form
/ ZL‘S_TO_V_leiwa]:Ik(J}) d!L‘,
1

and is analytic in the extended region R(z) < R(rq) + v.
By integrating by parts ¢ times the integral

/ hy(z)2z*~t da,
1

can be analytically continued into the extended region o < R(s) < R(rq) + quv.
Putting it all together this shows that the Mellin transform of f(z) can be
analytically continued into the right-half plane o < R(s), as an analytic function.
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Proof of (3) Introduce

N(m)
hi(z)= Y o™ > cun(log)
R(rm)<k n=0

and note that the Mellin transform of f(z) is

/000 25 f(2) do

_ /Olf(m)xs_ldx+/loo(f(x) ~ () da + /100 U (z) da.

The first term is analytic in a < R(s).
As before the term

. / T (f (@) — hala) de

is analytic in the strip a < R(s) < k.
The last term can be computed directly noting that

> S—rm—1 n _ n'(_l)nJrl

Hence
N(m) |

M(fss] = Z Z o nﬁ + I,

§R(m)<k

The right hand is analytic except for poles at s = r,, in the extended strip
a < R(s) < k, and since k is arbitrary this proves the result.

The analytic continuation of M|f; s] into the left-half plane R(s) < a can be
obtained and depends on the properties of f(z) as z — 0+

Suppose that as © — 04 we have

K(m)

~ e Zx“m Z by (log )"

where R(¢) > 0, < 0 and R(a,,) is an increasing sequence in m, and K(m) are
non-negative integers. Then F'(s) can be continued analytically into the left-half
plane R(s) < a. The analytic continuation is such that

1. If R(q) > 0, then F(s) is analytic in the left-half plane R(s) < .
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2. If g = —iw, w # 0 then F(z) is analytic in the left half-plane R(s) < a.

3. If ¢ = 0 then F(s) is analytic in the left-half plane except for poles at

s = —a,, with Laurent expansion
é;f)@m(—l)mn!
n=0 (8 + am>n+1 ‘

In summary, the above results show that the Mellin transform of a function
f(z) , which has a particular type of asymptotic behaviour for small or large x,
can be analytically continued into the whole complex plane with at worst pole
singularities at points which can be predicted by the asymptotic behaviour of
f(x) for z — 0+ and  — oo.

Example Consider

f(l’) _ eix _ Z (Zx)n

n!

n=0

Now

us

M(e™; s] = T(s)ez, (9.5.3)
which is analytic in the strip 0 < R(s) < 1. The analytic continuation of the
transform into the left-half plane using (9.5.3)) shows that the function is analytic

in N(s) < 0 except for simple poles at s = 0,1, —2,--- —n, ..., as predicted by the
theorem.
Example
Consider -
e—u
E = —d
i(x) /m —du
= —log(x) —V—;W.
The Mellin transform of Ei(x) is given by
r
M{Ei(z);s] = ﬂ, R(s) > 0. (9.5.4)
s

We can analytically continue (9.5.4) into the left-half plane and the analytic
continuation gives a function which has simple poles at the negative integers and
a double pole at s = 0.
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Video clip on a proof of the Riemann Lebesgue
Lemma. Click here to open video clip in ex-
ternal player.
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Chapter 10

Asymptotic expansion of integrals

In this section we will look at techniques for finding estimates for certain types
of integrals containing a large (or small) parameter. Chapters 4-7 of Bleistein &
Handelsman are essential reading for those who need to use these ideas for their
research.

We will study

e Use of Mellin transforms.
e Laplace’s method

e Steepest descent method.

10.1 Asymptotic expansion of integrals using the
Mellin transform technique

Consider

H(f(z);\] = /000 h(\x) f(x) dz, (10.1.1)

where we will assume that A\ is real and we will investigate the behaviour of
H[f(z); A] limit as A — oo.

Example
If for example, h(z) = e~* then ((10.1.1]) is the Laplace transform of f(z).

Suppose that f(z) and h(z) have Mellin transforms which are analytic in the
strip v < R(s) < B and 7 < R(s) < 0. If we make use of Parseval’s formula, see

section we obtain

/000 o) () de =~ [ A sIMf 1 8] ds. (10.1.2)

271

c—100

157
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since

MIh(Ax); s] = /000 2* h(A\r) dx

=\ /000 ¥ h(x) dz = N M [h(z); s].

Here we assume that there is a common strip of analyticity of M|h;s|, M[f,1— s
and the integral in ((10.1.2)) is taken along a line in this strip of analyticity. Next
apply Cauchy’s theorem and consider

}ﬁ AFG(2) dz

where G(z) = M[h; z]M[f;1—z], where C = Ly + Ly + L3+ L4 as shown in figure
10.1

L1 L3

<

L

Figure 10.1: Contour C for application of Cauchy’s theorem

Let

[j:/ A*G(z) dz.
L;

We can write "
I :/ =@ G(2 40 do,
and
R .
Iy = —/ A~@=) G — iYy) do,

where Y},Ys are large and positive. If G(z) is such that |G(z + iy)| — 0 as
ly| = oo in ¢ < z < R then the integrals I, I, tend to zero as Y; — oo and
Y5 — o0.
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Cauchy’s theorem together with the limit Y;, Y, — oo gives
1 c+ioo 1 (R+ic0)
— AN*G(z)dz = — A*G(2)dz — Z residues[A\"°G(s)].

211 211 -
R—ioo c<R(s)<R

c—100

If we assume that G(R + iy) is absolutely integrable then

R4-ioc0
/ A*G(2)dz

= ‘ / A~ EFG(R + iy) dy'

R—ioc0

< AR / G(R +iy)| dy = O(™).

Thus
H[f(z); A] =

/000 h(Ax)f(x)dz = — Z residues[A\"*G(s)] + O(A™F). (10.1.3)

c<R(s)<R

The sum of residues gives a finite asymptotic expansion for H|[f, \]. Note that
G(s) = MJh(x); sJM[f(x); 1 — s] and to be able to use ((10.1.3)) we need to be
able to analytically continue M[h(x); s] into the right-half plane, and M|[f(x); s]
into the left-half plane. In particular this requires knowedge of the behaviour of
f(z) as x — 0+, so that we can use the results on analytic continuation of Mellin
transforms discussed earlier.

Mathematical Methods

Video clip on a proof of the Riemann Lebesgue
Lemma. Click here to open video clip in ex-
ternal player.

Example Consider
/ e Mf(t)dt
0
so that h(t) = e
The Mellin transform of et is given by
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with R(s) > 0. Suppose F(s) the Mellin transform of f(z) is analytic in the
region o < R(s) <  and that as x — 04 we have

K(m

00 )
~ Zx“m Z by (log )™,
m=0

n=0

where R(a,,) is an increasing sequence in m, and K (m) are non-negative integers.
Then F(s) can be continued analytically into the left-half plane R(s) < a with
at worst pole singularities and local behaviour

=
2

U o (— 1))

(s + apy)"t

I
o

n

near s = —da,, see section [9.5
Hence F(1 — s) can be analytically continued into the region R(s) > 1 — «
with pole singularities and the singular part of F'(1 — s) has the behaviour

K(m)

-2 1 i
(s — @y, — 1)t

n=0

near s = a,, + 1. So the function
A PG(z2) =ATFH(R2)F1—2)=X2"T()F(1-=2)

has only residue contributions from the poles at z = a,, + 1 and using the earlier
result (assuming that the various properties are satisfied) we have

/000 e f(z)de = — Z residues| A\ *G/(s)] + O(A™ ). (10.1.4)

c<R(s)<R

Let R — oo and we obtain

o K(m)

/0 T f@)de ~ "> b ( d:n Zr(z)})zzmm.

m=0 n=0

Hence
e f(x) da ~

S—
3

Z)\ - ammenZ.

™ ey (X p
n_j)'(_ o8 ) (dznj (Z))zl-l-am.



10.1. ASYMPTOTIC EXPANSION OF INTEGRALS USING THE MELLIN TRANSFORM TECHNI(
Note that if b,,, = 0 for n > 1 ie
flx) ~ i box®™ as x — 0+
m=0
then we obtain Watson’s lemma

/ e f(z) da ~ Z Amh oD (1 + ay),

0 m=0

as A — oo.

Video clip on application of the Mellin trans-
form technique to estimate [ e * f(t)dt for
large A. Click here to open video clip in exter-
nal player.

If we put 7 = A+t then
—t

We have met the function Ei(x) already (in lecture 15) where we showed that
. B o (_1)711.71
Ei(z) = —logaz—’y—;w. (10.1.6)

Note that the integral

I(q)zq”/ooo—( 10 g

1+ qt)”

is the Generalised Stieltjes transform of the function f(t).
Let us see how we can estimate Ei(\) for \ large using the Stieltjes transform

given by ([10.1.5)).
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First put e = A~! and consider

I(e) = /0 e th(et) di

where h(t) = 1/(1+1t). Now the Mellin transforms of e~ and 1/(1+t) are given
by
Mle ™t sl =T(s), 0< R(s),

M| ;s =—, 0<R(s) <1

1+t sin s

Hence we have a common strip of analyticity 0 < R(s) < 1 for the function

¢ 1. 7l(1-s)
G(s)—./\/l[e ,]. S]M[]_——{—t78] —m
We can analytically continue the function G(s) into the right-half plane 0 < R(s).
Now I'(1 — s) has simple poles at 1 —s = —n, n = 0,—1,—-2,... and thus
the analytic continuation of G(s) has double poles at the positive integers s =
n, n=12....
Using our earlier results

=[5
0

Z Res[e _ml( l—s)]

0<R(s sin s
Next using the result
) — '(2) __ PeEY"
e e Y o Rl s s wuy g &
[1—yz+ ](—n1‘)"<1+z+ )(1+§+ )+ =+.00)
e L 3R]

for z small.
We can use this to work out the residue at the double poles for our function.
Consider
os) = L =) sogio L — 5)
sin s sin7s

and put s = n + § where n is a positive integer and ¢ is small. Thus

g(s) =
™ D O O B |
(1 —dlog(e) )( s |06 =1 (v 3)+ :
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—_1)nt1 1)n—1 n—1
(2—)1)!52 * ((n —)1 15 { 7= 2 5) +log(e }

Jj=1

)—l

=e "(=1)"

Hence the residue of the function g(s) at s = n is

Y

S [v - nz: % +loge

(n—1)! i

with the summation interpreted to be zero if n = 1. Hence

—n nfll
Iw—Zh [7—23+10ge

n=1 j=1

)

o) Y S et e S

_ —1 e 1 -1 . -
(v + log(e))e e°  +e¢ Z .y -

n=1 Toj=

If we substitute back for e7! = X and use (10.1.5) we find that
o0 n n 1
A A
APEI(A) ~ —A(y +log(A))e + A Z ~ g 7

Hence
Ei(\) ~ —(y+1log ) + e E — >y -

This agrees with the earlier result (10.1.6)) provided we use the identity

‘*ZZ Z

(For a proof of this last identity see the solutions to examples 6).

n+1 )\n

Example Consider

dt, (10.1.7)

where F'(t) is a smooth function which decays to zero exponentially as t — oo.
Also

o0

F(t):Zant” as t—0+.

n=0
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Video clip discussing estimation of Ei(\) for
A — 0 using Mellin Transforms. |Click here to
open video clip in external player.

We need to find the behaviour of I(Y') as Y — +oo. Integrals like this occur in
hydrodynamic stability theory. Consider

H(F;\) = / T PR dt

where

and o = 1. Hence
I(Y)=YH(F;Y).

Now

HIF: A = QLM / O N MIB(): SIMIF(£): 1 — ) ds,

—100

and the Mellin transform of h(t) is

0 ot __ o
0 0

1t

: ts_l 1ot ~ -2 - 1 s—1 jiot
= — (e —=1)| +i‘o —t" e dt,
0 o s—1

provided 0 < Re(s) < 1.

Note that M[h(t);s] can be analytically continued into 1 < R(s) and the
analytic continuation has a simple pole at s = 1.

Next consider the Mellin transform of F'(t). Given the behaviour of the func-
tion at oo this will be analytic in some strip 0 < R(s) < . The behaviour near
t — 0+, ie

[e.9]

F(t)~ ) ant"

n=0


http://helix.stream.manchester.ac.uk/flash/54365760_hi.mp4
http://helix.stream.manchester.ac.uk/flash/54365760_hi.mp4

10.1. ASYMPTOTIC EXPANSION OF INTEGRALS USING THE MELLIN TRANSFORM TECHNI

means that a
F(t):1l—g]l ~o ————
MIF(E): 1= 5]~ ~ s

near s=n-+1,n=0,1,... see lecture 16. Hence

HIF: 5] = 271” /C'wo/\‘sM[h(t);s]M[F(t);1—s] ds
=— Z Res(A* M (h(t); s)M[F(t); 1 — s]).
0<R(s

The function
G(s) = A M(h(t); ) MIF(1); 1 — s))
oA

has a double pole at s = 1 and simple poles at the positive integers s =n, n > 1.
The residue at s = 1 is given by

= 1im ¢ [o(s ~ DA F D) MIF(1):1 5]

s—1 ds

= —ago)\le'™ (— log(\) + 1+ % + F’(l))

+A e (1) lim di ((s = DM[F(t);1 — s]),

s—1 ds
where we have used

lim {(s — 1)MI[F(t);1 — s]} = —ao.

s—1

Hence
I(Y)=YH(Y)

~ —agoe™® {— log|[Y|+14+T'(1) + T} +oe T T+ O( ) asY — tooo,

~ —agi {— log [Y]+ 1+ I'(1) + ﬂ} il + 0(?) as Y — oo,

2
where o = sgn(Y), and
J = limi (s = 1HM[F(t);1—s]).

s—1 as

We see that
I(Y = 400) = I[(Y = —00) = F(0)7

since ag = F(0).
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Video clip on for above example. Click here to
open video clip in external player.



http://helix.stream.manchester.ac.uk/flash/90835865_hi.mp4
http://helix.stream.manchester.ac.uk/flash/90835865_hi.mp4
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10.2 Laplace’s Method

Laplace’s method is useful when trying to estimate integrals of the form

b
I\ = / e Wg(t) dt,

where a,b may be finite or infinite.

The following technique dates back to Laplace (1820). Observe that the peak
value of the function e P} occurs at the point t = ¢, where p(¢) is a minimum.
For large A the peak is concentrated in a neighbourhood of ¢ —t, see for example
Fig. where a plot of the function e~ sh®=1) is shown for varying M.

Figure 10.2: Plot of f(\,t) = e *shller. Observe peak is concentrated near
t=20.

In essence Laplace’s method is as follows: Suppose that ¢y = a and p'(a) >
0,¢(a) # 0. In the integral

b
10 = [ e g at,
we replace p(t), q(t) by local series expansions near ¢ = t;. Then
b
I(\) ~ / e—A(p(a)er’(a)(t—to))q(a) dt.
a

We replace the upper-limit by oo to obtain

() ~ g(a)e™r@ / o~ M—ap'(a) gy

a

Hence
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If instead t = t( is an interior point and p”(tg) > 0 then

b b
I(\) = / e Wq(t) dt ~ / “AMplto) 3" (W00 g () dt (10.2.1)

Since the peak is concentrated in the neighbourbood of ¢t — ¢y we may replace

the upper and lower limits in m 10.2.1) by £oo with neglible error. Then using
o0 fatQ

o e dt = \/7m/a for a > 0 we obtain,

T(0) ~ =) g (1) / T e gy = gty [ 2T
—00 )\P//(t())

These hand waving arguments work remarkably well and are proven more formally
below.
Theorem Suppose

1. p(t) > p(a) fort € (a,b) and the minimum of p(t) is only approached at

2. p'(t),q(t) are continuous in a neighbourhood of t = a except possibly at
t=a.

3. Ast — a+

)+ Y prlt— ) g(t) ~ > gt —a)
k=0 k=0

where p > 0, Re(cd) > 0,p0 # 0,q0 # 0. Also we assume that we can
differentiate p(t) to obtain

~ Z k4 1)pe( t—a)kjL“il.
k=0

4. fab e Pq(t) dt converges absolutely for large .
Then

b o
k
I(\) = / e MOg(t) dt ~ e~ ZF ( i 0> C:i(, )
a =0 % P

where v = p(t) — p(a) and
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Proof
Let v = p(t) — p(a) then

I\ = /b e Wq(t) dt

where f(v) = q(t)/p'(t). Hence

o0

I(\) = e P@ / e M f(v) dv — e / e f(v) dv. (10.2.2)
0 p(b)—p(a)

The contribution from the last integral in ((10.2.2)) can be shown to be negligble.
If we use Watson’s lemma for the other integral noting that as ¢t — a+, v — 0
and

k+o—p

f(v) ~ Z apv  ~
k=0

This gives
I(\) ~ e_)‘p(“)/ e g0 do
0 k=0
)Y / N gy,
k=00
Hence
- k 1
I(\) ~ e @ ZakF ( + U) T
Example

Consider the modified Bessel function of the second kind
K,(\) = / et eogh(vt) dt
0

and we need the behaviour for large .
Here p(t) = cosht has a minimum value of 1 at ¢ = 0. Hence put

v =-cosht —1

For small ¢
2
ST

=5 +.... (10.2.3)
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We can 1nvert this to find ¢ as a function of v for v small and the leading term is
t= (21}) This suggests that for small v we may write,

:(21))%+clv+021}%+....

Thus substituting into ((10.2.3|) we find
2t

254‘44—

= 2[(20)% + v + cu? + ... P + i'[(%) +. ]+

l\Dll—

2 1
:v+v301\/§+v2[¢§@+51+8]+....

Comparing like powers of v on both sides implies that
C1 = 0, Cy) = ———

Hence

V2

K,(\) = / e M eosh(vt) dt = e’\/ e —[1+ —t*+...]dv
0 0 dv 2

vE A+ S+

%(f2—4—1ﬂ)+...1dv.

—(2v) +...]dv,

(o]
—6_)\/ e_’\”[ VouTe —
0

> 2
:e—,\/ e—Av[\/_ -3
0

\/_
5 +v

This gives
Y T 1 9 1
= —_— 1 f— R
K,(\) =e 2/\{ + —(v 4)

as A — oo.
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Example- Stirling’s formula for large x. We will show how Laplace’s method
can be used to estimate the Gamma function I'(\) for large values of the argu-
ment. Consider

L(A+1) = AT(\) = / e Yyt dy. (10.2.4)
0
Hence | e
L'\ = —/ e Yyt dy.
A Jo
Now

efyy/\ — €7y+)\ logy’

and the function r(y) = —y + Alogy has a minimum at y = A. It is better to
work with a fixed point rather than one depending on A. So put y = At. Then

substituting into (10.2.4) gives
1

I\ = 3 /0 e MAMANdt,

_ )\)\ /OO ef)\(tflogt) dt.
0

Consider -
I\ = / e AT loeT) g
0

Now P(T) = T — logT has a minimum value of 1 at 7" =1 for 7" > 0. If we
are interesed in just the dominant term for I'(x) we can replace P(T") by a local
expansion in the vicinity of 7' = 1 and work with that. Below we show how more
terms can generated. First we write

1 0o
1= [ [T ermar 1023
0 1

and estimate the two integrals separately.
Consider

1
I = / e MO T, (10.2.6)
0

Put t =1—T in (10.2.6) so that the minimum occurs at £ = 0 and then
1
I = / e AI=tlos(1=0) gt (10.2.7)
0

Next let
v=1—t—log(l—t)—1=—t—log(l—1).

For small ¢ we have
2 ¢
U—E—f-g—f—z—l—....
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This suggests that for small v

+clv+czv%+....

N

t=(20)

Hence

1., . 1., . 1
= 5l(20)? e+t +. 2 @) +ew+ P (@) 4. T4
1
= 5[21} + 2v20010 + 2V 20507 + v’ + ..

1
+§[(21})% + 3(2v)(c1v + CQ'U%) T e S

N)\CN

[\/_cl—l—&]—i—v 2[\/2e, + 2 ; +201+1]+

3
Equating like powers of v on both sides gives ¢; = —% and
c 4 2 1
200=—(142c;+2)=—(1—-+2)==
V2o =—(1+20+5)=-(1-3+7) =

Thus ¢y = ‘1/—85 and we have

w\w

= (21})% — \/_8_

OOII\D

This gives
dt 1 1 2

- = _fU
dv /2 6\/_
as v — 04 . With the substitution v = —t — log(1 — t) the integral (10.2.5))

becomes =~ @
I =e? / — dv.
0 dv

Using Watson’s lemma means replacmg by the expansion for small v to get

o 1 1 2
Ii(A Ne_A/ e {—v_———l——v +. ]dv,
1() \/5 6\/_

e {\/2: \/?1%2 . } (10.2.8)

We still need to consider the second of the integrals in (10.2.5)), ie,

I, = /oo o MNT=logT) g _ =X /oo e~ Mt=log(1+8)) 1 (10.2.9)
1 0
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Here p(t) = t —log(1+t¢) has a minimum value of 0 at t = 0.Put v = t—log(1+1).

As t — 0+ we have
2t
U—§—§+Z+....

Inverting this for small v suggests that
= (21})%—%01@—1—02@%—#....
Thus

1 1 1
:5[(2@)%+clv—l—02v%—I—...]2—g[(Qv)%—l—clv+...]3+1[(2v)2+...]+...,

1
= =20 + 2V 2vciv + 2V 22}02@% + A%+
B 1

1
—g[(%)% +3(20) (v + ev?) .+ 0+

2

22 c
:v—l—vg[\/icl—T\/_]—i—UQ[\/icQ—l—El—201+1]+....

Hence ¢; = % and

c? 4 2 1
2e0=—(1-2c,+2)=—(1—-+2)==
\/_62 ( C1 + 5 ) ( 3 + 9) 9
Thus ¢y = ‘1/; and we have
2 2
(21})% + gv—l— 1£vg +..

This gives
dt 1 1 2 1

_— = v o2 —|—

dv /2 3 6V2
as v — 0 + . With the substitution v =t — log(1 + t) the integral (10.2.9) for I,
becomes

_ e {[ \ﬁum . } (10.2.10)

Combining the two expressions (]10.2.8|),(|10.2.10D for I1 and I, shows that

L) = MWL) + (V)
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and using the derived asymptotic expansions for the two integrals gives

21 1
T\ ~ Me ™M/ =— 1+ —+...
(A~ X%e A[+12/\+ }

as A — 00.
This is Stirling’s formula for the Gamma function for large values of the
argument.

10.3 Method of stationary phase

In place of Laplace type integrals of the form (9.2.2)) suppose we consider integrals
of the form

I(\) = /b e g(t) dt (10.3.1)

and we require the behaviour of I(\) for large A. A special case of these are
Fourier transforms with a,b replaced by oo and p(t) = t. For integrals of the
form there is a famous result known as the Riemann-Lebesgue lemma which
states that I(\) — 0 as A — oo provided |¢(t)| is integrable in the interval [a, 0]
and that p(t) is continuously differentiable for a < ¢ < b and not constant on any
subinterval in a < ¢ < b.

If p/(t) is non-zero in a < t < b then we can use integration by parts and show
that I(A\) = O(1/)X) as A — oo. The more interesting case is when p/(t) is zero in
a<t<hb.

Observe that for large A the integrand in oscillates and contributions
cancel out except near end points and near stationary points of p(t). The be-
haviour of the integral can be estimated by looking at the local behaviour of the
functions p(t), ¢(t) near end points and near the stationary points of p(t), as we
did with Laplace’s method. The basic idea of the method of stationary phase
is as follows. Suppose that p(¢) has a single stationary point for at ¢ = ¢, in
a <t < band we can write

p(t) = plto) + 52" (1)t — 10 + -, alt) = alto) + ..

Then we can approximate I(\) as

]’()\) ~ /OO ei/\(p(to)Jr%(tfto)QP”(to))q<t0) dt ~ ei/\p(to)q<t0) /OO ei)\w']ﬂ dT,

o0 —00

2 T -
I(\) ~ ,/Tﬂerw(twq(to),

and so
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/_OO eNT? 4T = \/?eif.

The above can be generalised to deal with other behaviours and to obtain
higher order behaviour as follows. Suppose that p(t) has a single stationary
point t =t in t € [a,b]. We can write

where we have used

to b
I(\) = / e Mg (t) dt + / e W (t) dt. (10.3.2)

to

Assume that near t = ty+ we have
p(t) = p(to) +a(t—to)” +o((t—t0)"), q(t) = B(t—to)* ' +o((t—ts)"), (10.3.3)
where v > 0,0 > 0, and that the expression for p(t) is differentiable, ie
pt) ~av(t—t)" ' as t—to+.

Consider ,
]1()\):/ e (t) dt.
to

If we make the substitution

v = s5(p(t) — p(t)) (10.3.4)
where s = sgn(«) then
, [p(b)—p(to)l
L()) = ewlto) / ¢ P (1) du (10.3.5)
0
where
(v) sq(t)
P'(t)

Note that from ((10.3.3)), (10.3.4) as t — to+

1
/(] v
t—tON m .

Thus using the behaviour of ¢(t) given in ([10.3.3]) we have

F(v) ~ sBE—to)" B (i) %_1'

av(t —to)»~1  av \|qf

If F(v) is well behaved for large v then using the above we can approxmiate Iy
by

' [p(b)—p(to)l
Li(\) = e”\p(t‘))/ eV F(v) dv
0
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~ ei)\p(to)/ ei)‘S“F(v) dv.
0

We can extract the leading order behavior of I; by replacing F'(v) with the local
behaviour near v — 0+. Thus

0o 6 21
Ii(\) ~ se”p(t‘))/ e (i> dv
0 av \ |l

[
~ eikp(to)ﬁ i F<;)

us
e’ 2

gs_ " w)
av |a|%’1)\%’

where we have used the result
/ ei)\ottsfl dt = >\7562'US7T/2F(S>
0

for A > 0 and 0 = £1. Hence

(10.3.6)

Similarly for
to
L(\) = / e Wq(t) dt
suppose that as t — to—
p(t) ~ p(to) +(to — 1) +o((t —to) ),  q(t) ~ p(to — )" + o((t — to)7),

where € > 0,0 > 0. Then

. U
I(A) ~~ e“pﬁo)ﬁ’ezazs%, (10.3.7)
€ (1712

o

where S = sgn(7y).
The dominant contribution to [ is given by adding the estimates ((10.3.6]),

(110.3.7)) for I; and I to get

) g
I(}\) ~ ei)\P(to)éeig%sL;)é ei)\p(to)gei%%s F(E)g '
v (leefA) v € (Iv[A)

Near an end point one can adapt the above analysis as appropriate. The
above ideas can be treated more formally, see, for example, chapter 6 of Olver.

Example Consider the Bessel function of order n where n is real

1 ™
Jn(A) = —/0 cos(nt — Asint) dt.

™
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We can write this as

Jn()\) — léR |:/ eint—i)\sint dt:| )
0

™

Here p(t) = sint has a single stationary point at t = 7 for ¢ € [0, 7]. First let
t =5 + T and then

0 5 ‘
Jn(A):/ +/0 (et emideosT) g, (10.3.8)

s
2

Consider
s

0
LT . . 2 . .
]1 _/ ezn(2+T)€ ixcosT dT = ean/ e mTe iAcosT dT.
0

Wl

Put

T2
u:—cosT—i-lN?—i-O(T‘l) as T — 0.

Inverting gives

ol

T=Q2u?2+... as u—0+.

Thus /2
I ~ems / M1 4 )(ZU)_% du,
0

P 1 o0 . 1 T (s e
I ~ e My T2 du = MR [ —. (10.3.9)
V2 /0 2)

Next consider

™

IZ — /2 ein(%JrT)efi)\cosT dT.
0

Put
T2
u:—cosT—|—1~7 as T — 0+.

Thus )

T=(2u)?> as u—0+.
Hence

[T/ 4 )

Iy ~e™2 / (14 ...)e?u=D(2y) 72 du,
0
-~ e«mg—»\/ 6“‘“(210_% du.
0

Thus

i\ s m

I ~ M2 Rt oy (10.3.10)
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Hence finally using ((10.3.8]), (10.3.9), (10.3.10) we obtain

1 T T
() ~ — [261"2%4 S+ }

2 T nm
—\/acos(z%—?—)\) as A\ — oc.
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10.4 Method of steepest descent

This technique first developed by Riemann| (1892)) and is extremely useful for
handling integrals of the form

I(\) = /CeAp(z)q(z) dz

where C is a contour in the complex plane and p(z), ¢(z) are analytic functions,
and X is taken to be real.(If \ is complex ie A = |A|e’® we can absorb the expo-
nential factor into p(z).) We require the behaviour of I(\) as A — oo.

The basic idea of the method of steepest descent (or sometimes referred to
as the saddle-point method), is that we apply Cauchy’s theorem to deform the
contour C to contours coinciding with the path of steepest descent. Usually these
contours pass through points z = z; where p'(z9) = 0. As we will see on the
steepest descent contours, I(p(z)) is constant and so we are left with integrals of
the type which can be handled using Watson’s lemma.

Let p(z) = u(x,y) + iv(x,y) be an analytic function of the complex variable
z = x + 1y in some domain D. Notice that for any path of integration the

exponential function

Ap(z) Au(z,y) ei)\v(m,y)

€ =€

may have a maximum modulus at some point z = 2y on the path. Ideally we
would like to choose a path near a point z = z; such that u attains a peak and
decreases away from z = z5. But the imaginary part v(z,y) will in general also
change and the exponential factor eV will oscillate rapidly near z,.

This suggests that a suitable path is one where v(x,y) is nearly constant as
we move away from z = zy5. Also by the maximum modulus theorem u, v cannot
attain maximum or minimum values in a domain if p(z) is analytic, only on the
boundary of the region. Thus the point z = z5 must coincide with a saddle point
where p'(z9) = 0.

The method of steepest descent is thus also called the saddle point method.
If we consider the surface

U(LE, y) = u(x()’ yO)
passing through some point z = 2z of D then note that Vul|,, defines the direction
of steepest ascent from the point z = 2y and —Vul,, the direction of steepest

descent.
Now consider the surface

v(z,y) = v(z0, Yo)-

We have that Vv = (v,,v,) is in a direction normal to the surface. But using the
Cauchy-Riemann equations v, = —u,, vy = Ug.
Thus
Vv = (vg,0y) = (—Uy, Uy).
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Hence a direction tangential to the surface is given by
(—vy, V3) = (Ug, uy) = V.
Thus tangents to the surface
v(@,y) = v(zo, Yo)

lie in the direction of steepest ascent/descent through z; and the lines of constant
u and constant v intersect at right angles in the regions of analyticity of the
functions.

Figure 10.3: Typical steepest ascent/descent curves shown by solid /dashed lines
near a simple saddle point z = 2z

Observe also that for any change p
op = du + idv

and so
|du| < |dp|

and |du| is a maximum at z = 2o only when dv = 0, ie when v(z,y) = v(zo, yo)-

Definition We define z = zy to be a saddle point of order N — 1 if

P (20), - - .p(Nfl)(zo) =0, p(N)(zo) £ 0.

A saddle point or order 1 is a simple saddle point.
Near z = zy we have
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Putting ' '
z=z+pe’, p™M(z) = ae™
we have .
p ael «
p(e) = plan) ~

Thus the curves of steepest ascent/descent through z = 2 are given locally by
S(p(z) —p(20)) =0 = sin(N0+a) =0,
giving N0 4+ o = km, where k is an integer. In this case
N
p(2) — p(20) = ulz,y) — u(zo, Yo) ~ M cos(NO + o).
Thus the curves of steepest descent are given by

« ™
0=——+@2k+1)— k=01,2,....,N—1
N+( + >N P B ? 7

since cos(N6 + «) is then negative and u(z,y) < u(xg,yo) as we move away from
zZ = 20.
The curves of steepest ascent are given by

« ™
0=——+4+2k— £k=0,1,2,....N—1
N+ N ) Ly 4y ) )

since cos(N6 + «) is then positive and u(z,y) > u(xg, yo) as we move away from
Z = 2.

Example Consider p(z) = z — § Now p/(2) = 1 — 2% and so the critical points
where p/(z) = 0 are given by z = +1. Also p”(z) = —2z and thus p’(1) = =2 =
2¢™ and p"(—1) = 2.

Near z = 1 the directions of steepest descent are given by the directions
0=—-5+@2k+1)5, k=0,1ied=0,7.

Near z = —1 the directions of steepest descent are given by the directions
=1, 3",

272

Consider the point z = 1. The steepest descent/ascent curves satisfy

v(z,y) = 3(z — %3) =y(l—a2*+ y;) =v(1,0) =0.

There are two curves of steepest ascent/descent passing through zy = 1. These
arey =0 and 1 — 22 + % = 0. Clearly y = 0 is the steepest descent curve, see

Fig. [10.4]
Next consider the point z = —1. Here the steepest descent/ascent curves

satisfy
2
v(w,y) =yl -+ %) = o(=1,0) =0,
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Figure 10.4: Plots of the surface and contour levels for u(z,y) = Re(z — 23/3) =
u(1,0). The steepest descent path is given by y = 0.

Video clip on introduction to the steepest de-
scent method. Click here to open video clip in
external player.

This time the curve 1 — 22 + % = 0 is the curve of steepest descent emanating
from z = —1.

Example
Consider p(z) = coshz — % Here

p'(z) =sinhz — 2, p"(2) = coshz — 1, p"(z) = sinhz.
Thus z = 0 is a saddle point of order 4 and
p////(O) — ]‘7

and the directions of steepest descent are § = (2k +1)%, &k =0,1,2,3. A plot
of the surface u(z,y) = R(p(z)) — 1 is shown in Fig. [10.5]

10.4.1 Method of steepest descent- key steps

The key steps in using the method of steepest descent are:

e Identify the saddle points, singular points and endpoints likely to contribute
to an estimate for the integral.


http://helix.stream.manchester.ac.uk/flash/83436759_hi.mp4
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10.4. METHOD OF STEEPEST DESCENT 183

Figure 10.5: A plot of the surface u(x,y) = R(p(z)) — 1.

e Determine path of steepest descent. It may be the case that there is no
continuous path joining the endpoints and one needs two or more steepest
descent paths.

e Deform contour making use of Cauchy’s theorem.
e Evaluate integral making use of Watson’s lemma as appropriate.

The books by (Bender & Orszag, 1999, chap.6), and (Bleistein & Handelsman),
1975, chap. 7) contain many examples which should be studied in detail.
The first example below is taken from Bender and Orszag.

Example
Consider

1
I(\) = / e logt dt.
0

Here
p(z) =iz =1ix —y.

There are no saddle points. The steepest descent/ascent paths are given by
S(p(2)) = © = constant.

Since u(z,y) = R(p(z)) = —y, for y > 0 the curves © = constant are steepest
descent paths.

Also note that there is no continuous steepest descent path passing through
the two endpoints of the integral x =0 and x = 1.

This motivates the choice of the contour C; + Cy + C5 that we deform the
original path of integration, see Fig. [10.60 We take a branch cut along the
negative real axis for log(z).
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Yy
Cy
i <
Cs
\ 4 A o,
> 1 T

Figure 10.6: Deformed contour for integral fol log tet dt.

Using Cauchy’s theorem we can write

1
/ log(t)e™ dt = — / e log z dz.
0 C1+C2+Cs

For (5 put 2 = x + iR and then
1 . .
/ = —/ log(z 4 iR)e= R gy
Ca 0

1
] ] < eR’\/ |log(z +iR)| dx
Co 0

and we see that

and thus goes to zero as R — oo.
For C; put z =1+ 1y then

R R
/ = z/ log(1 + iy)e? 1+ dy = z'e“/ log(1 + iy)e ¥  dy.
i 0 0

For C3 put z = 7y then

R
/ :—z'/ log(iy)e ™ dy.
Cs 0

Letting R — oo we find that

I(\) = Z/ e log(iy) dy — ie”‘/ log(1 + iy)e ™ dy.
0 0
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Now - - ,
2'/ e log(iy) dy = 2/ e (logy + %) dy
0 0

1

gy | " (log(y) — log(X)e~" dy,

™ ilog\ iy

2 A
where 7y is the Fuler constant and we have used the result that

—y = / log ye ™ dy.
0
Next applying Watson’s lemma to the integral
I, = iei’\/ log(1 + iy) ™ dy
0
gives

I, ~ i - —1 nflw =My g
1 e /0 Z( ) n € Y,

n+1
i —)" M (n+1)
Iy ~e Z RS CEE] i

Hence putting it all together

1 . n n+1
B it 1log A 2w+7r oA ['(n)
) = /0 log(£)e dt ~ — 1% §: Wl |

Video clip on use of steepest descent method
for fol log(t)e™ dt. Click here to open video clip
in external player.

Example
Consider the integral

1
1 ctico  A(at—t2)
I = — / £
27, t

—100
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where a, ¢ are positive constants and we take a branch cut along the negative real
axis.

We require the behaviour of I(\) as A — oo. Here

p(t) =at —t2, pPt)=a— %t—i, pt) = it‘?
There is a simple saddle point given by p'(t) = 0 ie at t = to = 1/(4a?).
Note that p”(ty) = 2a* and so the steepest descent paths have directions
0 = 7/2,37/2 emanating from the ¢t = t.
By Cauchy’s theorem we can deform the path of integration to pass through
the saddle point as shown in the Fig. [10.7

Y
SD

L

to
\

/

Figure 10.7: Original path L is deformed to the steepest descent path SD passing
through the saddle point ¢ = to = 1/(4a?).

Thus to obtain the leading order estimate for the integral, we can approximate
the SD path by a straight line in the direction of steepest descent, ie put ¢t =
471@ + 4T and note that

1 1 2&3
t—tz2=—— — —_T?
a4 4a 2 T
and
1 1 +
_ = a
t

Thus the integral becomes

1 )\(at—t%)
I(\) = 2—/ £ dt,
T JsD t

1 e A 32
~ 5 e dae T % dT.
%)

—0o0
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2 e
I(\) ~ e 2 / AT = 2, [ e,
T Jooo A

To obtain more terms one needs to work harder.
First note that the steepest descent paths satisfy

Hence

) 1
) =plt) = at—1t2 =——,
plt) = plts) = a -
and so the imaginary part of p(t) is zero along these paths. Hence if we put
1
W =at—t2 + —
4a

where W is real and positive, (because we have a SD path) we find that
11
at—t2+ —4+W =0
4a

giving

1 11\ 2
1+ [1—4a(4 +W)]5 1+2a2W2
2a 2a

The =+ signs here indicate the two steepest directions emanating from t = ¢, see
Fig. and by expanding for small W we see that + sign corresponds to the
7/2 direction and the — sign the 37/2 direction. We can write

Y

* L
\ to
b
/ x
A
/ D_

Figure 10.8: The steepest descent paths D, and D_ emanating from ¢ = 1/4a?.

“am (L)

dt !
W o(1+o02iva W)2a

Now
W,

W
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where 0 = 1 for D, and 0 = —1 for D_.

Also
= 4a*(1 + 2icVaW) 2

To use Watson’s lemma we need the expansion of 1;—;, as W — 0+. Using the

above expression gives

1Ldt 4

11 N S R
CaW " 9t (oW ™2 + 2iaz)(1 + 2ica2Wz) 2

~ Qia%[aW_% — 2ia? — 4acW2 + 8ia? W + 16a’0W?2 + .. e
Here we have used the fact that ¢? = 1. Thus

1 1 A
I()\) ~ —2a2ie 1
(N i azie 4[

oo

e MW(W™3 = 2ia? — 4aW? + 8ia? W + 16a>°W?2 +...) dW

J
I

i W (W2 4 a2 — 4aW: — 8ia2 W + 16a*W 2 +...)dW] ,
Hence N ) 3 5
A 1—\ 1 1" 2 2
I(A) ~ 203" [ S T <?>+.--},
T Az A2 2
a A 20 12a
/\12 —e 4a 1__
\ 7T>\e ' [ A A? ] ’
as A — 00.

Example Consider

00 LIA(t+t7/3)

Now
p(t) =it +13/3), p(t)=i(1+t), p"(t)=2it.

Hence we have simple saddle points at ¢ = 47 and
p(£i) = F2/3, p'(£i) = F2.

Thus the directions of steepest descent from ¢t = ¢ are 6 = 0, 7 and the directions
of steepest descent from t = —i are § = 7/2,37/2.
Next note that if we set ¢t = Re® then for large R and \ > 0,

N3 0 ( 6—% sin(39))
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and this decays provided the sin(3¢) term is positive. So if we displace the contour
in the upper-half plane the contour should begin and end in the sectors

2n/3<p<m, and 0<¢<m/3.
The steepest descent/ascent paths satisfy
S(p(t)) = S(p(£i)) =0

giving with ¢t = z + 1y,

1 2
Si(x + iy + g(x3 + 3iz?y — 3wy® — i) = x(1 + % — ).
So the steepest descent paths emanating from ¢t = ¢ are 1 + ””—32 —y? =0 and from
t = —1arexz = 0.
2
Note also that if y> = (4~ — 1) then for large = we have y ~ i\/iga:. A sketch
of the path is given in fig. [I0.9] The above analysis suggests that we can deform

@ (b)

Y
1 )
Cs %\j//}‘\ﬁ
— Ly x

Figure 10.9: (a) Steepest descent path through ¢ = ¢ (b) Contours for application
of Cauchy’s theorem.

the original contour in (10.4.1)) to the upper-half plane on to the steepest decsent
path through t = i, see fig. Applying Cauchy”s theorem we obtain

ez‘)\(t+t3/3)
/ 2—dt=27riRes[t:i/\/§],
LitC+Cares 20+ 1

since the integrand has a simple pole at ¢t = i/v/2. The integrals along C}, Cj
goes to zero for large R and so

cIA(t+t2/3) A+ /3) , ei/\(%_aﬁ)
/ —dt:/ T S G L)
L 22 +1 o, 2241
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For the integral along the steepest descent path we can put (for the leading order
contribution only) ¢t =i + T to obtain

0 A(=3-T7) V2 s
)~ 2 ar Vi
) /_ E R R

[e.9]

2 _ s
~ —\/§6_2>\/3 + gwe 65\?5.

atical Methods

Video clip on use of the steepest descent

i 3 .
method for ffooo %_:1/3) dt. Click here to open

video clip in external player.
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Chapter 11

Introduction to Wiener-Hopf
method

11.1 Conformal mapping

There are many problems in physical applied mathematics, eg, fluid mechanics,
electrostatics, elasticity theory, heat conduction etc, which require the solution
of Laplace’s equation
Vi =0,
in some domain D with suitable boundary conditions.
Note that if P(z) = ¢(z,y) + ib(y) is an analytic function of the complex
variable z = x + iy then from the Cauchy Riemann equations

(bx = Z/}ya ¢y = —%

we obtain
V2¢ - wzy - wyx =0
and similarly

V) = 0.

Thus the problem of solving Laplace’s equation can be reduced to finding an
analytic function which satisfies certain boundary conditions.

In general if the domain D is complicated then this might have to done nu-
merically. However by using a suitable mapping function w = f(z) the problem
can be simplified if the domain can be transformed to the upper-half plane or the
unit disk say. This is where conformal mapping is extremely useful
DefinitionA mapping is conformal if it preserves the angle between two differ-
entiable arcs. A mapping defined by analytic functions is conformal.

Proof Let ', Cs be two differentiable arcs which meet at the point P with z = 2,
say, and the point A with location z; is a point along C; and the point B with

191
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location z a point along C, see figure [11.1} We will take the point A and B to
be the same distance r from P (this is ok if r is small). Then

27— 2= rewl, 29 — 29 = T€%2
and
2= %0 _ oi(02—01)
Z1 — 20
Thus the angle between PA and PB is given by

92—91:arg22_zo

Z1 — 20 ’
The angle a between the two arcs at P is given by the limit

22 — 20

o = lim )
r—0 Z]_ — ZO

Suppose that wy, wy, ws are the images of the curves when subject to the mapping
w = f(z) and

wy = f(z2), wi=f(z1), wo= [f(20)
The points P, A, B map to P’, A’, B respectively. The angle 8 between P’A" and
P'B’ is given by

B—arng_wo—a fz Jo
w1 — Wy f1 fo
fo—fo
= arg 29—20 22 — X0
- fi=fo o, _ )
Zi —0 1T A

Taking the limit as » — 0 and noting that
lim Ja— fo _ df (o) — lim f1 Jo

r—0 21 — 2o dz r—0 21 — ZO

we find that
provided f’(z) # 0.

z—plane w—plane

Figure 11.1
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11.1.1 Conformal mapping - critical points

Suppose next that

F(z0) = f"(0) = ... [ V() =0, f"(z0) #0,

and that
f)=an(z—20)"+... as z— z.

Then
1 f(z2) = f(20) _ . -2\ | _
o= tigfors S 20 = e (222) = e

Thus for critical points angles are magnified n times in the mapped plane.

Example Consider w = z2. Here if w = u +iv, 2z =2+ iy

u=a*—y* v=2xy.
Thus OA where y = x maps to O’A’ where u = 0,v = 222, see figure [11.2
Similarly OB where y = —x maps to O'B’ with v = 0,v = —222. Finally on AB

we have y = 1, and so u + 1 = v?/4. Note that w'(z) = 2z is zero when z = 0.

z—plane w—plane

/ C
O \\o

B/

Figure 11.2: The triangle OAB mapped to the w—plane with the mapping w =

22.

Maps preserve the connectivity of a domain. Thus the map w = f(z) of a
simply connected domain maps to a simply connected domain in the w plane.
[Proof not given].

11.1.2 Schwartz-Christoffel formula

Riemann Mapping Theorem Let D be a simply connected domain in the z
plane and which is not the entire z—plane. There there exists a univalent function
f(z) such that w = f(z) maps D onto the disk |w| < 1. [A function f(z) is
univalent means that f(z) takes no more than one value in D.]
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Proof For a proof of the Riemann mapping theorem see the book by ?. [The
proof does not give a recipe for calculating such a function|.

One important point which arises when proving this theorem is that for any
univalent mappings, only three points can be prescribed arbitrarily on the bound-
aries of two domain. This formula allows for the mapping of the interior of a
polygon onto the upper-half plane. [The exterior of the polygon could also be
mapped in the same way.|

Consider first the points AOC mapped to A’/O’C" in the w plane, see figure
113

—plan
#—planc w—plane

C

Figure 11.3: OAC mapped to O'A’C’ with mapping w = 2™/,

Write w = 2P and then
arg(w) = parg(2).

On OA we have arg(z) = 0 and therefore on O’A’, arg(w) = 0.
On OC, arg(z) = a. On O'C’ we have arg(w) = pa. So choose p such that
pa = 7. Thus

w=za
straightens out the lines ABC in the w plane.
Schwartz-Christoffel Transformation Let C be the piecewise linear boundary
of a polygon in the z plane having vertices z1, 2, . . ., z, and let the interior angles
of the successive vertices be aym, aam, . .. a,m, in anti-clockwise order.

The mapping

dZ n—1
T = Tz (w — ax)
maps the polygon in the z plane into a straight line in the w plane.

The vertices of the polygon Ay, As, ..., A, are mapped to the points ay,as, . . .ay,
on the real axis. Note that Y ;" | a; = n—2, and we take branch cuts in the lower
half-plane.

Proof A formal proof is not given here and may be found in 7. We will just
make a few observations.

ap—1
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z—plane
w—plane
A
Ay /
o
%ﬂ
A3 Q3T
Ay a as as a4
A Ay Ay A

Figure 11.4: Vertices of a polygonA;, A,, ..., A,, are mapped to points locations
ai,as, ..., a, on the real axis.

Consider first the line segment and consider the section between a;_; and ay,

figure Now

arg(2) = arg(7) + (on — 1) avg(w — ) + - + (0 — 1) argw — a).

As w moves from ay_; towards a;, arg(w) the change in the argument of arg(dz/dw)
in crossing the point a, is given by
dZ 2+ ap+
larg ()" = (e — Darg(w — ax)]o, " = (o = 1[0 — 7] = 7(1 — ay).
This is the same as the turning angle as we move from the segment of the polygon
to the left of the vertex at A, crossing Ay.

The SC formula holds also when one of the points maps to a point at infinity.
Put

1
W = an — =,
¢
which transforms the point w = a,, to { = co. Now
dz  ,dz a1 Lo, 11, Lian—1
dw—( dc—’y(an ay C) o (ap—1 —ay C) ( C) :
Thus

d
e =M@ ()

where 4 is a complex constant, a; = 1/(a,—ay) and we have used that > 7, (a,—
1) = —2. This is essentially the same formula as before but with the point a,
which maps to ( = oo removed.
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Example Consider mapping the semi-infinite strip —1 < £(z) <1, $(2) >0
into the upper half-plane.

z—plane w—plane

az ap

Figure 11.5: Domain in z— and w—planes.

The point A with z = 1 maps to A’, w =1 and B with a; = —1 to B’ with
as = —1. Here ay = ap = 1/2. Thus

dz 1 1 1
g Dz L w =127t = A4(1 — w?) 2.
E =+ 1w - DF =41 - )
Hence
z = A———Fdw =4sin” w+c.
(1= w)}
Putting in the values z = 1,w =1, and z = —1,w = —1 gives
T s
1+9= —1=-9=-+c
+72+c, 72+c
Hence 5
c=0, y=-—
T
and
2 .
z=—sin" " w
T
or .
U):SIH(7)

Example In a heat conduction problem we need to solve
V0 =0
with the boundary conditions

=Ty z=-1, ®&=2T,, z=1,
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d=0, y=0, —-l<z<l.

If we use the mapping w = sin(%?) then in the transformed domain we require
an analytic function ®, say, which takes the value

o =27y, S(w) =0,R(w) > 1,
®=0, Qw)=0 -1<Rw)<l,
o =Ty Sw)=0 RNw)<-L

In view of the discontinuities in the boundary conditions, let us try

U+ i@ = Alog(w + 1) + Blog(w — 1) +iC,

and w = —1+ 7€, and w = 1 + rye?,
w—plane
w
w
1
9
) N
1 1
u
Figure 11.6: w = —1 + 7€ and w = 1 + rye'??
Then

U+ 1P = A(log(r1) + i61) + B(log(rs) + 162) + iC.
Taking A, B, C to be real, we obtain

® = A6, + B, + C.
Applying the conditions

91:0,6220, (I)IQT0:>C:2TO

Next
0120,02:71', CI):O,:C—FTFB:O
Finally
‘91:7T,02:7T,(I):T0 :>,T0:A7T+B7T+C.
Hence

T 2T
d =20, + -0, + 21T,
7T e
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Now let w = u + 7v and so
v

0y = tan~!

0, = tan* .
! an w41’ u—1

w4

But w = sin(%*) and so with z = 2 + iy we obtain

u= sin(7%x)cosh(7r—y)7 v = cos(%)sinh(?%y)7

giving

27,
_20 tan™*
™

11.1.3 Bilinear maps- Mobius transform
Consider the mapping function

b
w= f(z) :%, a,d,c,d €C, ad—bc#0.

This is somtimes referred to as a bilinear map, or a Mobius transform, or a
fractional linear transformation.
Special cases

e ¢ =0,d = 1. Linear map (points are translated and strectched.)
e a=d=0,c=b=1. Thus f(z) = 1/z - reciprocal map.
e If ad = bc for example f(z) = (6244)/(32+2) = 2 the map is not conformal.

Every Mobius map is conformal. Note that

ad — be

/
= — % #0.
() (cz +d)? 7
The inverse map is given by
dw —b
—1 _
fow) = —cw+a

Theorem Suppose f(z) is a bilinear map. Then the image of a straight line is
either a straight line or a circle. The image of a circle is either a straight line or
circle.

Proof We can write the map f(z) as a product of four maps

f=Ilafsha i
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where y ) 0 )

c—az)z a
fi=z+-, fo=-, f3:—27 fa=2+-.
c z c c

If c =0, then f = 2+ 5. Note that f1, f3, f4+ map lines to lines and circles to
circles. Consider fo = 1/z. If z =2 + 1y # 0 and w = f5(2) = u + v then

z Y

poanpw v = ey
Now the equation of a straight line or circle in the z—plane must satisfy
Az +By+C(2* +9*) =D
for constants A, B, C' not all zero. In terms of u, v this is equivalent to
Au — Bv — D(u® +v*) = —C,
which is also a line or a circle.

Theorema Given any two sets of distinct points zy, 29, 23 and wy, wy, w3 with

(21 # 29, 21 # 23, 29 # 23) and (wy # wy, wy # w3, wy # ws) then there
15 a unique bilinear map taking z; — w;, i =1,2,3 given by

wW — W1 W3 — Wa Z — Z1 23 — k9

W— Wy W3 — W, 2 — 2923 — 21

Proof For a proof see examples 7.

We can use this to map a circle to a straight line by its effect by choosing
where three points go.

A univalent, conformal map of the annulus p < |2| < 1 onto a < |w| < 1
is possible if and only if 4 = «. In fact from this results it follows that it is
possible to conformally map any doubly connected domain in the z—plane onto
a < Jw| < 1. a is known as the Riemann modulus. [For a proof, see ?].

For further information on conformal mappings one is referred to the book by
?, Conformal Mapping. For computational aspects see also a recent book by ?
Schwartz-Christoffel Mapping.

A use collection of well known maps is contained in 7, Dictionary of Conformal
Representations.

In the last few years there have significant developments with regard to con-
formal mappings for multiply connected domains with work by Elcrat and his
group, and also Darren Crowdy at Imperial. It is beyond the scope of this course
to discuss these new developments, but those interested should look at some of
their papers starting with 7.
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11.2 Riemann-Hilbert problems and the Wiener-
Hopf method

In this last lecture we will discuss the briefly solution of Riemann-Hilbert prob-
lems, and also the Wiener-Hopf method which is one particular example of a
Riemann-Hilbert problem.

In the scalar Riemann-Hilbert problem one is faced with the task of finding
two analytic functions ®*(z), ®~(z) defined inside and outside a closed contour
C of the complex plane such that

T (2) = G(t)® (2) = f(2), for z on C. (11.2.1)

A standard reference text for problems of this type is the book Singular In-
tegral Equations by Muskhelishvili (1953). A short readable account, includ-
ing recent applications is contained in (Ablowitz & S. 2003, chap. 7). For
Wiener-Hopf problems, the book Wiener-Hopf technique by |Noble (1958) is highly
recommened.

Riemann-Hilbert problems arise in numerous applications including wave scat-
tering problems, solution of integral equations, inverse-scattering theory and non-
linear waves, elasticity theory etc. In his thesis Riemann (1851)) posed the fol-
lowing problem, find U(z) satisfying

G(2)U(2) +g(2)U (2) = f(2) for z on D,

where g(2), f(z) are analytic on C and the overbar denotes complex conjugate,
and D is the boundary of a circle. Hilbert| (1904)) posed the RH problem described
earlier. The solution that we will discuss below is one due to Plemelj (1908)) and
Gakhov| (1938)). |Carleman (1922)) had also solved a Wiener-Hopf problem with
the same ideas.

Example Consider waves on a string with a density discontinuity. The governing
equations are

d*U
W—Fk%U:O, x <0,
d*U
WJrng:O, x>0,

with boundary conditions
U~ Ae ™% 3 5 —o0,

U~ Be™* 1 — .

We will take k; = Kq+ie, ky = Ko+1e where Ky, Ky, € are positive, and eventually
let € — 0.
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At the joint x = 0 we require
Ulx=04+)—-U(z=0-) =1, %(O—i-) — %(O—) = iky.

Let us define the functions

U(z), >0 _
+ _ ’ _
U(I)_{ 0, x<0”’ U(x)_{U(x), r<0
Next define Fourier Transforms
0

U (s) = /0 T Ut @)etdn, U (s) = / U= (2)e* da.

— 00

Note that U**(s) is analytic for §(s) > —e and U*~(s) is analytic for S(s) < e.
Next the Fourier transform of the differential equations shows that

0 d2 — )
/ (d—xUQ + ka) e dr = 0.

(k3 — s*)U* (s) + %(0—) —isU(0-) =0, S(s) > —e. (11.2.2)
Similarly,
(k3 — sHU*(s) — %(oﬂ +isU(0+) =0, S(s) <e. (11.2.3)

Note that both equations hold in a strip of analyticity —e < (s) < e. Adding
both equations and using the given conditions shows that

(ki — U + (k3 — s2) U = —i(s — k1),

or

@
&

strip of analyticity

R(s)

Figure 11.7: Strip of analyticity for the Wiener-Hopf equation.
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S =k ek () 4 U (5) = — 11.2.4
) U U = (11.2.4)
The equation is referred to as the Wiener-Hopf equation. It holds in the
strip of analyticity —e < S(s) < e, see figure [11.7]

For the Riemann-Hilbert problem, an equation like would hold on a
closed or open contour L say, separating the regions where the 4+ and — functions
are analytic.

We will first discuss the solution of a more general Wiener Hopf equation.
Consider the equation

G(s)U*(s) + U (s) = P(s), a<S(s)<p (11.2.5)

where the functions G(s), P(s) are known and have no zeros or poles in the strip
a < (s) < f and have algebraic behaviour at infinity.
We write

G(s) = G (5)G_(s)

where G_ is analytic and has no zeros for J(s) < g and G is analytic and has
no zeros for J(s) > a. We will also assume that G, G_ and (1/G), (1/G-) are
algebraic and bounded by a polynomial at infinity.

Note that the decomposition into the + functions is usually one of the hardest
steps. There are various techniques which one can use to attempt this. In the
example below this is done by inspection, but in general it is not as easy as this.

Hence from ((11.2.5))
U (s) _ P(s)
G Ut =
+(S> (S) + G (S) G_(S)
The right-hand side of (|11.2.6|) is known.
For the next step write

in a<S(s)<p. (11.2.6)

P(s)
G_(s)

— Qu(s)+ Q(s)

where ) is analytic and of algebraic growth for (s) > a and where @Q_ is
analytic and of algebraic growth for J(s) < f.
Thus from ((11.2.6))

GAOU™5) = Qul) =~ +Q-(6), (1127
and holds in the strip o < J(s) < S.
G ()0 (5) = Q) = — 22 g (). (11.23)
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The left-hand and right-hand sides of (11.2.8)) continue each other analytically to
define a function, say FE(s), which is analytic in the whole complex plane. We
can also use the assumed conditions to infer the behaviour for large |s|.

Suppose for example that the left-hand side of is O(|s|™) and the
right-hand-side (O(|s]"?) as |s| — oo.

Let n = max([7], [y2]) where [] denotes the integer part. Then by an extended
version of Liouville’s theorem E(s) must be a polynomial of degree n at most.

This gives us the solution

U (s)
G_(s)

from which U**(s) and U*~(s) can be found.

G (s)U(s) — Q+(s) = E(s), — Q4(s) = E(s),

Example Let us return to our earlier example. The equation we have to solve is

s~k Ut (s)+ U (s) = ! (11.2.9)
2 k2 ° T stk -
Here S
G(s) = 22 : k‘? —e < Q(s) <e.
Note that
G(s) o (S + ]{52) (S — k?g)
(54 k) (s— k)
and we can take
. (S—f-k’g) . (S—kg)
G+($) - (8—|—]€1)’ G*(‘S) - (S . kl)

Here we could obtain the G. functions by inspection, but this is not typical, and
is usually one of the hardest steps. Thus

(s k) oy (5= h) e (s =)
il Ot Tl YW e e )
. Z(kg — k1> 22k1
- (k2+/€1)(8—]€2) (k2+k1)(5+k1>
Hence
(S+l€2) 4 22/{?1 .
(s + kl)U () - (ks + k1) (s + k1)
itky=ky) (5= k) ey (11.2.10)

(k‘g + k1)<3 — kQ) (8 — k’g)

We have accomplised the decomposition. The left-hand side of (11.2.10]) is ana-
lytic for S(s) > —e and the right-hand side is analytic for J(s) < e. Both sides
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are analytic in the strip —e < $(s) < e. By analytic continuation both must be
equal to an analytic function E(s). We can now use the conditions as |s| — oo
to determine E(s). Note that since U~ tends to some constant values as z — 0+
from the Abelian, Tauberian theorems, (lecture 12) we must have
1
Ut (s) = O(g) as |s| = oo, S(s) > —e,

) as |s| > o0, S(s) <e.

Thus
E(s) =0 as |s|] = 0.
By Liouville’s theorem we must have E(s) = 0. Hence the solution is given by
2ik; i(k1 — ko)
(ki + ko)(s + k2)’ (k14 k) (s — k1)’
Inverting the transforms gives

1 2k et
Ut(z) = — d
(1’) 27 (lﬁ + kz) /E S+ kQ y

U t(s) = U~ (s) = —

where the path of integration runs above the singularity at s = —ks. By deforming
the path onto a semi-circular path in the upper/lower half-planes (upper for x < 0
and lower for x > 0) and using Cauchy’s theorem gives

0 z <0
+ _ -
U (I’) - { kfi’zb ezk:Qx >0 -
Similarly
B 0, x>0
U (l’) = { (Z;zz)e—iklx <0’

The ideas discussed above are not too dissimilar to those which are used to solve
the scalar Riemann-Hilbert problem.
We need a few definitions first.

Definition Consider a simple smooth closed curve C which divides the complex
plane into two regions DT and D~. A function ¢(z) is called sectionally con-
tinuous if ¢(2) is analytic in each of the regions D*, except possibly at z = oo
and ¢(z) approaches a definite limiting value as z — zo along a path which lies
wholly in D* where z, is a point on C. ¢* are said to be the boundary values on

C.

Definition Hoélder condition A function ¢(t) is said to satisfy the Holder con-
dition on a smooth curve L if for any two points 7,7, on L

(1) —d(r)| < Alr —7|}, 0<A, 0<A<L
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D+

C

Figure 11.8: some

The Lipschitz condition is given by A = 1 in the above. Any differentiable
function satisfies the Lipschitz condition.

Consider first the homogeneous version of the Riemann-Hilbert problem. Given
a smooth closed curve C, and a function G(z) satisfying the Holder condition on
C, find a sectionally continuous function ®(z) such that

dt(2)=G(2)® (2) on C,
with ®(z) of finite degree k at infinity, (with k integer), ie
B(2) ~ 2" + 0", as z— 00, ¢ #0.

Recall the Plemlj formulae discussed in lecture 10.
Suppose C is a smooth curve (which may be closed or open) and suppose ¢()
satisfies the Holder condition on C. Then if

@(z)_i o)

= dt
21 Jot — 2

as z — 2o along a path lying wholly within D*, and where 2 is a point on C but
not an endpoint, then
1 1 o(t)
DF(2) = £-@ — ¢ ——dt. 11.2.11
(0) 2 (20) + 21t Jo t — 2o ( )
The proof of this result earlier was for functions ¢(z) which are analytic at

z = zg. The proof for the more general case of functions satisfying the Holder
condition is given in Muskhelishvili (1953).

Note from (|11.2.11)) that

O (20) — B (20) = D(z0),  DF(z0) + D (20) — — & 2D q1.212)

T Jot — 20

The problem (|11.2.12)) is a special case of the more general RH problem with
G(z) = 1 in the earlier notation, and the solution is given by the Plemlj formula
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and the Cauchy integral for ®(z). If in addition we know that ®(z) is of de-
gree k at infinity then the more general solution of (11.2.12)) which is sectionally

continuous is . .
2mt Jot — 2

dt + Pk(Z),

where Py(z) is an arbitrary polynomial of degree k at most. For the solution of
the RH homogeneous problem

if we take logarithms of both sides we find
[log ®(2)]" — [log ®(2)]” = log G(2). (11.2.13)

This is the same form as for the Plemlj formula, except the right-hand side
log G(z) is not necessarily one-valued and continuous. In fact as we make a
circuit around C the function log G(z) changes by

1

270 [log G(2)le = %[arg G2)le=r

where £ is an integer which may be zero, positive or negative. Assume without
loss of generality that the origin is located in the D™ region.

The solution to the above difficulty with the log G(z) term is obtained by
writing

ST (2) = 27"G(2)(2"D7),

which after taking loagithms becomes

[log ®(2)]" — [log 2" ®(2)]” = log(z"G(z)). (11.2.14)

The function
log(27"G(2))

is one valued and continuous on L. Hence a particular solution to the homoge-
neous RH problem is given by ®(z) = S(z) where

1 [log(2"G(2))
/c dt.

t—z

log[S =
oglS(2)] = 5

If ®(z) is of finite degree m at infinity then the term log(z*®~(z)) will have
degree k + m at infinity and thus the most general solution of the inhomegenous

RH problem is given by
D(2) = S(2) Parsn(2)

where S(z) is our fundamental solution above and P,,, is an arbitrary polyno-
mial of degree m + k.
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For the non-homogeneous RH problem

the solution is more involved, but the ideas are very similar to those described
above. Similar ideas apply also to open contours, see Muskhelishvili for further
details.

Vector RH problems are an active research area with many applications in
wave-scattering, inverse scattering etc, and beyond the scope of this course.
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