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In this thesis, we prove the existence and uniqueness of the solution to a Neu-
mann boundary problem for an elliptic differential operator with singular coefficients,
and reveal the relationship between the solution to the partial differential equation
(PDE in abbreviation) and the solution to a kind of backward stochastic differential
equations (BSDE in abbreviation).

This study is motivated by the research on the Dirichlet problem for an elliptic
operator ([42]). But it turns out that different methods are needed to deal with the
reflecting diffusion on a bounded domain. For example, the integral with respect
to the boundary local time, which is a nondecreasing process associated with the
reflecting diffusion, needs to be estimated. This leads us to a detailed study of
the reflecting diffusion. As a result, two-sided estimates on the heat kernels are
established.

We introduce a new type of backward differential equations with infinity horizon
and prove the existence and uniqueness of both L? and L' solutions of the BSDEs.
In this thesis, we use the BSDE to solve the semilinear Neumann boundary problem.
However, this research on the BSDEs has its independent interest.

Under certain conditions on both the “singular” coefficient of the elliptic operator
and the “semilinear coefficient ” in the deterministic differential equation, we find an
explicit probabilistic solution to the Neumann problem, which supplies a L? solution
of a BSDE with infinite horizon. We also show that, less restrictive conditions on
the coefficients are needed if the solution to the Neumann boundary problem only

provides a L' solution to the BSDE.
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Chapter 1

Introduction

1.1 Motivation and Contribution

This thesis is devoted to the study of the semilinear Neumann boundary problem
for an elliptic differential operator with singular coefficients, and culminates in an
explicit probabilistic solution of this problem. This study is motivated by the previ-
ous research on the reflecting diffusions and the Dirichlet problems for such kind of

operators.

The theory of reflecting diffusion on a bounded domain plays an important role in this
thesis. Reflecting Brownian motion (RBM in abbreviation) on a bounded domain has
been studied in different ways. For example, in the view of Skorohod equations (see
3], [21]), RBM (X}) on bounded domain D can be decomposed as a semimartingale

1 t
X, =Xo+ B, + 5/ 1(Xs) dLs,
0

where (B;) is a standard Brownian motion, 7i(x) is the unit inward normal vector at
x € 0D and L; is a continuous increasing process but increases only when X; € 0D.

Furthermore, considering the RBM in the framework of Dirichlet form, we know that

10



CHAPTER 1. INTRODUCTION 11

RBM is a diffusion process associated with the regular Dirichlet form:

1 ou Ov

The generator of RBM is G = %A equipped with the Neumann boundary condition
% =0on 0D.

Reflecting diffusion is a generalization of RBM, by adding the diffusion matrix A(x) =
(aij(x)) and the drift term >°, b;2- (see [5],[26]). In general, the reflecting diffusion

(X;) has a decomposition in the following form:
t t 1 t
X, = Xo + / o(X,) dB, +/ b(X,) ds + 5/ Afi(X,) dL,,
0 0 0

where the matrix o(x) is the positive definite symmetric square root of the matrix
A(z). Inspired by the method in [3],[21], we know that estimates for the local time,
from which the integrability of the semigroup is derived, are necessary for the prob-
abilistic solution to a Neumann boundary problem. To this end, a detailed study on

the reflecting diffusion is needed.

The operator we consider in the thesis is the following

V- (AV) + B-V —div(B-) + ¢

L acts on the functions defined on a smooth bounded domain D and the mixed
boundary condition

1 .
§<AVu,ﬁ>—<Bu,ﬁ>:(I>

on 0D is required. The precise description of L is given in Section 3.1. Please note

that in the following discussion, when we say a operator is defined on a domain D,
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it actually means that the operator acts on the functions defined on domain D.

The Dirichlet problem to an elliptic differential operator with singular coefficients

(1.1)
u(z) = () on 0D

~

has been studied ([7],[8] and [42]). The method dealing with the "bad” term div(B-)
called ”"time-reversal”, which is the intrinsic motivation of our research, will be used

in this thesis.

This thesis mainly studies the following three problems.

(1) Two-sided estimates for the heat kernels associated with the operator L equipped
with mixed boundary condition.

Although there has been a great amount of literature on the estimates for heat kernels
with Dirichlet boundary conditions (see [7] [33] [40], [41] and references therein), there
is not so much work on estimates of heat kernels with Neumann boundary conditions.
Here we mention three papers. Two-sided estimates of the heat kernel of reflecting
Brownian motion (A = I, B = B = 0) on Lipschitz domains are obtained in [3].
When the coefficients A and B are smooth and B = 0, the heat kernels under mixed
boundary conditions are constructed in [22] and [34], but the Gaussian bounds are
not established for the heat kernel there. Using the estimates on heat kernels estab-

lished by us, we get the integrability of the semigroup associated with the operator L.

(2) Existence and uniqueness of the solutions to BSDEs with infinite horizon.

Thanks to the development of the BSDEs in recent years, it is possible to represent
the solutions of the nonlinear PDEs by the solutions of certain BSDEs associated
with a diffusion process generated by some linear operator A. The first result on

a probabilistic interpretation for solutions of semilinear parabolic PDEs is obtained



CHAPTER 1. INTRODUCTION 13

by Peng in [32] and subsequently in [31], in both of which the terminal time of the
BSDE is finite. But in our situation, considering the reflecting diffusion, we have to
solve the BSDEs with infinite horizon. The integrability of the solution to the BSDE

becomes crucial and makes the problem much harder.

Since the term fot Afi(X (s))dLs is involved in the decomposition of reflecting diffusion
process X, the BSDE, which we use to solve the nonlinear Neumann problem, also
involves an integral with respect to the local time L;. This is a new type of BSDE.

The research on such a kind of BSDE has an independent interest.

(3) Probabilistic solution of the Neumann boundary problem associated with the op-
erator L.

Based on the first two topics, we use probabilistic methods to solve the mixed bound-
ary value problem for semilinear second order elliptic partial differential equations in

the following form:

Lu

—~

‘ x) = —AF(x,u(x), Vu(z)), on D (12)
%g—z(x) — B -n(x)u(z) = ¢(x) on oD
Probabilistic approaches to boundary value problems of second order differential op-
erators have been adopted by many authors and the earliest work went back as early
as 1944 in [24]. So far there has been a lot of studies on the Dirichlet boundary
problem (see [8],[16], [36] and [42]). However, there are not many articles on the
probabilistic approach to the Neumann boundary problem. Here we only mention
one reference. When A = I, B = 0 and B = 0, the following Neumann boundary

problem
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is solved in [3], which gives the solution the following representation:

U(ZL') — Ez[/oo efot Q(Bu)du¢<Bt)dL?]

0

Here (B;);>o defined on the probability space (Q, E,,x € D) is the reflecting Brown-
ian motion associated with the infinitesimal generator G = 1A, and LY, ¢ > 0 is the

boundary local time satisfying LY = fot Iop(B,)dLY.

There are two essential difficulties in the third topic. One lies in the divergence
term div(B-) of the operator L. The term div(B-) is hard to deal with because
the divergence does not exist as B is only a measurable vector field. It should be
interpreted in the distributional sense. Since B is not differentiable, the term V- (B-)
can not be handled by Girsanov transform or Feynman-Kac transform. Therefore, the
"time reversal” method is used here. The other difficulty lies in the boundary local
time in the decomposition of the reflecting diffusion. The method dealing with the

boundary local time is inspired by the paper [19]. However the equation considered

in [19] is linear

and only a probabilistic interpretation of the solution to the Neumann problem is

given.

In conclusion, the analysis of the reflecting diffusion in the first topic helps to build
the BSDE of new type in the second topic. The two topics handled first are the basis

of the third one. Note that, every topic has its own interest.
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1.2 Structure of the Thesis

This thesis is organized in five chapters. The first chapter is a brief survey of the
literature. We summarize the motivation and contribution of this thesis, and indicate

the difficulties we meet in the course of our study as well.

Chapter 2 introduces the basic theories of Dirichlet form, backward stochastic differ-

ential equations and some inequalities used in the following chapters.

Chapter 3 provides both upper and lower bound estimates on the heat kernel of
Gaussian type associated with operator L equipped with the Neumann boundary

conditions.

Chapter 4 considers the existence and uniqueness of the solutions (Y, Z) to the fol-

lowing BSDE with infinite horizon:

Y,(t) = Y.(T)+ / TF(X(s),ms),Zx(s))ds— / "ol AXDAD(X (5))d Ly

—/t (Zy(s),dM(s)), for t<T,

where M, (t) is the martingale of the reflecting diffusion X (¢). Actually, both L' and
L? solutions of the BSDE are obtained in this chapter. By using them, we get the
solutions of the Neumann boundary problem, which require different conditions on

the operator L.

Chapter 5 discusses a future work we are interested in. We want to consider that the

divergence term could also be nonlinear, for example, in the form of div(B(z, u(z))).



Chapter 2

Background Theory

In this chapter, we recall some background material which will be used in the following

chapters.

2.1 Regular Symmetric Dirichlet Forms

Let E be a locally compact separable Hausdorff space. m is a Radon measure with
support on E. L*(E,m) denotes the space of functions defined on E square integrable

with respect to the measure m. Let (-,-) denote the inner product on L*(E,m).

Definition 2.1.1. A family of linear bounded operators {1t > 0} with domain
D(T;) = L*(E,m) is called a symmetric contraction semigroup, if the following con-
ditions are satisfied:

(1) (Symmetry) [, Tig(x)f(x)m(dz) = [, g(x)Tif(x)m(dz), for any t > 0 and
f,g € L*(E,m);

(2) (Semigroup property) Ty)Ts = Tiys, t,s > 0;

(3) (Contraction property) The norm of the operator satisfies || T3|| < 1.

Moreover, {T;,t > 0} is said to be strongly continuous if

(4) (Tou —u, Tyu —u) — 0, ast — 0, for u € L*(E,m).

Definition 2.1.2. A family of linear bounded operators {G.,a > 0} with domain

16
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D(G,) = L*(E,m) is called a symmetric contraction resolvent, if the following con-
ditions are satisfied:

(1) (Symmetry) [, Gag(x)f(z)m(dz) = [, g(x)Gof(x)m(dz), for any o > 0 and
f,9€ L*(E,m);

(2) (Resolvent equation) Go — Gg + (o — B)Go Gz = 0;

(3) (Contraction property) The norm of the operator satisfies |Go| < a™!, for any
a > 0.

Moreover, {G,,a > 0} is said to be strongly continuous if

(4) (aGou — u,aGou —u) = 0, as a — 0o, for u € L*(E,m).

Definition 2.1.3. For a strongly continuous semigroup {T;,t > 0} on L*(E,m), the
operator (A, D(A)) defined as follows,

D(A) = {f€L2(E,m)|1ii%Eft_ exits},
Af = g%ﬂft_f, for feD(A),

1s called the generator of the semigroup.

The following theorem reveals the relationship between the generator, semigroup

and resolvent.

Theorem 2.1.4. ( [38/Hille-Yosida’s Theorem )

(1) For a strongly continuous semigroup {T;,t > 0} on L*(E,m), define
G.u :/ e T dt,
0

then {Go,a > 0} is a strongly continuous resolvent and every Ty, t > 0 has the

following representation:

E — lim ea(aGafl)t'
a—00

(2) For the linear densely defined self-adjoint operator A such that, for any o > 0,

1

the inverse operator (o — A)™' ewists and is a linear bounded operator on L*(E,m)
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satisfying ||a(a — A)7Y|| < 1. We define

Go = (a— AL

Then {G,a > 0} is a resolvent and the operator can be expressed as A = a — G,

Definition 2.1.5. Suppose D(E) is a dense linear subset in L*(E,m) and E(-,-) is
a symmetric bilinear form defined on D(E) x D(E) with values in R. Then (€, D(E))
18 called a symmetric Dirichlet form if the following conditions are satisfied:

(i) D(E) is a Hilbert space equipped with the inner product £1(,) :=E(,) + (,).

(ii) (Markovian) For any € > 0, there exists a real function ¢.(t), t € R, satisfying

p-(t)=t, Vtel[0,1], —e<¢.(t)<e+1, VteR', and

0< o () —o(t) <t —t whenever t<t,

such that

ueD(E) = o-(u) € D(E), E(¢e(u), ¢=(u)) < E(u,u).

Moreover, the measure m 1is called the reference measure of the Dirichlet form

(€,D(€)).

The following theorem reveals the relationship between the Dirichlet form, gener-

ator and resolvent.

Theorem 2.1.6. ([15], [30])
(1) Given a symmetric Dirichlet form (€,D(E)) defined on L*(E,m), we can define

a corresponding non-positive self-adjoint operator in the following way: define

D(A) = {feDE):g— E(f,g) is a continuous linear functional on L*(E,m)},

then for every f € D(A), let Af denote the unique element in L*(E,m) such that
(—Af,g9) =E(f.g) for all g € D(E).
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(2) Let {G.,a > 0} be the resolvent which is associated with the operator A

defined as in (1), then

Ea(Gou,v) = E(Guu,v) + a(Gau,v) = (u,v).

Moreover, for u € L?, uw € D(E) if and only if lim, oo a(u — aGuu,u) exists. In
this case,

E(u,u) = lim a(u — aGau,u).
a—r00

The Dirichlet forms are also strongly related to a class of Markov processes, so
that it is possible to apply the analytic theories to deal with the stochastic processes.
A Markov process (2, F, X, F;, P,) with the state space E is called a Hunt process
if {X:}+>0 is strong Markovian and quasi-continuous with respect to the o—filtration

{Fi}i>0. 0 and v, are the shift and reverse operators on 2 respectively, defined by

X0 (w)) = Xps(w),s,t >0,

Xsm(w) = Xis(w),s <t.

Set B, := {Borel measurable and bounded function on E'}.
Denote by p; the Markov transition function, i.e. p.f(z) = E.[f(X})], for any

f € By. Then {X;}>¢ is called m-symmetric if

(u’ptv) = (ptu,v)v

for any u,v € By.

Theorem 2.1.7. ([15])
Every symmetric reqular Dirichlet form (£, D(E)) with reference measure m is asso-

ciated with a m-symmetric Hunt process (2, F), in the sense that p,f = T, f m—a.e.,

for f € By(\L*(E,m).

In the rest of the section, we introduce several kinds of functionals associated with
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the Hunt process and Dirichlet form.
The reference measure m now is not ”fine” enough as long as the Hunt processes
are considered, so that a kind of Choquet capacity is used to describe the ”small”

set. For an open set G € E, the capacity of G is defined as:
Cap(G) = inf{& (u,u)] veDE),u>1 on G}

and Cap(G) = oo if G is an empty set.

For any subset B C FE, the set function:
Cap(B) = inf{Cap(G)| G D B is a open set}

can be proved to be a Choquet capacity (in [15]).

A set N, which is a Borel set (i.e. N € B(FE)), is called an exceptional set
if Cap(N) = 0. It is proved in [15] that, N is an exceptional set if and only if
P,(h(N) < 00) = 0, m — a.e., where h(N) is the hitting time for the set N of the
process {X;}i~0, that is, A(N) :=inf{t > 0] X, € N}.

A function f is said to be quasi-continuous if for any ¢ > 0 there is an open
subset G C E with Cap(G) < € such that the restriction of f on £ — G, f|p_¢ is
continuous. It is proved in [15] that every function h € D(E) has a quasi-continuous

version, denoted by h.

Definition 2.1.8. An extended real valued process { Ai }1>o defined on €2 is an additive
functional (AF in abbreviation) if the following conditions are satisfied:

(1) A; is Fi-measurable for any t > 0;

(2) there exists a set A € Fo 1= U]—} and an exceptional set N C D with Cap(N) =
0 such that P.(A) =1 forx € E F\ N¢ and 0;A € A for allt > 0. Moreover, for any
w e A, t = Ai(w) is right continuous and has left limit in t € [0, 00| with Ag(w) =0
and |Ay(w)] < oo and Ayys(w) = Ay(w) + Ag(Gw).

If t — Ay(w) is positive and continuous, then {Ai}i>0 is a positive continuous



CHAPTER 2. BACKGROUND THEORY 21

additive functional (PCAF in abbreviation).

In the following discussion, we use one capital letter A to denote the process

{A+}+>0 for convenience.

Definition 2.1.9. A positive Borel measure v is smooth if the following conditions
are satisfied:

(1) v(N) =0 if Cap(N) = 0;

(2) there exists an increasing sequence {F,} of closed sets satisfying lim,, . v(K —

F,) =0 for any compact set K, such that v(F,) < oo and v(E —U,F,) =0.

It is proved (in [15]) that there is a one-to-one correspondence between the set of

smooth measures and the set of PCAFs:

.1 .1 .
lggl ;Eh.m(At) = ltlfgl 7). h(x)E,(A)m(dx) = /Eh(x)u(dx), (2.1)
for any positive function h € D(E).
Define
M: = {M| M isan AF with exceptional set N, V¢ >0, E,M? < oo,

E.M; =0, for z€E—N}.

M is called the set of martingale additive functionals (MAF in abbreviation). For
M € M, we define

1
e(M) := sup — E,, M?(< o).
t>0 2t

e(M) is called the energy of M. A MAF M is said to have finite energy if
MeM:={MeM| eM)< o}

By the definition of MAF, it is known that {M;, F;, P, }+>0 is a square integrable
martingale for x € F— N. Let < M > be the sharp bracket process of M ([18]), then
< M > is a PCAF. We denote by p<p~ the smooth measure associated with the

PCAF < M > and we call it the energy measure of MAF M. By simple calculation,
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it can be shown that

1
e(M) = §M<M>(E): Me M.

In fact, by (2.1), it follows that

1 1 1 1
e(M) =sup —E,,M? = —sup —E,, < M >= ~picpy~(E).
>0 2t 201 2

A continuous AF (CAF in abbreviation) {V;};>¢ is called a CAF of zero energy,

if N; belongs to the following set,

N.: = {N| N is CAF with exception set Z, e(N) =0,

Vit >0, E,N,<oo, z€FE—LZ}

Theorem 2.1.10. ([15] Fukushima’s decomposition)

Foru e D(E), an AF {u(X)}i>0 can be decomposed as
w(Xy) = u(Xo) + M+ N, t>0,

where M* € M and N* € N..
Moreover, if N* is a CAF of bounded variation on [0,t] for any t > 0, and p is
the signed measure associated with N" satisfying |u|(E) < oo, then for any bounded

veDE),
E(u,v) = —/Ev(x) p(dx).

The following example reveals a relationship between the Markov process, Dirich-

let form and the various kinds of functionals introduced above.

Example 1. D is a d-dimensional smooth bounded Fuclidean domain, dx is the d-
dimensional Lebesgue measure and \(dz) is the (d-1)-dimensional Lebesgue measure
on 0D.

Let A(x) = (aij)1<ij<a: RY — R*®@ R be a smooth, symmetric matriz-valued

function and assume that A is uniformly elliptic. That is, there is a constant A > 1
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such that

1
X[dxd < A(Y) < Mxa-

Consider the bilinear form:
50(“7 U) = % 22] fD aij( 88:; gag dz,
D(&) =W'(D) :={u:ue L*(D), §~ € L*(D),i=1,...d}.

It is easy to verify that (&, D(&y)) is a reqular symmetric Dirichlet form and it
is associated with a Hunt process {X }i>o.

For any bounded functions u, f € D(&), by Fukushima’s decomposition, it follows

that
[ @) s (dn) = T 2By (u(X) = u(Xo)?
_ %1% [ (@) = 20(w)paa) +17(w) f@) do
.2
= i [ u@)f(e)ute) = pada) ds
1 2
~tim [ @)(f@) ~ pef) da

= 2&(uf,u) — E(u?, f)

aw(:c)g; E?;‘ dx, we obtain

7

u ou
< M"Y >,= / E a;;(X 835 )Gx-(Xs) ds,
j

and
t au ) t
= Z/ UZ](XS)a_(XS) ng :/ < UVU(XS),dBS > .
i 70 Li 0

Here the matriz o(x) is the positive definite symmetric square root of the matrix

A(z). {Bi}i=0 is a d-dimensional standard Brownian motion.
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For a positive integer number i, 1 < i < d, we set ug(x) = x; on D, where x; is

the ith coordinate of x. By Fukushima’s decomposition, it follows that
X@+Z/ 0i;(X,)dBI + N, t>0.

By further calculation, we get that, for any bounded function f € D(&),

) = 5 [, [t

B / ng;j rydr /8 (D agn)(@)f (@) Ada). (22)

Here 1 denotes the inward normal vector to the boundary 0D . For any & € 0D,
U(&) denotes a neighborhood of &. If there exists a smooth function 1 such that
ODNU(E) ={x: Y(xy1,...,xq) =0}, and DNU(E) = {x : (21, ...,24) > 0}, then 7

is given by locally, i.e., for x € 9D NU(E),

. 0w, 0, )
n(x) - (7’L (ZE), 7nd<x)) (8271 (l’ 8$d Z

1\3

Denote by {L;}¢>0 the PCAF associated with the measure 3X. By (2.2), we know

that NY0 is associated with the smooth measure

Z gj;] Ydr + = Z ain?)(z) A(dx).

J

Therefore,

o Oa;;
N, ——/ Z 895]] s)ds + ( Zawn] s)dLy.

Now we get the decomposition of the Hunt process associated with the Dirichlet
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form (&, D(&)):

i @az t .
.4 +Z/ 0:;(X,) dB? + / Z ag;j ds+/0 () ayn?)(X,)dL,,

J

i=1,...d,
which can be written simply as follows:

t 1 t t
X, =Xo+ / o(X.)dB, + 5 / VA(X,)ds + / AR(X,) dLs.
0 0

0

2.2 Backward Stochastic Differential Equations

Given a probability space (£2, F, P), we denote by E the expectation under the mea-
sure P. {W;}i>0 is a d-dimensional standard Brownian motion. The o—filtration

(F:) is generated by {W;}>o,
Fr =NVo{W;0<s<t}:=c{N, o{W;0<s<t}}

where N is the set of P-null sets in F,, = c{W,;0 < s < 00}.
Let < -,- > denote the scalar product in the Euclid space R™ and | - | the length
of a vector in R™. For any T" > 0, define the set of all of the F;-adapted, square

integrable processes on [0, 7] as follows
T
M0, T; R") .= {{v:}| {w} is R"-valued, Fi-adapted and E/ lvg|? dt < oo}
0
Suppose a function
g=g(w,t,y,2): Qx[0,T] x R" x R™* — R"

satisfies the following conditions:

(1) for any (y,z) € R" x R™% g(-,y, z) is R"-valued, F;-adapted;
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(2) (Lipschitz condition) there is a constant C' > 0, such that for any y,y € R" and
2, = RnXd,

lg(t,y,2) —g(t,y', 2) < Cly = y'| + |2 = 2'|);

3) i 1g(-,0,0)|ds € L*(, Fr, P; R).

Consider the following backward stochastic differential equation:

T T
Y= 5 + / 9(87 Y;a Zs)ds - / stWs
t t

§ e Fr. (2.3)

Here the processes Y and Z are unknown, and a pair of processes (Y, Z) satisfying
(2.3) is called a solution of the BSDE.
The following theorem is a classical result of the existence and uniqueness of the

solution (Y, Z).

Theorem 2.2.1. ([31])

Suppose that the function g satisfies the above conditions (1)-(3). Then for any
terminal condition & € L*(Q, Fr, P;R"), the BSDE (2.3) has a unique solution
(Y, Z) € M(0,T; R* x R™%). Moreover, Yy and Zy are constants.

The following example comes from the Chapter 2 in [12] and gives a method to

solve a kind of BSDE, and it reveals a relationship between the BSDEs and the PDEs.

Example 2. Set the initial condition ¢ € L*(Q, F;, P; R"). Suppose the coefficients
b and o satisfy the Lipschitz condition: there exists a constant C' > 0 such that for

any t € [0,T] and z, 2’ € R,

|b(t,l‘> - b(t,$,)| + |O'(t,I) - O'(t,ZL'/)| < C|I’ - I,|'
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Denote by (X) the solution of the following stochastic differential equation:

dX = b(s,XI)ds+ o(s, XL dW,, s € [t,T),

X¢ = ¢

By Ito’s formula, it follows that (X'°) is associated with the generator:

1 0% 0
L= §Zaijm -f-zi:bia—xi.

Z?j

Suppose that u : [0, T]x R™ — R™ is the solution of the following partial differential

equation:

Owu(t, z) + Lu(t,z) + f(t,x,u,0Vu) =0,

w(T,z) = ®(x).

Suppose that the coefficients f and ® satisfy the following conditions,

(1) (Lipschitz condition) f(t,z,y,z) is Lipschitz continuous with respect to the
variables y and z;

(2) (a Holder condition) o € (0,1), V(x,y,2),(z',y,2') € R* x R x R™4, it

follows that
|©(x) — ()| + |f(t. 2,y,2) — f(t.2",y'2)| < Oly — y'[ + |z = 2| + [z — 2"|*);

(3) (Linear growth) |f(t,,0,0)| +|®(z)| < C(1 + |z|),
then (u,oVu)(s, X9) is a solution of the following BSDE:

T T
Y= o(XE) + / Flu, X350, YS, Z5°) du — / Z, AW, s €[t T).

S
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2.3 Useful Inequalities and Lemmas

Lemma 2.3.1 ([10] Gronwall’s Inequality). Let I denote an interval of the real
line of the form [a,00) or [a,b] or [a,b) with a < b. Let o, B and u be real-valued
functions defined on I. Assume that B and u are continuous and that the negative
part of « is integrable on every closed and bounded subinterval of I.

(1) If B is non-negative and if u satisfies the integral inequality

u(t) < at) —l—/ B(s)u(s)ds, tel,

then
¢
u(t) < aft) +/ a(s)ﬁ(s)efstﬂ(r)dr ds, tel.

(2) If, in addition, the function « is non-decreasing, then
u(t) < aft)ela P& 4 e T,

Lemma 2.3.2 ([4], [18] Doob’s Inequality). M = (M;,t > 0) is a continuous

martingale on a probability space (2, P). Set M} = sup |M;|. For any p € (1,00),

0<s<t

the following inequality holds,

QI < (5P (M)

For any p € (0,1), the following inequality holds,

. 1
E(M{)" < TP(EUMJ))p
Lemma 2.3.3 ([18] Burkholder-Davis-Gundy Inequality). For any continuous

martingale {X; >0 with Xo = 0, any stopping time 7 and any 0 < p < oo, the
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following inequality holds,

GB(< X >8) < B(sup [X,JP) < CpE(< X >1),

0<s<t
where the constants ¢, and C,, only depend on the choice of p.

Assume D is a domain in R? with smooth boundary. Define the Sobolev space

O c1m(D), i=1, ..d}

WP (D) := {f € L’(D)| weak derivative 5
Li

equipped with the norm || f|lw1» = ([, ([f]* + |V fP) dx)%
Define the Holder space: for v € (0,1),

)= (] sp DTN oy
z,y€Diz#y |l‘ yl,Y
/(@) = Fw)l

with the Holder coefficient || f||cv =  sup
z,y€Diz#y |"L‘ - y|’y

Lemma 2.3.4 ( [20] Sobolev’s Embedding Theorem). Letp > d and v =1— g.
Suppose f € WHP(D), then it holds that f € C7(D).

Moreover, there is a constant C' > 0, such that for any f € WP(D),

1 £ller < CNfllwre.

Lemma 2.3.5 ([20] Poincaré Inequality). Assume that 1 < p < oo and that D
is a bounded connected open subset of the d-dimensional Euclidean space R* with a
Lipschitz boundary. Then there exists a constant C, depending only on D and p, such

that for every function u in the Sobolev space W'P(D):

[ = all e < Cl[Vul Ly,

where t = ﬁ [, u(z)dx and m(D) is the Lebesgue measure of the domain D.



Chapter 3

Two-sided Estimates on the Heat

Kernels

3.1 Introduction

Consider an elliptic operator as follows,

V- (AV)4+B-V—-V-(B)+Q

d d

ij=1

| —

in a d-dimensional smooth bounded Euclidean domain D.
A(Y) = (aij)i<ij<a: R* — R?*® R%is a smooth, symmetric matrix-valued function
and we assume that A is uniformly elliptic. That is, there is a constant A > 1 such

that
1
X]dxd < A(Y) < Maxa- (3.2)

Here B = (By,...,By) and B = (By,...,By) : R* — R% are Borel measurable

30
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R?valued functions, and @ is a Borel measurable function on R? such that:

Ip(|Bf* + |BI’ +Q|) € L*(D)

for some p > d.

Satisfying the following mixed boundary condition

1 .
3 < AVu, i > — < B,ii)u = 0,0n0D, (3.3)

the operator L determines a quadratic form :

Q(u,v) = (—Lu,v) = %Z/ aij(az)g—;g—;jdx—Z/ Bz(x)g;iv(x)dx

where (-, -) stands for the inner product in L?(D) and 7 denotes the inward normal
vector to the boundary 0D . For any £ € 0D, U(£) denotes a neighborhood of £. For
every £ € 0D there exists a neighborhood U (&) and a smooth function 1 such that
oDNU() ={z:Y(x1,....,2q) =0}, and DNU(E) = {x : P(x1,...,24) > 0}. Then 7

has the following expression in this local coordinates: for z € 9D NU(€),

N

() = (@) ;’;f /Zaxl )3,

Set 7(z) = A(z)ri(x) and denote g—; =< AVu, 1 >,

The domain of the quadratic form is

ou
al’i

DE) =W (D) :={u:ue€ L*(D),— € L*(D),i=1,....d}.

We use {T;, t > 0} to denote the semigroup generated by L, and we will prove in
the following discussion that there exists a function l(t, x,y) which is the heat kernel

associated with the semigroup T in the sense: Tyg(z) = [, I(t,z,y)g(y)dy.
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The purpose of this chapter is to provide both upper and lower bound estimates
for the heat kernel [(¢,z,y) associated with operator L equipped with the mixed
boundary conditions (3.3). By a ”time reverse” technique (see Section 3.2) introduced
in [7], we transform the problem of estimating the heat kernels with mixed boundary
condition associated with the general operator L in (3.1) to a problem of estimating

the fundamental solution p(¢, x,y) of the following simpler problem:

ou
&= Gu reD,
n (3.4)

< AVu,n>=0 x € 0D.

Here
1
G:§V-(AV)+b-V+q

for an appropriate vector field b and a function ¢g. The precise expressions of b and ¢
will be given in Section 3.2.

For the upper bound, we use parametrix and perturbation methods. For the lower
bound, we need to assume that the domain is convex. Our method is inspired by the

one in [3].

This chapter is organized as follows. In Section 3.2, some preliminary results are
proved. The reduction of estimating the heat kernel associated with the operator L
to the estimate of the heat kernel associated with the operator G is explained. In
Section 3.3, we obtain the upper bound for the heat kernel py(t, x, y) associated with
the operator

1
Gy = V- (AV)+5-V

The lower bound for po(t,z,y) is given in Section 3.4. Finally, the two sided

estimates of the heat kernel associated with the general operator L are proved in
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Section 3.5.

3.2 A Reduction Method

Consider the following regular Dirichlet form

50(% v) = % Z” fD i (x) 88; %dx’

D(&) = W2(D).

Denoting the associated reflecting diffusion process by (2, F, X, 6, 7¢, P*) by the

discussion in Example 1, Section 2.1, we know the following decomposition holds:

t 1 t 1 t
X=Xy + / o(Xs)dBs + 5/ VA(X,)ds + 5/ An(Xs)dLs. P* —a.s. (3.5)
0 0

0

Here the square integrable martingale M; := f; 0(X) dBg has the property:
< MZ,M] >y= / aij(Xs) ds. (36)
0

The following probabilistic representation of the semigroup {7;}:>¢ associated

with the operator L was proved in [6]

Tf(x)=  E*[f(X)expl / (A" BY (X.)dM, + ( / (A BY (X)dM,) 07, —

1

= 5/0 (B — B)*A™'(B - B)(X.,)ds +/0 Q(Xs)ds)],

where B, B and Q are the coefficients of operator L in (3.1).

Here E* denotes the expectation under P* and we denote by x* the transpose of
the vector z.

The following result plays an important role in the thesis. The proof will be given

after some preparations.

Proposition 3.2.1. Let f = (f1,..., fa) be a vector-valued function defined on the
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domain D satisfying that |f| € LP(D) for p > d. If u € W12(D) satisfies

oudp B
iJ 7

for any function ¢ € W42(D), then u € WP(D).

Set

Cr (D) :={¢p € C"’O(D)@—i5 =0 on 0D},

where v(z) = A(x)ni(x).
Let two positive numbers ¢ and ¢ satisfying 5 + % = 1. W=YP(D) denotes the
dual space of Wh4(D).

Remark 1. Let f be the function as in Proposition 3.2.1, then we know div(f) €
W-Ltr(D).
In fact, for any ¢ € WH4(D),

|/D < [, Vo > ()de] < || fllze - IVOllLapy) < [ fllev - [|0llwram),

which implies that

W-Lp(D) < dlU(f), ¢ >W11‘1(D): / < f, ng > (I‘)dl‘
D

Moreover, we have ||div(f)|w-1ep) < || f]lzr-

For the uniformly elliptic diffusion matrix A = (a;;), we construct a matrix A=
(a;;) whose inverse matrix A~ = (") satisfies V detA=1A = A, where detA~" is the
determinant of the matrix A~!. Denote a = detA~".

In fact, by calculation, we know that if we set A = (det(A~1))72 A, then det(A~1) =
(detA‘l)_ﬁ. Therefore, VdetA=1A = A satisfies.

We know that A forms a symmetric strictly positive definite covariant tensor

of order 2. (D, A) can be seen as a compact Riemannian manifold with the global
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Euclidean coordinate system. The volume form dV on D is dV = \/adx. Asusual, the

metric tensor A, in BEuclidean coordinates (x4, ...z4) has the following representation

-9 9
(99(:/(99[;]-

_ ij
mT a/J’

where <, >, stands for the inner product of the tangent vectors in (D, A).

The gradient vector of a function f is
. of _ of
grady, f = ((zj: alja_xj)’ o (Zj: adjg—%))

Let X = (X1, ..., X4) be a smooth vector field on (D, A). The divergence of X is

divy(X) = % > (Vax)

and the Laplace operator is given by
. 1 a af
A f = divpgrad, f = 7 ; 8—%(%‘\/58—%)‘

So far using the above discussion, we know the following relationship between the
integral on the manifold (D, A) with respect to the measure dV and the integral on
the Euclidean domain D with respect to the Lebesgue measure dz under the global

Euclidean coordination system |,

/D A f(@)gla) dV(z) = /D V(AV f)(2)g(x) dz.

Therefore, with the above Riemannian structure, we are able to apply Theorem

2.3’ [39] to obtain the following lemma.

Lemma 3.2.2. Let g € W=4?(D). Suppose that v € L*(D) satisfies

/ <v,V(AV9¢) > (z)dx = w-10(p) < g, >wir(D), (3.7)
D
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for any ¢ € C2*(D). Then v € W'(D) and moreover, there exists a constant C

such that,

lollwerto) < Cllgllw—1oo) + | / z) dal).

Proof of Proposition 3.2.1:

Proof. (1) Firstly we prove that, if u € W1?(D) satisfies that

/Z<Avu,w> dx:/2<f,vw> dz,
Dy D

for any function ¢ € W*(D), and [, u(x)dz = 0, then u € W'?(D) and moreover,

there exists a constant C; > 0 such that
IVullr < Cyll ]l
There exists f* = (fF, ..., f¥) such that fF € C*(D),i=1,...,d and
131_}120 175 = flle» = 0.

U ¢ [2(D).

Note that in this case, div(f*) =", B

By [39], for every k, there exists v, € W"*(D), [, vi(x)dx = 0 such that

Ovy, 3@/) o k o
/DZ ”89& 0z; _/sziﬁxzd
i 7

for ¢y € W12(D).
By Green’s identity, and the fact that f* =0 on 9D = 0, we see that v, satisfies

the formula (3.7) with g = divf*, i.e

/D on(2)V(AV) (2)de = /D div(fi)p(x)da (3.8)

for every ¢ € C°(D).



CHAPTER 3. TWO-SIDED ESTIMATES ON THE HEAT KERNELS 37

Therefore, v, satisfies the conditions in Lemma 3.2.2, so we know that v, €
Wi2(D) and [[Vurllwiso) < Clldiv() -0y < Ol

Set positive number p’, such that 1%+ % = 1. So p' < 2 < p implies that
LP(D) C L*(D) c L¥ (D).

For any ¢ € W2(D),

F_ Vv d k_ - |Vold
\/D<f £,V6> (@) de] < /le 71-1V9| da
17 = Flloe - 1960

< Gillf* = fllee - [Vl .

IA

A

So that

lim <f’“,ng>dx:/<f,V¢>dx.
D

k—o00 D

It follows that

lim [ <AV, V¢ >dr = lim [ < f* V¢ > dx

k—o0 D k—o0 D

= /<f,V¢>dx=/<AVu,V¢>dx.
D D

On the other hand, we know that ||Vu, — Vg ||z < C|If* — f¥1| v
By the Poincaré inequality and the fact that [, v dx = 0, for [ > 1, it follows
that

ok = vpsllze < M|V = Vowlle < CM|| 5 = |0

So that {v,}?2, is a Cauchy sequence in W'P(D). Therefore, there exists v €
WhP(D), such that |Jvy — 0||wrepy = 0 as k — oo.

For any ¢ € W12(D), it follows that

lim [ < AV, Vé > de = / < AV0,V¢ > dr, Yo e WYA(D),
D

k—o0 D
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which implies that
/ <AV (v —u),V¢ > dr =0.
D

Then v — u satisfies Lemma 3.2.2 with ¢ = 0. Hence v — u € W'?(D) and
17— ullwre) = 0.

(2) In the general case, setting @ = u — [, u(z)dz, we know that the function @
satisfies the conditions in part (1). Therefore, we find that 4 € W'?(D). Then the

proposition is proved. 0

As a conclusion of this section, a reduction method is given as follows.

From [7], it follows that there exists a function v € D(&,) satisfying

( / (A B)*(X.) dM,) o

. / V(X AM, + 0(Xe) — 0(Xo) — / (ATBY(X)dM., (3.9)

and moreover,

div(AVv) = —div(B) on D, (3.10)
v — _9< B> on dD.

& =
Therefore, by Proposition 3.2.1, we know that v € WP(D). In particular, by

Sobolev’s embedding theorem, v is bounded and continuous.

Thus the representation of T; becomes:

Tif(x) = e "WE[f(X,)e ™) eXp(/t(A_l(B — B — AVv))"dM,
0

t
—% / (B— B — AVv)*"A™Y(B — B — AVv)(X,)ds
0

+ /Ot(Q + %(Vu)*A(Vv)— < B~ B, Vv >)(X,)ds)]

= @G, [fev)(x) (3.11)

Here, S; is the semigroup generated by the following operator equipped with the
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boundary condition < AVu,7 >=0, z € 0D:

G = %v (AV) + (B— B — (AVv)) -V + (Q + %(Vu)A(V@)*— <B—-B,Vuv>)

1
= V- (AV) +b-V +q. (3.12)

Here we set b= B — B — (AVv) and ¢ = Q + $(Vu)A(Vu)*— < B — B,Vov >.
In the following discussion, we will construct the heat kernel denoted by p(t, z, y)

and associated with the semigroup S;. For any f € C°°(D), we have

T.f(z) = e® / e Op(t, . y) f(y)dy. (3.13)
D
Hence
1t z,y) = p(t, z,y)e"® ), (3.14)

Thus, the estimates of I(¢,z,y) will follow from that of p(t,z,y). Due to (3.10),

it is easy to see that the corresponding boundary condition also holds:

10l .
5%(t,x,y)—l(t,x,y)<B,ﬁ>:0, on 0OD.

The rest of the chapter will be devoted to the estimates on p(¢, x,y).

3.3 Upper Bound Estimates

In this section, we consider the operator of the following form,
1
Gy = §V-(AV)+b-V.

Let po(t, x,y) denote the heat kernel associated with Gy on D equipped with the
boundary condition < AVu,n >= 0. We aim to establish an upper estimate for

po(t,x,y). To this end, we first consider the heat kernel p;(t,x,y) associated with
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Gll
1

3.3.1 Upper Bounds for Heat Kernels Associated with G,

Local coordinate transformations will be used in this section to deal with the bound-

ary of the domain. Rewrite the operator G; in the following form:

d d
1 0 0
Gi = aga@@%—%)

d d

1 1 da;
B 52 wﬁxax +2228:pj

1,5=1 J

Note that the expression of G; depends on the choice of the coordinate system
x = (x1,...,24). For convenience, we denote the global Euclidean coordinate mapping
by 09 : D — R? with oo(x) = (21, ..., T4).

If we consider another coordinate system o(z) = (71,...,24) : D — R" with

z; = T;(x1,...,2q), © = 1,..,d, being smooth, then an easy calculation yields that

IsH
IsH

! Oz Oz O 1 L& 9 Oy Oy O
G = EZ Za“@:p, 0z, 8xl8$k+§z(z_(z_l i ox; 0%))8_@

_ 1i Loy w0 (315)
2 - 8$kaxl 2 T a{fk .

- d oz, Oy
here a = 35 aijgt o B

Therefore Gy under the new coordinate system o(z) = (a1, ..., ©4) has the same

form as under the Euclidean coordinate system oy with a diffusion matrix A =
(Qri)1<ki<d-

Based on this observation, we see that the diffusion matrix (a;;)1<; j<q is trans-
formed between two local coordinates in the following way. Suppose that U;(§) and

Us (&) are two neighborhoods of the point & € D and the mappings o, : U;(§) — R?
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and oy : Uy(€) — R? are the coordinate systems on U;(€) and Uy (€) respectively.
For any z € U;(&)(NU2(€) (D with coordinates o1(2) = (21, ..., z4) and 0y(z) =

(Z1, .., Zq), we have

0z 0z,
Q= ) == 1

here @;;(z) and a;;(Z) denote the diffusion matrix associated with the coordinate
systems oy and oy respectively.

The Neumann boundary condition

g =< An,Vf>=0, on 0D
O

which is described precisely in Section 3.1, actually has different expressions under
different local coordinate systems. Suppose that U(&) is a neighborhood of the point
& € 0D with coordinate mapping o(§) = (&1, ...,&q) for £ € U(&) N D. Recall that
there exists a smooth function ¢ such that U(&) N 9D = {&, ¢(&1,...,&q) = 0} and

U(&) N D ={¢, (&1, -, &) > 0F.

Set
(6 = (SO % Y a2 (5, 2 2
and
O oy . 99(¢) of 96(€) 99(8) 1
8_7(5) = a;(¢) 2%, a—&/(zam‘ O, 8—5j) 7

ij ij
where f is the smooth function on D.
The operator GGy satisfying the Neumann boundary condition means that for a
function v in the domain of Gy, v must satisfy g—:(f) =0for £ € 0D NU(&).
A~Yx) = (a”(z));; denotes the inverse matrix of A(z), which forms a symmetric
strictly positive definite covariant tensor of order 2. A~! is used to define the length

of a piecewise C! smooth curve as follows.
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Suppose a curve C is defined by 2 : 0 € [0,1] — 2(0) € D. Then the length of C,

calculated in the coordinate system z = (z1, ..., zq), is
. dz;dz; 1
L(C) = a’(z(0))——2)2d6.
©) /H<Z (=(6)) 2 %)

Remark 2. Set a = VdetA~!, where detA~! is the determinant of the matriz A",
By the transformation (3.16), it is easy to verify that the length of the curve is inde-

pendent of the choice of the local coordinate system.

Define the distance between z,y € D, d(z,y), as the infimum of the length of
all smooth curves contained in D which connect x and y. And write d(x,0D) =
inf,ecop d(z,y).

Lemma 3.3.1. Fiz £ € D. Let U(€) be a convex neighborhood of & with coordinate

system o(z) = (z1,22,...,2q) for = € U(&) N D. Then there exist two constants

Ky, Ky > 0, such that for 2,22 € U(&)N D
d d
1 1
KD |zl = 2077 < d(z',2%) < Ko ()| = 2017)? (3.17)

i=1 i=1

Proof. (1) Let C' be a C! piecewise smooth curve, given by :

C:0€0,1] = c(0) e D

such that ¢(0) = z' and ¢(1) = 2. Then we obtain

_ ij dc;(0) de;(0) i 1 todei() 1 L2
)= [ (eGP gz 5 3 [ a0 2 izt

where the first inequality comes from the uniformly ellipticity of the matrix (a")1<; j<a-.

This implies
d
1 1
1(C) > ——= zi — 27)?)z.
(©)2 7l - 42D

: . d 1
As C' is arbitrary, we have d(z!, 2?) > ﬁg(zz‘:l |2} — 22%)2.
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Here, the constant K is independent of the choice of z but dependent on the choice
of the local coordinate system. Setting K, = ﬁg» we have proved the first half of
(3.17).

(2) Define a curve P from z' to 2% by
P:0e[0,1] = p0) =021 +0(27 — 21), 0, 25 +0(25 — 23))

then we get that

A8 2) <P = [ (S pO)eE = 2 =) < K 1 = =l

i=1
[

Remark 3. Because of this Lemma, for two neighborhoods Uy(§),Us(§) of € with
coordinate systems o1(z) = (z1,- - -, 24),02(2) = (21, - -, Zq) respectively, there are
positive numbers Cy,Cy, such that Co(3>L |28 — 221)2 < (0, |2 — 22)2 <

Cy(YoL, |2 — 221%)2, for 21, 2% € Ur(€) N Un(€).
The following result is from [22].

Lemma 3.3.2. Fix any x¢o € 0D, there is a neighborhood Uy of xq with coordinate
system (Zy,- -+, Zq), such that

(1) 0DNUy={z:2q=0,2 € DNUy}, DNUy={z:24> 0,2 € DNy}

(2) For x € UyNID, a;q(x) = agi(x) = 0;q. Here {a;;} denotes the diffusion matriz

A associated with the local coordinate (Z;) and 6;; denotes Kronecker’s delta.

From now on we call this coordinate system the canonical coordinate neighbor-

hood of ¢y € 0D.

Theorem 3.3.3. There exist a positive constant Ty and a function pi(t,x,y) defined
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on [0,Ty] x D x D which solves the following equation:

%(t,x,y) = G1p1<t7xay) (t,iC,y) € (Ole] X D % D7

(3.18)
%—’;l(t,x,y) =0 x € 0D.
And moreover pi(t,x,y) admits an upper bound of Gaussian type:
pl(t’ xz, y) S Ctlt_g eXp(—Cgt_1|:E - y|2)7 14 S Tla (319)

here Cy and Cy are positive constants.

Proof. From [34], we can choose a finite number of canonical coordinate neighbor-
hoods U;, 1 < ¢ < M, open subsets B;;, 1 < j < M;, of U; and non-negative
functions \;; in C%(D) with supports contained in B;;, satisfying the following con-
ditions: {B;;,1 <i < M,1<j < M,} is a covering of D; if B;; intersects By, then

Biy CU;; 3255 Mij(x)? = 1 for x € D; Oij(z) =0 for z € OD.

? o on

Suppose that U; contains boundary points for 1 < ¢ < ig, while U; (ip+1 < i < M)

not. Let 0y(x) = (v, ,2{;)) be the canonical coordinate system in U;(1 < i < ip).
We will use the Euclidean coordinate system og(z) = (21, -+ ,24) in U; (ip+1 <1 <

From the appendix in [34], we know that there is a smooth function ¢(t,z,y)
defined on [0,7] x D x D, where T is an arbitrarily fixed positive number, satisfying
the reflecting boundary condition %(t, z,y) =0,z € 9D and lim;_,0 q(t, z,y) = 0.(y).
Moreover, q satisfies the following upper bound: for some constants Ki, Ky > 0,

x,y € D:

d
_d -
lq(t, 2, y)| < Ky Z)\z’j<x>/\ij(y)t 2 exp(— Kyt ™ Z |$Z) - yZ)P)a z,y € D.

ij k=1

By the Remark 3, there is a constant C' > 0 independent of x and coordinate

neighborhood U; such that 3¢, |y =yl > C | |zk — ykl?, where the right
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side denotes the corresponding Euclidean coordinate. And because |\;;| < 1, we get

lq(t, z,y)| < Myt~ 8 exp(— Z |z — | (3.20)

where M7, My > 0 are constants.

Let f(t,x,y) be a solution of the following integral equation

flt,x,y) = (Gl—— (t,z,y) /ds/ Gl—— —s,x,2)f(s,2,y)dz

where dz denotes the Lebesgue measure on the domain D. This is an integral equation
of Volterra type. We will follow the method in [22] and [21] to solve this equation by
the method of iteration in the following discussion.

Define p1 (t7 €, y) by

m(t,zy) =q(t,z,y) + /ds/ —s,x,2)f(s,2,y)dz. (3.21)

It is easy to verify that p, (¢, z,y) satisfies the equation (3.18).
To obtain the upper bound of p;(¢,x,y), we first establish an upper bound for
f(t,z,y). For this, we write f(¢,x,y) as a series.

Set

— Q)cz(t,:v,y),

eo(t,x,y) - (Gl 825

t
en+1(t,x,y):/ ds/_eo(t—s,x,z)en(s,z,y) dz.
0 D

Then the following equation holds if the series is convergent,

ftz,y) =) enlt,z,y)

[M]#

3
Il
=)
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In fact, by [34], there exists a constant Mz, such that eg(t, z,y) can be chosen to

satisfy

d
_d+1 —_
leo(t, ., y)| < Mst™" exp(—Mat™ > |z — uil”).

ij=1

Let |[x —y|? = Zle |z; — y;]*. Then it follows, for t € [0, T,

t
et ay)| < / ds / lcolt — 5,2, 2)eols, 2, )| dz
0 D

IA

(M3)2/Otds/5(t_s>d?exp(_MQ(t_S>1|x_z|2>S2

x exp(—Mys |z — y|?) dz

b g [t ds exp(— ML) o (el
= (Ms)*(2m — 7 T dz
W >/o<t—s>m/n (2r(t-s)i  (2n(s)}
< (om0 2 R
< (M) VT exp( - 22 (3:22)

Iterating this calculation, we get, for ¢ € [0, 7],

d Molz — yl?
lex(t, )| < Mg**!(2m) 2255 exp<—M

).

Therefore, there exist positive numbers T} and My, such that, for any ¢ € [0, 7],

M2|$ - ?/|2

—). (3.23)

- d+1
|f(t7x7y)| S Z |€n(t,$7y>| S M4t_% eXp<_

n=0
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Combining (3.20), (3.21) and (3.23), we get:

&.

Ip1(t,z,y)| < Mlt_%exp( Mot — y|?) /ds/M1 (t—s) 2 x
x exp(—My(t — )" Ha — z|?) x Mys™ EN exp(—Mys ™|z — y|?) dz

< Myt exp(— Myt |z — y[?)

d d t ds
+ My Myt~ 2 exp(— Myt |z — y|*)(27)2 —
0 Vs
< Mgt % exp(—Mat |z — y[?), (3.24)
as t € [0,71]. Here M5 is a positive number, depending on M, My and T7. ]

Lemma 3.3.4. Let pi(t,x,y) be defined as in Theorem 3.3.3. There ezist two con-

stants A1, Ay > 0 such that
(V1] < Ait™ ER exp(—Xot 'z —y[?),t €[0,T1], =zyeD. (3.25)

Proof. Let U;, B;; and A;; be the same as in the Theorem 3.3.3. By the proof of

lemma 2.2 in [34], we have, for z,y € U,

dq d+1 d
| (t 2, y)| < Mt~ exp(=Mrt™ > |yl — zfy[*).
Ox
T k=1
Recall that coordinate system og(x) = (xy,--- ,x4) denotes the global Euclidean
coordinate system. Assume z € U;. Because the mapping o; 0 05" : (z1,--+ ,24) €

R* — (m%i), e x?i)) € R% is continuous and bounded, there exists a constant K5 > 0

independent of x, k and j, such that

d K
Ouy g 91 %,
81’] Oz T;
4q
< K3Z|al'k (t7x7y)|
k (@)

< Mgt~ % exp(—Mqt |y — x|?) (3.26)
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The last equality is due to the fact 3¢_ lyly — 2(pl> < C Sy —

Thus there exist constants Mg, Mo > 0 such that

0 0 t oq(t — s, x, z
By <y [ PR sy deds
0 JD

< Mgt~ exp(— Mty — 2/?)
2 2
t ds exp(— ) exp(— il
+M8M4/ 11/ té : T )dz
o (t—s)2s2 Jp (t—s)2 (s)2
< Myt™5 exp(—Miot ™'z — y|?),

for t € [0, T1].

3.3.2 Upper Bounds for Heat Kernels Associated with G,

Recall that Go = G + b -V, where b was defined in (3.12). The following theorem is

the main result of this section.

Theorem 3.3.5. There ezist a constant Ty > 0 and a continuous function py(t, z,y),

which is the heat kernel associated with the operator Gy. po(t,x,y) admits an upper

bound of Gaussian type. That is, there exist some constants Cy,Cy > 0, such that

d _
pa2(t, z,y)| < Cit™ 2 exp(—Cot ™2 — y?)

fort € [0,Ts], z,y € D.

Let B : D — R%is a vector-valued measurable function. Set

« " —dtl ’(13 B y’2
Nj (B) = sup [B(y)|s™ = exp(—a——) dyds
0 D

zeD S

Definition 3.3.6. We say that B satisfies condition K if

lim N;'(B) =0, for all o> 0.
h—0

(3.27)

(3.28)

(3.29)

Lemma 3.3.7. If |B| € LP(D) (p > d), then B satisfies condition K.
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Proof. For |B| € L?(D) and p > d, we have |B| is of the Kato class K441, i.e.,

B(y
lim sup/ L)Jld = 0.
=0ueD J{jy—ai<s} |Y — 2|
In fact, let ¢ > 0, (1] + 5 = 1, then for any > 0

B
/ | (y)dt1 dy
{ly—zi<ay [ — |

1 1
B(y)|Pdy)» / —dy
(f IBwrai[

0
1
CHBHLP(/O ~anen )

Q=

IA

Q=

IN

Because d < p, we know that (d —1)(¢ — 1) < 1. Then

B
supx/ —| ( )d| - dy <C’HBH —(d=1(e-1),
{ly—=|<8} ly — |
That is, for any € > 0, there is a 6 € (0, 1), such that

|B(y)|

Supz/ T dy <e.
{ly—al<s} |y — x]*7!

For the above 4,

2
// |B(y)|s™ o exp( z =yl ) dyds
s
S / P dy+/ . e dy
Jiy—aizsy 7 Jymazey

-~ -~

1 11

First, we get

2
m < [ |/ 4 exp(-al” ) dyas
{|y*x|§5}
< [ Bl [ ep(-ale -y didy
{ly—2z|<6} 0
1 4
< [ Bl | ety
{ly—=|<6} az |z —yl=tJo
<

B
of L,
(ly—al<sy [Y — 2]
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50
By the Holder’s inequality, it follows that

2

, h exp(—a'z_sw) 7
(1) < < J Bl ( / —d) dy)
h exp(—oz'xfy‘Q) ) )2
d—+18 dS d .
</{yw|25} </0 sz !

2

On the set {|y — x| > d}, we get

h |lz—y|* 52

exp(—a—"") exp(—a

/ — o ds < / :
0 S 0

[e.e]
) Cad%s 44l g
Td:;:/ e s g7l s
2 S 2 1

h
< h/ e g1 g — 1 d+1
0

fE, (

o s+t 2 )h

which implies that

N

(II) < (/{y x|>5}|B(y)| (5§j1h) dyy (/Ohi (/ exp(—s 1

a\x—y|2) ) )q
ST iy ) ds
S 2
< 601-;—1 ||BHLphp 2q

Therefore, for arbitrary €y > 0, there exists a positive number dy > 0 such that
for any h < g,

(B) < e. That is limy o N (B) =0 O
Lemma 3.3.8. ([{1])

Suppose 0 < a < b, there exist positive constants Cyyp and ¢ depending only on a and

b such that
//exp a(t —s)~ 1|:L‘—Z| )\B(Z)|6Xp(_

bfl 2
sd+|lz y|)dzds
(t—s)t sz
ex at ™ Ha — yl?
< C,,N(B) p(— t%ll yl*)

(3.30)
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and
bl oexp(—a(t — s)7 Yo — 2)?) exp(—bs~z — y|?)
B(z dzds
I/ e LD
¢/ o €XD(—at ™z — y?)
fort < h.

Proof of Theorem 3.3.5:
By the standard parametrix method ([13]), the fundamental solution of the parabolic

equation associated with G5 has the following expression:

t
p2(t7x,y)=p1(t,:r,y)+/ /pl(t—&x?Z)‘I’(sz,y)dzdS’
0 D

where

q)(tax7y) = b(.ZU) ’ .rpl t x y / / : a:pl S,ZE,Z)@(S,Z,:U) dZd87

and p;(t,z,y) is as in section 3.1.

Let

fl(tvxvy) = b(&?) ’ vzp1<t7$>y)7

f’n-i-l t T y / / zpl S,l’,Z)fn(S,Z,y) dzds.

Then

O(t,z,y) = ant:vy
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By the upper estimates on p;, Vp; and Lemma 3.3.8, we have

t
| / / pu(t — 5,2, 2) (s, 2, y) deds|
0 D

t
= ]/ /pl(t—s,:r;,z)b(z)-Vzpl(s,z,y)dzds]
0o JD
exp(—Miat ™z — y|? )
t

< My NM2(p) (3.32)

[NJIsH

Let g(t, z,y) fo Jopi(t —s,2,2)b(2) - V.pi(s, z,y) dzds. Therefore

t
‘/ /pl(t_S>$7Z)fn+1(s>zay)d2d5’

= |/ /p1 (t—s,2,2 {/ / V.pi(s =1, z,w) fu(l,w,y)m(dw)dl} dzds|

— \/ /{/t l/pl(t—l—s,x,z)b(z)-Vzpl(s,z,w) dzds} fr(l, w, y)m(dw) di|

_ |// L) full,w, y) dwds|.

By the estimates (3.32) for g(¢,z,y) and the Lemma 3.3.8, we get:

|/ [ mat = s 2) (s, 9) |

< NM12 (b)Myy)"t™ B exp(—Mit ™z — y|?).
Choosing h small enough, it follows that there exists T5 > 0 such that

po(t,z,y) < ]\/[13t_g exp(—Mlgt_l\a: — y\z) on [0,T3] x D x D.

3.4 Lower Bound Estimates

In this section, we establish the lower bound for the heat kernel of operator G5

equipped with the Neumann boundary condition. Recall that G, = %V (AV)+b-V.
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We first establish the lower bound for the heat kernel associated with the diffusion

operator G = 3V - (AV).

3.4.1 Lower Bounds for Heat Kernels Associated with G,

Recall that the reflecting diffusion {X;, P*};>¢ associated with the regular Dirichlet
form &y(-,-) has the generator G; = 1V - (AV). And we have shown that the heat
kernel p; (¢, x,y) of the operator Gy equipped with Neumann boundary condition, has
upper bounds of Gaussian type:

Cz|x - y|2

pl(ta xz, y) S Cltig eXp<_ t

)

for t € [0,T1] x,y € D, where C,Cy and T} are positive constants.

Proposition 3.4.1. There are positive numbers Cy and Cy such that, fort € [0,T}],

x €D and any € > 0,

x 0462
P*[sup | X5 — x| > €] < Cyexp (— . ) (3.33)
s<t
Proof. Note that
Pw[|Xt_m| 25] = / pl(thay)dy
{lz—y|>e}nD
zfy2
< C’lt_g/ P dy
{ly—z[>e}nD
— C 2
< Crexp(——-).

2t

Define the stopping time 7 = inf {t > 0, |X; — Xo| > ¢}.
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Then we have

P*[sup | X — z| > €]

s<t

= P[r <t

9
2
|+ PUIXe = X, = Si7 <

= PU[Xe = Xo| = ;7 <t]+ PUIXy — Xo| < 557 < ]

< PTX:— Xo| >

MmN O DN M

g
= PY[|X; — Xo| > 5] + E*[EX[| Xy — Xo| > 5],7 <.

Note that on {7 < t},

x 5 . e, ~ Coe?
B[ Xyr = Xo| 2 5] < sup PH[IX, — 2] 2 5] < Crexp(———),
2 zeD,s<t 2 8t
and (3.33 ) is proved. O
Set
1
L,.= §V (A,V) on D,:={rx:z e D}, (3.34)

here A, (z) = (a;(7))1<ij<a = (i (2/7))1<ij<a-

Proposition 3.4.2. For any x € D,, if we define the probability measure P* = P/,
then the process {r X2, P?}i>0 is a reflecting diffusion on D, associated with the

generator operator L, equipped with the Neumann boundary condition.

Proof. Firstly, we prove that the heat kernel p,.(t, z,y) of the process {rX;/,2, P*};1>0 is
equal to T%pl(riz, 2, ¥), where py(t, 7, y) is the heat kernel associated with the operator
Gy on D.

Let Y; = 7X,)2. For any function f € C*°(D,), define the semigroup associated
with (Y3, P¥) as T{ f(x) = E*[f(Y;)]. On the one hand, we have, for z € D,., T] f(x) =

Jo. FWpe(t,2,y) dy.
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On the other hand, we have, for z € D,.,

T) f(z) = EX[f(Y))] = B [f(rX,)2)]

This implies

1 t
pr(tu z, y) = T_dpl(_Q’

95

r

Secondly, we prove that the generator of the semigroup 7} is L,. Fix any f €

C>(D,), then f(z) := f(rz) for z € D belongs to C>°(D). For any z € D,,

iy T ) = s (0 [ (55 Da)
= it (10— [ sumC5 )
— tin (Fam - [ Fom(s )
= %1_{%2 <~— Tt/ﬂf) (x/r) = %(Llf)(x/T)
= sV (AV)(a/r) = LV (AY (@)

T

The last equality follows from the fact that g—j_(x/r) = T%(ZE) and raa—”(a:) =

Baij
ox;

ox;

(x/r), for x € D,. Without loss of generalization, we assume that there is a

smooth function ¢ such that D = {z : ¢(z) = 0}. Defining ¢(x) = ¢(x/r) for

z € D,, we get D, = {z : (x) = 0}. Therefore, for any = € dD,,

1

Vo (x)]
1

< AT(I)ﬁ<CL’), Vpr(ta Z, y) >

= 0

This proves that p, satisfies the Neumann boundary condition.

< A

r#HdVo(z)|

@) V() g (1), r ) >

< A(z/r)Vé(z/r), VL (t)r? 2 /r,y/r) >
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Proposition 3.4.3. There exist two constants ¢ and ¢ such that

v —y| < VI

whenever

~+
M\&l )

b1 (ta Z, y) Z
Proof. By [3] and Proposition 3.4.1, there are some constants ¢, > 0 and ¢ depending

on the Lipschitz constant v of the boundary of domain D and the ellipticity constant

p(to, x,y) > ¢ whenever lr —y| <1

Set ¢ = 1/\/ty. Fix any t > 0 and x,y € D with |z — y| < ¢/V/t. Set r = \/to/1.

Since the domain D, shares the same Lipschitz constant with D and p,(¢, -, -) admits

the same upper bound as p; (¢, z,y), we know that p,(to,m,n) > ¢ if |m —n| < 1.

Therefore,
lre —ry| < rd vVt =<V =1

implies that p,(to, rz,7y) > €. So

1 -
pr(to, ra,ry) = ﬁpl(to/TQa%y) = ﬁpl(t,x,y) > C.
]

d
Setting ¢ = &t , we get py(t, x,y) > < for |z —y| < VT
t2

After the preparation of Proposition 3.4.3, the following result follows similarly

as the proof of Theorem 2.7 in [14].
Theorem 3.4.4. Suppose that domain D is convex. There exist constants Cy,Cy > 0

and Tz > 0, such that for z,y € Dt € [0, T3]
02|l’ B y|2)

pi(t,z,y) > Cit ™% exp(— ;

Proof. Fixt > 0,2,y € D. If |z —y| < ¢V/t, by last proposition, we have p; (¢, z,y) >

e >ttt exp(—@). Therefore we suppose that |z —y| > /1.
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Because 0D is compact and smooth, there exist two constants g > 0 and § > 0
only depending on D, such that |D N B(z,7)| > 6|B(z,r)| for # € D, r < ry. Here
B(z,r)={z € R*: |z — 2| <r} and | - | means the volume of the set -.

Since D is convex, the set c(x,y) := {(1 — t)x + ty,t € [0,1]} C D. Let k be the
smallest positive integer dominating % and set s; = x + @(1 <i<k-1),

:%\/% Sothatrzc—/\/zzﬂandr<ro.

Denote S; = B(s;,r), where B(z,r) = {z € RY: |[x—z| < r}. Then {S;}i=0. xisa

.....

sequence of balls. For &; € S;, maz{|r—& |, |[y—E&k—1],|&—&a1],1 < T < k—1} < c’\/%.

Hence, by the last proposition,

pi(t,z,y) = /"'/p1(£,x,§1)P1(£,§1,§2)"'p1(£,fk—17y)d§1"'§k—1

/SmD /Sk mD y L 51)]?1( afl,&)"'pl(%,fk_l,y) déy - &y
(C(k}> d/2) 15,5,

v

v

Here, the volume of the ball |S;| = wgr? = wd(%)d( )42, and the constant wy only
depends on d.

Therefore, we get that

1
D1 (t, x, y) > (i)t—d/2kd/25k—1(§

— wac' )k =: C’lt_dmkd/sz
d

Then, there is a constant C3 > 0, such that

log p1(t, z, 1) > log Cit~4? + klog Cy > log C1t =% — Csk

Since 9'— <k< g‘w yl + 1, we know that

—Cglz—yl?

m(t,x,y) > Cut2e 1 . (3.35)

Here, the constants Cy, C5, Cs only depend on A, T3 and d.
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3.4.2 Lower Bounds for Heat Kernels Associated with Go

Recall that
1

As in the proof of theorem 3.3.5, we set
fl(t7 €, y) = b(l’) : Vazpl(ta z, y)a

o1 (t,z,y) = /0 /Db(z) - Vap1(t — 5,2, 2) fu(s, z,y) dzds.

Then by the construction of function ps(¢,x,y) in Theorem 3.3.5, the following

inequality holds: there are constants A\; > 0, Ay > 0, such that

00 t
|p2(t,x,y)—p1(t,x,y)| = |Z//pl(t—s,x,z)fn+1(s,z,y)dzds]
k=170 JD

)\2’1’ - ?JP

< ANPO)E 2 exp(— 2

),

and consequently,

)\2|x - y|2

—) (3.36)

pa(t.w,y) > palt, 2, ) — AN (D)% exp(—

Because limy,_,q Nﬁ\Q (b) = 0, we can chose h small enough so that

Molz — yl?
po(t,z,y) > pl(t,x,y)—MN;?(b)tgexp(—M)
—Cglo—y|? \ _ 2
> Cytre i —AlN,?(b)tgexp(——2|xt ol
1 — \ x— 2
> 5@{%706 gl (3.37)

for t < h.
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3.5 Two-sided Estimates for the Heat Kernel p(¢, z, y)
of Operator G

Recall that G = $V - (AV) +b- V + ¢ with b and ¢ defined in (3.12). In this section,
we establish both the upper and lower bounds of the heat kernel p(t, x,y) associated

with the operator G' equipped with the Neumann boundary condition.

3.5.1 Upper Bounds for the Heat Kernel p(t, z,y)

Define the exponential martingale

7, = el A*lb(Xs)dMs—%f(f<b7A*1b>(Xs)ds’
where the martingale {M;,t > 0} was defined in (3.5) and (3.6).

As |b| € LP, p > d, then by [27], we know that Z; is an exponential martingale on
the probability space {2, F;, P*}¢>0. Define a family of measures (P*,2 € D) on Fa
by i

dpP*

Sl P
pz 7 = %

Then, by the Feymann-Kac formula, if f € C*°(D), we have:

Sif(x) = E*[Zielo 159% f(x,)] = E*lehoaXds (X))

= B0 Y | ax)asy

n=0

Here E” denotes the expectation under P*.

Set

Qo(t,x) = E*[f(X:)] (3.38)
Qn(t,z) = Ex[/o q(Xs)Qn-1(t — s, Xs) ds] (3.39)
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Then if the following series is convergent, we have

= Qult.z)

Theorem 3.5.1. The heat kernel p(t,x,y) associated with the operator G equipped

with Neumann boundary condition has the following upper bound of Gaussian type:

for K1, Ky >0,

Kolz—y|?

pt,z,y) < Kyt fe 1, for0 <t <T, (3.40)

where Ty 1s a positive constant.

Proof. Firstly, we establish the upper bounds for @, (t, z):

Qu(t.a)| = |/pm:y dyr</M13t -

()| dy, (3.41)
Qo) = | / B lg(X,)Qo(t — 5, X,)] dsf

= |/t/p2(8,x,y)q(y)Qo(t—sxy) dyds|

< [ [ st S ) gt — )t )

Myolz—z|?
|

< MENY(lq)) /D e f(2)]d=. (3.42)

The last inequality follows from the fact that ¢ satisfies condition K.

Iterating the calculation, we get

IL112|172\2

Qult,2)] < ML (NI (g )" /D 4 1)) de.

There exits Ty > 0, such that if h < Ty, then M;3N,"*?(|q|) < 1. This implies

M13 _d _ Mpla—z|?
> Quit ) < Tgg f, e sl

fOI‘tShST4.
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Therefore, we conclude that there exists K, Ko > 0 such that

Kolo—z|?

Ip(t, x,y)| < Klt_ge_ e, for0 <t < Ty

3.5.2 Lower Bounds for the Heat Kernel p(¢,z,y)

Theorem 3.5.2. Given a positive function f € LP for some p > d. Let £(t,x,y) be
the heat kernel of the operator Gy := 3V (AV) +b-V — f, that is,

t
Elexp(— [ £(X)i)] = [ elt.zy)-dy.
0 D
Then there are two constants ky,ky > 0 and T > 0, such that for t € [0, T

kole—y|?
T

E(t,x,y) > fet 2em (3.43)

Proof. We set pg(t,z,y) to be the heat kernel such that

E*fexp ( / F(X.)ds)] = /D pi(t,a,y) - dy.

Let g € C(D) be a non-negative function satisfying ||g||z1(p) = 1. By Hélder’s

inequality, we get

[ palto gt dyl = [Elg(X))| < Brlei SO0 g Brle 6100ty )
D

Let gi,k > 0 be a sequence of nonnegative continuous functions on D with

|gk|lLr(py = 1, such that g tends to the Dirac measure d,, at 3, . Then we have

D2 (ta z, ?JO)2 S Dy (t7 z, yO)g(ta z, ?/0)



CHAPTER 3. TWO-SIDED ESTIMATES ON THE HEAT KERNELS 62

By the lower bound of ps(¢,z,y) and upper bound of ps(t,z,y) established in
Section 3.4.2 and Theorem 3.5.1 respectively, we get the required lower bounds in

(3.43). O

Decompose function ¢ as follows:

where ¢ = max{q, 0} and ¢~ = —min{q, 0}.

Let f be a nonnegative continuous function on D. Then we have

[ st = B[ a(X.) ds) F(X0)

_ exp ( / qH(X,) — g (X,) ds) f(X,)]

> E®[exp (/0 —q (X5) ds) f(Xy)]

~

= [ &ta,y)fy)dy (3.44)

D

where é (t,x,y) is the heat kernel associated with the semigroup

A

Sy := E®[exp (/Ot —q (Xs) ds)-].

By Theorem 3.5.2, we know that there exist constants /2;1, ko > 0 and Ts > 0, such

e

~ N 2
that the heat kernel £(t, z,y) > et~ 2em "2 = for ¢ <Ts.

Therefore, the heat kernel p(¢,x,y) associated with operator G also admits the

following lower bound:

_kgle—y|?

plt,z,y) > E(t,x,y) > ot 2o , for0 <t < Ts.




Chapter 4

Neumann Problems for Semilinear

Elliptic PDEs

4.1 Introduction

In this chapter, our aim is to use probabilistic methods to solve the mixed boundary
value problem for semilinear second order elliptic partial differential equations ( PDEs

in abbreviation) of the following form:

Lu(z) = —F(z,u(x), Vu(z)) on D,
ou(p) — B-ii(z)u(z) = ®(z) on D |

on the bounded convex domain D with smooth boundary.

Both the elliptic operator L = V- (AV)+B-V -V - (B-)+Q and the quadratic
form Q(-,-) associated with L are as in Chapter 3.

The function F(-,-,-) in (4.1) is a nonlinear function defined on R? x R x R?. ®
is a bounded measurable function defined on the boundary dD. Set ¥ = A7, where
7 denotes the inward normal vector field defined on the boundary 9D.

As discussed in Chapter 3, the term V - (B -) is tackled using the time-reversal of

Girsanov transform with the symmetric diffusion (€2, P?, X?,¢ > 0) associated with

63
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the operator

1

which is the symmetric part of L. The semigroup 7; associated with the operator L

has the following form:

Tof(x) = EF(X?)exp( / (A7 B) (XM + ( / (A7 B) (X0)dMO) 0 )

1

— 5/0 (B— B)*A™Y(B — B)(X%)ds +/0 Q(X?)ds)]

= e_”(x)St[fe”](x), (4.2)

where v is got in the Section 3.2.
Here MY is the martingale part of the diffusion X ~? is the reverse operator and
{S:} is the semigroup associated with the operator G = 3V - (AV) +b-V +¢.
Please note that in this chapter, for convenience, we will use (2, P2, X?,¢ > 0) to
denote the process associated the operator G; and use (2, P,, X (t),t > 0) to denote
the process associated with G = 3V - (AV) + b - V. This notation is different from

that in Chapter 3.

Chapter 4 is organized as follows. In the next section, we obtain a pair of L2

solutions (Y, Z) of the BSDEs with infinite horizon:

dY (t) = —F(X(£),Y (t), Z(t))dt + eJo XD X (s))dL+ < Z(t),dM () >,

lim elo dX@duy, — o i L), (4.3)

t—o00

where { X (t) };~0 is the reflecting diffusion associated with the infinitesimal generator
Gy = 3V(AV) + b -V, M(t) is the martingale part of {X(¢)};~0 and function d is
associated with the semilinear function F'(z,y, z) and the ellipticity constant A. Here
we call (Y, Z) the L? solution because we estimate the solution in L?*(€2) in the whole

Section 4.2. The crucial point in this section is that the BSDE to be considered
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has a term associated with the local time and needs to be solved on an infinite time
interval.

In section 4.3, we solve the linear PDEs of the form:

IV(AVu)(2) +b- Vu(z) + qu(z) = F(x) on D (4.4)
194(2) = g(a) on b

Some useful estimates, which are used in the subsequent discussions, are also
proved in this section.

In section 4.4, we obtain the solution to the semilinear PDE:

TV(AVu)(z) + b- Vu(z) + qu(z) = G(z,u(z), Vu(z)) on D, (45)
%3—%(1') = ¢(z) on 0D .

Using the solution (Y,.(t), Z.(t)) to the BSDE (4.3), we set F'(x) := G(x,uo(x), vo(x)),
where ug(z) = E,[Y,(0)] and vy(z) = E.[Z.(0)], so that we can transform the semi-
linear equation (4.5) to the linear equation (4.4). With the solution u(x) of the linear
case shown in Section 4.3, what we need to do is to prove that ug(z) coincides with
u(x). Then we will show that u(z) is the solution to (4.5).

In section 4.5, we finally solve the non-linear equation:

Lu(x) = —AF(:U,u(x)), on D (46)
19%%(z) — B -n(z)u(z) = ®(x) on dD.

The relationship between the operator L and G is the crucial point to complete
the proof. We apply the transformation introduced in [7] and Section 3.2 to transform
the problem (4.6) to a similar problem as (4.5), then an inverse transformation will
solve the final problem (4.6).

In section 4.6, we also obtain the L' solutions of the BSDEs (4.3). Then using

the same methods introduced in Section 4.4 and 4.5, we solve the equations (4.5)

and (4.6). Since all of the solutions are estimated in L'(£2) in this section, different
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conditions on the coefficients of operator L are obtained.

4.2 BSDEs with Singular Coefficients and Infinite
Horizon

Consider the operator
d d
1 0 0 0
=3 8o (W035;) + 25

on the domian D equipped with the Neumann boundary condition:

i, =< An,V->=0, on 0JD.
0y

By [26], there exists a unique reflecting diffusion process denoted by
(Q, Fy, Xp(t), Py, 0y, x € D) associated with the generator Go. Here 0 : Q — ) is the

shift operator defined as follows:
Xa(s)(0r) = Xa(t +5), 5,0 >0.

Let E, denote the expectation under the measure P,.

Set b= {by, ..., bg}, where b; = > 0ciy 4 .

j 8(Ej

Then the process X, (t) has the following decomposition:
t t
X (t) = X,(0) + M, (1) +/ b(X.(s))ds —|—/ An(X,(s))dLs, P, —a.s.. (4.7)
0 0

Here M, is a F;-measurable square integrable continuous martingale additive

functional:

where the matrix o(x) is the positive definite symmetric square root of the matrix
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A(x) and {(Bi}>0 is a standard Brownian motion.

L, is a positive increasing continuous additive functional satisfying

t
L, = / Iix,(s)copy dLs.
0

We write X, (t) as X (t) for short in the following discussion.

In this section, we will study the backward stochastic differential equations with
singular coefficients and infinite horizon associated with the martingale part M,(t)

and the local time L;. The unique L? solution of such kind of BSDE is obtained.

Let g(w,t,y,2) : @ x R x R x R* — R be a progressively measurable function.
Consider the following conditions:
(A1) (1 = 9)(9(t,y1,2) — g(t 12, 2)) < —ar(B)|yr — w2, a.s.,
(A.2) |g(t,y,21) — g(t,y, 22)| < az|z1 — 2], a5,
(A.3) lg(t,y, 2)] < [g(t,0,0)| + as(@) (L + |yl), a.s..
Here a;(t) and a3(t) are two progressively measurable processes and as is a con-

stant. Set a(t) = —ay(t) + da3, for some constant & > where A is the elliptic

L
2X7

constant which appeared in (3.2).

Lemma 4.2.1. Assume the conditions (A.1)-(A.3) hold and
B[ e hewmg(e,0,0)P dt < o
0

Then there exists a unique solution (Y,(t), Z,(t)) to the following backward stochastic

differential equation:

S

Y. (t) =Y, (T) + g(s,Yy(s), Z:(s)) ds — /tT < Zp(8),dMy(s) >, for 0<t<T;

~+

lim el sy (1) =0, in  L2(Q). (4.8)

t—o00
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Moreover,

E$mmﬂhmmwgmﬂ<u>am5Eu/ 2050 7 ()2 ds] < 00, (4.9)
t 0

Proof. Existence:
The proof of this lemma is similar to that of Theorem 3.2 in [42], but the terminal
conditions here are different. By Theorem 3.1 in [42], the following BSDE has a

unique solution (Y (t), Z2(t)):

and moreover,

Y () =0, Z'(t)=0, t>n.

x

Fix t > 0 and n > m > t. It follows that

BN Y (1) — V)P
+ [ e AX)Z26) - 226D, (Z20) - 22(6) > ds
= 2 [ )y ) - v ) s
#2 [ BRI s) Y69l Y5 Z2(5) - 9.V, Z29) ds

1 / I3 @ (Y (5) Y ())g(s,0,0) ds

m

T

-2 /n e2Jo awduy gy —ym(s)) < Z7(s) — Z™(s), dM,(s) > .

Choose two positive numbers d; and d, such that §; > % and 01 + 0o < 0.



CHAPTER 4. NEUMANN PROBLEMS FOR SEMILINEAR ELLIPTIC PDES 69

Then by

2/; Al a (Y (s) = Y (5))(9(s, Y7 (), Z2(s)) — g(s, Y, (), 27" (5))) ds

IN

- / a1(5) 28 S Ay () _yT()P ds
t

+26,a2 e2Jo alw)duyynigy  ym(g)12 dg
2 x T
t

1

e,

/tn 2ottt < A(X(5))(Z5(s) — Z3(s)), (Zi(s) = Z3(s)) > ds
and

2 [ R (5) Y (9)g(5,0,0) ds

m

< 20502 e2Jo alwyduyynigy ym(g)12 s 4
2 x x

m

1 " 2 [ a(u)d 2
o alujau 0,0)°d

it follows that

t 1 1 o0 s
B OB - YO + (1= SB[ Rz - 22(s) P ds
)\ 2)\61 t
1 " S(l u U
< gralel [ (5,00 ds]

This implies that
Em[/ e2Joalwdu| zn(gy _ zm(s)2ds] — 0, as m,n — .
0

Hence there exists ZE such that

Zy = lim elo®@duzn iy 12([0,00) x Q).

n—oo
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At the same time, we also obtain the following estimate:

sup €2 Jo s |y () — v (1))?
t

1 n s
/ 215 @ g5, 0,0) ds

252&% m

+2sup |/ oty r(s) = Y"(s) < Z7(s) = Z'(s), dMo(s) > |-
t t

Taking expectation on both sides of the above inequality, by the Burkholder-

Davis-Gundy inequality, we obtain

B, [sup e fo e ey n(py — ym()[?)
t

1 " S a(u) du
< gl [ g 0.0 i
LB / oI5 sy (g) ym(s)| 20 (s) — Zm(s)P ds}]
t
1 n s 1 t
< L p / I3 0@ g5, 0,0)2 ds] + £, [sup 28 2| yn(g) — v
2(52@2 m 2 t
LCEL| / 2 Ji a0 du| Zn () _ 7m(5)[2 ds].
0
Thus

E,[sup e fo s de|yn(s) — ym(t)?]
t

1 n s o0 s
SB[ R OR (s, 0,0 ds] 4 20,8, [ ez - Z0(5) d]
202

m 0

IN

— 0, as m,n — oo.
Therefore, there exists {Y,(t)} such that
Jim B [sup [V () — e Y2 (1)) = 0.
For any € > 0, there exist a positive number N such that for any n > N,

Eyfsup [Ya(t) — el 0y (1)) < =,
t
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For t > N, noticing Y,V (t) = 0, it follows that

EV. ()2 < 2B, [|V,(t) — el oy N@)]?] 4 2B, [e* o )y N (4) 2]

IN

< 2B, [sup |V, (t) — elo s d |y N (1)2] 4 2, [ o o |y N (1))
t

A

€.

Thus we have z‘/lim E,[|Y, ()]} = 0.
—00

By the chain rule, it is easy to see that, from (4.10),
Y, (t) = e~ Joo@dny (1) and  Z,(t) = e hamduz (1)
satisfy the equation (4.8) and
lim B[ ot Y, (0] = lim B[V ()] = 0.

According to the above proof, we also conclude that (4.9) holds.
Uniqueness:

Suppose that (Y;!, Z!) and (Y2, Z2) are two solutions of the equation (4.8).

Set Y, (t) = Y1(t) — Y2(t) and Z,(t) = ZL(t) — Z2(t), a.s.. Then

xT

d(elo @y, (1)) = —eloom (gt YI(1), ZM(t)) — g(t, Y2(t), Z2(1)))dt
+a(t)eh sy (1)ay

teloadn - 7 (1) AN, (t) > . (4.11)
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By Ito’s formula, we get, for any ¢t < T,

2 S awdu ()2 ¢ / e300 A < A(X(5)) Zu(s), Zu(s) > ds
RO A T / 213 AT, () (g5, Y (s), Z2(s)) — g5, Y2(s), Z2(s))) ds

T
—2/ a(s)e2 5 |7 ()12 s
t

T
—2/ a(s)e2 5 Y () < 7 (s), dMo(s) > . (4.12)
t
By conditions (A.1) and (A.2), we have

2 / 213 AT, () (g5, Y (s), Z2(s)) — g5, Y2(s), Z2(s))) ds
- Q/t &2 I3 T, (5)(g(s, Y (s), ZM(s)) — g5, Y2(s), Z1(5))) ds

42 / Y, (5)(g(s, Y2 (5), Z2(s) — g5, Y2 (s), Z2(5)) ds

T

< —2/ al(s)e”dsa(“)d“\Yx(s)\zds+a2/ (25 a0y (Y17 (5)|ds
t t
T . 3 T R B

< —2/ a1(5)62f0 a(“)d“\Yx(s)\zdstc'aQ/ e*Jo “(“)d“]Y;(s)]st
t t
1"y .

tag— [ ez (s)[2 ds. (4.13)

A

Choosing ¢ = 2day, we obtain
U 1 u 7 7
T 0+ (1 5 [ A < A6, 20ls) > s

< @Ry =2 [ a5 < 2, > (11

Taking expectation on both sides of the above inequality, we get that, for any
t<T,

Em[e2f(;S a(u) du|§7z(t)’2] < Em[€2f0T a(u) du|Y;(T)|2}
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Since both Y and Y2 satisfy the terminal condition in (4.8), we obtain that
lim E,[eo ° %Y, (T)?) = 0,
T—o0

which leads to Ex[leOt awdu|y, (¢)*] = 0.

We conclude that Y! () = Y2(t) and Z1(t) = Z2(t). O

We now want to apply Lemma 4.2.1 to a particular situation.
Let F(x,y,2) : R? x R x R* — R be a Borel measurable function. Consider the

following conditions:
(D.1) (y1 — 1) (F(z,y1,2) — F(2, 92, 2)) < —di(2)|y1 — a2,
(D.2) |F(z,y,21) = F(z,y, 22)| < dafz1 — 2],
(D.3) [F(z,y,2)| < |F(x,0,2)[ + K(z)(1 + |y]).
Set d(z) = —dy(z) + 6d3 for some constant § > 5. The next result follows from

Lemma 4.2.1.

Lemma 4.2.2. Assume the conditions (D.1)-(D.3) hold and
Em[/ e2Jo dX @) p X (), 0, 0)[%dt] < oo.
0
Then there ezists a unique solution (Y,(t), Z,(t)) to the following equation:

V() =)+ [ PX(),Yi5). Zulo) s

T
—/ < Zy(8),dM,(s) >, for 0<t<T;
t

lim el X dwy (1) =0, in  L2(Q). (4.15)

t—o00

Consider the following condition instead of (D.3):
(D.3) |F(X(t),y,2)| < K(t), for any y € R and z € R%.
Let @ be a bounded measurable function defined on 0D, and ¢ € L?(D), for p > d.

The following theorem is the main result in this section.
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Theorem 4.2.3. Assume the conditions (D.1), (D.2) and (D.3)" hold and that
o /O el A gp 1 o (4.16)
for some xy € D and for x € D,
B, / Y AX () duf 2[5 A(X () du 4| 1(4)]2) @] < oo. (4.17)
0
Then there ezists a unique solution (Y, Z,) to the following BSDE:

Yalt) = i)+ / " P(X(). Vi), Zo(s)) ds / el A (X (5)) dL,

t

T
—/ < Zy(s),dMy(s) >, for 0<t<T, (4.18)
¢
and
Jim eo dXW)duy: g jp L2(Q). (4.19)
—00

Proof. Uniqueness:

Suppose that (Y}, Z!) and (Y;2, Z?) are two solutions of the equation (4.18) sat-
isfying (4.19).

Set Y, (t) = Y.1(t) — Y2(t) and Z,(t) = ZL(t) — Z2(t) . Then

T T

d<€f$ dX () duy (1))
= =l XD IEX (1), Y (1), ZL(E) — FOX(0), Y2(1), Z2(1)))dt

T x

Fd(X(1))edo MK duy (1) gy 4 eJo dX @ du 7 (1) GNL (1) > |
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By Ito’s formula, we get, for any ¢t < T,
t — r t — _
e*Jo d(X(“))d“|Yx(t)|2 —|—/ 2 Jo AX DA A(X (5))Z4(5), Zu(s) > ds
t
I AWy (72

T )T T

*2/t e? Iy Xty (5)(F(X(s), Y, (5), Za(s)) — F(X(s),Y2(s), Z2(s))) ds

—2[ d(X (3))e i A B ()12 g

-2 /t : di (X (s))e2Jo dX D duy (&) < 7 (s), dM,(s) > (4.20)

By (D.1) and (D.2), we have

T

) / 2 8 AW Ay, () (P(X (5), Y2 (5), Z2(s)) — F(X(5), Y2(s), Z2(s))) ds

= 3 [ AT, () (X (5), Y2 (6) ZH) ~ FIX (), Y2(5), 225 s

2 / A ey, (5)(P(X(5),Y2(s), ZL(s)) — F(X(5).Y2(s), Z22(s))) ds

IN

T ) B [e%s) s B B
—2 / di (X (s))e2 o dX D du)y ()12 ds + dy / 2 Jo dX)duy ()| 7. (s)| ds
t

t

IA

T T
» / 0y (X (5))e2 8 AKX du g (12 4g 4 / (23 AX @) du| 7 (]2 g
t

t

1 T
o 2 Jo dX () du) 7 ()2 ds. (4.21)
t

Choosing ¢ = 2dds, from (4.21) we obtain that

T
|€f0d(X(u))qu:p(t)|2 (1 . %)/ 62f0d(X(u))du < A(X(S»ZI(S)’Z ( ) > ds

T — T 7
< W XY (T2 o / A(X (5))e2 I8 AXW Y, () < Z,(s), dM,(5) > .
t

(4.22)

Taking expectation on both sides of the above inequality and letting T tend to
oo, we get that

Em[BQIOt d(X(U))duD_/x(t”Q] -0
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We conclude that Y,!(t) = Y2(¢) and hence from (4.22), Z1(t) = Z%(t).

Existence:
First of all, the assumption (4.16) and the following Lemma 4.4.3 imply that

sup Ex[/ elo dX@)du g1 1 < 50
z 0

1°: There exists (p.(t), g.(t)) such that

dp, (1) = elo XD (X (1))dL,+ < q,(t), dM,(t) > (4.23)

and elo dX@W)duy (1) 5 0 as t — oo, in L2(1).

In fact, let

palt) = —Egc[/t I3 A By (X (5)) dL, | ]

_ /0 oIS AX@) dugy(X ()L, — B, | /0 eJs AX@) dugy( X (5)) dL,| ).
(4.24)

By the martingale representation theorem in [42], there exists a process q,(t),

such that

SB[ RIS () dLIF) =~ B[ HOma(K(5)dL

0

+ /t < qe(8),dM,(s) > . (4.25)

Then (p,, g.) satisfies the equation (4.23).
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Moreover,
plt) = —Ex[/ ol AKX () d L. | )
t

i SN, / oJ7 X dugy (X (6)) dLy| F]
t

= O[T RSO (X (5 1) |
0

= —ehiX@)dup | /0 h elo (XA dugy (X (5 4 1)) d Ly 4| F]

= —ehixWdp, [/Oo eJo I dug(X (1)) dL). (4.26)

0

The last equality follows from the fact that L, = L; + Lg o 6;. Therefore,

sup |p.(t)] < eJo (X () du sup |®(z)| - sup Ex[/ elo q(X(“))dust].

xeD zeD 0

Set M = sup |®(x)]| - sup Ex[/ elo AX(u)dugr,].
D 0

zeD z€D
By the following Lemma 4.4.3 and condition (4.16), it follows that M < oo.

In view of (4.17), we have

lim eJo DX ) du _
t—o00

in L?(Q). Hence,
efotd(X(u))dupx@) < Melo@rdXw)du _y g oo ¢ oo, in L*(Q). (4.27)

2°: Set g(t,y,z) = F(X(t),pz(t) + y,q:(t) + z). Then

(y1 — v2)(g(t,y1, 2) — g(t, 42, 2))
= (11 — y) (F(X (1), p2(t) + Y1, ¢2(t) + 2) = F(X(1),pe(t) + Y2, ¢ (t) + 2))

< —dy (X ()| — w2l (4.28)
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and
|g<t’ Y, Zl) - g(t7 Y, 2,'2)|
= |F(X(1),p(t) + ¥, q2(t) + 21) = F(X (1), pe(t) + ¥, @ (t) + 21)|
< dalzy — 2.
Moreover,

Bl [ B inlg(x(e),0,0 d
0
< B[ RO R @), pu(e) )
0

< B[ ROmK R
0

< oo. (4.29)

Therefore, g satisfies all the conditions of the Lemma 4.2.1. So there exists a pair

of processes (k,,[,) such that
dk,(t) = —g(t, k. (t), (1)) dt+ < 1(t), dM(t) >,

and

elo dX @) dug 4y 0,

as t — o0.
Putting Y, (t) = p.(t) + k.(t) and Z,(t) = q.(t) + 1. (t), we find that (Y, (¢), Z.(t))

satisfies the following equation
dY,(t) = el IXW)dug X (1)) AL, — F(t,Y,(t), Zo(t)) dt+ < Zu(t),dM, >

and

}H?o elo dX W) duy, _
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]

Corollary 4.2.4. Assume all of the assumptions in Theorem 4.2.3 are satisfied. If

sup Em[/ e Jo dX (D du [e2(6) dg < o0, (4.30)
@ 0

then it holds that

sup |Y;(0)| < oo.
zeD

Proof. As shown in the proof of theorem, Y,(¢) has the decomposition: Y, (t) =

Pa(t) + Ez(2).
Firstly, set t = 0 in (4.26), it follows that

PO < Expl / A (X (1)) d Ly
0

< sup ||q)HoosupEm[/ efold(X(u))dudLl]
T T 0

< o0. (4.31)
Secondly, by Ito’s formula, we obtain

QT AX@ g ()2 = o2 AW (100 & (1), 1,(1)) db
262 A () d(X (1)) dt
2et A g (1) < 1, (1), dM (1) >

FRIAXR < A(X (1)1, (1), 1 (t) > dt.

By further calculation and choosing two positive numbers ¢; and d, such that

01 > % and 01 + 0o < 6, we obtain that, for any t < T,

¢ 1 1
E,[e? o A0 & (1)) + 1= 550
1

1 T s
E, 2 [ d(X(u))du 2 1sl.
s el [ g 0,0 )

T
Egg[/ €2f05d(X(u))du|lm<S)|2d8]
t

< Ex[€2fOTd(X(u))du|kz(T)|2] +
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Setting ¢t = 0, we get

k(O = Exllka(0)]7] < Eyfe? o 4D @k, (1))

1 T s
B[ [ e 0Ding(s,0,0)2 ds]
0

T 25,8

Because T' > t is chosen arbitrary, it follows that

1
k2 (0)* <

E, - 2 [ d(X(u))du 0.0 2 dsl.
< gphel [ @B, 0.0)Pa

Therefore, by condition (4.30), it follows that

1 S :
sup |1 (0)] < ( g5 s Bal [ IO 0g(s,0,0)P ds] ) < o

So that sup |Y,(0)| < sup |p.(0)| + sup |k,(0)| < oc. O

4.3 Linear PDEs

Given an operator

1
G=3V-(AV)+b-V +q,

satisfying the Neumann boundary condition and with the domain D(G) Cc W'?(D)
densely, where D is a bounded smooth domain in R?.
Here b = (b, ...,bq) is a R%-valued Borel measurable function, and ¢ is a Borel

measurable function on R? such that:
Ip(|b]* + lg]) € L(D), p>d.

In this section, we solve the following linear boundary value problem:

LV - (AVu)(2) + b Vu(z) + g(z)u(z) = F(z) on D, (4.32)
Ha(o) = 0 e
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where F' and ¢ are bounded measurable functions on D and 9D respectively.

By Green’s identity, it is known that operator GG defined on a bounded domain

D with Neumann boundary condition %(:{;) = 0 is associated with a quadratic form

([15], [30]):

Efrg): = — /D G (2)g(x)ds

_ %/D<AVf,Vg>dx—/Db-Vf(x)g(x)dx—/Dq(x)f(x)g(x)dx_

Definition 4.3.1. A bounded continuous function u defined on D is a weak solution

of the problem (4.32) if u € WY2(D), and for any g € C>=(D),

E(w.9) =~ | o) - /D F(a)g(x)dr.

where \ denotes the d — 1 dimensional Lebesgue measure on 0D.

Consider the operator
1
Gy = §V - (AVu) (4.33)

on domain D with boundary condition g—ﬁ; =0on dD.
G is associated with a reflecting diffusion process (X°, PY). By [26] and Example

1, X° has the following decomposition:

1
dX? = o(X?)dW, + §VA(X?) dt + (X)) dLY,
¢
L) = / Iixoeopy dLY, (4.34)
0
where the matrix o(x) is the positive definite symmetric square root of the matrix

A(x) and {W, }1>0 is a d-dimensional standard Brownian motion.

It is well known that operator (G; is associated with the regular Dirichlet form
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([15]):
1 ou Ov
0 = —_— e —
E(u,v) = 5 /Da” . &cjdx
and the domain of £° is W1?(D).

The following lemma can be proved similarly as the Corollary 3.8 in [21] using

the heat kernel estimates on p; (¢, x,y) associated with G; in Chapter 3.

Lemma 4.3.2. There exists a constant K > 0, such that

sup EY[LY] < KVt and inf EO[L?] > 0.

zeD zeD

n

Moreover, for all positive integer n, we have sup,cp EY[(LY)"] < K,t2, for some

constant K,, > 0.

Set M = fg o(X?) dW, and

7, = o Jo <ATTB(X),AMO>—1 [§ b* A~ 1b(X0) ds+ [ a(X)ds (4.35)

where b* is the transpose of the row vector b.
The proof of the following two Lemmas are inspired by that of the Lemma 2.1

and Theorem 2.2 in [21].

Lemma 4.3.3. Fort > 0, there are two strictly positive functions M (t) and Ms(t)
such that, for any x € D, M, (t) < Eg[fot ZsdL% < My(t). Furthermore, My(t) — 0

ast — 0.

Proof. 1°: Put

NI(F) = eJi <A™ b0 AME>—4 [ A0 (4.36)

eq(t) — ef(f q(XJ)ds

Then by martingale inequality and the fact that L° is increasing and continuous,



CHAPTER 4. NEUMANN PROBLEMS FOR SEMILINEAR ELLIPTIC PDES 83

we have

t t
sup Eg[/ ZydL?] = sup Eg[/ M(s)e,(s) dL°]
0 0

z€D

zeD
< sup E2[max | M (s)[?]2 - sup Efeqq (1)(L0)?]2
eeD 0SS zeD
< Csup EY|My[?]? - sup E[eqq ()] - sup EX[(LY))1
geﬁ | geﬁ . ze€D |
1) (1) (11

By the fact [b|?,|q| € LP and Theorem 2.1 in [27], (I) and (II) are bounded if t

belongs to a bounded interval.

Because of EO[(LY)"] < K,t2, we see that M(t) :== K (I)(I1)\/t is the required
upper bound.

2°: Since
t B t N
BULYP < B2 | 01 s)ey() L) 2| M(s)ey(s) L) (437)
0 0
we obtain
o EO[7,012
2L t(s)eg(s) ) > —— Lol - (139)
0 E9[ [, M~1(s)e_q(s) dLY]
Here
M‘l(t) _ e—fg<A*1b(xg),dMg>+§fgb*Aflb(Xg)ds

t _ t _ t s 4—
— e Jo<A 1o(Xs),dMO>—7 [0 b*A7Ib(X2)ds oo VT ATIB(XY) ds

= N(t) et ATHX ds (4.39)

By the proof of the first part, replacing M, ¢ by N, and b*A~'b— ¢ respectively, it

can be seen that there exists K (t) > 0 such that sup, 5 E9[ [ M~ (s)e_q(s) dLY] <
K(t).

As inf, 5 E?[LY] > 0, we complete the proof of the lemma by setting M;(t) =
inf, 5 ES[LY)?

K(t) : O]
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Set L(z) := E2[[;° Z,dLY].

Lemma 4.3.4. If there is a point xo € D, such that L(zy) < 0o, then there are two

positive constants K and 3 such that sup,.5 E2Z;] < Ke™".

Proof. By Girsanov Theorem and Feymann-Kac formula, G = %V (AV)+b-V+qis
associated with the semigroup {S;};~o, where S, f(z) = E2[Z,f(X?)] for f € L*(D).
By the upper and lower bound estimates of the heat kernel p(¢,x,y) associated

with Sy in [37] and Chapter 3, without losing generality, we assume that
7711’16””‘""9”’?”2 <p(l,z,y) < mye~m2le=ul”
So that we have
p(L,z,y) < mpe ™ < my,
and
p(1,z,y) > myte sl o > m—le—ms(supz,yeplr—yIQ).
The above two estimates imply that, for any positive function f € L?(D),
[ st < Bz = [ panfaidr < c [ f@dn @)

where ¢ is a positive constant. Since

00 1
= ELZ,ES] / Z,L%(ds)]] > M;(1 Z EYZ
0

n=0

and L(zg) < oo, there is a positive integer number N such that

2ot 2 20 = ES (LB, (2w 2 ¢ [ ES{Zc ()
D



CHAPTER 4. NEUMANN PROBLEMS FOR SEMILINEAR ELLIPTIC PDES 85
This implies
1

Thus

sup B[ Zy] = sup EY[Z,ES, [Zy1]] < / E 2 Jm(dz) < (4.41)
D

z€D z€D

N | —

For any ¢ > 0, there exists a positive number n such that & € [n —1,n). Then

by (4.41), it follows that

1

n—1

1
EpZ) < 2n_1Eg(g)[Zt—N(n—1)] < ( sup Eg[Zt])

z€D,0<t<N

[\)

n2
< 2 sup E°ZJe ~h
2€D,0<t<N

]

Theorem 4.3.5. If there exists xg € D such that L(xg) < oo, then there exists a

unique bounded continuous weak solution of the problem (4.32).

Proof. Existence :
Due to Theorem 3.2 in [8], there exists a unique, bounded, continuous weak

solution us of the following problem:

Gus(x) =0, on D,
2(7) (4.42)

%2 (z) = ¢, on 0D .

N | —
=1

Thus by the linearity of the problem (4.32), we only need to show that the fol-
lowing problem has a bounded continuous weak solution:
Guy(x) = F(z), on D,

(4.43)

88—7%1(3:) =0, on 0D .

The semigroup associated with operator G is {S;,t > 0}. By Lemma 4.3.4, we
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have

sup | S, F ()| = sup | EJ[Z, F(XP)]| < Ke || F||oc.
zeD

zeD

Then
uy () ::/ SiF(x)dt
0

is well defined and has the following bound:

K
Sup [ (2)] < [ Fllec-

zeD

Moreover, the function u;(x) is also continuous on D. In fact, fixing any z € D and
€ > 0, we can firstly choose a constant t, > 0, such that sup,.p | foto S F(z)ds| < 5.
And because Sy,uy(z) is continuous, there exists a constant 6 > 0, such that for any
y with |y — x| <6, [Syur(z) — Spyua(y)| < 5.
We find that
Sun(e) = E{Zun (X)) = EUZ [ ExglZF(X0)d
0
~ | BNz
0
= / SsF () ds
t

= ul(x)—/o SsF(z)ds. (4.44)

For any y satisfying |y — z| < 9, it follows that

jur () — s (9)] < oot (2) — Sptin ()] + | / ' 5,F(x)ds| + | / " S.F(y)ds| <c.

This implies that the function wu is continuous on domain D.
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Denote the resolvent associated with operator G by {Gs, 5 > 0}. Note that

Gpuy(z) = / e PtSyuy (x)dt
0

00 00 t
= / eﬁtul(a:)dt—/ eﬁt/ SsF () dsdt
0 0 0

1 00 t
= —ul(x)—/ /e‘ﬁtSsF(x) dsdt
0o Jo

p
- %m@)—éw&F@ﬂlwe&ﬁws
- %ul(x) - %GBF(I). (4.45)
We have
Bui(z) — BGaui () = BGsF (z).
Therefore,

lim /Dﬂ(ul(m)—,BGﬁul(a:))ul(a:)da: = lim/DBGBF(x)ul(x)dm

B—00 B—00

_ /D Fa)us (2)de < oc.

This implies that u; € D(E) (see [30]) and wu; is a weak solution of equation (4.43).

By the linearity, u = uj +us is a bounded continuous weak solution of equation (4.32).

Uniqueness :
Let v; and vy be two bounded continuous weak solutions of the equation (4.32).
Then v; — vy is the solution of equation (4.42) with ¢ = 0. Then by the uniqueness

of solutions to the equation (4.42) proved in [8], we know that v; = vs. O

4.4 Semilinear PDEs

In this section, we solve the following semilinear boundary value problem:

V- (AVu)(z) + b - Vu(z) + q(x)u(x) = —H(z,u(z), Vu(z)), on D,
%(ac) = ¢(z) on 0D.

(4.46)

1
2
1
2
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Recall £(-,-) is the quadratic form associated with the operator G = %V (AV) +

b-V +q. Then

S(u,v)—%/ <AVu,V'U>dx—/ <b,Vu>vdx—/quvdac.
D D

D

Definition 4.4.1. A bounded continuous function u(x) defined on D is called a weak

solution of the equation (4.46) if u € WY2(D), and for any g € C=(D),

E(u, g) = ¢($)9($)>\(dl‘)+/DH(£E,U($),VU(I))9($)CZ$-

oD

Recall that L; is the boundary local time of X (¢) defined in (4.7) and L? is the
boundary local time of X} in (4.34).

As a consequence of the Girsanov theorem, we have the following lemma.

Lemma 4.4.2. Assume the function f satisfies Ex[foT elo FX@dugr ] < oo, Then

it holds that
T t T ~ t
0 0

where M, was defined in (4.36).

Proof. Because the boundary 0D is smooth, it is not difficult to see that there exists

a function g € C?(D) with g—%(x) =1if x € 9D. By Ito’s formula, we get
T T
909 =gX) + [ < Vgx.ad? > + [ (Gu) (X ds + 13-
0 0
And by the chain rule, we obtain

T 5
eI 1D (g) = g(XJ) + [ R IODE < vg(x2), a2 >
0

T T
+ [ ey 1 Grg) (X2 ds+ [ el TN ary
0 0
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Finally, it follows that
Myelo FXdug(x0)
= g(X0) + / M,elo TED A o 76(X0), dMO >
/ Myelo I (g 4 G g)(X0) ds+/ M,elo X du g0

/ eJo FXR) dug( X0V qN, +/ Melo IXDdw < 7g > (X0) ds.
Taking expectations on both sides of the above equation, we obtain

T
EO[Npeli 10 dug(x0)] = g(x) + B / N,el3 109 (1o 4 Glhg)(XO) d]
0

T
+EY| / M,elo S du qr0). (4.47)
0
On the other hand, by the Girsanov theorem and Ito’s formula, we obtain

EO[Nipels XD dug(x0)]
= B[ Iy (X (T))]
T
= g(2) + B / eJ5 SN (o 4 G oy (X (s)) d]
0

T
+E,| / elo X W) du g, (4.48)
0

Comparing the formulas (4.47) and (4.48), we get the final result in this lemma.
]

Lemma 4.4.3. Suppose that the function ¢ € LP(D) and p > d. If there exists some

point xo € D, such that

E,,| / elo IX@)dugr | o oo, (4.49)
0
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it holds that

sup Em[/ elo AXW)dugr,l < oo.

xeD 0

Proof. Due to the Theorem 3.2 in [8] and the condition (4.49), there is a continuous

bounded function f € W1%(D), such that
1 -
§V«(AVf)+b~Vf+qf:0

on domain D and %% =1 on 0D.

Moreover f has the following expression:
flz) = Eg[/oo oo <ATIB(XO () dMY>— 5 [§b* AT(XD) ds+ [ q(Xg)dudLg].
0
By the Lemma 4.4.2, it follows that
flx) = Eqf / el AX@)dugr,].
0

Then the lemma is proved, for f is bounded on the domain D. ]

Let H : R* x R x R* — R be a bounded Borel measurable function. Introduce

the following conditions:

(H.1) (y1 — y2)(H(2,y1,2) — H(@,2,2)) < =1 (@) |y1 — 1],

(H.2) [H(z,y,z1) — H(z,y, 22)| < ho|21 — 2.

Set h(t) = —hy(X(t)) 4+ 6h3 +q(X(t)) and h(t) = —hy (X (t)) + 6h3 for some constant
6> 55

Theorem 4.4.4. Suppose that the conditions (H.1) and (H.2) are satisfied. As-

sume

E,, [/ leJ(q(X(“))+E(“))d“dt] < oo, for some x €D, (4.50)
0
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and there exists some point xo € D, such that

ol / (AN dugr ) o (4.51)
0

Then the semilinear Neumann boundary value problem (4.46) has a unique continuous

weak solution.

Proof. Set

H(t,z,y,2) = oo AX DA F] () e~ o aX(w)dty, o= Jo a(X ()it ).
Then
(y1 = y2) (H(t, X (8), 91, 2) = H(t, X (1), 92, 2)) < =ha(X (@) |yr — o (4.52)
and
\H(t, X(t),y,21) — H(t, X(t),y, 2)| < ho|z1 — 2. (4.53)
Using the fact that H is bounded, we can show that
H(t, X (t),y,2) < el s F ||

By Theorem 4.2.3, there exists a unique process (Yx, Zw) satisfying

AV, (t) = —H(t, X (), Vo(t), Z,(t))dt + eo WX dug X (VAL (t)+ < Z,(t), dM,(t) >

eJo hw) Wy (t) =0 as t— oco.

Furthermore, Corollary 4.2.4 implies that sup Y, (0) < .
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From Ito’s formula, it follows that

de~ fo X (u)) duy( )
= —q(X(t))e P aXduy (g — e~ JoaXdufr s X (4), Y, (t), Zu(t))dt

FO(X ()ALt < e JoaX@dug (1) qNL (4) >
Setting Y, (t) == e~ Jo aX ) duy, (¢ (t) and Z,(t) :=e~ Jo aX(w)duz (1) we obtain

dY(t)

= —(@(X@)Ya(t) + H(X(1), Ya(t), Zo(t)))dt + ¢(X (8))dLi+ < Zy(t), dMo(t) >
Moreover,
elo hwduy () = elo hw dug— [y a(X @) duyy 4y — JohX)duy (1) 40 g5 t — 0.
So by Tto’s formula, we have that, for any t < T,
elo hw duy, (4)
Ry 7y 4 / IS B (X (5), Y, (5), Zu(1)) + (X ()Y (s)) ds

T
_/ elo MW du (X (5)) dL, _/ h(s)elo M dwy (§) ds
¢

T
- / elo Mwdv — 7 (1), dM,(t) > . (4.54)

t

Put uo(z) = Y,(0) and vo(z) = Z,(0).
Since Y,(0) = Y,(0), we know that ug is a bounded function on domain D. By

the Markov property of X and the uniqueness of (Y, Z,) , it is easy to see that
Ya(t) = uo(X(1)), Zu(t) = vo(X (1))

So that sup |Yz(t)] < [lupllee < 0.
zeD,t>0
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Now consider the following problem:

Lyu(x) = —H(x, ug(x), vo(x)), on D (4.55)
§34(0) = 9() on o

By Theorem 4.3.5, equation (4.55) has a unique continuous weak solution u. Next

we will show that u = ug.

Since u belongs to the domain of the Dirichlet form associated with the process

X(t), it follows from the Fukushima’s decomposition:

du(X (1))
= —[HX(#), uo(X (1)), v0(X (1)) + ¢(X(8))u(X(1))]dt
+o(X(t))dL(t)+ < Vu(X(t)), dM,(t) >
= —[H(X(),Ya(t), Zo(t)) + q(X())u(X(1))]

+o(X(t))dL(t)+ < Vu(X(t)), dM,(t) > .

From the condition (4.50) and the boundedness of u(z), it follows that

t—o0

lim E,[e2 o i dug2(x (4))] < HuHiotlim E,[e2frawdu) _ g
—00
By Ito’s formula, it follows that, for any ¢t < T,

ef(f h(u) duu(X(t))

_ efOTh(“)d“u(X(T))—i-/t el MW [ (X (), Y, (s), Zo(s)) + (X (s))u(X (s))] ds

_ /t eJ5 M dugs( X (5))dL(5) — /1t h(s)els M duyy (X (5)) ds
- / ' elo MW 7y (X (1)), dM,(t) > . (4.56)

t

Set

ve(t) = u(X (1)) — Yo(t) and Ru(t) = Vu(X(t)) — Zu(t).
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Comparing the equations (4.54) and (4.56), we obtain the following equation: for

any t < T,

eh My (X (1)
= e My (X (7)) + / " (@K (w)) = hlu))els 180 (X (5)) ds
— / " eliwdu Ry (t),,dM,(t) >

= e MW duy (X (T)) — /t ' h(s)els M duy (X () ds

T
— / elo Mwdv — R (1), dM,(t) > . (4.57)
t

Set g(t) = elo h(w) duy(t). Taking conditional expectations on both sides of (4.57),

we find that

o(t) = Elg(T) - / h(s)g(s) ds| F

= E,[g(T)(1— / s)ds) + / / 9(s1) dsids|F]

- Ex[g(T)(l—/ sy ds+ 2 [ R asy)

/// (s)h(s: i: (s2)g(s2) dsadsids|F].

Keeping iterating in the way above for n times, we obtain

i) = BB S RIULLS

[y / / / / ()51 (50)g(50) d5n...d51d5| ).

It follows that

l9(0)] < Euflg(T)[e™ 1 7% | 7],
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Then by g(t) = elo "W duy (¢ we obtain,
()] < Ballo(D)|ef PN S| E] < (lugllog + ulloo) Baleh 1X 4| ). (4.58)
Hence, it follows that

0 < Eyfelo s % o(t)] < (|luollos + ulloc) Eelels #N %),

for any 1" > t.
Since the condition (4.51) and Lemma 4.3.4 imply

lim E, [l 9X(Dds] — g,

t—o00

we know that 5, [efo 94X sy, (¢)|] = 0. This implies that v(t) = 0, P, — a.s..
Therefore, for any ¢ > 0, we have uw(X(t)) = Y.(t). In particular, u(z) =
E.[u(X(0))] = E.[Yz(0)] = uo(x). This shows that u(z) is a weak solution of the
equation (4.46).
If @ is another solution of the problem (4.46). Then the processes Y, (t) := (X (t))

and Z,(t) := Va(X (t)) satisfy the following equation
dY,(t) = —H(X(t),Yy(t), Zo(t))dt — ¢(X (t))dLi+ < Zy(t),dM,(t) > .  (4.59)

Set ¥,(t) = el 1@ &, (1) and Z,(t) = e X @)@ Z, (1)

By the chain rule, it follows that

AV, (t) = —H (X (1), Ya(t), Zo(0))dt + elo 85O Mg (X (1)) dL(1)+ < Za(t), dM(t) > .
Moreover, because u is bounded,

lim efo wduy (t) = lim elo hw) dugy w(X(t) =0

t—o00 t—o0
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is also satisfied. Therefore, from the uniqueness of the solution of the BSDE in
Theorem 4.2.3, we have

In particular,

4.5 Semilinear Elliptic PDEs with Singular Coef-

ficients

Recall the operator

1 .
L=V (AV)+B-V —div(B) +Q

on the domain D equipped with the mixed boundary condition on 9D:

1 0u -
50_ﬁ’<x>_ < B,n > u(x) =0.

Q(u, v) is the quadratic form associated with L, with the domain D(Q) = W?(D).
{T}, t > 0} denotes the semigroup generated by L.

In this section, our main aim is to solve the following equation:

Lf(z) = —F(z, f(z)), on D, (460)
%g—é(x)— < B,n> (x)f(z) = ®(x), on ID.

Definition 4.5.1. A bounded continuous function u defined on D is called a weak
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solution of the equation (4.60) if u € W2, and for any g € C=(D),

Qu, g) = / Bla)gle) ) + /D P, u(x))g(x)d.

Here the function F : R x R — R is a bounded measurable function and satisfies
the following condition:

(E.1) (11 — 92)(F(2,51) — Flz,2)) < —ri(@)lys — 2l

Set

Z = expl / (A7 By (XYM + ( / (A7 B (XO)dM?) 0

_ %/0 (B—B)'A™Y(B - B)(X")ds +/0 QX)) ds). (4.61)

By the reduction method introduced in Section 3.2, there exists a bounded, con-

tinuous functions v € W'?(D) satisfying

Tif(z) = e " DS,[fe]().

Here, S; is the semigroup generated by the operator: G = %V (AV)+b-V +g¢q
equipped with the boundary condition < AVu,n >= 0, where b:= B — B — (AVv)
and ¢ := Q + 3(Vv)*A(Vv)— < B — B, Vv >.

In this section, we will stick to this particular choice of b and ¢. Recall that

M(t) — o <ATIB(XD).dMI>— [§b*ATIB(X) ds

and set 7, = M(t)@fot a(X2)d
Then from (3.9), it follows that

A

Z(t) = Z,e? DX,
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The process (X, P,) associated with operator G5 has the following decomposition:

X(t):x+/0 U(X(s))dBS—i-/o (%VA—l—b)(X(s))ds—i—/o ¥(X(s))dLs, P, — a.s.

where {B;}:+>0 is a d-dimensional Brownian motion and L, is the local time satisfying
Ly = [} Isp(X(s)) dL,. It is known from [29] that the processes (X, P,) and (X°, P?)

are related as follows,
dP,|r, = M;dP?|z,.

Since we can not set up conditions on the functions ¢ and b, which are actually
the ”intermediates”, the following lemma gives us an important condition to prove

the existence of the solution to equation (4.60).

Lemma 4.5.2. Assume that there exists xqg € D, such that
EY [/ |Zt|2€f0t(2Q’4T1)(X3)d“dL?] < 00. (4.62)
0

Then, there exists a positive number € > 0, such that if |B||» < ¢, the following

mequality holds:

sup Ex[/ 2ot X ) dugy) o o0, (4.63)
0

zeD

Proof. First note that,

[ 2f0 —r14q)(X(u)) du] EO[ ( ) 2f0 r1+q)(X2)du]
_ EO[ ()efo —2r1+q)(X (u)) d u]

CLE [ Z(t)e™? S (X () du [ (Q+ § < AVv—2(B—B),Vu>)(X0) u

IN

IA

By Lemma 4.3.4 and condition (4.62), there exist two constants cg, 5 > 0 such

01E2[22(t)62 fOt(Q—er)(Xg)du]% ) Eg [efg<Aw—2(B—B),w>(X3)du];
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that

sup By [Z2(t)e2 o @ 2r)(X)du] ¢ =Bt
zeD

Moreover, for p > d, by the Theorem 2.1 in [27], there exist two positive constants

c3 and ¢4 such that

t _o(RB_R 0
Eglc)[efO<AVv 2(B B),Vv>(Xu)du] < 63€C4t,

where ¢4 = ¢|| < AVo —2(B — B), Vv > || 102.
Since ||Vl < CHBHLP(D) (see [37]), there exists € > 0, such that ||§||Lp(p) <e

implies ¢4 < B. Thus (4.63) holds. O

Theorem 4.5.3. Assume (4.62). Then for some point o € D
o [T 5 Jro
E;, [/0 ZsdLg] < o0 (4.64)
and moreover, ||B||Lp < &, where ¢ is as in Lemma 4.5.2. Then the problem (4.60)

has a unique, bounded, continuous weak solution u(x).

Proof. Existence:
Set F(z,y) = e"@ F(z,e"®y) and ¢(z) = '@ d(x).

From the boundedness of v , F is also bounded and satisfies

(y1 = y2) (F(,31) — F(2,2)) < —r1(2)|ys — o]
Moreover, there is a constant ¢ > 0, such that

cox B[ 2.8 = B[zt ary
0 0
> cED | / Z,dL?
0
= cE? [/OOM elo aXa) du g 01
x0 S S
0

= cE,| / elo dXdu gy, 1. (4.65)
0
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The last equality above is due to the Lemma 4.4.2.

Furthermore, by Lemma 4.4.3, it follows that
sup Ex[/ooo elo aXW)dugr,] < oo. (4.66)
By Lemma 4.5.2, the following condition is satisfied :
E,| / Y (g=r)(X ) dugy) < oo, (4.67)
0

So F satisfies all of the conditions in Theorem 4.4.4 replacing G by F.

Thus the following problem

Gu(z) = —F(z,u(z)), on D (468)
%%(x) =¢ on 0D
has a unique bounded continuous weak solution .
Set f(x) = e *@u(z). Then we claim the function f(z) is the weak solution of
the equation (4.60).
Because function v is continuous and bounded, f(x) is also continuous. From the
fact that function wu is the weak solution of the problem (4.68), we obtain, for any

function ¢ € C*(D),

E(u, e ) = %/D (< AVu, V(e ™) > — < b,Vu > e "¢ — e "quip) dz

= [ erovirs [ Faute)evds (4.69)
oD D

As in the proof of Theorem 5.1 in [42], we can show that the left side of the

equation (4.69) is equal to

Q(f, ) :%/[< AV Vi) > — < B,Vu > — < B, Vi) > [ — Qf¢] dx.

D
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At the same time, by the definition of the function ¢ and F, the right side of the

equation (4.69) is equal to

/w @wd)\Jr/DF(x,f(a;))wClx.

Thus it follows that, for any ¢ € C*°(D),

o) - |

0

D@z/;dAJr/DF(:c,f(:c))wd:c,

which proves that function f is a weak solution of the problem (4.60).
Uniqueness:

If f is another solution of the problem (4.60), then % := e’ f can be shown to be
the solution of the equation (4.68). Then by the uniqueness of the problem (4.68)
proved in the Theorem 4.4.4, we find @ = u. Therefore, f = f. O

4.6 L' Solutions to the BSDEs and Semilinear PDEs

In this section, we consider the L' solutions of the BSDEs and use this result to solve

the nonlinear elliptic partial differential equation with the mixed boundary condition.

Let f: Q x R" X R — R be progressively measurable. Consider the following
conditions:
(L1) (y — ) (f(t,y) — f(t,9) < d(t)ly — ¢/|* —a.s., where d(t) is a progressively
measurable process;
(L2) B[ e 40| (5,0)| ds] < oo
(I.3) P, — a.s., for any t > 0, y — f(t,y) is continuous;
(I.4) Vr >0, T >0,¢.(t) :=sup|f(t,y) — f(t,0)| € L'([0,T] x Q,dt x P,).

ly|<r
The following lemma is deduced from Corollary 2.3 in [4].
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Lemma 4.6.1. Suppose a pair of progressively measurable processes (Y, Z) with val-
ues in R x R such that t — Z; belongs to L*([0,T]) and t — f(t,Y;) belongs to
LY([0,7)), P, — a.s..

If

T T
Yt:5+/ f(r,Yr)dr—/ < Z,dM, >, (4.70)
t t
then the following inequality holds, for 0 <t <u <T,

my§|Yu|+/ ?;f(s,ys)ds—/ Y, < Zp,dM, > .

t t
where §j = %I{yﬂ)}.

The following lemma can be proved by modifying the proof of Proposition 6.4 in
[4].

Lemma 4.6.2. Assume the conditions (I.1)-(1.4) with d(t) = 0. Then there exists
a unique solution (Y, Z) of the BSDE
T T
Y}:/ f(r,Y})dr—/ < ZpydM, >, for 0<t<T. (4.71)
¢ ¢

Moreover, for each 8 € (0,1), Elsup,<; |Y|?] + E[(fOT |Z, |2 dr)g] < 0.

Suppose 5 € (0,1).
S? denotes the set of real-valued, adapted and continuous processes {Y;};>o such
that

|Y]|? := E[sup |Y;|’] < .
t>0

It is known that || - ||” induces a complete metric on the space of real-valued

continuous processes ([4]).
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MP denotes the set of R%-valued predictable processes {Z;} such that

s
2] < o0.

1Zls = EI( / "\ ZiPar)

MP is also a complete metric space with the distance deduced by || - || 6.

Lemma 4.6.3. Assume that conditions (1.1)-(1.4) with d(t) = 0, then there exists
a unique solution (Y, Z) of the BSDE

T T
Y}:YT—i—/ f(r,Y})dr—/ < Zp,dM, >, for 0<t<T,
t t

limY; =0, P—a.s. (4.72)

t—o00

Proof. Existence:

By Lemma 4.6.2, there exists (Y, Z™) such that, for 0 <t < n,

Yt”:/ f(r,Y;”)dr—/ < Z',dM, >,
t t

and Y" = Z' =0, for t > n.
Fixt>0and t <n <n-+1, then
] n+i ] n+i )
Y-y = / (f(r, Y — f(r,Y) dr — / < (Zrt—ZmM),dM, >
t t

iy

Set
Fn(fra y) = f(?“, Y+ an) - f(T, }/;n) + f(?", O)I{r>n}7

n __ n+1 n n __ n—+u n
ye =Y =Y and 2 =277 - 27

Then (y;', z') is the solution of the following BSDE:

n+i n+i
Yy = / F™(ryy)dr —/ <zt dM, > . (4.73)
t ¢
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So that by the condition (I.1) with d(¢) = 0 and Lemma 4.6.1, it follows that

n+1 n+i
W < / < P yl) > dr — / g < 2ndM, >
t t

n-+i [{y;‘;é()} n n n n n+1

< |yn| <yr7f(r7yr+}/r)_f(7“7yr)>dr+ |f(8,0)|d8
n+1
_/ ?;:'l < Z;l’er >
t

n+i n+i

< [l [ g <o (471)
n t

Taking conditional expectations on both sides of the inequality, we get

n—+t
Wl < B / F(s.0)|ds | F] = My,

where M is a martingale. Then by the Doob’s inequality and condition (I.2), it
follows that, for g € (0, 1),

1 n+1
Blsup ) < Elswp(M)*) < (BL[ If(s.0)]as)?
— 0, as n— oo. (4.75)
Therefore we know that {Y "} is a Cauchy sequence under the norm || -||%,. Hence

there is a process Y such that E[sup, |Y; — Y;*|°] — 0.
This also implies that Y; — 0, as t — oo, P, — a.s..
Moreover, by the equation (4.73), Ito’s formula and the condition (I.1), it follows

that

n-+i
lypl® +/ < A(X(r)zl, 2t > dr
t
n+i n+i
= 2/ Yy F™ (ryyl) dr — 2/ yr <z, dM, >
t t

n+i n+i
<2 wreodr [ <aa > |
n t

n—+i

< sup|y:f|2+</ |f<r,o>|dr>2+2|/ g < 2 dM, > |,
r n t
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and thus that

n4+1

M e B N e 5
</ |zr|2dr>zs(:1[sup|%|ﬁ+</ If(r70)|d7’)5+|/ yr < 2 dM, > |3
t T n t

Taking expectations on both sides of the inequality and applying theBurkholder-

Davis-Gundy inequality, we obtain

n+i ) P
B[l an)
t
n-+i

n+i
< clE[suprymﬂHcl(E[/ |f(r70)|dr])5+02E[(/t PP dr)

n
n—+1u

< clE[supwmﬁHcl(E[/ (. 0)]dr])? + o[ (sup [y / 2P dr) )

n n

n+i n+i s
o) dr? + 3B |

n+1i

2

C
< e+ Dbl + (B[

Therefore, taking t = 0, we know that there is a constant C' > 0, such that

B[ s

< OBl lyi) + O] / £(r,0)| dr])’

n

— 0 as n — oo.

Hence {Z} is a Cauchy sequence in M”. Let Z denote the limit of {Z"}.

Finally, by the condition (I.3), we find that

T T
/ f(t,Y")dt — / f(t,Y)dt, P,—a.s.. (4.76)
0 0

Therefore, (Y,Z) is a solution of the BSDE (4.72).
Uniqueness:

Suppose (Y, Z) and (Y’, Z') are two solutions to (4.72). Then by the estimate in
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Lemma 4.6.1 and the fact d(t) = 0, it follows that, for t < T,

Iy, 2vy

T
Y,-Y/| < |Yr-Y] —
|t t| = |T T|+/t |Y7"_Yr,|

(Y, = Y)(f(r,Ye) = f(r,Y))) dr

—/T < Z,—Z dM, >,
t
which implies that
ElY,—-Y/|<E|Yr—Y{| =0, as T — .
Therefore, it holds that
Vi>0, |Y;-Y/|=0, P—as.

]

(I.5) The process d(t) is a progressively measurable process satisfying the following
condition:

d(-) € L'[0,T] x Q,dt ® P], for any T >0.

Theorem 4.6.4. Assume the conditions (I1.1)-(1.5) hold. Then there exists a unique

process (Y, Z) such that,

T T
Yt:YT—i-/ f(T,Y,,)dr—/ < Zp,dM, >, for 0<t<T;
¢ t

lim efo d@duy, — 0 P —q.s. (4.77)

t—o0

Proof. Existence:

Set f(t,y) = elo 4w duf(t e Jo d(w) duyy — d(t)y. Then

~ ~

(1) (y o y/)(f(tvy) - f(tv y/)) < 0;
(2) f(t,0) = elo i f (1 0). So

B / 1 (5,0)] ds] = B / 3 A £ (5. 0)] ds] < oo.

0
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(3) sup|f(t,y) — f(t,0)] < 1b.(t) + |d(t)|r, where the process satisfies

ly|<r

U (t) + |d(t)|r € L]0, T] x Q,dt ® P),

for T > 0.
Therefore, f satisfies all of the conditions of the Lemma 4.6.3. So there exists a

pair of process (SA/, Z ) satisfying the equation:
¥, = YT+/ f(r,mdr—/ < Zp.dM, >,
t t

and obviously tlim Y, =0.
—00

By the chain rule and the definition of the function f , it follows that
de=hodw vy, — _ f o= Jodwduyygry < o= Jodwdug qpr s

Set YV, = e~ Jo d(u) Wy and 7, = e~ Jo d(u) duz,  Then the process (Y, Z) is the
solution to the equation (4.77).
Uniqueness:

The uniqueness of the solution to (4.77) follows from the uniqueness of the solution

to equation (4.72). O

Let H : R* x R — R be a bounded Borel measurable function. Consider the
following conditions:
(H.l)/ (y1 — o) (H(z,y1) — H(z,y2)) < —hy(x)|y1 —y2|?, where hy € LP(D) for p > %l.

(H.2)/ y — H(z,y) is continuous.

Theorem 4.6.5. Assume the Conditions (H.I)/ and (H2)/ hold and that there is

some point xg € D, such that

E,| / elo (it X (@) du g1 1 < o0, (4.78)
0
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and for some point x1 € D,
B, / elo aX@)du g, 1 (4.79)
0

Then the semilinear Neumann boundary value problem

Gu(z) = —H(z,u(z)), on D (4.80)

g—%‘(a:) = ¢(x) on 0D

has a unique continuous weak solution.

Proof. Step 1
Set H(t,z, y) = elo a(X@)dt [ (3 e~ I a(X(W)dty)) “then there exists a unique solution

(Yx, Zx) to the following BSDE: for any 7" >0 and 0 <t < T,

Y,(t) = /HsX ds—/ el 1X W G(X (s5)) dL,
—/ < Zo(s),dM(s) >

t

and

lim e~ Jo hl(X(“))d“Yt =0 P,—a.s.

t—o00

The uniqueness follows from the uniqueness proved in the last Theorem. Only
the existence of solution (Y, Z,) needs to be proved:
(a) Similarly as the proof of Theorem 4.2.3, we can show that there exists (p,(t), ¢.(t))

such that

dp,(t) = elo WX dug X (1)) AL+ < g, (t), dM,(t) >

e ho mXW)duy (1) 50, as t— 00, P,—a.s. (4.81)
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(b) Set g(t,x,y) = H(t,z,y + p.(t)). Then it follows that
(y = y)(g(t, X(t),y) — g(t, X(t),y) < —m(X(t))ly — /|
The condition (4.78) and Lemma 4.3.4 imply, for z € D,

B, / e ) gy < oo
0

Furthermore, as the function H is bounded, we know that condition (I.2) is

satisfied:

B, / e I meKE) du (o (5), 0)] ds]
0
o / e b X)) F (s X (s), pa(s))| ds]
0
_ B / 5 (M) (X)) du) B X (5), =I5 9K ) dupy ()1 ]
0

< HHHOOEI[/ els (0 (X(w) du gy
0

< . (4.82)

Since y — g(z,y) is continuous, the condition (I.3) is satisfied.

Moreover, the condition (I.4) is also satisfied. In fact, for any r > 0,
Un(t) = sup [H(t, X (£),y) — H(t, X (£),0)] < 2| H||oeo 1,

and for any 7" > 0, by the fact that ¢ € LP(D) with p > d and Theorem 2.1 in [27],
B[] efosXudugy] < oo,
Therefore, the function ¢ satisfies all of the conditions of Theorem 4.6.4 . There

exists a pair of process (y,(t), z,(t)) such that for any "> 0 and 0 <t < T,

ya(t) = 1 (T) + / 9(X(5), yals)) ds — / <a(s)dMu(s) > (4.83)
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and

tlim e o mX)duy (Y =0 P, —a.s.. (4.84)

Put Y, (t) = pa(t) + yo(t) and Z,(t) = qu(t) + 2o(t). It follows that (Y, (t), Z,(t))
satisfies the following equation

A

Y, (t) = elo sX D dugy ()AL, — H(t, X(t), Vo(t))dt+ < Zy(t), dM, >,
lim e~ /o hl(X(“))d“}A/; =0 P,—a.s.
t—o00
Step 2.

Put Y, (t) := e~ Jo 0X@)duy (1) and Z,(t) := e Jo X du 7 (¢) e have

Ay, (t) =

CF(X(1), Y, (1) + S(X()dLi+ < Zu(t), dM, () >,

where F(z,y) = q(x)y + H(x,y).

Moreover,

ehhraX)duy 1) = pfo(~hita)(X(w)dug—Jga(X )ty 1)

e’fghl(x(“))duﬁq(t) —0 as t— oo

Put uo(z) = Y,(0) and vo(z) = Z,(0).

Now as in Theorem 4.4.4, we can solve the following equation

Gu(z) = —H(z,up(z)), on D,

(4.85)
o(z) on 0D ,

and prove that the solution u coincides with ug(x). This completes the proof of the
whole theorem.

O

Recall the operators L and G introduced in Section 4.5. Suppose that F': R? x
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R — R is a bounded measurable function and r; € LP(D). Consider the following

conditions :

(E.1) (51 — 1) (F(z,51) — Fla,12)) < —ri(2)|yr — v2l%;
(E.2) y — F(x,y) is continuous.

Now following the same proof as that of Theorem 4.5.3, we obtain

Theorem 4.6.6. Suppose that the function F satisfies the condition (E.1) and

(E.2), and there exist xo,x1 € D such that
E | /0 Tl X du 7,419 < oo, (4.86)
and
B /0 h Z,dLY] < oo. (4.87)

Then the following problem

(4.88)

has a unique, bounded, continuous weak solution.



Chapter 5

Future Studies

5.1 An Inspiring Example

In this chapter, we consider the operator
1
L= §V(AV)+ < b,V >,

which is associated with the process {2, F;, X;, P, }, semigroup {F;} and the transi-
tion density function p(t,z,y).

It is known that the adjoint operator L* of L, satisfying, for u € D(L), v € D(L*):

/L(u)vdm = /u(L*v)dm,
and has the following expression:
1 .
L = §V(AV-) — div(b-). (5.1)

In this sense, the term in the form div(b-) leads us to study the adjoint operator

and adjoint process. In the following discussion, we fix time ¢ > 0 and then define the

= =
backward filtration { F%, s <t} as F% = o(X,,r € [s,¢]). In [9] and [23], the reverse

process {Y; = Xs;or s € [0,t]} is a Markov process with respect to the filtration

112
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{?Z 1 s €[0,t]}. L* is associated with the semigroup P* and the transition density
function p*(¢, z,y) = p(t,y, ).

Notice that the adjoint process Y is not homogenous under the measure P,. Based
on this notice, we apply the ”"time-reversal” method introduced before to deal with
the divergence term. But we also find that, if we keep calculating the semigroup of

the adjoint process Y under the probability P,, something interesting will happen.

We try to study the simplest Dirichlet problem in this section:

L*u = {V(AVu)(z) — div(b(z)u(z)) = —F(z,u(z), Vu(z)), on D 5:2)
u=®, on 0D . '

Calculating rigorously, if u € D(L) N D(L*), we get, for s <t

u(Xy) = u(X;)

_ /: Vu(X,)dM, + /t Lu(X,) dr

s

¢ t t t
= /Vu(Xr)er—i-/ L*u(Xr)dr—i-/ div(bu)(XT)dr—i—/ < b,Vu> (X,)dr.

(5.3)

But the term fst div(bu)(X,.) dr does not have a real meaning, because b is just
measurable. Inspired by [28] and [35], we will try to transform fst div(bu)(X,) dr in
the following discussion.

Fix x¢ and set p;(z) := p(t, zo, x), for every u € W2, we define

¢
a’(s,t) = /<AV1npt,Vu>(XT)dr,

B(s,t) = /t <b,Vu > (X,)dr.



CHAPTER 5. FUTURE STUDIES

Denote the semigroup associate with the adjoint process under P,, by

Suuf (@) = B /XX =] = [ P T0: Y PUE = 59:3) p

p(t, Lo, l’)

1 *
= MPt_s(psf)(x), s < t.

By the following fact

we get

L*P;(pr—uf) = Py L*(pr—uf)

P*[< Pt u)f+ < Ath ws Vf > P u( (AVf) < b, Vf >)],

Ss,tf(z) - f(f)
1 (P (@) = 0)]

/ 0P (Prs ) ()]

t—s

ptI

(0uPy) (Pruf)(2) = Py (Oupr—uf)(x))du

3
Sl

(L P (pe—uf) (@) = PUI(L"peu) f](2)) du

. 1
pt(x) Pu [< Avptfua vf > +pt7u(§v<Avf)_ < ba Vf >)]du

P* (pu < AVinp,, Vf >)

&
—_

— 3

3

()"

1 *
s pt(:v)P (pu < V(AVf) < b, Vf >)du

w1(< AVinp,, Vf > +§V(AVf)— < b, Vf>)(x)du

~+

+

;\H.
%)
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By the Markovian property of the adjoint process, it follows that

Eﬂ:o[f(Xs) - f(Xt) - af(87t> - %/ V(Avf)<XT) dr + ﬁf(svt”(fi]

= BAlf(X) ~ (X ~o(5,0) - 3 [ VAV dr+ 565,01

= 0. (5.4)
So far we know, when the time ¢ > 0 is fixed, the process
1 t
N/ (5,8) = F(X4) — F(X,) — 5/ V(AV)(X,) dr — of (s,8) + B (s,1), s < (5.5)

%
is a martingale with respect to the filtration { F%, s < ¢t}. And it is not difficult to

see the sharp process of the backward martingale M7 (s,t) is
t
< ﬁf(-,t),ﬁf(-,t) >§:/ < AVF,Vf > (X,)dr.

Since the coordinate of point x is x = (z1, ..., z4), we set f(z) = x; € W12 Then

it follows
, . | t , ,
Wis,0) = X X1 = 53 [ 0a)(X)dr = a'(s.) + H(s,u).
j s
We write the backward martingale as following for short:
1 t t t
W(s, t)=Xs— X¢ — 5/ VA(X,)dr — / AV (Inp,)(X,)dr +/ b(X,) dr.

Define the stochastic integral with respect to the backward martingale ﬁ (s, t)

as follows, for a function g,

A—0

[ o0aiT 0 = tm 3000, T 1,0) ~ 5100,

where A : s = tg < t; < ... < tx = t is the partition of the interval [s,¢] and
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| Al = max;(tj 1 — ;).

Similarly as the ”forward” process, we conclude that

/ X, )dM (r,t) = M*(s,1). (5.6)
In fact,

t

/ Vau(X,)dM (r, {)

s i 1 t

||£”IE>0 < VU(XthLl)(Xt] th+1) 5 /; < VA, Vu > ( 7‘) dr

t t
—/ < AV(Inp,),Vu > (Xr)dr+/ <b,Vu > (X,)dr. (5.7)

Set the first term in the right side of the equation (5.7) as (/), then it follows

(1)
k
B ‘il‘l‘nozvu Xt th-‘rl) + |i1|1|noz<vu(xtj+l - VU(Xt].))(th - Xt]'+1)
— -0 4=

Iiﬁl’j

1 t 0%u
_ _/S Vu(XT)er—/S <§VA+b,Vu>(XT)dr—/S szaija—(XT)dr

t t
1
= u(X,) —u(Xy) +/ Lu(X,)dr — / < §VA +b,Vu > (X,)dr

s

t 0%*u

By the above expression of (I), we get the conclusion (5.6).
Therefore, by (5.3) and (5.5), we conclude the following two results.

(1)For any f € W2 it follows

F00) = 100 = 5 [ Vi, — 5 [ 9F06)dSE) — Sal(s.0) + 87(s.1)
(5.8)
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(2)For any function f € D(L), it follows

—/tV(AVf)(XT) dr
= /t Vi(X,)dM, + /t Vf(XT)dM(r, t)+ /t < AVnp, Vf > (X,)dr

We use the notation in [35]. For function g = (g1, ..., ga), define

/:g(XT) xdX,
= > (/t gi(X,)dM? +/:gi(Xr)dﬁ"(r, t)) + /: < AVlup,, g > (X;)dr

We can generalize the second conclusion (2) as follows, which is inspired by [35].

Lemma 5.1.1. Assume g € L*(R% RY), f € L*(R?Y) and div(Ag) = f in the weak

sense. Then it holds that

_/:f(xr)dr:/:g(xr)*dxr.

The function u € W2 is the weak solution of the equation (5.2), which can be
rewritten as div(A(3Vu— A7'b)) = —F(x, u(z)) in the weak sense. By Lemma 5.1.1,

we have
1 [t ¢ ¢
5/ Vu(X,) * dX, —/ AN(X,) xdX, = / F(X,,u(X,)dr.
By (5.8), we know that

1 t
1 St 1 t t
= 5/ Vu(XT)dMT+§/ Vu(XT)dﬁ(r, t)—i—/ < AVnp,, Vu > (X,)dr

t t
= —u(Xt)+u(X5)+/ Vu(Xr)dMT+/ <b,Vu > (X,)dr.
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Then

/t F(X,u(X,))dr = —u(X;)+u(Xs)+ /t Vu(X,)dM, + /t < b,Vu > (X,)dr

t
—/ ATH(X,) * dX,.

Therefore, we have the following expression of u(X),

wC)—ux) = [ vuecar, - [ RO

t
+/ < b,Vu > (X,) dr—/ ATN(X,) xdX,.  (5.9)

S

As a conclusion of this example, we say that the equation (5.9) supplies a candidate
of the solution to the BSDE . Suppose u is the solution of the equation (5.2) and
substitute the fixed time ¢ for the first hitting time 7 of the boundary 0D. Then it

follows

T

u(Xs) = ¢(X,)+ /T F(X,,u(X,))dr —/ <b,Vu > (X,)dr

t T
+/ A‘lb(XT)*dXT—/ Vu(X,)dM,.

5.2 Future Studies

Set

Hr = {ue L*[0,T] x R*) : t — u(t,-) is continuous in L*(R%) on [0,T],

u(t,”) € HY(RY and /T(AVu(t,~),Vu(t,~))dt<oo}.

The following theorem is the main result in [35], which is the essential inspiration

of our future study.

Theorem 5.2.1. If ® € L*(RY) and f: [0,T] x R*x Rx R* - R, g:[0,T] x R% x

R x R* = R satisfy the conditions,
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(1) f(-,-,0,0) € L*([0,T] x R*) and g(-,-,0,0) € L*([0,T] x R%; R?),

(2)1f(t, 2y, 2) = f(t, 2,0/, ) < Clly —y'[ + ]2 = 2]),

(3) gt 2, y,2) — g(t,x, 9, 2)| < Clly — y'| + afz = 2)),

with some constant C > 0 and o € (0,1). Then there exists a unique determined

solution w € Hp of the following equation:

(O + V(AV))u(t,z) + f(t, z,u(t, x), %Vu(t, z)o(z))

—div(Ag)(t, x,u(t, z), %Vu(t, z)o(z)) =0.

u(T,z) = ®(z) (5.10)

Moreover, set Yy = u(t, Xy) and Z, = (Vu)(t, Xy), then (Y, Z) is a solution of the
following BSDE,

1
EZTU(XT)) dr

Z,0(X,)) * dX, (5.11)

T T
}/t - ®(XT> _/ < Z'MdMT > +/ f(ra XT7}/T7
t t

1

1 T
+_/ g(TaXMK“)_
¢ V2

2

forany 0 <t <T, P™—a.s..

We notice that, the processes Y and Z as a pair of solutions to the BSDE (5.11)
must be two functions v and Vu composed of X; respectively, i.e. ¥ = u(X) and

Z = Vu(X). But as a general solution to the BSDE, this is not easy to be satisfied.

Last but not least, we list three problems for our future studies as the conclusion
of the whole thesis.
(1) Study the BSDE (5.11), not only in the PDE (5.10) point of view, but also its
own properties as a backward differential equation.

(2) Consider the following Dirichlet boundary problem:

%V(AVU)(JU) +b-Vu(z) — dz’vl;(x,u(a:)) + q(z)u(x) = —F(x,u(x), Vu(z)), on D
u= P, on 0D.
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(3) Consider the following Neumann boundary problem:

V(AVu)(x) +b- Vu(z) — divb(z, u(z)) + q(z)u(z) = —F(z, u(z), Vu(z)), on D

NI— N

< AVu, it >=< b(x,u(x)), 7 >, on 0D.
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