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Magnetic reconnection is an important mechanism for the restructuring of
magnetic fields, and the conversion of magnetic energy into plasma heating and
non-thermal particle kinetic energy in a wide range of laboratory and astrophysi-
cal plasmas. In this thesis, reconnection is studied in two semi-collisional plasma
environments: flares in the solar corona, and the start-up phase of the Mega-
Ampere Spherical Tokamak (MAST) magnetic confinement device. Numerical
simulations are presented using two different plasma descriptions; the test-particle
approach combined with analytical magnetohydrodynamic fields is used to model
populations of high-energy particles, and a two-fluid approach is used to model
the bulk properties of a semi-collisional plasma.

With the first approach, a three-dimensional magnetic null-point is examined
as a possible particle acceleration site in the solar corona. The efficiency of
acceleration, both within the external drift region and in the resistive current
sheet, is studied for electrons and protons using two reconnection models. Of the
two models, it is found that the fan-reconnection scenario is the most efficient, and
can accelerate bulk populations of protons due to fast and non-uniform electric
drifts close to the fan current-sheet. Also, the increasing background field within
the fan-current sheet is shown to stabilise particle orbits, so that the energy gain
is not limited by ejection.

With the second approach, the effects of two-fluid physics on merging flux-
ropes is examined, finding fast two-fluid tearing-type instabilities when the strength
of dissipation is weak. The model is then extended to the tight-aspect ratio
toroidal-axisymmetric geometry of the MAST device, where the final state after
merging is a MAST-like spherical tokamak with nested flux-surfaces and a mono-
tonically increasing g-profile. It is also shown that the evolution of simulated 1D
radial density profiles closely resembles the Thomson scattering electron density
measurements in MAST. An intuitive explanation for the origin of the measured
density structures is proposed, based upon the results of the toroidal Hall-MHD
simulations.
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Chapter 1
Theoretical Background

In this thesis the phenomena of magnetic reconnection, plasma heating and
charged particle acceleration by associated large-scale electric fields are stud-
ied in two different plasma environments. The first is a fully three-dimensional
magnetic reconnection site within a solar flare current sheet, and the second is
magnetic flux-rope merging within the start-up phase of a spherical tokamak
magnetic confinement device. Before these applications are described in more
detail in Chapter B it is important to review some basic theory relating to these
phenomena. This will then be utilised throughout the remainder of the thesis.
Firstly, the adiabatic motion of single charged particles within electromagnetic
fields will be described, and possible mechanisms of particle acceleration will be
identified. Then, several commonly used two-fluid and one-fluid descriptions of a
magnetised plasma will be introduced, and used to describe collisional and col-
lisionless reconnection models in two-dimensional magnetic field configurations.
Finally, reconnection in fully 3D configurations will be discussed, and previous

work on particle acceleration within these configurations will be summarised.

1.1 Charged particle motion

The non-relativistic motion of a charged particle within the electric and magnetic

fields, E(t,x) and B(t,x) respectively, is given by the equations of motion

dx
- = 1.1
d
msd—"t’ — ¢, (E +vx B), (1.2)

16



1.1. CHARGED PARTICLE MOTION 17

Figure 1.1: Left: Helical motion of a particle around a magnetic field-line in
uniform magnetic field and no electric field. Right: Definition of the gyro-phase
¢, and vector ¢. in terms of the basis set (€;,é,.b). Image adapted from de

Blank (2008).

where t is time, @ is the particle position, v is the velocity, ¢s is the charge and
m is the mass of species s (s = i, e for ions or electrons respectively). A non-zero
magnetic field introduces a characteristic anisotropy in the motion of the charged
particle. In the absence of an electric field, E = 0, the force acting on the particle
is always perpendicular to both the velocity and the magnetic field direction (the
latter direction is b = B/B where B = | B| is the field strength). If the magnetic
field is uniform in space and time, the particle trajectory describes a helix around
the magnetic field-line with constant velocity along the field-line, and a gyration
around the field-line with a cyclotron frequency of Q.5 = |qs|B/ms and Larmor

radius v, = vo/Qes, as shown in Figure [Tl

It is often useful to describe the position of the particle in terms of its guiding-
centre, R,, the Larmor radius (the distance from the guiding-centre to the true
position), and a gyro-phase angle ¢. The latter can be defined as shown in
Figure [CTlin reference to a set of orthonormal basis vectors (€7, éa, B) centred on
the guiding-centre. The velocity can be decomposed into a parallel component,
v||5 = (v- 5)5, which for these fields remains constant, and a gyrating component,
= UQQZ), where vq is also constant and (;AS = €1 cos ¢ + €5 8in ¢ is a basis vector,

perpendicular to b, that rotates around the field.

A uniform electric field at arbitrary angle to the magnetic field alters the

motion in two ways. Firstly, the particle can be directly accelerated along the
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magnetic field-line; dyv) = ¢, /ms, where E = E - b. Secondly, the component
of the electric field perpendicular to the magnetic field causes acceleration and
deceleration of the particle within each single gyration. This causes variation of

rr, and a drift of the guiding-centre, given by the electric-drift velocity

E x B
Vg = BQ

(1.3)

As this is perpendicular to the electric field, and dymv?/2 = v - ¢E, particles
travelling along uniform electric drift streamlines do not increase their net energy.
This is because during each gyration the energy gain (loss) in the first part of the
gyration is cancelled exactly by energy loss (gain) in the remainder (however, this
would not be the case if the electric field is not constant over the gyration). Also,
the electric drift has the same direction and magnitude for protons and electrons,

so it does not give rise to currents.

These effects form a complete description of charged particle motion in uni-
form and stationary electromagnetic fields. For non-uniform fields additional
effects can be simply described if the Larmor radius, r, is much less than the
length-scale of field variation, L. This branch of plasma physics is called adiabatic
theory, and it is associated with the conservation of the magnetic moment per
unit mass p,, = v3/(2B).

If there is a gradient in magnetic field strength along a field-line, the mirror-

force acts on the parallel momentum,
FM = —Mgslm V”B, (1.4)

where V|| = b-V. This can cause particles to be reflected, or mirror bounce, when
entering regions of stronger field, due to the constancy of p,,. This behaviour is
shown in Figure

If VB has a component perpendicular to B then r; can vary over a gyration,

leading to the gradient drift as shown in Figure It is given by

ms’;’”i) x VB. (1.5)

vyB =
qs

This has different sign for protons and electrons and so can give rise to currents,
in contrast with the electric drift. In addition, if particles gradient drift in the

direction of an electric field they can gain net energy. An example of this will be
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Figure 1.2: Left: Acceleration of a particle by the mirror force, due to converging
magnetic field, leading to a mirror-bounce. Right: Magnetic gradient drift. The
black line is a proton trajectory, where the arrow indicates the instantaneous
velocity. The into-page magnetic field is indicated by crossed circles, and the
direction of positive magnetic field gradient shown.

shown in Chapter Hl
Another drift associated with non-uniform magnetic fields is the curvature

drift. This is given by

mvﬁ R.xb mvﬁ . .

V. = qB Rz = qB be”b, (16)

where R, is the radius of curvature. This drift is related to the centrifuial force

of a particle moving along highly curved magnetic field-lines (see e.g.

Finally, there may also be drifts associated with time dependent fields that are
valid (the motion is adiabatic) provided that {2.,7" > 1, where T is the time-scale
for change in the background fields. We will not list these here, as the fields used
for the study of single-particle motion in this thesis are steady (see e.g.

, for a description of these drifts due to time varying fields).

All of these drifts can be found formally (see e.g. |Ngr_thmd h_%ﬁi) by substi-
tuting € = R, + 7, where 7, = r;(é2cos ¢ — é;sin¢) = O 1b x (v —vg) into

equation (C2), Taylor expanding about the guiding centre position R, and then
averaging out the gyro-phase, ¢. This process is rather involved, so here we just
give the end result that is valid up to first order in the small parameter r,/L (in
the dimensional form given here the small parameter is represented as mg/qs).

The equations are
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d )
% :'vd+v||b, (17)
va= g+ G 9 ;”gl} x (0D + Devs) (1.8)
dv o .
d—t” = ;J,L—SEH — tmV B + v - Dib, (1.9)
dpt,
Wm0 (m, /q,), 1.1
o = Olms/a) (1.10)

where v, is the perpendicular drift velocity of the gyro-centre, and D; = 0, + vy -
V +y V| = 0, +vg -V 4+ V) is the derivative along the particle trajectory
(vg = vg + O(ms/qs)). With this definition, it can be seen that the curvature
drift ((CH) is included in the third term on the right-hand-side of equation ([LCJ),
along with other terms due to gradients in the electric field (and thus electric
drift) that were not defined above.

There is also an assumption here on the parallel electric field £ ~ O(my/qs).
This is because the first term on the right hand side of equation (L) would be
O((ms/qs)~) if Ej ~ O(1), which is the same order as the gyro-frequency (.

The kinetic energy is given by |Ngﬁbmd (I]_%d) as

d A 0B
— (M0} /2 + mgpn B + mug/2) = (b +va) - ¢B + mypin— - + O((m/q)?).

dt ot
(1.11)

One thing to note is that, in contrast to electric drift in uniform fields, non-

uniform electromagnetic fields can give rise to secondary drift terms proportional
to |v|, that can have a component parallel to E. These secondary terms can be

important when F, ~ O(1).

1.2 A fluid description of a magnetised plasma

The previous section described some aspects of single particle motion within
electromagnetic fields. The short range interaction forces (collisions) between
particles, and the large scale fields that may be generated by their motions were
neglected. Here, we describe the two-fluid and single-fluid models of a magnetised
plasma, stating the commonly used assumptions that are used to derive these
equations, which will then be used throughout this thesis.

The non-relativistic two-fluid equations, describing ion and electron fluids, can
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be derived by taking moments of the Boltzmann equation (for clear derivations,
see e.g. |B.Lﬁg.lll&]&lj h.%ﬂ; bmﬁﬂmﬁ_&_&ﬂiﬁl |21m_4|). They are given, up to the

second moment as

omns + V - (ngvs) =0, (1.12)
Oy (msnsvs) + V - (mgngvgvg + pl+ ms) = gsns(E +vs x B) + T, (1.13)
(v — 1) (Ops +vs - Vps + 90V - v,) = -, : Vo, — V -q, + W, (1.14)

stating the conservation of mass, momentum and internal energy for species s
respectively. Along with these, the non-relativistic Maxwell equations describe

the electromagnetic fields

V x E = —9,B, (1.15)

V x B = ,uOquns'vs = oj, (1.16)
oV -E=Y qmn, (1.17)
V.B=0. (1.18)

Here s = i, e for the ion and electron species respectively, n, is the number density
of the species s, v, is the bulk-flow velocity (we use v for both the single particle
and bulk fluid velocities in this thesis, but it will always be clear which is being
referred to), j is the current density and v = 5/3 is the ratio of specific heats. The
momentum change for particles of species s due to collisions with other species is
given by I'y, where I'. = —I'; = T is required for total momentum conservation.
The heat-flux is g, and W is the heating term for species s. The total pressure
tensor P, has been written P, = p,I+ 7, in terms of a thermal pressure scalar p,
multiplied by the identity matrix I (and assuming pj is related to the temperature
T, via the ideal gas law ps, = nykgTy), and a trace-less stress tensor 7r; which is

responsible for viscous forces (due to like-particle collisions, and also a collisionless

contribution for strongly magnetised plasmas, see |B_La.gmsk.d h.%.d)

To complete this set of equations I'y, g,, w5 and Wy need to be defined.
Formally, the heat flux g, is a third-order moment of the distribution function,
and would require an evolution equation derived from the third-order moment
of the Boltzmann equation. In fact, this third-order equation would include a
fourth-order moment term and so on, giving an infinite series of fluid equations.

Fortunately, in some cases approximations can be made to define I', q,, 7, and
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Wy in terms of already known magnetohydrodynamic variables, such as gradi-

ents of the bulk velocity or magnetic field B. inski ) gives such an
approximation (or closure) that is valid in the limit of short mean-free-path A,
where Ay < L (L is a typical macroscopic length-scale), and strongly-magnetised
plasma Q.,7, >> 1, where 7, is the collision time for a particle of species s and

Qs 1s the cyclotron frequency as defined previously.

In this thesis we do not use the full |B_mgmslgj (Ij_%d) formulation, as it is

difficult to solve these equations both analytically and computationally at present

(some codes have implemented part of the full Braginskii equations, e.g. the
NIMROD code uses the full ion stress tensor, see |Smu_nm_et_al] |2DQ_4_‘) The

transport model we will use for our numerical simulations in ChapterBis therefore

a compromise, which aims to keep some of the important aspects of the Braginskii
model, while being simple enough to be solved numerically. For the present
discussion on deriving the one-fluid equations we will drop the stress tensors and
heat flux-vectors w; = w. = q;, = q. = 0 (but we will include them in some form
in Chapter H), and we will make simplifying approximations for I' and W;. For

I we keep just the resistive contribution
I' ~ neenyg, (1.19)

where e = |g.| is the fundamental charge and

Me

= 1.20
K 2N Te ( )

is the resistivity (this is actually the perpendicular resistivity, see e.g. Goedbloed

& Poedts 2004, but we assume resistivity is isotropic in this thesis as there is

only a factor of two difference in the anisotropic formulation). This is defined in

terms of the electron collision time 7, given by

1/2 knT.)3/2
Te:GW@eg—melng\i;z)l ,

where In A =~ 20 is the Coulomb logarithm, see bﬁﬂibkﬂj_&_&)ﬂﬁﬁl (IZM)AI) An

important point here is that the resistivity has a strong inverse proportionality

with the electron temperature, n o T3,

(1.21)

The heating terms W are the collisional heat exchange between the ion and

electron fluids, and the electron heating term W, also has a contribution due to
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resistive (Ohmic) heating

B 3nkp(T. — T;)
N 2Teq

W;

: (1.22)

We =nj* =W, (1.23)

where 7., is the time taken for the ion and electron fluids to relax to a single

temperature, given by

Teq = Te. (1.24)

The set of Hall-Magnetohydrodynamic (Hall-MHD) equations are an inter-
mediate step between the two-fluid equations and the single-fluid equations. The
first assumption used is called quasi-neutrality: that charge densities are equal,
and n; = n. = n assuming a singly-charged ion species. This quasi-neutrality
condition holds provided the plasma is large and dense enough to neutralise ap-
plied electric potentials, which is typically well satisfied on a macroscopic fluid
scale. Thus equation (LI7) can be neglected, and (CIZ) can be written for just
a single species, noticing that V -V x B = 0 implies V - (nv;) = V - (nv,)
from equation ([CIH). The second set of equations are the components of total
momentum, which are found by summing the components of the ion and electron
momentum equations ([LIF). The third set of equations are just the electron mo-
mentum equations. Assuming electron inertial effects are small, setting m, — 0
where m, appears explicitly, and defining v = v; as the ion velocity (the centre

of mass velocity when m, = 0) gives

om+V - (nv) =0, (1.25)

O (mnv) + V - (mnvv) = 3 x B — V(p; + pe), (1.26)
1

E+v.xB= —%Vpe—i—nj (1.27)

Strictly, the Hall-MHD equations should keep the separate energy equations

B o Inekp(Tl. —T;
(v = 1) [0ipe + Ve - Vpe + 0.V - v.] = nj* — 5 )

1.28
2Teq ’ ( )

3nkp(T, —T;
(v = 1) [0pi + i - Vi + 0V - v = B2(7- ), (1.29)
eq
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where the electron flow advects the electron pressure, and the ion flow advects
the ion pressure. However, it is sometimes useful to use just a single pressure

equation, given by

(v = 1) [Bu(pi + pe) + v - V(pi + pe) + v(pi + )V - 0] = n5°. (1.30)

The neglected terms are small provided |j/ne| < v (see e.g. k}g:ﬁ.bjm&_am.ml

) for a more thorough description of this ordering). If p, is assumed to be

proportional to p; (p./p; = ¢ where ¢ is a constant of proportionality), then only

one pressure p = p; + p. needs to be solved for, and the term Vp, = ¢/(c+1)Vp.

Equations (CZBHLZD) and (C30), along with the remaining Maxwell’s equa-
tions (CIZHLIA) and (CIF), are the HalllMHD equations. At this point it is
useful to make these equations dimensionless, and define the important dimen-
sionless parameters of Hall-MHD. This is done by replacing every dimensional
variable x by x = xoX, where xq is a typical value for that variable and y is
the normalised variable. Choosing vy = Lo/70 = Bo/+/tonom; (this vy is the
ion Alfvén velocity, an important fluid velocity), po = B& /o (so that the dimen-
sionless pressure is half the plasma-beta, the ratio of the thermal and magnetic
pressures: (3 = 2uop/B?, at the location where B = By), jo = Bo/(poLo) and
FEy = vy By gives

O+ V - (id) = 0, (1.31)
(0 4+ v - Vo) = j x B -V}, (1.32)
) o
E+6><B:T( «B— Vpe>+n_], (1.33)
n
(v = 1) (05 + 8- Vi+15V - B) =% (1.34)

where there are two important dimensionless parameters; the normalised resis-
tivity, 7 = n/(vopoLo), and the normalised ion skin-depth, d; = vom; /(eBy Lyo).
Note the dimensional ion-skin depth, also known as the ion-inertial length, is the
distance beneath which the ion and electron fluids decouple (see below). It is
given by

VA
Qei’
where vy = B/By\/no/n v is the local ion Alfvén velocity. We have also used the

conservation of mass equation ([L3T) to rewrite the momentum equation ([LC32)

di:

(1.35)
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in another commonly used form, and replaced the electron velocity by the nor-
malised version of equation (L) as 6, = ¥; — d;j/f. Equation ([33) is often
called Ohm’s law, as it relates the electric field E to the current density j.

The single-fluid equations, also known as the equations of resistive MHD, are
obtained from ([C3IHL34) in the limit d;/n — 0 (from now on we drop the tilde
notation). If, in addition, n — 0, the equations are then called the ideal MHD
equations. In astrophysical plasmas these limits can often be achieved because
the global length scale Lg is incredibly large. However, the single-fluid models
are always only an approximation to the Hall-MHD equations, which in turn are
an approximation to the two-fluid equations. For example, the electron inertia,
which was neglected in the simplification of the two-fluid to Hall-MHD equations,

becomes important at a scale called the electron skin-depth
de = me/mi dz (136)

Even in large-scale astrophysical environments, thin (and/or low density) struc-

tures may form which the ideal or resistive-MHD models cannot describe well.

1.3 Magnetic reconnection

1.3.1 Frozen-in flux and magnetic reconnection

An important conservation property of the ideal MHD equations is called the
frozen-in_field theorem. Here a brief derivation will be given, see Chapter 2
of |B_LUJ_&_EUES.1] (IZL)ﬂj) for a thorough discussion of this theorem and a more
exact definition of magnetic reconnection. The frozen-in theorem can be found
from Faraday’s law ([CI3) and the ideal form (d; = n = 0) of Ohm’s law (33]),
that is E4+v x B = 0. Consider a control volume that is deformed by the plasma

flow field, the rate of change of flux through that control volume is given by

6t/B~dS:/(8tB)~dS+/B-0tdS:/va-dl+/B-v><dl —0, (1.37)
S S S

after substitution of 9, B = V x (v x B) and application of Stokes law on the first
integral, and using d(dS) = vdt x dl on the second integral (as the control volume
is frozen into the fluid flow). Thus, not only is the control volume frozen into the

flow, but also the magnetic flux through that control volume is constant. As the
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Plasma-fluid
elements

(a) Before reconnection (b) After reconnection

Figure 1.3: A magnetic field-line before and after reconnection at an x-type mag-
netic null point (x-point). The solid black lines are magnetic field-lines, the
dashed grey lines are the separators, which intersect at the null. The solid circles
represent plasma fluid elements, and the green arrows show the global flow.

choice of control volume is arbitrary, this must mean that the magnetic field is
frozen into the plasma flow. This has the important implication that magnetic
topology, the connectivity of the magnetic field-lines, is preserved by the plasma

flow in the absence of non-ideal terms.

In Hall-MHD, Ohm’s law (C33)) can be written as E = —v. X B, neglecting
pressure terms and dissipation. The same result holds, but now the field is frozen

into the electron flow, v., rather than the centre of mass flow v.

Magnetic reconnection is the local violation of the frozen-in condition to cause
a change in field-line topology. In two dimensions, where the magnetic and ve-
locity fields are in-plane, this topological change can only occur at an x-type
magnetic null point (a point where B = 0). Figure shows a diagram of this
process. Oppositely directed magnetic field-lines are frozen in to the plasma-fluid
elements and advected, typically by a stagnation flow, towards the null point.
When the field-line threads a localised diffusion region the plasma can detach
from the field. This diffusion region is characterised by some strong localised en-
hancement of out-of-plane electric field, due to some non-ideal term in Ohm’s law.
For resistive MHD this could be due to the out-of-plane component of E, = 13,
which can be large due to a locally enhanced current density and/or a resistivity.
As the plasma exits the diffusion region it becomes frozen again, but the field-
line is not frozen in to the same plasma-fluid elements as before the reconnection.
From a global perspective the field-lines appear to break and reconnect at the
null point and there is a characteristic plasma flow across the magnetic separators

(lines that separate the different regions of magnetic topology).
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A quantitative measure of the reconnected flux can be calculated in 2D. As-
sume that the inflow and outflow directions are along the y and x-axis respectively
in Figure such that © = y = 0 is the null, and that z is the out of plane di-
rection. The reconnected flux F,.(t) lies along the x-axis at time t, and is given
by

F.(t) = /000 By(t,z)dx — /000 B,(0, z)dx, (1.38)

after subtracting the initial flux at ¢ = 0. Using the definition of the magnetic
potential, B =V x A, gives B,(t,z) = —0,A.(t,x), so

Fi(t) = —A.(t,00) + AL (L, 0) + A,(0, 00) — A,(0,0) = A,(t,0) — A.(0,0), (1.39)

as the potential at infinity is fixed. The reconnection rate is thus the time rate

of change of the out-of-plane vector potential measured at the x-point

which is written in terms of the out-of-plane electric field using Faraday’s equa-

tion (CIH).

1.3.2 Sweet-Parker reconnection

In early papers by |Sm(£[l (I]_%.é) and |Ear_ke_r] (Il9_5_2|), a 2D steady-state and in-

compressible resistive MHD reconnection model was developed with the aim of

explaining the rapid conversion of magnetic energy into kinetic and thermal en-
ergy during a solar flare (see Chapter B). Figure [ shows a diagram of the
Sweet-Parker model. Anti-parallel magnetic fields of strength B;y are advected
towards the mid-plane by a perpendicular flow of strength v;y. This creates a
long thin layer of strong current density j ~ By /(10d), a current sheet, which
locally enhances the non-ideal electric field and efficiently dissipates magnetic
energy. The field-lines break and reconnect at an x-point in the centre of the
current sheet before flowing out of the diffusion region with velocity voyr. Here,

m ). See
e.g. |Priest & F‘orbesl (IZOD_d) for a more detailed discussion, including some gener-

we briefly describe the dimensional analysis carried out by

alisations.

Firstly, due to incompressibility and mass conservation, the inflow and outflow



28 CHAPTER 1. THEORETICAL BACKGROUND

2L
Figure 1.4: The Sweet-Parker reconnection model (Sweetl [1958; [Parker [1957). The

black solid lines are magnetic field-lines, and the green dashed lines are plasma
velocity streamlines. A current sheet of length 2L and width 20 is shown in blue.

velocities are related by
LU]N = 5'UOUT~ (141)

Secondly, the outflow velocity can be estimated by considering the horizontal
component of the steady momentum equation (([C32). In the simplest case thermal
pressure gradients can be neglected (this is valid if the thermal pressure is roughly
the same inside and outside the sheet), also neglecting the viscous stresses for now,
gives

@ B ~ M%UT

Y; our ~ 7
which can be simplified, using the solenoidal condition (LIX), Bin/L ~ Bour/d,

to give the approximate magnitude of the outflow

(1.42)

Bin
\/ 1o

The magnetic tension in the newly reconnected field-lines accelerates the plasma

VouT ~ = V4 IN- (1.43)

in jets up to the inflow (or upstream) Alfvén speed.

Finally, the resistive Ohm’s law is used. At the x-point B = 0 and the electric
field is supported by the resistive part of Ohm’s law E = 7j. Outside the current
sheet 7 ~ 0, and there is a convective electric field due to inflow F ~ v;xyBn.

The 2D and steady-state assumptions give uniform out-of-plane electric field, so

nBrn
o0

. (1.44)

E = 'UINBIN ~
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Rearranging for v;y and using the previous two results gives

UIN J n — =172 — g-1/2
~N =~ —— = =57 1.45
van L toLva " (1.45)
where S is called the Lundquist number, a dimensionless parameter that is im-

portant in resistive-MHD descriptions of reconnection, defined explicitly as

L
g — Ko UA,IN.

. (1.46)

In equation ([LZH) the notation 77 was also used to show that this is the dimension-
less resistivity, 7, normalised by the current sheet length and the inflow Alfvén
speed. Note that as E' ~ (vrn/van) varnBin, the quantity vry/va y is a mea-

surement of the reconnection rate for fixed vy ;v and By, see equation ([CAD).

The problem for @ M) and ) was that this inflow rate was
still much too small to explain solar flare energy release. This is because the in-
flowing Poynting flux S ~ v;yB?y depends on the inflow velocity, which itself is
extremely small for a coronal value of S ~ 102 — 10 (see Section ). The long
thin current sheet, that is a common feature of reconnection in resistive MHD),
has an extreme aspect-ratio and forms a bottle-neck on the reconnection rate due

to mass conservation.

Here we consider the effects of ion viscosity on the above scalings, in prepa-
ration for results presented in Chapter Bl that do not neglect ion-viscous stresses.
|Ea.Lk_Qt_aJJ ) showed that including a uniform ion viscosity modifies the

Sweet-Parker scaling. It does this by reducing the outflow velocity, as the accel-

erating plasma does work against the viscous forces. The viscous terms within the
ion-momentum equation (CI3)) scale as V - mw; ~ pv/6? (as generally mw; ~ V).
Equation (CZ2)) now becomes

Biy 2 Kvour

Ho o

, (1.47)

which gives, using equations ([LZIl) and (CZ4]), a modified outflow velocity

N\ —1/2
VouT R VAN (1 + %) , (1.48)

where fi = pu/(m;nvan L) is the inverse Reynolds number calculated with the
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shocks

Figure 1.5: The Petschek reconnection model (IEeIsghﬂu h.%éi) The black solid
lines are magnetic field-lines, green-dashed lines are velocity streamlines where
the direction of flow is indicated. The blue rectangle is a localised diffusion region,
and the dashed diagonal lines are slow-mode shocks.

inflow Alfvén speed and the current sheet length. The modified reconnection rate

18

.\ —1/4
N ﬁ«nV2(1+¥) . (1.49)
VA,IN n

In the limit of large ion viscosity, i > 7, the reconnection rate is reduced to ~

7/ ~1/*, and for weak viscosity i < 7 it becomes the Sweet-Parker rate ~ 7'/2.

1.3.3 Petschek reconnection

—

Petschek M) proposed an alternative steady-state reconnection model based
on the resistive MHD equations, with the aim of achieving faster reconnection
than the Sweet-Parker model. In the Petschek model, standing waves are gener-
ated on the outflowing (newly reconnected) field-lines, and can form slow-mode
shocks. A diagram of the Petschek model is shown in Figure [[3 The separatrix
lines, between the inflow and outflow regions, open up and localise the diffusion
region in the outflow direction to a length A, where A < L. There is a character-
istic bend in the field-lines as they pass through the shocks. Most of the plasma
passes through these shocks, where it is accelerated, rather than passing through

a long thin current sheet. This effectively removes the Sweet-Parker bottle-neck.
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The Petschek model predicted possible reconnection rates within the range

g2 YN T 1.50
_UA7[N_81HS’ ( )

where the lowest is the Sweet-Parker rate, and the fastest has a logarithmic de-
pendence on the Lundquist number which is considerably faster for solar coronal

Lundquist numbers S ~ 1012 — 10,

Despite the attractiveness of Petschek’s solution, numerical simulations of

magnetic reconnection, e.g. |Biska.m.d (IJ_Q_S_d), have not been able to reproduce
this configuration with uniform plasma resistivity. It has recently been shown

analytically that the Petschek configuration is unstable, and that stable un-
driven reconnection with uniform plasma resistivity will occur at the Sweet-Parker
rate (IManLS.h.kJ.Uﬁ_aJ“?ﬂ.Od, |K1ﬂsnﬂ|2ﬂﬂ],|&mb.es_e.t_al”201d) However, this mag-
netic field configuration can be achieved with a spatially non-uniform resistivity
that is locally enhanced at the x-point, see e.g. hlgaj_&l&mdA (Ilﬂ'ﬂ)

1.3.4 Driven and spontaneous reconnection

So far the discussion has been on steady-state resistive-MHD models of reconnec-
tion. An active area in the field of reconnection concerns the reconnection onset,
which is necessarily time-dependent. A common approach to onset is related to
the stability of sheared magnetic field configurations, such as a current sheet.
w_ (I_L%d) performed a resistive-MHD linear stability analysis of such

a sheared field equilibrium configuration, finding that it can become unstable to

long-wavelength perturbations, which grow exponentially with time (o< €7') in

the linear regime. For a simple current sheet of width 4, this growth rate is
y = [rird, (k6)2] 7, (1.51)

where 74 = ppd%/n is the diffusion time across the sheet width, 745 = d/vy is
the sheet-crossing Alfvén time, and k is the wave-number of the perturbation,

such that (745/74)Y* < kd < 1; see e.g. IPriest & Forhed (IZOﬂ.d). Here the longest

wavelength (smallest wave-number) modes, Anee = kL = (74/745)/*0, have the

man

largest value of 7, growing on a time-scale of T, = (74745)"? (note that in
highly-conducting plasmas 7, >> 745, hence tearing is still slow compared with
the Alfvén time).
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o-points B
\

B .
X-points

Figure 1.6: Cartoon of the initial equilibrium (left), and the final relaxed state
(right) for the resistive tearing instability. The colour-scale indicates current
density.

The drive for this instability is the free energy associated with the sheared
field. The field tears and is reconnected as the perturbation grows, allowing the
configuration to relax towards a state of lower magnetic energy. The relaxed
configuration contains magnetic islands (or o-type neutral points: o-points) that
grow in size exponentially in the linear phase of the instability. However, when
the island size exceeds the equilibrium width (e.g. the current sheet width 9),
the instability enters the non-linear regime where the island growth becomes

linear dBlﬁhﬂ_ﬁmi LL_QZE!) Eventually these islands saturate and a new magneto-
static equilibrium may established, see Figure[LH In Chapter, we show how the

effects of magnetic island formation can have a large effect on the global magnetic

field configuration.

Recently it has been shown that the very long and thin Sweet-Parker type
current sheets with Lundquist numbers S > 10* can be highly unstable to the

plasmoid instability (IS.h.lhaLa_&_TamLmA |2Q.OJ]; hmm.m_el_al] |2£).01|) This was

proposed as a “super-Alfvénic” instability in the literature; however, the Alfvén

time referred to is defined in terms of the sheet length, 745, = L/vg4, rather
than the sheet-crossing timescale, 745 = d/v4. Using the Sweet-Parker scaling

§ = S7Y2L in the timescale of the fastest growing mode gives T = S~ Y4747,

which is indeed faster than 747, for S > 1 (see also i ,
and references therein).

As well as occurring spontaneously from a resistive instability, reconnection
can also be driven by (or occur in the non-linear phase of) some ideal instability.
An example of this is the coalescence instability (IELU.U_&_K.HMJ h.ﬂﬂ), where the

initial equilibrium consists of neighbouring magnetic islands (similar to the final

relaxed state after the tearing-instability, see Figure [[H). In this case, the linear



1.3. MAGNETIC RECONNECTION 33

phase of the instability is ideal and is caused by the attraction of neighbouring
islands due to their parallel current distributions. However, as they approach the
x-point collapses and a reconnecting current sheet forms. The magnetic islands
upstream of the x-point strongly drive the reconnection, leading to fluz pile-up
(increase in the inflowing magnetic field-strength, By ) on the current sheet edge.
As the flux from the pair of islands reconnects at the x-point, the two islands
coalesce into one larger island. We show simulations of a similar coalescence
process in Chapter B, see there for detailed description, including the effects of
two-fluid physics and toroidal geometry. Here, we briefly mention some of the
literature on the island coalescence instability.

Biskamp & Welter (I]_&%j) performed numerical simulations of this instability,
finding that for a range of Lundquist numbers, 10?> < S < 10%, the reconnection

rate becomes independent of the Lundquist number. However, for Lundquist
numbers S > 10* the reconnection rate becomes dependent on the Lundquist
number again (with similar dependence as the Sweet-Parker model). They also
showed some evidence of large-scale oscillations of the islands, referred to as

“sloshing”, for larger Lundquist numbers S > 105. Recently, |K_ngl]_&ilh_amﬂ

) clearly showed this sloshing behaviour using state-of-the-art (their scheme

has low numerical dissipation) resistive MHD simulations, finding that it occurs
for S > 10°. The authors explain this sloshing as an effect due to magnetic
pressure associated with the flux pile-up, which prevents plasma inflow into the
current sheet. This work is extended in Kngﬂ_&ilh_amd (bﬂ%ﬂ) which consid-

ers two-fluid effects, and shows that this pressure pile-up can be avoided when

including the Hall term. We will now discuss the effects of the Hall term, and

other collisionless processes, on steady-state reconnection models.

1.3.5 Semi-collisional and collisionless reconnection

The previously discussed reconnection models were based on the resistive MHD
equations. However, these equations are only valid for length-scales in the colli-
sional limit, where large numbers of collisions can prevent the decoupling of ion
and electron fluids. This may not be the case in the presence of a current sheet
or diffusion region which can be microscopic (orders of magnitude less than a
typical length-scale Lg) in at least one direction. Also, the Sweet-Parker width
§ = SV ~ V2 ~ TS see equation ([CZ0), so even if the current sheet
can be described by resistive MHD initially, it will thin after resistive heating.
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Figure 1.7: Hall-MHD reconnection. The bulk ion (electron) flows are denoted
by red (blue) lines, and the respective diffusion regions by red (blue) rectangles.
The out-of-plane electron flow is also shown as blue crossed circles. The in-plane
and quadrupole out-of-plane field is shown in black.

This may cause other physics to become important. In this thesis, the term semi-
collisional will refer to plasmas in which the collision frequencies are non-zero, but

small enough so that the plasma is not completely described by resistive-MHD.

The various terms in the electron momentum equation ([LI4]), also called the
generalised Ohm’s law, cannot be neglected if the current sheet width drops below
a characteristic length-scale for that term. It has been mentioned above that the
Hall term is characterised by the ion-skin depth d;, see equation ([L3H), and elec-
tron inertia becomes important at the electron-skin depth d., see equation ([L30).
In addition, the scalar electron pressure gradient term becomes important at the
ton-sound Larmor radius p;s = \/m /%, which is the ion Larmor radius
based on the electron temperature. Finally, ion and electron Finite Larmor Ra-
dius (FLR) effects become important at the ion and electron Larmor radii, and
some of these effects can be expressed in the off-diagonal terms of the ion and
electron pressure tensors respectively. Table in Chapter [ gives the relative

size for some of these kinetic scales in two low-/3 plasma environments.

The Hall term cannot break the frozen in condition and cause reconnection,
but it can strongly modify the reconnection process through the decoupling of ion

and electron fluids. Figure[[shows how this occurs in 2D. The decoupling of the
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ions from the magnetic field-lines occurs at a length §; ~ d; from the null-point,

e.g. Mand_t_&t_a.]_] (I]_&%II), so that the field is frozen into the electron flow within

this region. Gradients in the electron out-of-plane flow (as the current density

increases closer to the mid-plane) cause the in-plane magnetic field-lines to be bent
in the out-of-plane direction, resulting in a characteristic quadrupole structure
of the out-of-plane magnetic field. Eventually the frozen-in condition for the
electrons is broken at a scale length of §.. In a semi-collisional plasma, this could
be due to some collisional electron viscosity, or perhaps even normal resistivity.
In collisionless Particle-In-Cell (PIC) simulations (IHQ_r_umbl_&_S_aId h_&%l), it has
been shown that ., corresponds to the meandering width of unmagnetised electron
orbits (see Figure in Section [ for a description of these orbits), and that
the out-of-plane electric field at the x-point is due to gradients of the off-diagonal

elements of the electron pressure tensor (Iljﬂss_m_a.]_l |J_9_9d; |B_mn_e_t_aJJ |2_0_Qﬂ)

The electron diffusion region in Figure [[7is drawn as being localised in both

the inflow and outflow directions. However, this is not always the case. State-of-
the-art PIC simulations with open boundary conditions in the outflow direction

found extended electron diffusion regions (IDaugh_tgu_&t_a.l] |21)Dd), that are limited

in length only by collisionless tearing instabilities. Electron pressure anisotropy,

where electron pressure is different in the directions parallel and perpendicular to

the magnetic field, has been shown to be crucial in establishing these extended

layers (see m m, and references therein).

In the Geospace Environmental Modelling (GEM) challenge (see m

, and references therein), simulations were performed using resistive-MHD,
Hall-MHD, Particle-In-Cell and Hybrid codes. It was found that the reconnec-
tion rate for all simulations was very similar, apart from that for resistive MHD
(which was much slower, at a Sweet-Parker rate). This result implies that the re-
connection rate is insensitive to the details of the electron diffusion region, which
varied between the different models. The only requirement for a fast reconnection

rate is to include the Hall term within the model.

All of these reconnection models used 2D magnetic field configurations (al-
though Hall-reconnection generates quadrupolar fields in the third dimension, see
above). The magnetic geometry can be modified by adding a magnetic field com-
ponent in the out-of-plane direction, a so-called guide-field. With the guide-field,
the angle between the reconnecting field-lines is less than 180°, which is more

applicable to the solar corona or magnetic fusion energy devices (see Chapter )
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than fully 2D models. However, reconnection with a guide field is less well un-
derstood than when the reconnecting field is anti-parallel (180°). In terms of the
electron diffusion region, this guide-field can magnetise electrons within the dif-
fusion layer so that its thickness . corresponds to the electron Larmor radius p,,

rather than the meandering bounce width (Iﬂ:ﬁsm_a.]_] |2ﬂld; |B.m_€[_al] |2£]_OAI)

With collisional dissipation, it has been shown that ion-viscosity can be impor-

tant in setting the current sheet width (IS_Lm.a.kmuiLaJ_l |2£)Jd) In terms of the

reconnection rate, some studies have shown that fast rates can be achieved when

the current sheet width drops below the ion-sound Larmor radius
h.&&d; |S£bllud.t_et_al.| |20D.d; |Slma.kmuit_al] |2£)Jd) In Chapter Bl we present results

of driven two-fluid reconnection simulations with strong guide field. Note that

although there are now three components of the magnetic field, guide-field simu-
lations are sometimes called 2.5D or even 2D configurations. This is because this
field can stabilise a number of current-aligned instabilities. Also, strictly these
geometries do not contain null points, but they do have x-point geometry where

the in-plane field components go to zero.

1.3.6 3D reconnection models

Here, we refer to reconnection as being fully 3D when it occurs in magnetic field
configurations that have no invariant direction. These fully 3D models have sig-
nificant qualitative differences from the 2D or 2.5D models. Firstly, reconnection

in 3D can occur in geometries that do not include magnetic null points (Schindler

et al. @) In such configurations reconnection can occur if a field-line threading
a localised diffusion region has a non-zero value of [ Ejdl integrated along the
whole length of the line. However, these configurations are outside the scope of
this thesis. Instead we will consider reconnection at a fully 3D magnetic null-

point.

Parnell et al. M) gives a complete linear description of magnetic field con-
figurations near to a 3D null point (a point in 3D space where B = 0). The field

can be Taylor expanded to first order as

0B;

B 81‘]'

B

da;, (1.52)

where the Jacobian matrix 0B;/0x; at the null has eigenvalues \; and eigenvectors
x; (1 = 1,2,3). The solenoidal constraint ([CIN) sets the trace of the Jacobian,
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and thus the sum of the eigenvalues, equal to zero \; + Ay + A3 = 0. For non-
zero eigenvalues, two must have the same sign and one of opposite sign. The
eigenvectors associated with these eigenvalues define special magnetic field-lines
that make up the magnetic skeleton of the 3D null point. |Ea.m_e]l_e_t_a.]_| (I]_Qﬁd)

showed that the eigenvector with different eigenvalue sign defines a 1D spine line,

and those with the same sign a 2D fan surface (called 7-line and Y-surface by
|La.ll_&_EimJ hﬁﬁj) that separates different magnetic flux domains.

Setting the z-axis parallel to the spine line and the x-y axis as the fan plane,
|Ba.mgﬂ_et_al] (I;I.M) showed, without loss of generality, that the Jacobian matrix

can be written as

L Yq—4) 0
Bo | 3(a+j)) p 0 : (1.53)
0 Ji —(p+1)

0B;

8$‘j -

Here p and ¢ are parameters specifying potential (current free) magnetic field
components, and j; and jj are currents perpendicular and parallel to the spine
axis respectively. The simplest non-trivial, symmetric null is specified by p =1,
q = jy = j. = 0. This can be written using a cylindrical coordinate system
(r, ¢, z); where r = 0 is the spine-axis, z = 0 is the fan plane and ¢ = 0 is the
positive x-axis, as

B
B = 2(r# — 222). (1.54)
Lo

Here By is the field strength at a distance r = Ly, 2 = 0 from the null. This is the
geometry shown in Figure . A non-zero jj skews the radial fan field-lines,
and causes them to spiral above a threshold current value. If j, # 0 the fan plane
tilts against the spine so that they are no longer orthogonal. These two cases are
shown in Figure [[A

The type of reconnection that occurs at a 3D null depends upon the mag-
netic configuration and global plasma flow. |En_es_t_&_TJ_tm M) proposed two

models of reconnection using the potential magnetic field of equation ([LH4]) and

prescribed boundary flows that satisfy the ideal MHD equations. As there are
no non-ideal terms in these mathematical models, reconnection can only occur if
there are singularities in the flow field where the magnetic field vanishes. Clearly
these singularities will not exist in reality, they will be smoothed out by some
dissipation process such as finite resistivity. The left hand panel in Figure

shows ideal spine reconnection. Foot-points of the field-lines at a cylindrical
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* null point

(a) (b)

Figure 1.8: a) The magnetic field configuration of a 3D null point, from Priest
& Pontin (2009). The black lines are a selection of magnetic field-lines that lie
around the 1D spine axis and the 2D fan plane. The null point is at the centre.
b) Diagram from [Priest & Titov (1996) showing the different driving applied
at a cylindrical surface, and the resultant field-line motion, for the ideal spine
reconnection model (left) and the ideal fan model (right).

(a) , , . .
p=1 5=0,4.=05 p=1jj=-4,7.=0

Figure 1.9: Non-potential null points, image from [Parnell et all (1996). a) with
non-zero current perpendicular to the spine-axis. b) with non-zero current parallel
to the spine-axis.
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boundary are driven vertically as shown, creating a shear flow across the fan

plane. w (I]_M) find the plasma velocity to be

EyLising (¢ 2
_ o 1.55
By 3r z i r)’ (1.55)
which is supported by a convective electric field of
EoLysin¢ »
E— %sm(b(ﬁ (1.56)

The frozen-in flux inflow converges on the spine axis, and the field reconnects at

the spine in the presence of singular electric and velocity fields.

The right-hand panel of Figure [LH(b)] shows ideal fan reconnection. The foot-
points are driven at the top and bottom boundaries to shear the spine-axis. The
field-lines in the top half, z > 0, rotate as shown for positive x, and in the
opposite sense for negative x. For the bottom half the field-lines rotate in the
opposite directions as the adjacent field-lines in the top half, so that there are

strong counter-swirling flows close to the fan plane. These flows become singular

at the fan plane where reconnection occurs.

|
Craig et al. (I]_&Qd), |Qr_a.1g_&_Ealﬂmg M} andlﬂtaj,g_et_al] (IJM) found exact

solutions to the steady and incompressible resistive MHD equations at 3D null

points, which are resistive analogues to the ideal reconnection models. The resis-
tive spine reconnection and resistive fan reconnection models are introduced and

the electromagnetic fields are used to study test-particle acceleration in Chap-

ter @l

These analytic solutions for 3D null reconnection are found using the simpli-
fying assumptions of incompressibility and steady-state reconnection. The full
compressible and time-dependent 3D resistive MHD simulations of m
m ) show that typically current structures, and the diffusion region, spread
across both the spine axis and fan plane when either the spine axis or fan plane
is sheared. Due to the similarities with the previous two models, they name this
spine-fan reconnection. Also, recent numerical and analytical study gives addi-

tional models for null reconnection when the global plasma motion is rotational

rather than a shear flow (see for review |En_esi_&_&mﬁ_d bﬂﬂd; |H)_nm_uﬁ_a.]_] |20_]_]])
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1.4 Particle acceleration

1.4.1 Test particle approximation

The reconnection models presented thus far have looked at the collective be-
haviour of the plasma, often using fluid models that simplify the physics in com-
parison with the full kinetic treatment. Including all of the physics can be done

using Particle-In-Cell simulations (e.g. |Da¢1gh_tm_&t_a.]_] |20_Od) However, this is

still difficult, particularly in 3D due to the vast memory requirements of such

a simulation. With this method, it is usually only possible to simulate regions
with length of several ion-skin depths, d; see equation (L3H), that is many orders
of magnitude less than, for example, the global length-scale for a solar flare (see
Chapter ). Additionally, the kinetic picture is often complicated, due to the pres-
ence of micro-instabilities and turbulence, and can obscure the important physics.
An alternative approach, that can complement fluid and kinetic models, is to con-
sider single test-particle trajectories in given reconnection electric and magnetic
field configurations. However, this approach is not self-consistent, as the elec-
tromagnetic fields generated by these test-particles are typically neglected. This
approach is valid provided that the energy carried by the test-particle population

is small.

1.4.2 Test-particles in current sheets and x-points

A major question within the field of reconnection concerns the acceleration of
charged particles into non-thermal distributions. This has major importance for
solar flares as it is thought to be a significant channel of flare energy release
(see Section ZT3). In sub-storms of the Earth magnetosphere, fast particles
are thought to be accelerated by dipolarization fronts, e.g. IBi (IZOJ.A),

where the newly reconnected magnetic field-lines in the Earth magnetotail snap

back towards the dipole shape. Possible acceleration mechanisms for both of

these phenomena include a collapsing magnetic trap (ISmnmL&_&mugJ h_&&'ﬂ),

wave-particle interactions (see IMi , for a review with application

to solar flares) and direct acceleration by the non-ideal electric fields associated
with the reconnection. In this thesis we will concentrate on this latter acceleration
mechanism.

Early work on direct acceleration explored charged particle trajectories within
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Proton

B

n

Figure 1.10: Trajectories of charged particles within current sheets, adapted
from m) Left: With simple anti-parallel magnetic field configuration
B, and constant electric field E. b) With an additional magnetic field component
B,, perpendicular to the sheet.

current sheets. @ M) considered a current sheet model using anti-parallel
magnetic fields and a uniform electric field as shown in the left-hand panel of
Figure [Tl The protons and electrons electric drift into the current sheet, where
they become unmagnetised as the Larmor radius r; becomes comparable to the
length-scale of field variation, e.g. 7, 2 Lyp = B/|VB|. When this occurs,
the adiabatic theory discussed in Section [Tl breaks down. Both species undergo
non-adiabatic, or meandering, oscillations as they are accelerated parallel or anti-
parallel to the electric field (depending on the sign of the charge). m M)

14 after

showed that the amplitude of these oscillations decayed with time as ¢~
entering the sheet, and so the particles are trapped. The energy gain is only
limited by the sheet length. The right-hand panel in Figure [CLT0 shows the
trajectories when there is a small and constant magnetic field, B,,, perpendicular
to the sheet. This field component turns the particle within the current sheet,
and causes it to be ejected from the sheet when it turns 90°. In this thesis we
refer to these processes as gyro-turning and gyro-ejection respectively, as they
are due to partial magnetisation of the particles by the normal field component.
In Chapter Bl we numerically compute these trajectories and use the analytical

results of ) to benchmark the test-particle code.
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Zhu & Parks (Il&%i:z Litvinenko & Somoy (Il&%]) and [Litvinenkd (ILLM) ex-
tended the model of M) by adding a guide field parallel to the electric

field. Above a critical guide field the trajectory is stabilised against ejection and

the energy gain is once again only bounded by the sheet length (ILam_n_au.ng |]_9_Eﬂ)
This is because the particle remains magnetised within the sheet, and tied to the
guide field-lines.

Numerical test-particle simulations have been performed in 2D and 2.5D using
steady prescribed magnetic and electric fields that are simplified analytic repre-
sentations of resistive current sheet (W%%
& Neukirch 2004) and x-point M ;
|20.0.d |H&mﬂ.tm.e.t.al.| |20QEJ models. These simulations also considered the effect

of the guide field on particle trajectories and energy spectra.

Heerikhuisen et al. (IZO_O_j) and ' itvi (IZOD_d) improved on this

method by taking the electric and magnetic fields from the exact analytical so-

lutions of i ) to the 2D incompressible, resistive MHD equa-
tions in a reconnecting current sheet geometry. The advantage of exact solutions
is that the electric field is calculated via the resistive Ohm’s law, rather than

being prescribed in an ad hoc manner. Also, wsky;u;t_aﬂ (IﬂllQJJa) used

an approach combining numerical MHD simulations with a test particle code,

to study 2D forced reconnection including the time-evolution of the electric and

magnetic fields.

1.4.3 Particle acceleration in 3D null-point models

In Chapter B we discuss some of the observational evidence for the existence
of 3D magnetic null points in the solar corona, the Earth magnetotail and also
within a laboratory plasma device. Such null points are a natural magnetic con-
figuration in which to study particle acceleration, as particles can be directly
accelerated by an electric field when the magnetic field approaches zero and adi-
abatic motion breaks down. |Dalla & Brownin 2005], |200d |200é4) and Brown-

ing et al. ) studied particle trajectories and produced energy spectra for

protons and electrons in the ideal spine and fan reconnection models of Priest

& Titov ). They found that these particles could reach high energies
(max~ 107eV) in the spine model fields, using solar coronal values of By = 0.01
T and Ey = 1500V m™' in equations (CHAHH). The ideal fan reconnection

model was less effective for protons, partly as the geometry of the electric drift
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streamlines was less efficient at delivering particles to regions of high electric field.
|G.mu;t_al] (IZDJ_d) studied particle trajectories in fields from ideal MHD simula-

tions, finding that the strong electric fields supporting convective plasma motion

can be effective proton accelerators, but less so for electrons.
| ]

Litvinenko was_the first study to use the resistive models of Craig
et al. (@), i ' ) and ICraig et all (1997) and so include the

effects of the reconnection non-ideal electric field on the trajectory of particles

at 3D nulls. However, they used an approximate analytical analysis, which is
valid only within the fan plane, and only for a region around the null point.
They used a WKB method of ManmL&ﬁaﬂ (I]_Q&‘i) to show that single protons
and electrons close to the null can achieve the energies needed to explain solar
flare observations. However, hdImD.QUJﬂJ (I?ilO.d) found that this energy is limited
as particles become unstable in the sheet, due to background field components,

and are ejected. |S_tanm_et_al] (IZO_]_d) extended this by performing numerical

simulations of protons in both resistive spine and fan models, and also studying

the transition from the external drift region (that could not be treated with the

method of Mﬁd h_&%é) to the current sheet. This work is given, along

with new results on electron trajectories, in Chapter @l

Finally, there have recently been two attempts at self-consistent Particle-In-
Cell simulations of 3D null points. The first, by B.aJ.Lm.am_&t_al] (|2lei), find that

direct acceleration from a reconnection electric field was the primary acceleration

mechanism. However, to be able to run such a challenging simulation both the
charge and the mass of the particles had to be artificially reduced (the ion to
electron mass ratio is only 18). The authors do show that this retains the proper
ordering of the kinetic scale lengths. However, as the ion and electron skin depths
are only separated by \/W there is little separation between ion and electron

scales. It is unclear whether the results hold up to proper mass ratios. Olshevsky

et al. (2013) used a novel implicit-PIC algorithm to simulate a configuration with

8 null points in a self-consistent manner. They found that the dissipation of mag-
netic energy was five times higher than in a standard current sheet configuration.
It is clear that there is still more work to do in understanding the self-consistent

mechanisms of particle acceleration in 3D magnetic reconnection configurations.

In this chapter, some basic models for magnetised plasmas, magnetic recon-

nection and particle acceleration have been introduced. In the next chapter, some
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application of these models to solar flares and reconnection in laboratory plas-
mas will be discussed, focusing on the observational and experimental data for

reconnection and particle acceleration in both environments.



Chapter 2

Reconnection in Semi-Collisional
Plasmas: Context and

Applications

Magnetic reconnection is now considered to be a basic plasma phenomenon that
has wide application in both astrophysical and laboratory plasmas. It is thought
to be one of the primary energy release mechanisms in solar flares (see below),

and in the magnetotail of Earth where it has been proposed as a trigger mech-

anism for magnetospheric sub-storms (e.g. ). In the
magnetotail, sheared 3D magnetic null points have been detected in-situ by the
Cluster satellites (IXJ.aQit_a.]_ |2Q.Od), and some evidence of fast electron beams
accelerated at the null has been found (IH:;&LaJ.l |209é) Also close to Earth,

magnetic reconnection is thought to be crucial for the transport of solar wind

magnetic and particle flux through the magnetopause and into the magneto-

sphere, see e.g. |DJ.m.ng (I]_%Jl) and Chapter 4 of |BJ_m_&_Eu_esil (IZQ_O_ﬂ) Recently,

a model of reconnection at the heliopause, based on numerical simulations, has

been used to explain the measured signals of the Vovager 1 spacecraft (Swisdak
et al. M) and show that it crossed into the Local Interstellar Medium. Further

away, reconnection has been proposed as an important process in the interaction

of stellar magnetospheres with accretion disks (e.g. ij ; Uzdensky
et al. M), in pulsar magnetospheres (e.g. ISpi ), as well as a mech-

anism for extreme particle acceleration in gamma-ray flares such as within the

Crab Nebula (see e.g. kﬂlmaﬂ |20_13], and references therein).

45
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In laboratory magnetised plasma devices, magnetic reconnection is also a com-
mon phenomenon, and can have both positive and negative consequences. In a
Reversed-Field-Pinch (RFP) magnetic confinement device, reconnection is im-

ortant for the plasma to relax towards equilibrium during start-up (e.g.
EIE) Co-helicity spheromak merging within the Swarthmore Spheromak Exper-

iment (SSX involves reconnection at a 3D magnetic null point (Gray

et al.

2011). Reconnection is also crucial for flux-rope merg-

ing start-up in spherical tokamak plasmas, which is a major topic of this thesis
(see Section ZZA and Chapter H). However, in many devices, such as tokamaks,
reconnection can be responsible for degradation in confinement, as formation of
magnetic islands can destroy nested flux-surfaces (see below). It can also be re-

sgonsible for loss of core temperature within sawtooth-crashes (IIamad_a_Qt_aJJ

), and can couple to other instabilities causing major disruptions. Finally,

several laboratory devices have been constructed specifically to study reconnec-
tion. These include, but are not limited to, the Magnetic Reconnection eXper-
iment (MRX) at Princeton Plasma Physics Laboratory (IXa.mada._eLal.l hﬁﬂl),
the TS-3/4 devices at University of Tokyo (e.g. |an_et_a.].] |J_9_92i), the Versatile
Toroidal Facility (VTF) at Massachusetts Institute of Technology

) and the Reconnection Scaling eXperiment (RSX) at Los Alamos National
Laboratory (IEqu_Qt_a.]_l |20£L’4) With these machines progress has been made

in validating theoretical models against laboratory data, such as the discovery of

the Hall quadrupolar out-of-plane magnetic field (see Section in MRX (Ren
et al. ).

The details of reconnection in such a large range of plasma environments
can vary. In a classical plasma, this depends on the magnetic geometry and
collisionality of the plasma, as discussed in the previous chapter. For extreme
astrophysical environments, relativistic and quantum effects may become impor-

tant (for a review see hlajﬁu_skgj |20_1_]]) However, it is conceivable that many of

the basic concepts from laboratory and solar system reconnection carry across to

the more extreme environments.

In this thesis we will study reconnection in two different plasma environments;
within flares of the solar corona, and within the start-up phase of a Spherical
Tokamak (ST) laboratory plasma device. Both applications considered are low
plasma-( and in the semi-collisional magnetic reconnection regime. In this chap-

ter these applications will be introduced, and the reconnection regime will be
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described in terms of dimensionless plasma parameters (such as those discussed

in the previous chapter).

2.1 Solar flares

2.1.1 Solar coronal plasma environment

The solar corona is the outer-most layer of the solar atmosphere. It extends from
a few thousand metres above the Sun’s visible surface, known as the photosphere,
out to the order of a few solar radii (although this can vary significantly, see e.g.
mm_uaaa&;hgd h_&&'ﬂ) It is characterised by low densities, n ~ 10*m™3,
and much higher temperature, 7'~ 10° K ~ 86 eV, than the lower chromospheric
atmosphere (T ~ 10? K) and photosphere (T ~ 6000 K). A satisfactory explana-

tion as to why the corona is a hundred-fold hotter than the chromosphere has not

yet been given and it is a long-standing problem, known as the coronal heating
problem, in solar physics (for a recent review, see bam&mm_mi |20J.d)

The source of the heating is widely agreed upon to be the stored energy den-

sity in the coronal magnetic field; however, it is not known which processes, for

example waves (IH:guzaar_LS_&_Eu.es.tl h_%?i), plasma jets (lDL&mImJ_eLaJJ |20ﬂd),

or magnetic reconnection (m ), dominantly transport and dissipate this

energy within the corona.

The coronal magnetic field is highly structured in the form of coronal loops (see
e.g. m M) These are typically anchored at both ends in the photosphere
and can extend up into the corona, where they expand due to their large internal
magnetic pressure. The ambient magnetic field-strength, B, in the corona ranges
from 107 — 1073 T. However, if the field becomes strongly sheared, induced
currents can increase the stored energy over the value of the vacuum magnetic
field energy. In a low plasma-f equilibrium, these currents are parallel to the
magnetic field, which can be seen by setting the inertial, thermal pressure and

viscous forces to zero in the momentum equation (20
jxB=0 = y;'VxB=aB, (2.1)

using Ampéres law ([CIG) for the second equality. In general, each field-line has
a single value for a, but this can differ between field-lines. Such a configuration
is called a Non-Linear Force-Free Field (NLFFF). The free energy stored can be
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Designation ‘ An ‘ Bn ‘ Cn ‘ Mn ‘ Xn
Intensity (Jm™2s71) ‘ 1078|1077 [ 107¢ | 107° | 107*

Table 2.1: The Soft X-Ray (SXR) classification of a flare, showing spatially-
integrated peak flux between 0.1 - 0.8 nm. For example, a peak SXR flux of
8 x 1077Jm ?s ! has designation BS.

thought of as the difference between the energy in the NLFFF and the energy in
the vacuum field, although in practise other constraints may set a higher minimum

magnetic energy state (IIa;dm] h.QZ‘, h.%.d; |Xea.hes_at_a.l] |20J_d)

Active regions can contain collections of current-carrying coronal loops, also

known as twisted flux-ropes, that emerge from beneath the photosphere and ex-
tend well into the corona. The number and typical magnetic field-strength of
these active regions varies over an 11-year cycle, that is related to some dynamo
process which is not fully understood (see e.g. l]ﬂﬂﬁsﬁ_aﬂ |2£)J_d, for a recent re-

view). In these regions, magnetic field can be amplified to strengths of B ~ 0.01

T due to large shear, and they can be a source of energy for many transient and

energetic events, such as solar flares.

2.1.2 Solar flares

Solar flares are observed as transient brightenings of the corona and chromosphere
over a range of wavelengths; from 10 m radio-waves up to gamma-ray line emission
in the most energetic events M) The total emission, over all observed
wavelengths, for a large flare can be of the order 10%° J m M), they are
essentially the largest explosions in the solar system. The frequency of flares
have an inverse power-law dependence with their size. At the lower end are
very fre(zuent nano-flares that have been proposed as a mechanism of coronal

heating ). At the top end, are the first and largest recorded solar

flare (IQa_U_Lugmd hﬁﬁd), and the largest measured with modern equipment on the
4th November 2003 (IK_Lpangm_&ﬁ_amAlmOAI) A classification of flare magnitude
by spatially integrated peak soft x-ray flux is given in Table 1], the 4th November
2003 event has been estimated as an X30.6 flare.

Figure X1l taken from |Slm_e.t_a.l] (I2ﬂ;|_2ﬂ), shows an example of an active
region (NOAA active region 11158) five hours before an X2.2 class flare. The
left panel shows a 171 angstrom Extreme Ultra-Violet (EUV) light photograph
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Figure 2.1: Left: 171 Angstrom Extreme Ultra Violet image of NOAA active
region 11158, five hours before an X2.2 flare. Right: Non-Linear Force Free Field
(NLFFF) extrapolation of the magnetic field (coloured lines, where the colour
denotes the vertical current density at the foot-points of the field-lines), and a
photospheric vertical field magnetogram (grey-scale). This image is from Sun
et al. ).

taken with the Atmospheric Imaging Assembly (AIA, I]_&m_an_&t_al] IZD_]_d) instru-
ment aboard the Solar Dynamic Observatory (SDO), and the right panel shows

a selection of magnetic field-lines (coloured lines) from a NLFFF reconstruction

performed by ). This reconstruction uses, as a boundary condi-
tion, a photospheric vector magnetic field map measured by the Helioseismic and
Magnetic Imager (HMI, |S£bﬁ.u_et_al”2()ld) The regions of strong current density,
indicated by the colour of the field-lines on the right hand panel, correspond to

regions where there is a large amount of free magnetic energy.

As well as the large variation in flare magnitude, the magnetic geometries
of the flaring active region can also differ. The simplest is perhaps an emerged
bipolar flux-rope, which appears as a positive and negative sunspot pair in a
photospheric magnetogram. However, with more complicated active regions, such
as a quadrupole configuration, complicated magnetic topologies can arise that

may contain magnetic null points. Several magnetic reconstructions of flaring

active regions have found these null points (e. Fletcher
et al. E(l!;l]

and they are thought to be common in the low solar corona

). Figure shows a recent example of a NLFFF magnetic reconstruction
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Figure 2.2: NLFFF magnetic reconstruction NOAA active region 11158, showing
a spine field-line (red) and a fan surface (yellow) around a 3D magnetic null point.
Image from |Sun_et all (20124).

by Sun_ et all (20124) that contains a highly-sheared magnetic skeleton containing
such a null-point, also with the spine axis and fan plane (see Section [[30), found
at 9 Mm above the solar surface. This extrapolation is from the same active region
as in Figure I, but around three hours earlier, and was linked to an eruptive

plasma jet (Sun_et all20124).

Although the magnetic geometry for a given flare may be unique, it is still use-
ful to introduce the standard flare model, named the CSHKP model (Carmichael
1964; Sturrock [1966; Hirayama [1974; [Kopp & Pnenman [1976), as some of its
features may be common to many flares, and it is a useful starting point to talk
about the observational evidence for magnetic reconnection within flares. Fig-
ure shows a modern version of the CSHKP model by [Shibata. et all (1995).
In this model an overlying flux-rope or filament (it is common to refer to a two-
dimensional slice through a flux-rope as a plasmoid, as in the figure), becomes
unstable and moves upwards with velocity Uplasmoia- The associated magnetic
pressure decrease causes inflow of oppositely directed field-lines to a reconnection
site, shown here as a simple x-point. As the field reconnects, plasma is accelerated
in reconnection jets due to the magnetic tension force in the newly reconnected
field but then forms a fast magnetohydrodynamic shock, sometimes called the
termination shock, where it collides with underlying loops. Also, not labelled on
the diagram but included in many similar diagrams may be the [PetscheK (1964)
slow-mode shocks between the inflow and outflow regions, see Section [L33 The

origin of the “Hard X-Ray (HXR) loop top source” is not decided; it may be
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Figure 2.3: a) Cartoon of a solar flare driven by a plasmoid/filament eruption,
from Shibata. et all (1999). b) Hard X-ray emission contours for 4 — 10 keV
(red) and 10 — 20 keV (blue), overlayed on a 131 angstrom EUV image. Image
from ISu_et. all ), see original article for high resolution movies of inflowing
(outflowing) cold (hot) loops to the x-point feature.

due to the fast-shock, or it may be due to the magnetic trapping of fast particles
that were accelerated at the reconnection site. In either case, the Hard X-ray
emission is due to Bremsstrahlung, or breaking radiation. Particles with high en-
ergies continue to propagate down the loops until they reach the chromosphere,
where the density and thus collision frequency quickly increase. At these chro-
mospheric foot-points more hard x-rays are emitted due to Bremsstrahlung and
chromospheric plasma rises, due to evaporation, to fill the post-flare-loops which
themselves cool by Soft X-Ray emission (the SXR loops in the figure).

There is a growing body of observational evidence for reconnection in the

corona during flares; here we only mention a selection of the literature. Yokoyama

et al. ) observed a plasmoid ejection with what appears to be a coronal x-
point underneath. The authors were able to measure both the speed of the
ejected plasmoid Vplasmoia ~ 37 km st and the inflowing plasma speed vy &~
1 —4.7kms™ ! They estimate the reconnection rate v;y/va = 0.001 — 0.03,
although there is considerable uncertainty in the value of the magnetic field used

to calculate v4. Further evidence was found by I:ESLmﬂtaﬂhal.l (Il%j), who found a

hot cusp-shaped region in SXR with the YOHKOH satellite that looks remarkably
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similar to the lower outflow region in Figure @ Hard X-ray emission from
the chromospheric foot-points of the flare is regularly observed (see discussion
below), but |Masmia_9.t_al.| (I]_Q%I) found the first example of a HXR source above
the top of the SXR loops. Furthermore, |Slu_&_H£ﬂmad (IZODA) found a double
HXR coronal source that moved apart over time, and interpret these sources
as lying above and below the x-point in the flare current sheet. Figure
shows a recent example of a flare, from |Su_et_al.| (I2ﬂ_‘l_.’:i), that displayed many of
the observational features listed above. In EUV with SDO, they simultaneously

measure the velocity of cold (0.05 — 2 MK) loops inflowing horizontally towards
what appears to be an x-point structure, and hot outflowing loops (=~ 10 MK)
moving vertically away from that structure. At the same time they measure with
the Reuven Ramaty High-Energy Solar Spectroscopic Imager (RHESSI,

) a double coronal hard x-ray source above and below the x-point structure.
They make an estimate of the reconnection rate, assuming that the outflow speed

is equal to the inflow Alfén speed, of vy /va N = vin/vour = 0.05 — 0.5.

2.1.3 Signatures of accelerated particles

As mentioned, HXR emission is generally observed at chromospheric foot-point
sources, and occasionally at coronal sources above the SXR loops. The above-
loop-top sources are typically much fainter than the foot-point sources, due to
the weaker emission measure, but they become easier to detect if the foot-point
sources become obscured by the solar limb. Figure B2l shows an example of a
HXR spectrum from a flare where one of the foot-points is obscured by the limb,
but it contains features that are typical of flare HXR spectra; there is a thermal
component (red) at lower energy, and a characteristic broken-power law tail at
higher energy.

The inversion of these Hard X-ray spectra, to find the electron energy spectra
prior to the Bremsstrahlung emission, is an active topic in solar flare research.
There are two classical models for the emission, the thin-target model in which
the electrons pass through a rare thermal plasma, and the thick-target model
where the electrons are stopped fully by collisions and thermalised in the source
region. m ) solved this inversion for the thick-target model, assuming
that electrons are continually injected into the HXR source region and that they
are stopped by binary collisions.

This technique has been applied to many flare events, to calculate the required
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electron numbers and energies needed to produce the observed HXR emission.

IEms]jw_al] (IZD_OAI) used this technique for two flares to estimate that around

10% of the free magnetic energy was converted into non-thermal electrons (they

also found about 10% in non-thermal ions). Further, |Mh_]leLe.t_aJJ (IJ_M) estimates

the number of electrons accelerated to energies above 20 keV in a typical large

flare to be 103"s~!. To put this figure in perspective, they compare it to the
number of electrons in a typical coronal loop of length 10" m, area 10'* m, and
with a coronal loop density of n ~ 10 m~3, which gives 1037 electrons. This huge
demand on the efficiency of the acceleration region, and the need for accelerated
electrons to be replenished over a 100 second event, is sometimes referred to
as the number problem in the literature. This technique has also been applied

specifically to the coronal above-loop-top HXR source by |Knm}m_e;r_al] (IZO_Id),

finding that all of the electrons contained within the source region needed to

be accelerated to above 16 keV. Finally, hsb;kama_&t_a.].] (|2£)JJ.|) studied a similar

event, shown in Figure EZ4l where they were able to measure a separate HXR

power law for the coronal above-loop-top source and the foot-point source. They
estimate that the number of electrons accelerated at the coronal above-loop-top

source is sufficient to explain the HXR emission at the foot-points.

As well as fast electrons, there is evidence of fast ion production in solar flares.
Collisions between fast ions and ambient plasma can give y-ray line emission from
nuclear de-excitation lines, as well as secondary positron and neutron emission
that is then responsible for observed positron annihilation lines and neutron cap-
ture lines (see e.g. hlﬂmﬂ_e.‘r_a.l_] |2_0JJ], for a review). Figure 20 shows a count-rate
spectrum from RHESSI for the October 28th 2003 X17 flare. Visible at lower en-

ergies is the electron HXR Bremsstrahlung emission, which continues into v-rays

as the background (dotted line). Also, clearly visible are the positron annihilation
line at 511 keV and the 2.2 MeV neutron-capture line (from deuterium nuclei).
Many of these features are consistent with the accelerated ions having energies

~ 1 — 100 MeV nucleon" (e.g. Mu_phmaﬂ |2ﬂ_01|)

An important result found by the RHESSI telescope was that the source

region for 2.2 MeV neutron capture line emission can be spatially separated from
the HXR foot-points (this was measured for the July 23rd 2002 X4.8 flare, see

|H1]_rﬁmi_e;r_al] |20Dj]), suggesting a different acceleration region or mechanism for
the ion acceleration than the electron emission.

Finally, it is important to mention that not all observations of accelerated
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Figure 2.4: Hard X-ray spectrum from the October 22nd 2003 M9.9 flare,
from [shikawa. et all (IZOJJ]) The spatially integrated HXR spectrum is shown
as a histogram, with a thermal component (7" = 33 MK) fit in red, and a broken
power law component in blue. Inset shows the solar limb and HXR contours for
the foot-point source (green), the thermal component (red) and an above-loop-
top HXR source (magenta), and the green and magenta lines show the respective
power laws for that emission. The grey line is the background emission.
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Figure 2.5: RHESSI ~v-ray count rates from October 28th 2003 X17 flare. Image

from Dennis et all (2007).
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particles are due to above-loop-top coronal HXR sources and foot-point HXR
and v-ray sources. Fast particles can also travel upwards into the corona where
electron wave particle interactions lead to radio emission at the local plasma
frequency (or a harmonic). This emission is referred to as a Type-III burst, and
decreases in frequency with height due to the reduction of density (wpe o ny/ 2).
Some particles can escape the corona on open field-lines, where they can be
detected in-situ by spacecraft at Earth, such as the WIND spacecraft (m
h190).

It is clear that there are stringent requirements from the observations on any
proposed electron and ion acceleration mechanisms. In Chapter Bl we will explore
one possibility, that the ions and electrons are accelerated by the large DC electric
fields associated with reconnection at a 3D magnetic null point. This mechanism
is unlikely to be responsible for particle acceleration in all solar flares, but it
may be important in flare geometries with more complicated active regions, such
as NOAA active region 11158 in which the NLFFF extrapolation has a highly
sheared 3D null point, shown in Figure

2.2 Tokamak: a magnetic confinement fusion

energy device

The word tokamak is from a Russian acronym meaning a toroidal chamber with
magnetic coils. The Joint European Torus (JET) tokamak is based at Culham
Centre for Fusion Energy in the UK, and is operated by the European Fusion
Development Agreement (EFDA). The JET tokamak currently holds the world

record of just over 16 MW of deuterium-tritium fusion power

). Currently the ITER (latin for “the way”) tokamak is being constructed
in Cadarache, France, as a collaboration between the European Union, Russia,
Japan, China, USA, India and South Korea. According to the design specifica-
tion (I]_'I“_ELB,LEILA”ZODJ]), ITER will produce up to 500 MW of fusion power, which

will be a factor of 10 higher than the power used in the plasma heating systems.

Figure Im shows a schematic diagram of a tokamak device, showing a num-
ber of coils that are used to confine the plasma torus. Currents in the toroidal
field coils are used to generate a strong vacuum magnetic field in the toroidal di-
rection By (the long way around the torus). The plasma gyrates around this main

field component but, due to magnetic curvature and gradients in field strength,
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Figure 2.6: a) Schematic diagram of a tokamak magnetic confinement plasma de-
vice (Image from - -Insti ik 2009). b) Cross-section
of the plasma showing an equilibrium containing magnetic islands (Image from

\Garabedian 2006).

the plasma can drift across the field causing loss of confinement. The situation
is improved by adding a poloidal field component By (the short way around the
torus). In a tokamak this is achieved by using the transformer, known as the
central solenoid, to drive a toroidal current in the plasma, which has an asso-
ciated By component. The resulting Lorentz force causes the plasma to pinch,

improving confinement.

The combination of the B, and By magnetic field components results in he-
lical field-lines as shown in Figure EE6l. A useful quantity when comparing the
magnitude of these components is called the safety factor, or g-profile, which is
defined as the number of times the field-lines loop around the vessel toroidally for
each poloidal rotation. The simplest equilibrium configuration consists of nested
flux-surfaces, where a thermal pressure gradient balances the pinch-force such
that the pressure has a single value on each flux-surface (for more detail on how

these equilibria are constructed see |Glad_&_BJ.].b.uJ h.%é; S.b.a.ﬁ;aﬁmj h.%.d) How-

ever, on flux-surfaces that have a rational value of ¢, known as rational surfaces,

tearing modes (see Section [[34]) may become unstable to produce configurations
containing magnetic islands as shown in Figure Z4[(b)]

A self-sustaining fusion reaction can be achieved if the product of the plasma

density n, temperature 7" and confinement time 7p is above the value n Tty >
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3 x 10 m3keVs m @) In practise, there are several obstacles to
overcome to achieve this value. Firstly, careful empirical studies have found a

limit on the achievable plasma density, known as the Greenwald limit. Greenwald

et al. ) showed that the average electron density n. is limited by
e < =55 2.2
Me < — (2.2)

where I, is the plasma current and « is the minor radius (the distance from the
centre of the nested flux-surfaces to the last closed flux-surface, see Figure 7).
Above this value a disruption is often triggered, causing loss of core current and
temperature. The theoretical origin for this limit is not well understood, but

recently baEs_&JMgadg;Apamd (|2Q]_d) have proposed this is related to island

formation and radiative cooling.

Reaching high temperatures is complicated by the fact that the plasma resis-
tivity scales inversely with the temperature 5 o Tp */” (see equation (C20)); the
traditional method of heating the plasma by Ohmic dissipation of the toroidal
current is effective at low temperature, but the heating power at high tempera-
tures is weak. To reach and maintain high temperatures in the core of the plasma,
additional heating mechanisms (see e.g. m ) are commonly used, such
as Electron Cyclotron Resonance Heating (ECRH) where microwave radiation at
the electron cyclotron frequency €2, is effectively absorbed and heats the plasma,
or Neutral Beam Injection (NBI) in which Coulomb collisions heat the plasma as
an injected beam slows and becomes thermalised.

Finally, the confinement time 75 is the internal energy, divided by the total
input power Pjy (m M) That is

1 3

=— [ —n(1; + 1. : 2.
5 [ gnT+ Tav (2.3)

The classical transport model of |B_r_a.gmsbj (I]_%_Ej), based on Coulomb colli-

sions in a strongly magnetised plasma, predicts for example perpendicular heat

TE

conductivities that are some orders of magnitude lower than what is measured
in experiment. This is also the case when this theory is extended to include the
effects of toroidal geometry and/or low collisionality in the so-called neoclassical
transport regime. One effect of lowering the collision frequency is that parti-
cles can be trapped by the mirror force, see equation ([LZl), on the outer edge of

the torus thus modifying the orbits. The difference between the experimentally
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Figure 2.7: Relative sizes of a conventional tokamak (outer) and spherical toka-
mak (inner) magnetic confinement devices, where R and a are the major and

minor radii respectively for each device (Image from Imazawa 2009).

measured transport and the neoclassical theory is referred to as anomalous or
turbulent transport. Progress has been made with gyro-kinetic codes in simulat-

ing this transport regime, the enhanced transport levels are thought to be related

to the growth of micro-instabilities, see e.g. IG.a.r_b_eLﬂt_a.l] (IZOJ_d) for a review.

2.2.1 The Spherical Tokamak (ST)

Figure & shows the major radius R, the distance from the centre of the machine
to the centre of the plasma, and the minor radius a, the distance from the centre to
the edge of the plasma, for a conventional tokamak (outer donut-shaped device).
Conventional tokamaks are often referred to as large aspect-ratio devices, where
the aspect-ratio is defined as R/a > 1 (for example JET has R = 2.96 m and
a = 1.25 m). There are also tight-aspect-ratio tokamaks which have R/a ~ 1,
known as Spherical Tokamaks (STs) due to their cored apple shape (inner device
in Figure 27).

The cost efficiency of a tokamak is related to the plasma [, as the aim is
to create high temperature and dense plasmas, while strong magnetic field coils
can be costly to build and operate. The Small Tight Aspect Ratio Tokamak
(START, operated by UKAEA Fusion at Culham UK between 1991 and 1998)

demonstrated that high-plasma beta values could be achieved with this design.

I(i.t;&aznﬂdnh_e‘[_al] (Il9_9§) describe a START experimental shot with 87 = 34%,
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where (7 is the average plasma-/3 given by

1

7 [pav (2.4)

1
= B ) v,

where By is the vacuum toroidal field at the centre of the nested flux-surfaces.
This value was more than a factor of two higher than the By achieved by con-
ventional tokamaks at that time (the next highest was the conventional DIII-D
tokamak that had achieved By = 12.6%, see m @)

At present the largest ST devices in operation are the National Spherical
Torus Experiment (NSTX; see e.g. |Gﬂ;h.a.1d.t_&t_aJJ |2QJJI) at the Princeton Plasma
Physics Laboratory (PPPL), and the Mega-Ampere Spherical Tokamak (MAST;
see Section ZZ2) at Culham Centre for Fusion Energy (CCFE) that is described

below.

2.2.2 The Mega-Ampere Spherical Tokamak

The MAST device was constructed as a larger version of the START experiment,

and began operation in 1998 (IS;LkQS.&L&].”ZD.OJ]) FigureZ8[(a)] shows the stainless-

steel MAST vacuum vessel with copper central post, and an impression of the

equilibrium plasma is shown in purple. Around the outside edge of the plasma
are poloidal field coils that can be used to control the plasma position and shape.
These coils wrap around the vessel toroidally. Figure @ shows a schematic
cross-section of the vacuum vessel with poloidal field coils labelled P1-P6, and
an impression of the plasma shape in grey. The P1 coil is the central solenoid
(the transformer of Figure EZ) used to drive current in the plasma. This coil
is wound around the toroidal field rod in the central post and then surrounded
by a graphite limiter. In a cross-section of constant toroidal angle, the vessel
dimensions are R € [0.2,2.0] m, Z € [—2.2,2.2] m, where R = 0.2 m is the outer
radius of this central column graphite limiter and the other values are the walls
of the vessel. The toroidal field coil is wound 24 times around the vessel, so that

the toroidal field can be estimated using the simple formula

_ po24lrp

B
¢ orR

(2.5)

where I7p is the current in the toroidal field coil and R is the cylindrical radius

from the vessel centre. Here the ripple in the toroidal field due to the spacing
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EF3WP4
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Figure 2.8: a) Cut-away of the MAST vacuum vessel and plasma (Culham Centre
for Fusion Energy). b) Schematic cross-section of MAST with poloidal field coils

labelled P1-P6 (Image from [Sykes et all 2001).

Quantity | R (m) | a (m) | B4(R) (T) | Iptasma (MA) | T (keV) | n (m~®)
Value [ 0.85 |0.65 |0.52 | <15 | 0.1-3 | 1082

Table 2.2: Typical parameters for MAST at flat-top operation.

between the coils (e.g. MM) has been neglected. The P2-P6 coils labelled
in the top half (Z > 0) are paired with an identical coil in the lower half (Z <
0). The pair of P2 coils are used for divertor control, the P3 coils for merging-
compression start-up (see below), P4 and P5 coils for radial position and the
P6 coils for vertical position. The radial position control is needed because a

toroidal current ring experiences a hoop-force (see e.g. b&ﬁﬂﬂﬂ_ﬁjﬂ_ﬂl} |2Qld) in

the radial direction. The P4 and P5 coils thus supply a vertical field that balances

this radial force so that the plasma does not hit outer wall of the vessel.

Table gives some plasma parameters typical of MAST in the flat-top, or
steady equilibrium, phase of a MAST experimental shot.

The MAST tokamak is equipped with a broad range of diagnostics; there are
too many to list here so only the ones referred to in this thesis will be mentioned.
Firstly, there are many pick-up coils mounted onto the vessel walls and poloidal
field coils that can measure the magnetic field around the edge of the plasma.

These are commonly used to numerically calculate plasma equilibrium using, for
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example, the EFIT code (ILaQ_QLaJJ h_&%j) We will discuss data from the Central
Column MirnoV (CCMV20) pick-up coil that measures the time rate of change
of the vertical magnetic field component at the central post. The position of
pick-up coil is shown in Figure There are several visible light fast cameras
fitted to viewports in MAST. In this thesis we will show images from the Bullet
Cam. B which is fitted to the mid-plane of the vessel. The camera is fitted
with a wide angle lens, so that the field of view covers the whole plasma, but
this does mean the image has some distortion. In the experiments discussed
below, ion temperatures have been measured with a Neutral Particle Analyser
(NPA). This diagnostic measures energetic deuterium atoms that are produced
by charge exchange between fast ions and neutrals in the plasma. MAST is also
equipped with two extremely high spatial resolution Thomson Scattering (TS)
laser diagnostic systems. The Ruby TS laser takes profiles of electron temperature
and density at Z = —1.5 cm below the mid-plane with 284 spatial points, but can
only be used once in each experiment described below. The second TS system
is a 130 spatial point Nd:YAG system, comprised of eight lasers each with 30
Hz repetition (IS:;a.n_n:ﬂ_]it_aJJ |20J_d) However, these can be used in “burst-fire”

mode to give extremely high time resolution. The Nd:YAG lasers are positioned

at Z = 1.5 cm above the geometric mid-plane, indicated in Figure

2.2.3 Non-solenoidal start-up

It has been suggested that the Spherical Tokamak (ST) magnetic confinement

concept should be developed further, towards a ST Power Plant (ST-PP, e.g.
h&ss.eLaJJ |2.0_Qﬂ) or ST-based Component Test Facility (ST-CTF, e.g. m

). The latter device would produce via fusion an extremely high flux of
neutrons that would be used to test wall materials for future devices. In both the
ST-PP and ST-CTF machines, significant neutron shielding would be required
for the toroidal field coils at the central column, leaving little space for a central
solenoid. An attractive option is to remove the central solenoid and to achieve
plasma formation and current drive through other methods. Towards this goal

several non-solenoidal start-up methods have been investigated on a number of

devices, including; the use of radio-frequency waves (e.g. S_h_]_tama_et_a.]_] |20D_4|
Gryaznevich et al HZOD_d co-axial and DC helicity injection (e.g. |B_aman_e.t_a.]_
|2.0J.d |B.a.tIa.gha..&Lal.| |20J_]] and ﬂux—rope merging start-up via poloidal field

coil induction (e.g. ). In this thesis, we will
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consider the latter start-up method, within the Mega-Ampere Spherical Tokamak,

as a magnetic reconnection experiment.

2.2.4 Merging-compression in MAST

The merging-compression start-up method, first performed on the Small Tight

Aspect Ratio Tokamak (IGmamugh_&t_aJJllQ_Qj), is now routinely used on MAST

|20_OJ]) After gas filling and ramp-up of currents in toroidal and
poloidal field coils, to supply the vacuum field, the current in the pair of P3
poloidal field coils (see Figure EZ)) is ramped back down towards zero on a mil-
lisecond timescale. This causes breakdown and induces toroidal current rings, or
co-helicity flux-ropes, in the plasma surrounding the P3 coils. When the parallel
toroidal plasma current within the flux-ropes becomes greater than the current in
the respective P3 coils, the mutual attraction between the flux-ropes causes them
to detach from the coils and move towards the mid-plane of the vessel, where
they merge together to form a single ST plasma. The relaxation from two flux-
ropes with parallel currents to one ST plasma involves magnetic reconnection of
poloidal field. With this technique, up to 0.5 MA of plasma current has been
obtained, and electron and ion temperatures up to 1.2 keV have been achieved
on a timescale of ~ 10 ms (IQng_&LaJ_I |2Q]_d; I}fa.m_ad_a._e;t_a.l] |21)_]_d)
Figure shows four visible light photographs taken from the fast camera
(Bullet Cam. B) for MAST experimental shot 25656. This is one of the few

merging-compression shots where the camera was operated at a fast time resolu-

tion of 0.1 ms (other shots typically have 1 ms resolution). The top-left image
shows the formation of two flux ropes around the P3 poloidal field coils at ¢t = 2.1
ms. At t = 4.4 ms, in the top-right image, the flux-ropes have moved towards
the centre post, and they appear to have detached from the P3 coils (although
there is still some emission from the plasma around these coils). At this time
the flux ropes are in contact with each other across the mid-plane of the vessel,
where there appears to be a region of increased emission. At t = 4.5 ms (the
bottom-left image) there is no visible flux-rope structure; the flux-ropes appear
to have merged. Finally, the bottom-right image shows the plasma at the later
time of ¢ = 117.6 ms, when the plasma is in the flat-top phase and the current
has increased from use of the central solenoid. It should be noted that the de-
tachment of the flux-ropes from the P3 coils prior to merging is not clearly shown

in the fast-camera videos for some other shots. It is not clear whether this is due
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Figure 2.9: Centre: Currents in the upper and lower poloidal P3 coils (P3U
and P3L as black and grey lines respectively), with the central solenoid current
(green) and the plasma current (purple), during the start-up phase of MAST
shot 25740. The cartoons on either show the plasma shape at that approximate
time (inferred from the fast-camera images of shot 25656, see below). The two
diagnostics labelled are the Central Column MirnoV (CCMV20) pick-up coil, and
the position of the Nd:YAG Thomson scattering lasers.

to slower time resolution of the fast camera (1 ms), or whether the plasma can
sometimes merge before it is fully detached. For the simulations in Chapter
we will assume that this detachment prior to merging has occurred, as shown for
this shot.

There is a wealth of data on electron temperature 7, and density n. during
merging-compression from the TS laser systems. Figure EZTTl shows radial profiles
of n. (top) and 7, (middle) taken with four of the Nd:YAG lasers in burst-fire
mode (with 0.1 ms between each laser) for shot 25740. This is the same shot
as the current traces in Figure (the density and temperature traces for this

shot are also published in |Qng_at_a.]_] (|21)_]j) for a larger range of times but with

a narrower range of radial values). The bottom panel shows a trace against time

of the CCMV20 pick-up coil signal (measuring the time derivative of the vertical
magnetic field at the position shown in Figure ). The colours of the top
profiles indicate the times which the Thomson scattering lasers fire; at ¢ = 5.4 ms
(purple), 5.5 ms (light blue), 5.6 ms (dark blue) and 5.7 ms (green). At t = 5.4
ms, before the peak in the pick-up coil signal, there is a double-peaked density

profile that is also present in many other MAST merging-compression shots. Over
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Figure 2.10: Fast camera visible light images from MAST experimental shot
25656 at t = 2.1 ms (top left), t = 4.4 ms (top right), ¢ = 4.5 ms (bottom left),
t = 117.6 ms (bottom right). This data is obtained from the Culham Centre for
Fusion Energy (CCFE) MAST shot database.
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time the inner peak moves towards the inboard side, and the outer peak is pushed
radially outwards and decays. The electron temperature rises from =~ 10 eV to
~ 80 eV between t = 5.4 ms and ¢t = 5.5 ms, and at later time there is a localised
T, peak of 260 eV and a full-width half-maximum of a few cm. It is not clear
whether the peak is not present before this time, or whether the hot plasma was

moving vertically so the peak intersected the laser at this time (IXa.mad.ah&LaﬁLl
). Finally, there are oscillations in the CCMV20 trace after the main peak

with a period of ~ 30 us. These oscillations will be discussed again in Chapter Bl

As well as 1D profiles of electron temperature and density, there are also
some 2D T, profiles. These 2D profiles have been compiled from a number of
shots which are identical, apart from the current in the P6 coils that control the
vertical position of the plasma. By changing the P6 currents the whole plasma
is shifted vertically between shots, and 2D maps can be constructed from the 1D
TS measurements assuming that there is sufficient reproducibility. Figure
shows 2D T, maps from two groups of experimental shots with different gas
filling densities. These are both taken with the Ruby laser (7 = —1.5 c¢cm) at
t = 10.0 ms. In the “peaked” shots there is a peak in line integrated density
and in deuterium-alpha emission at ¢ ~ 5 ms, suggesting this was the time of
merging. In the “hollow” shots there is no line integrated density data, but
there are peaks in the deuterium-alpha emission and CCMV20 signal also at
around ¢ ~ 5 ms. Similar 2D profiles taken with the Nd:YAG lasers (not shown
here, see |Xamad_a._&t_al] )) from 8 ms to 11 ms indicate that the electron

temperature is still increasing at 10 ms, despite this being approximately 5 ms

after the merging. A combination of Ohmic heating of electrons within the current

sheet and electron heating via temperature equilibration with hot ions has been

su%_ested as an explanation for these temperature profiles (e.g. b{am_ada_at_al.l

). The latter would occur on the ion-electron equilibration timescale 7o,
given by equation (CZ4). For merging-compression parameters ng = 5x 10®¥ m=3,

Ty = 10 eV this is given by
Teq & 0.2ms x (T,[eV]/T)*?, (2.6)

so, if the ions are preferentially heated by the reconnection process, the electrons
will be heated by equilibration on a millisecond timescale. Initial ion temperature

measurements with the Neutral Particle Analyser (NPA, see above) do indicate
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Figure 2.11: Electron density n. (top panel) and temperature T, (middle panel)
measured by four Nd:YAG Thomson Scattering (TS) lasers with 0.1 ms time
interval for MAST experimental shot 25740. In the bottom panel is the CCMV20
pick-up coil trace (black line), where the times at which the TS lasers fire is
indicated. This data is obtained from the CCFE MAST shot database. The
density and temperature plots are also shown in [Ono et all (2012), for a narrower
range of R.
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Figure 2.12: 2D electron temperature maps built from many MAST merging-
compression shots using the Ruby TS system at ¢ = 10 ms. The top plot is made
from shots 21374-21380 with different P6 coil currents (vertical shift) (Yamada
et al. M) and feed gas density n ~ 101 m=3 (M 2009). The bottom plot
is made from shots 21390, 21405-21407 and 21409 (Imazawa [2009) with different

P6 coil currents and feed gas density n ~ 2 x 10'¥m=3.

that ions are heated on a shorter timescale than electrons during a merging-
compression shot, see Figure EZT3 This will be explored further with possible

future experiments along with numerical simulations.

2.3 Comparing coronal and merging-compression

reconnection

Two different applications for magnetic reconnection have been described in some
detail in this chapter. The first was magnetic reconnection within solar flare active
regions, and the second within the start-up phase of the Mega-Ampere Spherical
Tokamak. Table shows a comparison of these two plasma environments, and
the important reconnection parameters associated with them. At first glance,
in particular at the length-scale, these two applications seem wildly different.
The dominant ion-species for the corona is typically proton (hydrogen) compared
to deuterium for MAST, but it should be noted that there is also some higher
mass ion content in both plasmas. The magnetic fields in MAST are stronger
than the corona (the poloidal field B, for MAST is estimated from the time in-
tegrated CCMV20 signal), and the temperature is comparable, but the plasma
is much denser. However, both merging-compression and coronal plasmas are in

the low-/3 regime, having comparable values (here fr and 3, are defined in terms
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Figure 2.13: Comparison of electron and ion heating for a merging-compression
shot (a), and a direct-induction shot using the central solenoid (b). In the top
row is plasma current [, in MA, the second row is electron temperature 7, in keV,
and the bottom row is ion temperature 7T; in keV. The red lines in (b) indicate the
merging-compression shot values and duration. Image from \Ono et all (IZD_]_ﬂ)
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Quantity Solar flare MAST merging-compression

Typical values:

Global length L ~10"m L=1m

Ion species Proton Deuterium
Magnetic B~001T B,=01T,Br=05T
Temperature T ~ 100 eV T =10 — 1000 eV
Density n~ 10°m=3 n=>5x10¥m3
Dimensionless:

Plasma-( f=10*-10"2 pr=10"*-10"2 6,=10"2—-10""
Lundquist number S =102 S =107
Non-MHD:

Ion skin-depth d; =10 m d; =14.5 cm

Ion gyro-radius pi=01-1m pi =0.15—-1.5cm
Current-sheet:

Sweet-Parker width  dgp =1 — 10 m 0sp =0.03—1 cm
osp/d; 0.1-1 0.002 — 0.07

Table 2.3: Table showing comparison of typical values for magnetohydrodynamic
variables, dimensionless parameters, non-MHD (two-fluid and kinetic) scales, and
current-sheet parameters.

of the toroidal and poloidal fields). The Lundquist number is much higher in
the corona than in MAST; however, the Lundquist numbers achieved in MAST
merging-compression are higher than any other currently operating magnetic re-
connection experiment (see Qng_et_al] |2Q]_i for a comparison between MAST and

other reconnection experiments). Finally, in terms of the importance of two-fluid

physics, the Sweet-Parker width is below the ion-skin depth for both environ-
ments, although the table suggests that two-fluid effects may be more important
in MAST.

It is worth mentioning another similarity between coronal reconnection asso-
ciated with solar flares and merging-compression: in both cases the reconnection
is coupled to an ideal driver. In Figure the x-point reconnection is driven
by the erupting flux-rope (this is not just a feature of this cartoon, but it is a
feature of many solar flare models). A coronal Alfvén time can be estimated from
Table as 79 ~ y/nm;figL/B =~ 1 second. Thus a 100 second duration energy
release phase (HXR emission timescale) is much closer to an ideal timescale than
to, for instance, a Sweet-Parker timescale 7gp ~ S'/275 ~ 106 — 107 seconds (see
also the discussion in Chapter 5 of |BJ_r_n_&_En_esI| |2ﬂﬂ'ﬂ) In MAST the driving is
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due to the ideal attraction between the flux-ropes with parallel current.

In the remainder of this thesis, numerical simulations of magnetic reconnec-
tion will be described in these two plasma environments. However, before the
results are presented, the numerical techniques and codes that will be used will

be introduced and tested in the next chapter.



Chapter 3

Simulation Techniques and Code

Development

In this Chapter we describe the numerical codes that are used in the remainder

of the thesis. Firstly, we describe a test-particle code (I]la.]la_&_BMLm_ng |20D_d)

that is used to study test-particles within 3D null point geometries in Chapter H,

then we describe the HiFi framework (IGJ.a.ssm_&_Tané .QQ_OAI; |].d.LkJJ:] |2D.0:) that

will be used for the fluid simulations in Chapter B

3.1 Test-particle code

3.1.1 Existing formulation

The work presented in Chapter Bl is an investigation of test-particle motion in

supplied magnetic and electric fields. This is performed with the same test-

particle code used in bﬂhh&ﬁmmmé (IZODEI, |20£)d, |20£)é) and |Bmmmg_€[_al|

). We mention some details of the code here, and describe the modifications

that were made to the code in the course of this work. The equations of motion
solved by the code are the relativistic versions of equations ((LIl) and (CZ). They

are

g 1

dt — ymy’ (3.1)
w_ (E+P «B (3.2)
dt Y ’
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where p = ym, v is the momentum, v = (1 — v?/c?)~/? is the Lorentz factor (c

is the speed of light) and m; is the rest mass for particle of species s.

3.1.2 Core algorithm

Equations (B]) and (B2) are solved using the D02¢jf integration routine from The
Numerical Algorithms Group (NAG) (2013) library. This is a Variable-Step
Variable-Order (VSVO) Adams method (see e.g. L]ghnsgn_&_]ﬂmsfl (I]_%d) for

a description of this widely used method). The D02cjf routine solves a set of

coupled first-order ordinary differential equations of the form

Ui = filt,y1, 02, ), 1=1,2,..,n, (3:3)

where g; is the time derivative of the solution vector y;. The test-particle code
is set up to find the solution vector (x,p), by specifying fi,fo and f3 as the
right-hand-sides of equations ([Bl), and f4,f5,fs as the right-hand-sides of equa-
tions (BZ). Crucially, this routine monitors local error e; to the solution ;.
This local error is checked against user supplied relative error and absolute error

tolerances, 7, and 7, respectively, with the following test

est = i (67)2 <1, (3.4)

Tr XY + Ty

1=

(Ilhf_NummaaLAJgQﬁIbmsﬁmuL(_NAﬁj |2Q13]). If this is not satisfied then

the solver recalculates the step-size accordingly. Such a variable-step method

was chosen to resolve the fastest timescale in the problem, Q7! o B~! when
there is a large variation in the magnetic field strength inside the simulation
domain. In all simulations presented we use the minimum possible tolerances of
T, = 7, = 1071, This tolerance was also varied to check for solution convergence

(see below).

3.1.3 Verification of the test-particle code

Although the test-particle code has been used previously in baﬂa_&_Bmm_mg
(IZD.O.d, .ZOD.d, |2D.O§) and |Bm&mm.g_&t_a.l] (IZQJd), it has not been used to model

particle trajectories within reconnecting current sheets. Here we benchmark the

code against the analytical results of M) to show how well it resolves
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Figure 3.1: Proton trajectory in a reconnecting current sheet with no background
field (eg = 0). The z-position (black-solid line) has axis on the left hand side,
and the x (purple dash-dotted) and y (green-dashed) positions use the right hand
axis. Also plotted for reference is a line with z oc t=%/4 (red-solid), and the line
Yace (orange-solid). Distances are in units of Ly = 10% m.

the Speiser-like (meandering) motion discussed in Chapter [ and shown in Fig-

ure [CTO

The electric and magnetic fields take the simple form

E=Eg [0 (3.5)
B= gw tepz (B, (3.6)

where E, is a constant electric field, 0 is the current sheet width, ep gives the
strength of a magnetic field perpendicular to the plane of the sheet, vy is a
characteristic velocity and B, a characteristic magnetic field. We choose F, =
1072, 0 = 107%, and typical solar coronal values of By = 0.01 T and vy = 107 m

Sil.

For the case of eg = 0, the analytical results of @ M) give sta-

ble non-adiabatic oscillations within the current sheet, which have an ampli-

tude that decays as t~1/4.

Provided the particle remains sub-relativistic, the
distance travelled in the direction parallel to the electric field at time ¢ is simply
Yace = qE,t?/2m. Figure Bl shows the position of a proton with initial position

x = (107191071, 1075) Ly, and velocity v = 0 (where Ly = 10* m). There are
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Figure 3.2: Proton trajectory in a reconnecting current sheet with background
field g = 0.025. The z-position (black-solid line) uses the left-hand axis (which is
zoomed-out compared with the previous figure). The x (purple dash-dotted) and
y (green-dashed) positions use the right-hand axis. Also plotted are the z oc ¢~1/4
(red-solid), and y,e. (orange-solid) lines. Distances are in units of Ly = 10% m.

decaying oscillations in the z-direction (black line and left hand axis) in agree-

ment with @ M) The red line over-plotted is z = Ct~1/*

, where C is
chosen to fit the line to the first oscillation peak. This line fits the amplitude of
the subsequent oscillations extremely well. Also shown is the y-position of the
proton (green dashed line with right hand axis), and the predicted position g, in
orange. These lines appear identical for the duration of the motion as expected.

The x-position remains at x ~ 1071° for the duration (purple dash-dotted line).

A finite ep gives a Lorentz force in the x-direction that can gyro-turn the
particle, see Figure [[T0, and cause it to be gyro-ejected after it turns 90°.

) gives the time until ejection as

m™m
Leject = WB. (3.7)

where B,, = egBj is the normal field component to the sheet in this notation.
For the parameters used tejec; = (3.28 x 107%/€) sec. Figure shows the same
simulation as before, but with ez = 0.025. For t <5 x 107° sec, the oscillations
look very similar to the case with eg = 0 (note that the z-range in this figure is
zoomed out so that these oscillations are not visible). However, the amplitude

of the oscillations begins to grow after this time. The proton becomes unstable
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and is ejected at t ~ 1.3 — 1.4 x 10~*sec which is in good agreement with the
analytical result. Note that it is difficult to compare an exact time, as ejection is
not an instantaneous event. This ejection occurs after the proton has been gyro-
turned in the positive x-direction, and the acceleration is reduced as the particle
becomes magnetised around the B, component of the magnetic field, which is
perpendicular to E; it is ejected into the external (electric) drift region. Thus
the actual y position is less than the direct acceleration, y,., line.

Figure shows an electron trajectory (the previous simulations used pro-
tons) in the Speiser model fields with no background field component ez = 0. The
four panels show the same run but with different values of 7. and 7,; the relative
and absolute tolerances for the numerical integrator, see Section B2l The elec-
trons are followed for many meandering oscillations in strong direct electric fields,
and as a result they become ultra-relativistic (at the final time ¢ = 3.5 x 1075 s
the Lorentz factor is v = 2.32). Note that we do not show the case of ez # 0
as the ejection time (B7) is only valid in the non-relativistic limit, v < ¢. The
y-position (green dash-dotted) is between two orange lines that are y,.. (curved)
and a straight-line with gradient equal to the speed of light (§ = —c¢). The

14 curve fit (red) well for

amplitude of the oscillations agrees with the z = Ct~
T, = 7, = 1071 and up to 7. = 7, = 107. However, for 7, = 7, = 1077 the fit is
worse, and is clearly wrong for 7, = 7, = 10~* due to accumulation of numerical
error. We conclude that the lowest tolerance value 7, = 7, = 107'° is sufficient

for the test-particle simulations presented in Chapter Hl

3.1.4 Test-particle code modifications

During the course of this work, some major modifications were made to the
test-particle code. Firstly, for the model fields used in Chapter Bl a routine

was needed to numerically calculate the confluent hypergeometric function (or

Kummer function) M(a,b,x), see e.g. MMLL&LSEQHJ (I]_&'Zd) As the
fields need to be evaluated at every timestep, there are very strict specifications
on the accuracy and speed of calculating the result. We describe the algorithm
used in Appendix [AJl, where we also verify the routine against values generated

by the proprietary software Mathematica 8 (Ilﬁkﬂ.ﬁtam_ﬁﬁsﬂam_l.mll |2Qld)

One of the functions of the test-particle code is to loop through a list of parti-
cles and integrate their trajectories consecutively. After integrating on the order

of a thousand particle trajectories, energy spectra (such as the one in Figure EET2])
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Figure 3.3: Electron meandering orbits in the Speiser current sheet with no back-
ground field component for four different tolerances of the numerical integration

routine, 7, and 7,.

The z-position (black-solid line) has axis on the left hand

side of each panel, and the x (blue-dashed, not visible) and y (green dash-dotted)
Also plotted in each panel for
reference are lines with z oc t71/* (red-solid), ae. (orange-solid curve) and a line
with gradient equal to the speed of light, § = —c (orange, linear). Distances are
in units of Ly = 10* m.

positions use the right hand axis of each panel.
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can be calculated. To significantly speed up this process we parallelised this loop
using OpenMP directives. With this modification, up to 16 particle trajectories
can be integrated concurrently on the local cluster (where 16 is the number of
threads in one node). Further speed-up could achieved by parallelising further

onto many nodes, but this was deemed unnecessary here.

Finally, even with the parallelised many-particle code, electron trajectories
were found to take a prohibitively long time to integrate. Below we describe how
we modified the test-particle code to implement a guiding-centre formulation, and
developed routines that allow switching from guiding-centre to full-orbit equations

when particle motion becomes non-adiabatic (for example close to a null point).

3.1.5 Relativistic guiding-centre formulation

As mentioned above, the integrator within the test-particle code calculates the
time-step size adaptively to reduce numerical error. For this, it is required that
the timestep for a particle of species s is much less than the local gyro-time
(At), < Q! o< mg, which can be particularly prohibitive for electrons. However,
in Chapter Fll we will need to follow full particle trajectories, within fields of global
length-scale, for times that are long enough to show interesting behaviour. For the
electron trajectories we will use the guiding-centre approximation, discussed in
Chapter [l to average over the fast gyro-motion and allow much larger time-steps

to be used.

We extensively modified the test-particle code to evolve both the non-relativistic

version of the guiding-centre equations (CZHLIM), and the more general relativis-

tic version (Illa.udmmgntl h%d; Mm_d h_%}i) The non-relativistic version was

only developed as an intermediate step towards the full relativistic version. All of

the results that use the guiding-centre code given in Chapter ll use the relativistic
version. Furthermore, the fields used in this study are all stationary, so we neglect
all drift terms related to time dependent fields. The relativistic guiding-centre
equations that are valid for /L < 1 (in dimensional notation m,/qs < 1 is
used as the small parameter, see Northrog h_%ji), and assuming Fj ~ O(m/q),

E, ~ O(1) are given byll[andﬂ;m_tl (I_LQGd) anleg_r_tﬂh_rgd ) as

dR A
Wg = V4 + ’U||b, (38)
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Mms fir 3 ms Y 2 ; uiE ;
— oyt bVB——b[DbD bxvg, (3.9
Vg = Vgt & 2B xV (kB)+ & B X| v Db + Dyvg +02/<ZB Xvp, (3.9)
d(yv)) s s [ir 5
- . D B e —p. B Nl
o YUE 2gb—l—ms I ’yb V(kB), (3.10)
dfu,
L= O(m, a.), (3.11)

where R, is the guiding centre position defined by

(yv = yvg) x b
lgs|B/ms

Ry=x—r,=x+ (3.12)
t is time, v, is the guiding-centre perpendicular drift velocity vector, vg is the
electric drift velocity, « is the Lorentz factor, v = b-v is the parallel velocity, kK =
V1—E?/2B? = /1 —v%/c? is arelativistic correction for fast electric drift (due
to the £, ~ O(1) ordering), D; = (v”B +vpg) -V is the derivative along the drift

orbit (where v is the only drift retained, and the time derivative is neglected for

steady fields), i, = y?v3/(2B) is the relativistic magnetic moment per unit rest
mass. Note that these equations reduce to the non-relativistic stationary guiding-
centre equations in the limit vy, vo,vp < ¢ (where 7,k — 1). Some of these
terms can be identified as the relativistic versions of the drifts terms presented
in Chapter I For example, the second term in equation ([B) is relativistic
gradient drift, the final term within equation (BI0) is the mirror force per unit rest

mass. However, the final term in equation (BJ) is only present in the relativistic

formulation (see |Nm.th.m.d (Il%j))

The energy evolution for the charged particle in stationary electromagnetic

fields is given by

dlymsc’) = qs ['ud + v||5] -E. (3.13)
dt

Before these equations are put into the test-particle code, they are made
dimensionless using the pre-existing code normalisation scheme. We write every
variable x in the form y = xox. Magnetic fields are normalised by a typical
coronal value, By = 0.01 T, lengths by the simulation box size g = Ly (in
fact for this code there is no true edge to the domain, so this is just chosen
as a free parameter), velocities by a coronal Alfvén speed vy = 6.5 x 10°ms™!,
time by to = 27w /Qs0 where Q.50 = |gs|Bo/ms is a typical species gyro-frequency,
electric fields by Fy = vyByp, and the magnetic moment by vZ/By. This choice of

normalisation gives two dimensionless parameters ¢; = tovg /o, which is the ratio
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of a typical gyration time to the Alfvén time, and ¢y = gsBoto/ms = sgn (qs)2m
where sgn (¢;) gives the sign of the charge. Note that the choice of normalisation
is flexible. For instance, a natural choice of xy might be the ion skin-depth that

sets ¢; = 1. However, we do not choose this here, so that our results are more in
line with baﬂa_&_Bm;mm.g (IZM)_d) who use zg = Lpox.

To integrate equations (BXBHBITI), the Lorentz factor y must also be determined

explicitly (on the left hand side it is only present in v and in p, o< yvg). Noting
that v can be written as v = /1 + 72v2/c2, and writing v* = vﬁ +vg +v3 (where
the term involving wvq - v, is averaged to zero over a gyration), then v can be

expressed as

Y~ \/1 + [(711”)2 + 2,urB} /62' (3.14)

1—v%/c?
However, this expression can not be used directly, as vy = vg(7) is a function of

~. Instead, we compute v to a first guess as

. \/1 + [(7v||)2 + QurB} /c? (3.15)

1—v%/c? ’

before computing v, and using it in expression (BI4). We iterate on the last two
steps until v converges to a value, but in practise we find that this occurs to a

sufficient number of significant figures after just one iteration.

The normalised form of the equations passed to the DO2CJF integration routine
is written below, in the form of equation (B3]). Here, we have dropped the tilde

notation, and introduced a third dimensionless parameter c3 = v2/c%.

dR v) »
—l=a [ud + (77||)b] , (3.16)

+ (’YUH)E x vy - Vb + (fyv”)f) X b-Vog++vbx vp-Vog
(o) B 5
+ c3 k2D bxvg, (3.17)
7d 7 7 = ~
(’;:II) =ci(yv))vg - b-Vb+ciyvg -vg - Vb+ o) — C1%b -V (kB), (3.18)
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d,
dt

where £ = /1 — c3vf and v = /1 + ¢3[(yv))? + 2. B] /5.

For the model fields used in Chapter Bl we define and store two Cartesian

=0, (3.19)

second-rank tensors Vb and Vg, as well as the vector VB (we write the ex-
pression V(kB) = KV B—(c3B/r)Vv%/2, which can be calculated from V B and
the components of Vvg). The components of these tensors and vectors are calcu-
lated analytically for the fields used and given in Appendix[A-2 The complicated
vector operations are then computed at double precision using a custom vector

fortran type. These are solved by specifying in equation B3) (y1,v2,y3) = R
Yo =y and ys = p.

g9

3.1.6 Switching

Provided that the orderings of the guiding-centre equations are well satisfied, this
method only results in a small loss of accuracy for a large increase in computa-
tional efficiency. Unfortunately, this is not always the case for the model fields
used in Chapter @l In particular, the models contain reconnecting current sheets
with strong F), and a magnetic null point where B = 0. For a particle ap-
proaching the latter, the “small” parameter r;,/L — oco! However, this ordering
violation only occurs in localised regions of the domain, and the guiding-centre
approximation can be used when the particle is adiabatic provided it switches to
full-orbit when these orderings begin to break down. It should be noted that a

form of switching mechanism was used in |B_rmLm_ug_Qt_aJJ (|21)_]d), where a switch

from non-relativistic guiding-centre equations to full-orbit equations was done

within a certain distance from a null point. The authors state that this distance
was found empirically. However, this method is only useful in simple fields, such
as the potential magnetic field (Ch4]) used in that paper. In addition, m

) has used a switching algorithm, determined the ratio of the local magnetic
field strength to some critical value, to study electron orbits in the magnetotail.
As far as we know, a switching mechanism based on the direct calculation of
the local gradient length-scale has not been done before. Here we can do this

accurately, as we have calculated the analytic expressions for Lypg for the model
fields used, see Appendix [A2

The switching mechanism we use tests the ratio of the instantaneous Larmor
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radius divided by the local magnetic gradient length scale,
TL/LVB < KS, (320)

against a user-defined switching parameter K. When this inequality is violated
the code switches to a full-orbit calculation. However, first we discuss the switch

from full-orbit to guiding-centre, as it is the simpler case.

To switch from full-orbit to guiding-centre requires changing from the 6D
phase-space (x, p) to the 5D guiding-centre phase-space (R, yv||, it,). The thresh-
old quantities Lyp = B/|VB| and r, = ¢;|yv — yvg|/(coB) are evaluated at x.
To switch from x to R,, we use the normalised version for the definition of the

instantaneous gyro-centre in equation (BIZ), that is

~

ci(yv —yvg) X b
CQB '

R,=x+ (3.21)
where vy, B and b are evaluated at @. The parallel velocity is evaluated as
Y =p- b (yv = py in normalised units, as py = msvy). Finally, the relativistic
magnetic moment per unit mass is evaluated at x as p, = 7?v3/2B, where

v ~ v — vﬁ — v% is accurate to O((rr/L)?).

While integrating guiding-centre equations the threshold test parameters, rp,
and Lyp, are evaluated at R,. As the definition of this threshold is marginally
different before and after switching, it was common for the code to switch back
immediately after switching. To prevent this, the value of K was set to be a factor
of 0.9 as large when switching to guiding-centre, making it harder to switch to
guiding-centre than to full-orbit. The switch from guiding-centre to full-orbit
involves a change from the 5D guiding-centre phase-space (Ry,yv), ) to the
6D full-orbit phase space (x,p). To do this we randomly generate a gyro-phase

¢ € [0, 27], and make the transformation as
x=R,+r,=R,+ 1 (é2c08¢0 — é15in¢), (3.22)

p= 72)”5 + yvg (€1 cos @ + é;sin @) + Yvg, (3.23)

where we construct two orthonormal basis vectors in the plane perpendicular to
basé = (R, xb) xb/|R,| and &, = b x &;.

In addition to the threshold test described, which is generic and can be used
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for many analytic model fields, we impose specific conditions on model fields
containing current sheets. We prevent the particle switching back to guiding-
centre close to, or within, the current sheet so that the ordering of Ey ~ O(ry/L)
is not violated. Thus, within the current sheet the switching from full-orbit to

guiding-centre is overridden, and the integration is continued in (x, p) space.

3.1.7 Testing the guiding-centre switching code

Here we present a selection of results from the testing of this guiding-centre
switching code. For each test a completely full-orbit trajectory is calculated
for comparison, then a series of runs with the guiding-centre approximation are

performed for various K.

The first test is a single proton trajectory. This is the same as the proton
trajectory ‘2’ shown in Figure LT7 and discussed in Chapter Bl except that the
particle is given at ¢ = 0 the electric drift velocity vg(x(t = 0)) in addition to its
thermal velocity. This is so that full-orbit results can be directly compared with
guiding centre. It was not done for the full-orbit proton calculations in Chapter H,
where the initial velocity was only thermal. This trajectory was chosen because
it drifts into the current sheet from the external region and also passes close to
a magnetic null point, making it a challenging trajectory for a guiding-centre

computation.

Several parameter traces from these test-particle trajectories are shown in
Figure B4l In each panel a trace is plotted from four different simulations, where
the first simulation is a full-orbit calculation (blue), and the other three are
guiding-centre calculations with K, = 1075 (green), K, = 10~* (orange) and
K, = 1073 (red), where Ky is the switching parameter in equation (B20). The
solid lines in the top panel are traces of the small parameter r;/Lyp (note that
these lines almost exactly overlap). The horizontal dotted lines indicate the
different K values used, and the vertical dotted lines indicate the time at which
r./Lyp = K, for each value of K, used. The next panel shows the relativistic
magnetic moment per unit rest mass, u,. It can be seen that the switching
occurs for all three guiding-centre simulations before any visible violation in the
constancy of p, in the full-orbit simulation (this switching occurs before the
proton enters the current sheet). In the kinetic energy (K.E.) and potential

energy (P.E.) plots the effect of the switching can be seen more clearly. At
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t = 1002 to the guiding-centre calculation with K, = 1075 (green) switches to full-
orbit. Before this time, oscillations in the energies can only be seen in the purely
full-orbit calculation (blue), and the energies for the guiding centre calculations
are identical to each-other (red). However, after t = 1002 ¢, oscillations are seen
in green, and then later in orange (K, = 10~* switches at ¢t = 1159¢;) and finally
in red (K, = 1073 switches at ¢t = 1319¢,). The kinetic and potential energies of
the full-orbit calculation appear to be extremely well reproduced by the guiding-
centre switching code both before and after switching (apart from the phase of
the oscillations after switching). To highlight the small differences in the runs we
plot the total energy (K.E. + P.E.) for the four simulations in the final panel.
The guiding centre trajectories do deviate slightly in total energy from the full-
orbit trajectory. However, this is within 1 eV for K, = 10~° and 10~*, reaching
up to only 2 eV for K, = 1073 before switching. The change in total energy
during the switch is 1.5 eV for K, = 107° and 1074, and 2.2 eV for K, = 1073,
These changes are all dominated by a change in total energy that occurs when the
particle enters the current sheet when the kinetic and potential energies change
very quickly (this change can be seen just after the 10~ switch, however, shortly

afterwards the total energy recovers).

The previous test showed that the guiding-centre switching code works well
up to large values of K, (K, < 1073) for a single proton trajectory. However,
one trajectory only traces out a very small part of the total phase-space within
these model fields. Here we calculate the trajectories of 5000 protons within the
same model fields, and give the final positions, in terms of longitude and latitude
from the origin (see Chapter Hl for more information), as well as the final energies.
The full-orbit calculation is the same as that in Figure LT, except that we add
the electric drift velocity here at ¢ = 0. Figure shows a comparison between
the full-orbit calculation in and guiding-centre switching calculations with
K,=107° in@ K,=10" in and K; = 1072 in @ The final positions and
energies for @ @ and are in satisfactory agreement. However, there are
some noticeable differences in the final plot for K, = 1073. In particular there
are more high energy protons at longitude ¢ ~ 180° and latitude [ ~ 45°, and
also at longitude ¢ ~ 0 and latitude J ~ 0 that are not present for lower values
of K. For K, = 1072 (not shown) there are a significant number of particles that
are in a different position than the full-orbit calculation at the same time. All of

these simulations were run a total of ¢ = 5000¢y, where ¢ is a gyro-time based
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Figure 3.4: Parameter traces for proton trajectory 2" in Figure EET7 Four sim-
ulations are shown in each panel; full-orbit (blue), and guiding-centre switching
with K, = 107° (green), 10~ (orange) and 1073 (red). The panels show, in order,
the adiabatic parameter, magnetic moment, kinetic energy, potential energy and
total energy. Horizontal dashed lines give values of Kg, and vertical show the
switch times.
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upon characteristic field parameters, however there were large differences in the
wall-clock time taken. In particular, there is an order of magnitude decrease in
computational time for K, = 10~° over full orbit, and another order of magnitude

decrease at K, = 1073,

In Figure B we perform a test of the guiding-centre switching code for an
electron trajectory. This is done with the same model fields as the proton single-
particle test in Figure B4l and with the same field parameter values, however a
different initial position and velocity was chosen. This simulation was performed
using a full-orbit calculation (blue), and guiding-centre calculations with K, =
1075 (green), 1075 (orange) and 10~* (red). This trajectory was chosen because
it shows the electron switching from guiding-centre to full orbit, and switching
back again after passing through a region where it is partially unmagnetised.
Note that the switch back (FO to GC) occurs at the vertical dotted lines at later
times during the figure. This is when the value of r;/Lyp < 0.9 K (which is
why the horizontal and vertical dotted lines do not intersect on the solid r/Lyp
line at the switch back). For the guiding-centre calculations with K¢ = 107¢ and
K, = 107° the total energy is sufficiently well conserved in the GC to FO switch,
as well as the switch back. The total energy is also well conserved for K, = 10~*
in the first GC to FO switch, but shortly after there is a fast decrease in r;/Lyp
(that is also present in the fully full-orbit calculation). This causes a switch to
GC at 7/Lyp = 0.9 x 107* in which total energy conservation is violated by
approximately 12 eV. The calculation then quickly switches back to FO before
finally switching to GC when r;/Lyp is smoothly decaying. The violation of
total energy occurs during a fast decrease in kinetic energy of around 10 keV, so
this is an error of approximately 0.1%. This has no observable effect on the final

particle postion and energy compared with the full-orbit calculation.

Finally, we perform a many-particle simulation test for the electrons, shown in
Figure Bl Here, we only show the results for K, = 10~*, along-side the full-orbit
calculation, but the spatial positions and energies look the same for K, = 107°
and K, = 107%. Due to the time needed to calculate the full-orbit trajectories
(2.5 days) we only integrated 64 trajectories in this figure, instead of the 5000
used for the proton many-particle tests in Figure BXJ. However, every one of the
electrons in the guiding-centre calculation has approximately the same energy
and position as in the full-orbit calculation, and the speed-up is over a factor of

2500! In Chapter Hl we use the full-orbit code for all of the proton calculations
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Figure 3.5: Latitude 3 and longitude ¢ of protons from the origin at t = 4000 in
the fan reconnection model fields (same as Figure but with given an initial
electric drift velocity). Panel a) shows a full-orbit calculation, and the rest are
guiding-centre switching calculations with b) K, = 107° ¢) K, = 10~ and d)
K, = 1073, The colour of the proton gives the energy in eV, and the wall-clock
times T, for each simulation are given.
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Figure 3.6: Parameter traces for an electron trajectory in the fan model fields.
The four simulations shown in each panel are; full-orbit (blue), and guiding-
centre switching with K, = 107% (green), 107> (orange) and 10~* (red). The
panels show, in order, the adiabatic parameter, the magnetic moment, kinetic
energy, potential energy and total energy. The dashed horizontal lines give the
switching constants, and the vertical lines the switch times.
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Figure 3.7: Latitude 8 and longitude ¢ of electrons from the origin at t = 9.2 x
10%, in the fan reconnection model fields. Panel a) shows a full-orbit calculation,
and panel b) shows a guiding-centre switching calculations with K, = 10~%. The
colour of the electron gives the energy in eV, and the wall-clock times T, for
each simulation are given.

presented. However, at the end of this chapter, we will use the guiding-centre
switching code to get results for electrons. For this we will use the switching
constant K, = 107*, as we are satisfied that this value can reproduce the kinetic
energy and position of the full-orbit calculations with sufficient accuracy.

For the remainder of this chapter we will discuss the HiFi framework, that is

used in the fluid simulations of merging-compression discussed in Chapter

3.2 The HiFi code

3.2.1 Flux-source form

The HiFi code is a high-order finite (spectral) element framework for solving sys-
tems of Partial Differential Equations (PDEs). The first version of the code,

known previously as SEL, was developed to solve two-dimensional problems

by kﬂass&&;ﬂaﬂé (IZOD_ZI) This 2D version was bench-marked for magnetic
reconnection problems by V.S. Lukin, A. H. Glasser and E. Meier TM
), and the 3D version has been bench-marked by W. B. Lowrie

). Here we describe some of the main properties of the code, assuming a two-

dimensional coordinate system (z,y) for simplicity. For a more thorough guide,
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including discussion of the three-dimensional code (which is not used in this the-
sis) seelLlﬂ&u:l (IZQ_Oj hdmmd (|2ll].]] |Mﬂﬂ] (|211]_]]

The HiFi framework solves a system of M PDEs to give a solution vector U; of
M primary dependant variables U; = (Uy, ..., Uys). Both the number M and the

equations themselves are user defined, but the equations must be in the following

flux-source form (e.g. m M)
0,Qr+V - F. =5, (3.24)

where the expression within the time derivative can either be Q) = 0,;U;, where

O; 1s the Kronecker delta, or more generally
Qr = (Agi(z,y) + Bri(z,y)0r + Cri(x, v)0,) Ui, (3.25)

some linear combination of U; and its spatial derivatives (Ay;, By; and Cy; are

matrices). The flux is given by
Fy = [Fy.(t, z,y, U, 0,U;, 0,U;), Fry(t, x,y, U;, 0,U;, 0,U5;)], (3.26)
and the source-term by
Sk = Si(t, z,y,U;, 0,U;, 0,U;). (3.27)

In addition, equations can be set as static, so that the time-derivative term for
that equation is equal to zero. An example of a simple static equation that can

be written in flux-source form is

by setting F, = 0,U, F, = 0,U, and S = —f for a given source function f(z,y).
This can be solved in HiFi provided the boundary conditions are chosen care-
fully. In fact, we solve this equation in HiFi to set-up initial conditions for the

simulations in Chapter

HiFi solves equations (B24]) on a structured grid in logical space &, € [0, 1], in
which the grid spacing is uniform. This is mapped to real space through the user-
specified functions x = x(§,(), vy = y(§, (). With these HiFi has the capability

of, for example, curved boundaries. In this thesis we use straight boundaries,
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but these functions are used to give high resolution in regions of interest: see
equations (BGHRT) in Chapter Bl HiFi also has the capability for grid adaption
through a variational method called harmonic grid generation

|2D_0_Z‘; |I_41_ku:l |2ﬂ_01|) However, we do not make use of this feature in this thesis.

3.2.2 Spatial discretisation

HiFi uses a spectral/hp element spatial discretisation, which is a high-order method
that is a combination of the spectral and the finite element methods. The domain
is divided up into a grid of N, x N, finite elements, that are C°-continuous at the
element boundaries, and within these elements the solution is discretised onto a
set of polynomial basis functions. The name “hp” means that there are two pos-
sible ways of increasing accuracy; the h corresponds to the cell size, and p gives
the order of polynomial expansion. A clear description of the spectral/hp ele-

ment method applied to problems in computational fluid dynamics can be found

in i i i ). In HiFi, the polynomial basis functions are A;

for i =0, .., N,, given by

(1—-1z)/2 i =0,
Ai=q(1—-z)1+z) P i=1,.,N,—1, (3.29)

(1+x)/2 i = Np.
Here, z = £1 gives the boundary between finite elements, where the : = 0

basis function is continuous with the i = N, basis function (the C°-continuity).

The other basis functions are defined in terms of Jacobi polynomials P (see e.g.

Chapter 22 of mmms_tﬂgld (I_Lﬂd) for a description of their properties),

and are zero at =1 as shown in Figure

3.2.3 Weak form and the Galerkin approximation

The equations (B24]) are written in weak form before they are converted to an
algebraic system using the Galerkin approximation, as is standard procedure
for finite element methods (e.g. l.]g_hnsg_n_&_BJ_esf_I h_ﬂﬁ) Here we describe the
weak form of the Poisson equation (B28) with Dirichlet boundary conditions as

an example; see W_&Shﬂmud (I]_Qﬁd) for a rigorous approach in one-

dimension, including extension to other boundary conditions. The weak form is

found by taking the inner product of equation [B2]) with a test-function V (z,y)
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Figure 3.8: The basis functions for the HiFi code across two grid cells of width
0x. The Ay and Ag basis functions are linear and equal at the boundaries xg,
xo + 0x,x 4+ 20z, where the other elements are zero. The expressions are given in
equation (BZ), where the domain [zg, zo + 20| has been scaled to [—1,1]. The
colours show the connections between elements of different order at the zy + dx
boundary. Image from [Lukir M)

over a domain €2 with boundary I'. Here we assume all boundary conditions
are Dirichlet boundary conditions; I' = I'p, and U = Up on I'p. Also, a stan-
dard condition on the test-functions is that they are identically zero on Dirichlet

boundaries. The inner product is

- / VViUdQ) = / V fdQ, (3.30)
Q Q

which can be written using Green’s identity as
/VV~VUdQ—/Vﬁ-VUdF:/VfdQ, (3.31)
Q r Q

where 70 is a unit normal to the boundary I', - VU = 9,,U. As V =0 on I'p,
this simplifies to

/ VV . VUdQ = / V £dQ, (3.32)
Q Q

which is called the weak form of equation ([B28) with Dirichlet boundary con-
ditions. If more complicated boundary conditions are given, such as Neumann
0,U = gy on 'y, or a mixed boundary condition, then the second term in equa-
tion (B3T]) is not necessarily zero. HiFi can use Dirichlet, Neumann or mixed

(also known as Robin) boundary conditions.

The Galerkin approximation is the discretisation of U and V' in equation (B:32)
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by a finite number of basis functions. The same set of functions are used for both
U and V; although for U, extra functions are needed to satisfy the Dirichlet
boundary conditions (as V' = 0 on I'p). In HiFi, an element of the solution

vector U; is approximated as

Ut 26006 0) = 3 i HALEAQ). (3.33)

3,k=0

where u; jx(t) are the basis function amplitudes for U;, and A are the basis func-
tions in equation (BZ9).
Applying these methods to the general flux-source form ([B24]) in HiFi, and

using the spectral-element basis, gives a set of algebraic equations
Ma = r(t,u), (3.34)

where u and 4 are the vector of amplitudes and its time derivative, respectively.
The matrix M specifies the coupling of primary variables on the left-hand side of
the equation (it is the time-derivative term in equation (B24)) in weak form, after
expansion in the basis functions, and also includes a Jacobian of the transforma-
tion between (z,y) and (,(); see m M) for the full expression), and r is
the right-hand-side involving the flux-terms, sources and boundary terms. The
integrals within the weak-form expressions are calculated using Gaussian quadra-

ture (e.g. l]gb_usg_u_&_]ﬂmsﬁl h_%d), where the number of quadrature points must

be at least equal to the number of basis functions to ensure accuracy.

3.2.4 Time-stepping

Two methods are currently available within HiFi for time-advance of equation (B34)):
the -method, and a second-order backward-differencing method (called BDF2).
Here we mention only the #-method that we use for the simulations in Chap-
ter B see (@) for a description of BDF2. The §-method involves the
time-discretisation of (B34) as

un+1 —ur
M (T) = Or(t"™ u") + (1 - 0)r(t", u), (3.35)
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where 6 is a user-chosen constant 0 < # < 1. For 8 = 0 this reduces to an
explicit time-stepping method, known as the Forward Fuler method, where the
solution at the new timestep u"*! is calculated from the solution and right-hand-
side at the previous timestep, u™ and 7 (", u") respectively. The advantages of
this explicit method are that the right-hand side is already known, and only the
previous timestep needs to be stored in memory to calculate the new timestep.
However, there is a strict constraint on the timestep At that can be used in an
explicit method, called the Courant-Friedrichs-Lewy (CFL) condition. In 1D this

condition can be written as

At
— - 1. .
C = Upax Ay < (3.36)

The timestep At must be chosen using the fastest possible speed within the
problem v,,,,, usually the fastest wave speed, and grid-spacing Az, so as to give
C < 1. The At from this expression may be prohibitively small compared to the
timescale of interest for the problem, especially in regions that need to be finely
resolved. It is important to note that there are also stability constraints on the

timestep due to diffusion terms, but we will not discuss these in this thesis.

For § = 1, equation [B3H) is an implicit method, known as the Backward
Fuler method. This method allows much larger time-steps than the CFL limited
timestep of the explicit method while remaining numerically stable. Both the

forward and backward Euler methods are O(At) accurate in time.

In the case of § = 0.5, equation ([B30]) is known as the Crank-Nicolson time-
stepping method. This method has the advantage of being able to take larger
time-steps than the CFL condition (however, it is not as stable as the backwards

Euler method), while being non-dissipative. It also is O((At)?) accurate in time.

If & > 0, an iterative procedure must be used to calculate the solution for
the new timestep. HiFi does this through a Newton iterative procedure that
attempts to converge the solution to a given tolerance at the new timestep. The
initial guess for the (n+1)th timestep, uf ™, is just the converged solution at the
previous timestep uf™ = u”. The (i + 1)th Newton iteration, i = 0, .., Ny — 1,
for that timestep is calculated as

ulfl =it — IR, (3.37)
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where R; is called the residual, given by

R, =M(ult —ul!™) — At [or(t" w4+ (1= 0)r(t", u™)], (3.38)

7

and J is the Jacobian of the iteration

or;
JEM—At@{ Z} . 3.39
8uj t=tntl y=un ( )

If the code does not converge to the new timestep in a given number of Newton

iterations then the step-size is adaptively reduced.

3.2.5 PETSc

Routines from the Portable, Extensible Toolkit for Scientific Computation Li-

brary (IB.aJ.aguﬁLaJ.l |2ﬂl£i) are used to perform the Newton iterations (B37) dis-

cussed above. These Newton iterations are the most intensive routines within the

HiFi code, with respect to memory and processor usage. However, the rate of
convergence to u?fll can be greatly speeded up through the use of Krylov subspace
methods along with applying preconditioners to the matrix system. A description

of these methods is outside the scope of this thesis, but can be found in Freund

et al. (1992). The PETSc library has many preconditioning methods that can be

chosen at run-time, which are available for use with the HiFi code. For reference,
we use the widely used Generalized Minimal Residual Method (GMRES) with an

additive Schwarz method preconditioner.

3.2.6 Hall-MHD formulation

The results presented in Chapter Bl are numerical solutions to the set of Hall-
MHD equations, that is equations ([C2ZBHL3M) but including some form of the
viscous stress tensors. There is an existing Hall-MHD module within the 2D
version of the HiFi code, the current version of which is given in flux-source form
in equations (A34HAAT) in Appendix It evolves eight primary dependent
variables

U= (TL, _Aza Bza NV, Ny, nvz,jz,p),

where n is the normalised density, A, is the out-of-plane (z is the invariant direc-

tion) magnetic potential, B, is the out-of-plane magnetic field, v, and v, are the
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in plane components of the ion velocity and v, is the out-of-plane component, 7.
is the out-of-plane current density and p is the total thermal pressure.

Two modifications were made to this set of equations before using them in
Chapter Bl These were to add a higher order dissipation term in to Ohm’s law
(along with an associated heating term in the energy equation), and to modify
the formulation to evolve electron and ion temperatures separately. The latter
formulation is only used for the two-temperature results at the end of Chapter Bl
These changes are given in Appendix [A4] in flux-source form. Here we describe

the motivation for the extra dissipation term.

3.2.7 Dispersive waves and hyper-resistivity

The introduction of the Hall term within Ohm’s law introduces dispersive waves,
such as the Whistler wave, into the system. To derive the dispersion relation for
the Whistler wave we consider the Hall-MHD equations ((C2ZHHLCZ2T) and ([C30).
To simplify things, we assume incompressibility, » = 1 in normalised units, so
equation ([CZH) can be neglected. Further, by taking the curl of the momentum
equation ([C26) and Ohms law (CZ17), the pressure terms disappear. Finally,
we consider the length-scales in the limit d. < L < d;, so that the Hall term
dominates the convective electric field in Ohm’s law (see |B_].ska.m_d (IQQDd) for a

treatment where this latter condition is relaxed, to include electron inertia and

incompressible MHD waves). The dimensionless governing equation is
OB =—d;V x (j x B) =V x (n3). (3.40)

Re-writing the Hall term using a vector identity, also using V-B =V -3 =0,

and assuming uniform resistivity gives
OB =—di(B-Vj—j-VB)+nV’B. (3.41)

This is then linearised, assuming a uniform background field By = Bb (so that
Jjo = 0), and assuming perturbations of the form d B = Bjexp [i(k - © — wt)]
(where 6 B < By) to give

w31 = ’ldlBk”k X B1 — i?]k2B1, (342)

where kj = b- k. Taking the cross-product of equation (B42) with k, then
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using k - B; = 0 and substituting the resulting expression for k x B; back into

equation ([B42) gives the following dispersion relation
w = —ik’n £ dvakk, (3.43)

where v4 = B in dimensionless units. This is the dispersion relation for the
Whistler wave damped by resistivity.

Two numerical issues arise when including Whistler-waves, caused by the
above form of the dispersion relation. Firstly, the phase speed of the Whistler
wave is vyp = w/k = d;vaky, so for d;kj > 1 this can be much larger than the
Alvén speed (the short wavelength perturbations travel faster). Whistler waves
are named as such due to this dispersive property; they can be excited in the
ionosphere by lightning, and have a characteristic rising to falling tone due to the
frequency dependent arrival time. The maximum possible Whistler wave speed,
with the highest wave-number k.., in a numerical simulation is limited by the
grid resolution k.. ~ 1/(Ax) (unless the waves are dissipated at a larger scale
by specific dissipation terms, see below). The timestep needed to satisfy the CFL
condition (B30) scales as At ~ (Az)?, which can be extremely prohibitive in, for
example, simulations of magnetic reconnection where small-scale structures need
to be resolved over many Alfvén times. For this reason we were motivated to use
the HiFi code, which allows Crank-Nicolson time advance (6 = 0.5). All of the
simulations in Chapter B were performed with this implicit method.

The second issue with the dispersion relation (BZ3) is related to numerical
instability. Comparing the resistive and Whistler parts of the expression, it can
be seen that resistivity cannot set a dissipation scale. As both expressions scale
as k2, there is no k = kyayx above which (or no minimum wavelength below which)
Whistler waves are strongly dissipated. Hence, there can be waves present in the
simulation that have wavelength comparable to the grid-scale, which may cause
numerical instability. Figure shows an example of such an instability for a
Hall-MHD simulation (with just the convective electric field, the Hall term and
resistivity within Ohm’s law). There is a characteristic aliasing of the plasma
density at the grid-scale, which is also visible when plotting other variables. We

erformed this simulation in the Lagrangian remap code Lare2D
m), but very similar results were also present in the HiFi code with the same
equations.

To deal with this numerical instability we use the following version of Ohm’s
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Figure 3.9: An example of a numerical instability using the Hall term in Ohm’s
law. The black lines show the numerical grid, and the colour scale shows the
plasma density.

law y
E:—mxB—éVm+m—WV% (3.44)

where the final term is a higher-order dissipative term, known as hyper-resistivity.
The modified dispersion relation, again assuming incompressibility and d, < L <
d;, or equivalently kd, < 1 < kd;, is

w = —ik*n — ik*ng £ dvakk. (3.45)

Balancing the final two terms on the right-hand-side gives a dissipation scale A
of

- 1/2
~ 2 ) 4
A~ 21 <di'UA> (3.46)

The hyper-resistive diffusion term has been commonly used in Hall-MHD sim-

ulations of magnetic reconnection (see IN[a_&_B.b.a.ILa.QhaL]ﬂl IQD.O.]], and references

therein). As it is a dissipative term, it requires the associated heating term

ng V3 : V3, in the internal energy equation ([L30) so that total energy conser-
vation is satisfied. In Appendix [AZ4] we show how the HiFi code is modified to
include this term, and in Appendix [AH we show that this term balances the
dissipative part of the hyper-resistive term within Ohm’s law to give total energy

conservation.
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3.3 Cross-code verification study

The 2D version of the HiFi code has been extensively bench-marked for magnetic
reconnection problems in m M) In particular, the linear growth rate
of the resistive tearing mode (see Section [[34]) has been reproduced to within
1% of the analytical value, and the Hall-MHD HiFi module has been bench-

marked aTainst the NIMROD (Sovinec_ef._a I |2!mg‘) and M3D-C! (e.g. Jardin

et al. ) computational codes for the Hall-MHD version of the GEM challenge

problem (IB_Lm_QLaJ_I |20D_]]) Good agreement was found for the evolution of the
total kinetic energy between the three codes.

All the simulation results presented in Chapter B are performed with the HiFi
code, but initial test-runs for this project used the Lare2D code

). The code is a Lagrangian-remap code, meaning that for each timestep

the equations are solved in Lagrangian form (where mesh moves with the fluid),

before remapping the solution onto the original grid at the end of the timestep.

The Lagrangian step uses a second-order accurate (in time and space) predic-

tor corrector scheme (see e.g. L];)_b_n.sg_n_&_B.]_est ). An advantage of solving

the equations in Lagrangian form is that it is simple to add new terms into the

equations. The existing formulation of Lare2D does have an option to use the
Hall-term, but it does not contain a hyper-resistive diffusion term (in the course
of this work we added this term into the Lagrangian step, to suppress numerical
instabilities). In addition, the time-stepping in Lare2D is explicit and it was found
that simulations including the Hall-term could take weeks to run on 16-32 proces-
sors, due to the prohibitively small timestep set by the CFL condition ([B3d). A
final reason for choosing the HiFi code, in preference to Lare2D for simulations of
merging-compression, was that HiFi can be easily set up for different geometries,
such as the tight-aspect ratio toroidal geometry in MAST. In Lare2D this would
require major modifications to all aspects of the Lagrangian and remap steps.
In order to switch from Lare2D to HiFi it was natural to do some code-
comparisons. Here we show a comparison of HiFi and Lare2D for the Hall-
MHD GEM challenge problem, where we have modified both codes to include
the extra hyper-resistive current diffusion term. We do not describe the GEM

challenge problem set-up here in detail as it is well documented in the original

papers (Bi |ZOQJ]), as well as many other sources. However, for reference,
we use equations (EJHEH) with normalised resistivity n = 1073, hyper-resistivity

ng = 107° and viscosity g = 107°. No heat conduction was used, and the electron
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pressure term within Ohm’s law and hyper-resistive heating terms were set to
zero. Although the latter means that energy conservation is violated, this does
not matter for the purposes of code comparison (it should be violated identically
for both codes). The initial conditions are a long current sheet of width equal
to the ion-skin depth & = d;, which is then given a significant perturbation to
trigger the non-linear phase of a tearing instability.

Figure shows the out-of-plane current density, called “U07” in HiFi and
“current/jz” in Lare2D at three different snapshots during the reconnection. In
each panel the top half (y > 0) shows a snapshot of half the domain from the
HiFi simulation, and in the lower half (y < 0) from the Lare2D simulation. The
snapshots are output at slightly different times between each simulation for the
top and middle panels (there is about 0.3 7y difference in the top, and 0.2 7 in
the middle panel, where 79 = d;/va is the Alfvén travel time across the ion-
skin depth or, equivalently, the inverse ion-cyclotron frequency). However, it
is clear that the evolution is very similar over time for both simulations. In
the final panel, the output snapshots are closer together (only 0.07 7y difference)
and the current density is almost identical for the two codes suggesting that the
minor differences between simulations in the top and middle panels is just due to
different snapshot time. The final panel shows an open x-point fast-reconnection
regime, as discussed in Chapter [[ for both simulations. As this is well into the
non-linear phase of reconnection, it is remarkable that two codes with completely
different algorithms are so similar.

With the extensive testing of HiFi for reconnection problems in m M),
and with this test of the additional dissipation terms added, we are satisfied that
it has the capability to model the MAST merging-compression experiment (see
Chapter 2l). The problem set-up and results of this study are given in Chapter B
However, before they are discussed, we will describe the results of test-particle
trajectories within 3D magnetic null-point reconnection geometries using both

the full-orbit and guiding-centre codes introduced earlier in this chapter.
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Figure 3.10: Successive snapshots of the GEM challenge problem for the HiFi
code !E-‘%Egisex & landmmfﬂ,Ih]1k1d|2!}ﬂﬂj (y > 0in each panel), and Lare2D (Arber
et al. ) (y < 0 in each panel). Each code uses the Hall-MHD equations and
has been modified to include the hyper-resistive current diffusion term. The top

(bottom) legend for each panel is for the HiFi (Lare2D) simulation respectively.
Note that there is a small time difference in each snapshot between the two codes.




Chapter 4

Particle Acceleration at 3D

magnetic null points

In this chapter we present results from test-particle simulations within 3D null-
point model-fields, with particular application to particle acceleration within solar
flares. See Chapter B for a discussion on the existence of null points in magnetic
reconstructions of flaring active regions. Firstly, we introduce the model-fields of

|Qta.].g_&_Ealﬂ.mg (I]_&Qd) and |Q1:a.1g_&t_a.]_] (I_LQQ’ﬂ) and then, for the majority of the

chapter, examine proton trajectories and energy spectra within these fields. At

the end of the chapter we will give results for electrons using both the full-orbit
and guiding-centre-switching codes, within the same model fields. This chapter
is partially adapted from bﬁanmﬂ_al] (|21)_]_d), which includes results for protons

only.

4.1 Solutions of Craig and Fabling

Craig & Fabling M) and btagﬂ_al] (I_LQQ’ﬂ) find analytic solutions for re-

connecting current sheets in 3D null point geometries (See Section [L3M for an

introduction to 3D reconnection models), that are exact solutions to the steady
and incompressible resistive MHD equations; equations (L32ZHL34) with d; = 0,
and without the time derivative terms. In this chapter, these solutions are de-

veloped further, and the model fields are used to study test-particle acceleration.

The main advantage of the |Qr_a.1g_&_EaMmg (IJM) andlﬂr_a.igﬁ_al] (I]_&Q_’ﬂ) models

101
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over the ideal models of |EU£SL&LTDI@AJ (I]_&Qd), is that they contain the dissipa-

tion region and thus avoid the singularities present in the ideal models (see Sec-

tion [36). In this work we will extend the previous test-particle studies of Dalla

& Browning , 2006, ) and [Browning et al QQJH) who used the ideal

model fields, see Section [[4] to include the effects of the dissipation regions on
test-particle motion. We will also extend the work of |la.‘mu_n_en.k_ (|2_0_Od) who used

an approximate analytical technique to study the stability of particle orbits very

close to the null point in the resistive fan current sheet (see Section E33).

For completeness, the main properties of the solutions of |Qr_a1g_&_Eablmé

(@) and Qtadg_&t_a.l] (Ilﬂ‘ﬁ) are described here (more detail can be found
within these papers). These models are then developed further, by calculating

the electric fields and potentials that are needed within the test-particle code.
It will be shown that the spine-model of |Qr;aj_rr et all (I]_9_9_Z|) can be matched to

the earlier ideal model of |BIESL&LTJI@AJ (I]_&%) within the external ideal region
where the latter model was used in the test-particle study of |]1a.]la_&_B_rmm_mg

). Finally, we will calculate how important field quantities, such as the

electric drift velocity, scale with the free parameters in these models.

The governing equations solved by bmg_uabbﬂé (IJ.QQd) and m

) consist of the time-independent, incompressible resistive-MHD momentum

equation, which in curled form is
Vx(wxv—3xB)=0 (4.1)
and the induction equation,
Vx((vxB-nj)=0 (4.2)
with the solenoidal and incompressibility conditions,

V-B=0, V-v=0. (4.3)

Here j is the current density and w is the vorticity in terms of the bulk plasma

velocity v. In this normalised form, they are

j=VxB, w=Vxo. (4.4)
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The three-dimensional analytic solutions of |Craig et all 199?!) Craig & Fa-

bling (1996) and i 19917) suppose magnetic and flow fields of the form
B = )\P +Q, (4.5)
v=P+)\Q, (4.6)

where the scalar 0 < A < 1 gives a shear between the B and v fields. The
vector field P(x,y,z) is a potential background field, and @ is an additional
non-potential field, here called the displacement field, which gives rise to plasma

current in the models, 3 =V x Q.

To make it easier to compare with the previous results from particle accelera-

tion studies within 3D null points (IDa]la_&_BJxmmmé |2£).0d), we choose, without

loss of generality, that the z-axis be aligned with the spine and take z = 0 as

the fan plane. It must be noted that this choice of axis differs from that used by

|QtaJ.g_QLaJJ (I_LQ&'ﬂ We have also used a normalisation scheme that makes it eas-

ier to compare with baﬂi&_BJmmmé (IZOD_,d) Magnetlc fields are normalised by
By = 0.01 T, and velocities by vg = v49 = 6.5 x 105ms™! (the Alfvén speed using

By and a typical solar coronal density of ng = 1.126 x 10 m=3). Length-scales
are normalised by Ly = 10* m. This is somewhat smaller than the length of a
typical active region. It can considered as a local region around the null at which
the fields given below are good approximations (and a reconnection site is much
smaller than an active region). Also, limiting the simulation box to several Ly

allows reasonable integration times for particles crossing the domain, and makes

the simulation domain comparable to that used in baM_&_Bm&m_ug (IZD_OA)
|B_rmm_ug_et_al] (IZOJ_d Dimensionless times quoted in the proton simulations

below are in terms of the proton gyro-period T,, = 27wm,/(|e|By).

The background field we use, P, is the proper radial null, see Figure @
and equation (C33) with ¢ = j; = j. = 0. Note that we use both Cartesian
(z,y, z) and the usual cylindrical co-ordinates (r, ¢, z) in this chapter, where z is
aligned with the spine, r = \/ﬂTy? is the radial distance from the spine, and
¢ = tan~!(y/x). This background field is then written as

P= %(m g - 2:2) = %(rﬁ —2:2), (4.7)

with a giving the sign and strength of the field. For the spine-reconnection model,
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Figure 4.1: The displacement field for the spine model fields Qs = Z(r, ¢ = 7/2)
for B, = 10.

a form of the displacement field, Q, is chosen that distorts the fan plane in the
z-direction Qg = Z(x,y)2. For the fan-reconnection model it is chosen to distort

the spine in the x-direction Qp = X (z)& (the more general fan case given in

klnaj,g_&t_al] (I]_&(lﬂ) of Qp = X(2)& + Y (2)g is not considered here).

4.2 Spine model

4.2.1 Spine model fields

The displacement field for the spine model is derived, from |Qr_a.1g_&_EalﬂJ_u_g M)
klnalgﬂ_al] (I]_&Q’ZI in Appendix [Bl In cylindrical co-ordinates it is

Qs = Z(r,0)2 = 2 1 (22 ——) sin(6)2, (4.8)
n

in terms of the confluent hypergeometric (Kummer) function M (a,b, (), (see e.g.
Chapter 13 of |A.b.tamuiz.&ﬁ.t&guﬂ h.ﬂd). This function is plotted on ¢ = 7/2
against 7/r, in Figure Il The fluz pile-up factor, By, determines the strength

of the magnetic field at a dimensionless distance 7, from the spine axis (Z(r,) ~
0.49B;), where r, is defined as

T"E\/Zﬁ5”|a|(14+)\2)' (4.9)

It is the radius of a cylindrical region centred on the spine axis where resistive

effects become significant.
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Figure 4.2: a) Representative magnetic field lines for the spine model with pa-
rameters A\ = 0.75, B, = 3.4, « = —2, n = 3 x 1073, The field lines are seeded
from the top and base of the spine axis.

The form of the displacement field in equation () is only a solution to the
governing equations provided a < 0, see Appendix Bl This condition, along
with equation (EH), gives global frozen-in plasma inflow along the fan plane,
towards the spine, and outflow in the £z directions, away from the null point.
The magnetic field in the outer (ideal) region is also directed inwards along the
fan plane and outwards along the spine axis. Some representative magnetic field
lines for this model are shown in Figure L2 The displacement term shears the fan
plane, with maximum shear along the y-axis (at ¢ = +7/2), in the z-direction so
that the angle between the spine axis and fan plane has closed up. For ¢ = 0, ,
along the x-axis, the field-lines are not sheared and remain perpendicular to the

spine.

To integrate particle trajectories with the test-particle code the electric field

is required. We calculate this from the resistive Ohm’s law, the uncurled form of

equation (E2), as
_noz 2 0z -
B(r.0) = 507+ {(1 N)RZ~n>| $, (4.10)

where P. = ar/2 is the radial part of the potential field, 0Z/0¢ = f(r)cos¢
(where f(r) is the radial part of the displacement field in (IZ8), Z(r, ¢) = f(r) sin¢),

and oz 7 3 B,r? 5) 2
o 2\
= — — — M{-=3, - . 4.11

or roo2 (2’ ’ T%) sin ¢ ( )
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Figure 4.3: a) Vector plot of the electric field E(z,y) for By = 34, a = —2,
A =0.75,n = 3x 1073. The distances are in units of Ly. b) Magnitude of electric
field at * = 0 across several resistive-regions. For comparison this is plotted

against the ideal model electric field used in [Dalla & Browning (IZD_OE), the curves

are matched in the external region by setting voBy E(y = 1 L) = 1500V m ™.

This electric field is curl-free (as required for steady-state) and so the electric
potential, V| can be calculated to check energy conservation in the test-particle

calculations. This can be found by integrating E = —VV to get

a(l—=2)r?f(r)

5 —nrfi(r)]|. (4.12)

V(r,¢) = cos ¢

Figure @ shows a vector plot of equation ([ZI0) over a large part of the do-
main (L is the simulation box length). Simpler expressions can be found for the
electric field very close to or far from the spine, by using the truncated power se-
ries and asymptotic formulae for the Kummer function, respectively (Abramowitz
& Stegunm). For all cases, the third argument in the Kummer function is

negative. For 0 < ¢ < 1, the truncated power series gives

M(a,b, =€) =~ 1 —a&/b, (4.13)

and for £ > 1, the asymptotic formula is

()

M(a,b,—§) ~ m

& (4.14)

in terms of the Gamma function I'(b). Near the spine axis, r» ~ 0, the only
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Figure 4.4: The direction and relative strength of the current, 7, in a plane of
constant z for A = 0.75, By = 3.4, « = —2, n = 3 x 107°. Here, r,, = /47 = 0.12
is the size of the resistive region centred on the spine axis.

contribution to the electric field is from current in the x-direction

By
s 4.
.

E(r < r,) ~ 1j(0) = (4.15)

U
The full current distribution is plotted in Figure E4] it forms two cylindrical vor-
tex structures that are localised with respect to the resistive region and invariant
in the z-direction.

At large distances from the spine, the electric field goes as

—2nB; sin gb
N

This has the same functional form as the ideal spine solution of |Eu_es_t_&_'|11_my|

), which is given in equation ([C50) and used in the ideal test-particle simula-

tions of Dalla & Browning (IMEJ, |21)Dd) and Browning ef all (|2111d). Figure L3[(D)]

compares the magnitude of the electric field-strength, |E(r,7/2)|, between the
ideal electric field (IChH) and the resistive electric field (EZI0). These are matched
in the external region at r = 1 > r, by setting both equal to 1500 Vm ' (the

electric field value that gives strong proton acceleration in |DaJla._&_B_xmmmé

). It is clear that the resistive electric field (EI0) avoids the singularity of

the ideal model. baﬂa_&LBmm_ug (|21)1L4) studied test-particles within positive

E(r>r,) =~ ¢ +0 ([r/rn] ) . (4.16)
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nulls, where By > 0 in equation ([CG4l), whereas we have a negative null as a < 0.

In this thesis, we match the electric drift inflow and outflow quadrants, by having

opposite sign to |DaJla._8LB_mmm.ué (I2£).Od) for both the electric field and magnetic

field. However, we will only qualitatively compare particle trajectories in the

ideal and resistive spine models as an asymptotic match will give rise to unphys-
ical hydromagnetic pressures on the edge of the resistive region r =~ r, that were
absent in the simplified ideal model (see below).

The thermal pressure profile for the spine model can be found from integrating

the uncurled form of equation ([ETI). It is given in |Qna.1g_et_al.| (I]_Qﬁ), and derived
in Appendix B2 to be

1
P=p—; (P*+ Z%) + XazZ, (4.17)

where py is the gas pressure at the null point, the first term inside the brackets is
due to dynamic pressure from the background flow and the other two terms are
from balance with magnetic pressure. All terms except for py are negative, in at

least some part of the domain, so constraints must be put on the values of o and

B, in order to avoid unphysical negative pressures, as discussed in Litvinenko
e 1900 vt & Cond (19, i e ] (193 and i & Wotsod

M) We give some of the arguments here for the sake of completeness (see

above references for more detail).
The strong electric field (fast electric drift) simulations in |DaJla_&_B_mmm_ué

), using the ideal spine model, were characterised by a dimensional value of

the electric field Fy = 1500 V/m on the r = 1 Ly, ¢ = w/2 boundary. Crucially, to
match the electric field in equation ([EIG) to this fixed amplitude electric field FEjy

at r = 1 Ly requires the scaling B, ~ n~!, as n is reduced towards suitable solar

coronal values i ) showed that if we require the displacement
field at the boundary to be order 1, Z(1,7/2) ~ 1, this also gives B, ~ n~!).
However, this scaling gives rise to large magnetic pressure on the sheet edge for
small values of 1. The maximum of the displacement field occurs at r ~ r,, where
Z(r,) = By/2, see Figure Bl giving magnetic pressure Z* ~ B2/4 ~ 12 from
equation (EI7). To avoid negative thermal pressure in the model this requires the
null point pressure py > (Z(r,;))* ~ n~? which is unphysically large for coronal
values of n (n ~ 10712 — 1071).

Craig et al. (Ilﬂ‘ﬁ) showed that B, must be limited to a saturation value on

r =1y, giving weak electric fields and small amplitude displacement field on the
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boundary: Z(1,7/2) < 1. Also, at r = 1, 2 < 1, we have dynamic pressure due
to bulk fluid inflow p ~ py— P?/2, where P(1) ~ o. We must constrain o < B, or
this dynamic pressure will require the gas pressure at the null to be even larger.
The maximum value we can take for pg is the largest possible hydro-magnetic
pressure available to drive the reconnection. We follow bna;g_et_al] (Ilﬂ&'ﬂ) and

choose this as the maximum external magnetic field B?,, . /2, where Be maz = 0.3

T is a strong photospheric sunspot field, giving By max = 30 (note we use this as
an upper limit when seeing how the value of B, effects the energy gain, see below,

and we typically use Bsmax = 5 — 10 as the saturation value).

So far we do not know the value a should take, but expect that the bulk fluid
exhaust from the reconnection region is of the order of the local Alfvén speed.
The exhaust on the edge of the current sheet at a global distance from the null,

r=r,, ¢=m/2, z=1,Iis given by
[v(ry, 5, D] = |ABs — af,
where the local Alfvén speed is
[va(ry, 5, D] = [B(ry, 5, D] = [Bs — A

for our choice of normalisation. As we are not interested in the case where A = 1
(where there is no shear between the velocity and magnetic fields, and so no
reconnection), and we must have o < 0, this gives o ~ — B, for Alfvénic exhaust.
This is the largest magnitude of o we can take without having problems due to
dynamic pressure. It also leads to the thinnest current sheet and thus maximises

the current density in the resistive region. However, as |Qta1g_&JNaI.sm:l (I?ﬂ.Od)

show, the Ohmic dissipation rate per unit height is

W, = n/fdv ~ 1B, (4.18)

which has no « dependence, as the increase in current density due to resistive
region thinning is cancelled by the Tf, dependence of the total dissipation volume.
We calculate an approximate expression for the bulk electric drift velocity in

the external region, using the asymptotic formula [I4), to be

_nBssing (=227 —rZ
vp(r>>r,) =~ ol (74(762/4+ 22)) [Va], (4.19)
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which is very slow when |a| = Bs. It is thus necessary to limit the magnitude of
« so that results can be obtained with reasonable integration times. For the sim-
ulations in Section we use By, = 10, a = —0.1: this limits the reconnection
exhaust close to the spine current sheet to sub-Alfvénic speeds.

The bulk electric drift can also be approximated close to the spine axis. Using
equation (EIH), and with B ~ B,y/r,Z gives

vp(r <) & —g:&, (4.20)

so particles approaching the spine (within the resistive region) will experience
drifts directly towards the current sheet, provided that they are still magnetised
to the extent that the drift approximation is valid. Equations (EI9) and (E20)
give the limiting electric drift velocities in the limits r > r, and r < r, respec-
tively. Figure shows numerically integrated electric drift streamlines in the
plane x = 0 from the resistive spine model electric and magnetic fields. These
streamlines are seeded from the upper-right and lower-left inflow quadrants. They
are qualitatively different from the electric drift streamlines of the ideal model
fields (dotted lines, seeded from the same points) as they can drift into the spine
axis even after they have passed through the fan plane, 2 = 0, and are within the
global outflow quadrants. Note the size of the resistive region is r,, = 0.014 for
these parameters, so this inflow extends for a much larger range than the range
of validity for equation (E20).

4.2.2 Spine global trajectories

All of the proton calculations presented here are performed with the full-orbit
version of the test-particle code, that solves the relativistic equations ([BIHZZ).

Initially, we place a distribution of 5000 protons with Maxwellian velocities,
based on a coronal temperature of T'= 10° K (86 ¢V), in the spine model fields.
The protons have positions from a uniform random distribution on a spherical
surface at a global distance R = \/m = 1 from the null point. We
only discuss here protons that start in the upper right inflow region of longitude
0° < ¢ < 180° and latitude 0° < [ < 90° (here ¢ = 0° is the x-axis and
3 = 0° is the fan plane). We find that for protons in the opposite inflow quadrant
(—180° < ¢ < 0° —90° < B < 0°) the results are the same after reflections in
both ¢ = 0° and = 0°, apart from statistical differences.
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Figure 4.5: Representative electric drift streamlines in the plane, x = 0, seeded
from the upper-right and lower-left electric drift inflow quadrants of the resistive
spine model fields (solid lines). The parameters used are By = 6, n = 2 x 1077,
a=—1and A = 0.75. Also plotted for comparison are drift streamlines of the
ideal spine model (dotted lines).

Figure EE0l shows the initial and final values of longitude and latitude for this
distribution of protons. The final state is at time ¢ = 1.6 x 10T, ~ 10 s
(where T,,, = 2mm,/(|e|By) is the characteristic proton gyro-period), at which
the energy spectrum becomes approximately steady-state. Both the initial and
final spatial distributions of protons are colour-coded by the energy at this final
time (as the initial, ¢ = 0, distribution of energies is purely thermal; we do not
start the particles with an initial electric drift velocity, although they acquire
this local drift speed very quickly). The spine model field parameters used are
B, =10, 7= 1075 o = —0.1. This value of « limits the bulk flow exhaust speed
to be sub-Alfvénic, but it increases the electric drift speed in the external region,
see equation (EEIJ)). This gives reasonable simulation times, but there are still
some particles in the upper-right inflow quadrant at the end of the simulation.

The distribution of final energy with respect to initial position, in panel a) of
Figure 20l suggests that there is no preferred initial latitude for gaining maximum
energy. However, there is some structure in longitude, with particles within
80° < ¢ < 170° gaining typically higher energies.

At the final time, there are two main populations of accelerated particles. The
population labelled ‘A’ in Figure is close to the fan plane, |3] < 10°, with
energy €, = 1 keV, and with longitude —90° < ¢ < 90° comprising of about 8%
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Figure 4.6: a) Initial angular distribution of 5000 particles in the electric drift
inflow quadrant 0 < ¢ < 7, z > 0 of the spine model fields, at 22 +y? + 22 =1
from the null point. These particles are coloured by their energies in part b)
of the Figure (the actual energy distribution in part a) is a Maxwellian with
Ty = 86 eV). The parameters used are A = 0.75, B, = 10, a = —0.1, n = 1076,
b) Angular distribution of protons at ¢ = 1.6 x 10°7T,,,, at which the energy
spectrum is steady state.
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of the total proton number. The maximum particle energy of this population is
about 15 keV. Note that the current in the spine axis is aligned with ¢ = 0°:
through the centre of this population. There are also some high energy protons
scattered at large positive latitudes for ¢ < 0°, and at large negative latitudes for
¢ 2 0°. To look more closely at what is happening here we will choose a typical

proton from this population and follow its trajectory below.

For those particles that have crossed the fan plane, 5 = 0°, into the lower right

outflow quadrant, the spatial and energy distribution looks similar to the ideal

spine case in i ). The accelerated population which has
er 2 1 keV and 8 < —85° is labelled ‘B’. This population is about 6% of the total

protons in the simulation, and the maximum kinetic energy in this population

iS €xmar &~ 12 keV. The angular distribution differs slightly with the ideal case

of ) in that there are few particles found between the
latitudes —70° < 3 < —85°; particles appear to be closer to the negative spine

axis in the resistive case.

A typical proton trajectory from population ‘A’ is shown in Figure BT (it,
along with the field-lines, is projected into the y-z plane to show the global mo-
tion more clearly). The proton, which starts at (zo,yo, 20) = (—0.52,0.80,0.29)
in the upper right hand inflow quadrant, initially moves away from the null, but
mirror bounces and travels back towards the spine along the fan plane. The
electric drift speed increases towards the spine causing the proton to enter the
resistive region, which has radius r,, ~ 0.01, about the spine axis. It enters at
(z,y,2) = (—0.01,0,0.95) after ¢ = 3 x 10°T,,, ~ 2 s (inset is the full 3D tra-
jectory in a localised region around the spine axis). At this point the proton
becomes unmagnetised as the gyro-radius becomes comparable to the length-
scale of magnetic field gradient. The proton is then directly accelerated in the
x-direction, parallel to the current at the spine (we checked that the acceleration
is dv/dt = qFEy/m as it crosses r = 0). For small displacements in the y-direction

a strong Lorentz force due to the B, field returns it to y = 0 line. These oscil-

lations are Speiser-like ), also known as meandering-orbits, see also

Sections [CA and B3

Figure shows plots of the particle energy, magnetic moment p,,, and the
adiabatic parameter v,/ Lyp (see e.g. Section BIIH) as the proton passes through
the spine diffusion region. It can be seen that there is a large jump in kinetic

energy associated with a violation in the constancy of p,,. This occurs at the same
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Figure 4.7: Typical proton global trajectory from population ‘A’ for parameters
A =0.75, B, = 10, « = —0.1, n = 107%. The particle is taken from the many
particle simulation, having initial position x = (—0.52,0.80,0.29) and velocity
v = (—0.0044,0.0013, —0.0088)vy. The magnetic field lines (thin dashed) are a
projection of the field from the plane of the trajectory ¢ ~ 120°. Inset shows
the 3D trajectory of the proton as it crosses the spine-axis, the solid line in the
centre is the line B, (x,y,0.95) = 0.
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116 CHAPTER 4. TEST-PARTICLES AT 3D MAGNETIC NULL-POINTS

0.02[ 7
0.00 ]

-0.02F .

y/L 0

-0.04 |

-0.06 | ]

-0.08

0100 . ‘
002 000 002 004 006 0.8
x/L_O

Figure 4.9: Proton trajectory around the spine axis, r, ~ 0.01, projected on to
the x-y plane. The thick red dots are over-plotted onto the trajectory when the
quantity rr,/Lyp < 1.

time as r,/Lvp = 1072, which is typical for all proton trajectories we studied.
Although the kinetic energy increases by more than an order of magnitude in just
a few Speiser-oscillations, the total energy is conserved up to the fifth significant
digit.

Figure £E9 also shows the trajectory of the proton close to the spine axis,
although it is further zoomed out so that the Speiser oscillations are not visible.
The proton begins to re-magnetise and starts to gyrate when it reaches r ~ 5r,,
at which r;/Lyp < 1. However, the energy gain of ¢, ~ 11 keV is localised
to within « ~ 2r, (not shown), during which the trajectory does not deviate
much from the x-direction. In effect, the proton has left the localised current
sheet while unmagnetised but before it can be ejected by the background field
components, in contrast to 2D current sheet configurations with weak guide field

(eg. |S_pﬂsm] hﬁﬁﬂ; |I_am_n_en_l_qJ |]_9_£Ld) Figure EE11 may give the impression that

the particle is being ejected, however, this is just the centre of the Speiser-like

oscillations following the B, (z,y, z = const.) = 0 line (which here is not straight
as in the usual 2D configurations). This behaviour occurs because the F' = qux B
force, with the dominant velocity component in the & direction and with B, the
dominant component of the magnetic field, returns the particle to the B, = 0
line.

After the proton becomes re-magnetised at r ~ 5r,, it has weak electric drift,
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vp < v,. It follows the field-lines closely and mirror bounces, travelling back
towards the spine: there the proton is taken up to high latitude before it bounces
again. This mirror bouncing is the reason for the ‘scattered’ accelerated protons

in Figure EE6, some of which are at large latitudes.

A typical particle trajectory chosen from population ‘B’ is shown in Fig-
ure ET0 The proton starts at (—0.54,0.78,0.31) and drifts towards the spine
but bounces and crosses the fan plane instead at ¢ ~ 3 x 10°7,. It exits the
simulation box down the base of the spine axis, reaching an energy ¢, = 6.72
keV as it crosses z = —5. As there is no electric field in the z-direction, the
energy gain must occur due to motion in the x-y plane, which is also shown in
Figure ET0. The proton enters the region close to the spine axis parallel to a
contour of the electric potential, but then drifts across the contour due to strong
gradient drift. Figure LTl shows parameter traces for this proton as it crosses
the fan plane. The increase in the potential magnetic field term as the proton
moves down the spine axis (namely the P,) reduces the electric drift speed. At
the time of energy gain, the magnetic gradient drift speed vyp increases, but
the proton remains adiabatic as r;/Lyp < 1072 and the magnetic moment fi,,
is well conserved. This acceleration mechanism of gradient drifting parallel to
the electric field is thus a distinct acceleration mechanism from the proton of
population ‘A’. The proton is stopped as it reaches z = —5Lg, which we do con-
sistently throughout these simulations (we choose this to be the artificial size of
the simulation box). At the time we stop this trajectory the proton is actually
losing energy as it re-crosses the same electric potential contours. However, some
other protons from population ‘B’ in Figure reach the current sheet at low
latitudes, gaining higher energy as they are accelerated in the positive x-direction

to regions of lower electric potential.

The energy spectrum for the spine simulation is shown in Figure It
protons cross the R = 5L spherical boundary we use the energy at the instant
of crossing (if this is not done some protons reach order ~ 10*L, which becomes
unrealistic as the background field increases without bound away from the null,
also causing the time-step to decrease and simulation time to increase). The initial
Maxwellian spectrum hardens to what appears to be a broken power law with
maximum energy of about € ~ 15 keV. This maximum energy can be understood
as the difference in potential energy across the spine current sheet, €, ~ qFE T .

where E =~ Ey ~ nBs/r, [voBo] and Z... = 2r, [Lo] is the acceleration distance
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Figure 4.10: Typical proton trajectory from population ‘B’ in the many par-
ticle simulation, with initial position z = (—0.54,0.78,0.31)Ly and velocity
v = (—0.004, —0.006, 0.002)vg. The dashed lines show the projection of the mag-
netic field from the plane of motion, ¢ ~ 110°, onto the y-z plane. Inset shows
the motion in the x-y plane close to the spine axis. The purple arrows show
the direction and relative magnitude of the gradient drift velocity and the dash-
dotted lines show contours of the electric potential, with the intersecting tick
mark indicating lower potential energy to the right.
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Figure 4.11: Traces of the Kinetic Energy (K.E., top), Potential Energy (P.E.,
second panel), Total Energy (T.E., third panel), magnetic moment p,, (fourth
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magnitude of the vyp drift (sixth panel) and the magnitude of the electric drift
|lvg| (bottom panel) for the typical proton trajectory from population ‘B’ (the

same as in Figure ELT0).
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Figure 4.12: Energy spectrum from the many particle simulation for protons in

the spine model, with parameters A\ = 0.75, By = 10, a = —0.1, n = 107°. For
particles leaving the R = 5 sphere, the energy at the time of crossing is used.

(from —r, < = < 7,), as the reconnection electric field drops off quickly for
|z| > r,. For the parameters used, this gives ¢, ~ 13 keV. This approximate
expression has no dependence upon the parameter «, so the limiting of |a| < By

should not have a large effect on this result.

4.3 Fan model

4.3.1 Fan model fields

The displacement field for the fan model is

. Byz 3 3 —22\ .
Qr =X(2)& = i M (Z’ > 2—77> &, (4.21)

where M is again a confluent hypergeometric function (IQLa.]g_Qt_a.]_] hﬁ%ﬂ) We

define z, as
Jo= [ 2n

the approximate height at which X takes the maximum value, X(z,) ~ 0.9B;.

This is a measure of the height for a resistive region centred on the fan plane,
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Figure 4.13: Plots of B,(x = 0,z) = X(z) for the fan-model for three different
values of resistivity n = 107°, 1075 and 107". a) Setting the fields equal at a global
distance; X (z = 1Ly) = 1By = 0.01 T for all three values of . b) Saturating the
peak field at B; max for all three cases.

z=0.
Figure shows this displacement field, B,(z = 0,2) = X(z), when; [(a]]

the field is set to order unity at a global distance, and @ a saturation value of
B max = 10By is imposed. In both cases there is magnetic flux pile-up; an increase
in the magnetic field-strength just upstream of the current sheet. However, the
magnetic pressure (&~ B?/2) on the sheet edge is much greater for the unsaturated

case, see below.

The form solution (EZI) is only valid for a > 0 (Iﬂr_agg_et_al] h_&&'ﬂ), which

gives a positive null point, and the field is washed in from the global boundaries

at z = £1 before exiting the simulation box radially along the fan plane. Some
representative magnetic field lines are shown in Figure EET4 the displacement
field shears the spine axis as it approaches the fan plane, giving rise to strong

current inside the resistive region.

We calculate the electric field from Ohm'’s law as
E=9nX'(z) - (1-X)PX(z)] +2[(1 - )P,X(2)], (4.23)

where the current density 7 is

) X(z) Bz? 75 2?
=X (2)9 = - M-, =, —— 9. 4.24
I=X0g ===~ 55 (4,2, 2 )Y (4.24)
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Figure 4.14: Representative magnetic field lines for the fan solution with param-
eters A = 0.75, By = o = 10, n = 1075, The lines are again seeded from the top
(solid lines) and base (dashed lines) of the spine.

Figure shows this current density j(z), and the contribution from each of
the two terms in equation (EL24]). There are reversed current layers on either side
of the main current sheet caused by a flux pile-up effect (the strong gradients
upstream of the current sheet in Figure EET3)). These reversed current layers will
be discussed further in Section 24 below. The maximum current density is j(z =
0) = X'(0)§ = B,/7"/* 4, the magnitude of the current density at the centre of
the current sheet. For B, = a = 10, n = 1075 X\ = 0.75 this iS jmax = 2.09 X
10* [Bo/ (o Lo)]. The current density only has z-dependence; it is infinite in extent
in the x and y directions. This is clearly unrealistic, although resistive MHD

simulations by |Bmm_et_al.| (I2£).O_Zd) find that spine-fan reconnecting current

sheets formed due to shear flows around a null point spread out along the fan

plane in the incompressible limit. Note that analytic multiple null solutions found

by |Cd;ad.g_&t_al.| (I]_99_91) have finite current sheets, avoiding this problem. In our

simulations below we consider particle acceleration only within a restricted range

of 5 Ly, effectively limiting the size of the current sheet.

The electric potential, to be used for energy conservation, is again found by

solving E = —VV to give

V(y,2) = —ay(l — ) [7X'(2) + 2X(2)]. (4.25)
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Figure 4.15: Normalised current density, j,, plotted against z for the parameters
A = 0.75, B, = a = 10, n = 107%. The red dashed line is the first term in
equation (EE24]) and the blue dash-dotted line is the second term.

The thermal pressure profile for the fan model is 1|£ }radg_at_a.l]' |l9_&'ﬂ)
p=po— (P*+ X?)/2 —a\xX/2. (4.26)

However, in this case, a displacement field of order unity on the z = 1 boundary,

X (1) ~ 1, gives the scaling B, ~ = /4 (seelﬂtaigﬁ_aﬂhﬂﬁ, and Figure LI3[(a)).

This gives much weaker magnetic pressure on the current sheet edge compared

to the spine model, but it is still too large for the values of 1 considered. Again
we saturate B, = 30 and we have a@ < By to avoid problems from dynamic

pressure.

Craig & Watson (I2Dﬂj) show that the Ohmic dissipation rate per unit area of

the fan current sheet is
W, =n / §2dV ~nB2/z, (4.27)

and so in this case, for fixed (saturated) B, the maximum dissipation occurs
with the thinnest current sheet (the so called optimised solution). The thinnest
sheet we can have subject to the dynamic pressure constraint is when a = By
(for any fixed value of \). Also, as this choice gives the largest current density,

it maximises the resistive electric field within the sheet which is interesting for
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particle acceleration. As above, this choice of « sets the bulk fluid exhaust at
z* +y* =1, z = z, to the local Alfvén speed.

Using the asymptotic approximation ([EI4]) we find that the z-component of
the electric drift that brings the particles to the fan plane is, for z, z > n'/?,

1 —M\)P,P.X 1 — \2)3/4
V. A ( i\PQ (2) - ( : ) B, 071/47]1/4 (4.28)

which scales as ~ BY 4771/ 4 for the optimised solution a@ = B,. This gives electric
drift inflow for positive x, z (as P, < 0), and outflow for positive z and negative
x. It is much faster than the spine case due to the more favourable scaling with
resistivity. The streamlines in the x-y plane can be found from the numerical (or
approximate analytical) solution of

dr  d
oY, (4.29)

VEx VEy

we numerically plot these streamlines, and also the drift streamlines in the x-z

plane, on top of the single particle trajectory results for the fan model below.

4.3.2 Fan global trajectories

The many-particle simulation for the fan model is shown in Figure for the
optimised solution By = a = 10, with n = 107%, X\ = 0.75, z, = 6.76 x 10~* Ly,
where the protons are again colour-coded by the final energy. The initial distri-
bution has thermal energy ¢, = 86 eV with uniform random position in the upper
inflow quadrant —90° < ¢ < 90° and 0° < 8 < 90°. The final angular distribution
is taken from when the proton distribution reaches a steady state in energy at
t = 40007,, ~ 0.025 s. This occurs more than two orders-of-magnitude faster
than the spine model for similar parameters (even after the spine drift was in-
creased by limiting o < By), as the external electric drift (equation EE28) scales
more favourably with the resistivity. Protons that cross the R = 5L spherical
boundary from the null point before this time are stopped and the energy and
angular position at time of crossing is used. For the fan model, the ¢ = 0 angular
distribution is structured in terms of final energy gain (protons that are within
specific solid angles from the null point at ¢ = 0 gain higher energy than others).
This is in contrast to the lack of structure in the spine-model (see Figure Q) as

the ratio of the electric drift to thermal velocity is much larger in the fan model
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Figure 4.16: a) Angular distributions of protons in fan model at ¢ = 0, with
initial temperature T' = 86 eV. The x-axis is ¢ = 0° and the fan plane is § = 0°.
Protons are coloured by the final energy at ¢ = 4000. Parameters used are
A =0.75, By = a =10, 7 = 107% b) Angular distributions at time ¢ = 40007,
when the energy spectrum has reached steady state. The trajectories of protons
labelled ‘1" and ‘2’ are shown in Figure EET7}
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(see I}Ldgsm_u_&_Bm&m_ug (I]_&(lﬂ), |Bmmmg_&dldgsmd (|21)Q]]) for a discussion on

the importance this ratio for the 2D x-point). Within this structure, there is some

asymmetry in ¢, which differs from the final energy dependence of the initial pro-
ton distribution in the ideal fan model in |Ila.]la_&_B_msammA (IZD_Oé) Indeed, we

do not expect symmetry between particles drifting clockwise and anti-clockwise

about the null here, now that there is current and associated electric field in the

y direction.

We now explore trajectories and energy gain in more detail. First the not-so-
typical cases will be mentioned, before showing single-proton trajectories for the

more typical cases.

Those protons with €, ~ 107 eV at ¢ ~ —20° (the yellow vertical band to the
left of the green vertical band in Figure do not enter the current sheet
but gain high energy, as they get close to z,, from very fast and non-uniform
electric drifts. They become unmagnetised slightly with r;/Lyp ~ 1073, and the

first adiabatic invariant, the constancy of pu, is also violated.

At t =400017, , there are a small number of high energy protons scattered at
high latitudes (about 0.1% with €, > 10 MeV). These enter the current sheet tem-
porarily within —180° < ¢ < 0° but far from the null point. However, they exit
into the external region again without any Speiser-like motion. They become
slightly unmagnetised, with maximum r;/Lyg =~ 1072, following complicated
trajectories. As they are not typical we do not investigate these further in the ex-
ternal region, but their behaviour within the current sheet (how they are ejected)
is discussed in Section L33

Typically, the high energy protons of Figure start either close to the x-
axis at low to mid latitudes (about 7% of the total number at latitude g 2 1°
with final energy € rin, 2 10 MeV), or they start at very low latitude close to the
fan plane (< 1% of total at § < 1° and € fi,, 2 10 MeV). At t = 40007, these

energetic protons are found at 3 & 0 either side of ¢ = 90° (the y-axis), which is

the direction of the current in the fan current sheet.

Figure EET7 shows the trajectory of two typical protons taken from the simu-
lation. Proton ‘1’ starts at (zo,vo, 20) = (0.86,0.41,0.30) and drifts around the
null point due to the strong azimuthal electric drift. Although it drifts down
towards the current sheet, it reaches a minimum height of z ~ 15z, before it
flows into the outflow quadrant, not entering the sheet. Parameter traces for this

proton are shown in Figure The main velocity contribution is electric drift
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Figure 4.17: Two typical proton trajectories from the many particle simula-
tions in the fan model. Proton ‘1’ is represented by a thin line with initial
position (0.86,0.41,0.30), and proton ‘2" by a thick line with initial position
(0.8,0.003,0.6). The parameters are A = 0.75, By = a = 10, n = 1075, The solid
lines are representative magnetic field lines (seeded from the top of the spine axis
and projected into the 2D planes) and the arrows show the direction and relative
magnitude of the electric drift velocity. a) In the x-y plane, where the electric
drift arrows are from the edge of the current sheet z = z,. b) In the x-z plane
close to the current sheet, where the electric drift arrows are plotted on y = 0.

The initial positions are not shown in this plane.
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Figure 4.18: Parameter traces for proton ‘1’ of the many particle simulation
in the fan model fields. Shown are the Kinetic Energy (K.E., top), Potential
Energy (P.E., second), Total Energy (T.E., third), magnetic moment (u,,, in
arbitrary units), the adiabatic parameter r /Ly p, the magnitude of the electric
drift velocity |vg|, and the magnitude of the parallel velocity v;.
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Figure 4.19: Parameter traces for proton ‘2’ of the many particle simulation
in the fan model fields. Shown are the Kinetic Energy (K.E., top), Potential
Energy (P.E., second), Total Energy (T.E., third), magnetic moment (p,, in
arbitrary units), the adiabatic parameter r /Ly p, the magnitude of the electric
drift velocity |vg|, and the magnitude of the parallel velocity v.
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as it moves around the null point, but v becomes dominant as the particle exits
the simulation box parallel to the negative x-axis. The first adiabatic invariant
is not violated, p = const. and the maximum r;/Lyp ~ 10~* at closest point of
approach to the sheet. The proton is strongly magnetised throughout. Despite
not reaching the current sheet the energy gain is still considerable, reaching 0.5

MeV as it crosses the R = 5 sphere.

Particle 2 starts at (0.8,0.003,0.6)Lg, and the traces for this trajectory are
shown in Figure £T9 The azimuthal component of the electric drift is weak close
to the x-axis, so the proton electric-drifts down to the fan current sheet. It enters
the sheet at (z,y) = (—0.02,0.15) and becomes unmagnetised: r,/Lyp > 1
and g is not conserved. We observe Speiser-like oscillations (not shown) as the
proton is accelerated in the y-direction. At ¢ = 1297, ,, = 0.846 ms after entering
the sheet, it passes out of the simulation box at R = 5. Here, the particle
is still within the sheet with v = 0.36c and ¢, = 67 MeV. Using this time
period in the direct acceleration formula, y = qFyt?/2m, with the electric field
on z =0, By = nB,/7"? [vyB,] from @ZJ), gives y ~ 5. Thus the proton is
directly accelerated in the current sheet for the entire length of the simulation
box. However, this motion is not Speiser-like throughout as rp/Lyp < 1072
when the proton reaches y = 1.5Ly. The proton reaches a global distance in
the y-direction and becomes magnetised by the background B, component of the
magnetic field, which acts as a guide field that increases with distance from the
null. When the simulation is run without stopping the proton at R = 5, it is still
not ejected (as, for example, the proton within the model fields of )
shown in Figure B2) from the current sheet throughout the whole simulation time
t =40007,, (not shown). In Section below, we investigate whether this
trapping within the current sheet is typical for the fan model fields.

This particle enters the current sheet at a distance R ~ 0.15 from the null
point; however, this distance is not typical for the many-particle simulation in
Figure 10 Figure shows the spatial positions, (x,y), for protons that enter
the current sheet, at the time of their entry. The horse-shoe structure is caused by
the fast and non-uniform azimuthal electric drifts, with particles that have drifted
further gaining higher energy. In this many-particle simulation, 9.3% of the total
particles reach the current sheet, after a mean time of about 8007, ,. The average
distance from the null point of particles entering the sheet is R ~ 2.2. This means

that there is a large number of particles that enter the current sheet, but they do
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Figure 4.20: Positions at which protons in the many-particle fan simulation enter
the current sheet, z < z, (with parameters A\ = 0.75, By = a = 10, n = 107°).
These are coloured by the kinetic energy at the time of entering the sheet.

so far enough away from the null point that they are not unmagnetised.

The energy spectrum for the fan simulation is shown in Figure EE2I1 Almost
all the protons are accelerated, as the fast electric drift speed in the fan model
is typically larger than initial thermal velocity. The energy spectrum appears
steady state by ¢ = 40007,,,. Between €, ~ 10° eV and ¢ ~ 1075 eV the
spectrum is approximately power law shape: f(E) o< E~7 with v ~ 1.5. It is
interesting to note that this is the same spectral index that is expected for direct

acceleration without a guide field in a 2D current sheet (e.g. |ng_k_h1us_en_at_al.|

). However, for the case of Figure EZI], the protons in this energy range have

not entered the current sheet. Instead the energy gain occurs in the external
region due to non-uniform drifts parallel to the electric field. The protons that
do enter the current sheet gain the highest energies and can be seen as a flat
tail at the hard end of the spectrum. We do not give a spectral index for this
population as it has not reached steady state: as these protons are trapped in
the sheet, the energy gain by direct acceleration depends upon the size of the
simulation box. As a test we repeat the simulation but stop the protons at a
spherical surface of radius R = 10 from the null point, instead of R = 5 that
has been used consistently throughout these simulations. A comparison of the
steady state distributions between this and the previous simulation is shown in
Figure Now the flat tail’ at 10™°~8 eV in Figure EEZIl becomes a "bump on
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Figure 4.21: Energy spectrum for the many particle fan simulation for protons

with parameters A = 0.75, By = a = 10, n = 1075,
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Figure 4.22: Comparison of steady state energy spectra for a simulation where
the protons are stopped on the R = 5 sphere, and where they are stopped on
the R = 10 sphere. For protons crossing these boundaries, the energy at the
time of crossing is used. Also shown is the initial distribution that is used for
both simulations. These simulations have parameters A = 0.75, By, = a = 10,

n=1075.
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tail’ centred at 10® eV disconnected from the main distribution. The population
of protons that is trapped in the sheet as it crosses R = 5 due to the strong
‘guide field’ remains trapped at R = 10 where B,(y) has doubled in strength.
We do note that for the rest of the protons, which have not entered the current
sheet, the energies remain approximately the same when stopped at R = 10. This
can be understood as follows: the protons that do not enter the current sheet
typically leave the simulation box parallel to the negative x-axis, so they do not
cross contours of the electric potential, V' = V(y, 2) in equation (E2H), after they

have drifted around the null point and are in outflow.

4.3.3 Fan current sheet trajectories

The simulations considered thus far concern proton trajectories starting from
the external region, at a distance R = 1 from the null point. In the following,
protons are initially distributed within the fan current sheet close to the null, to
investigate the reason why proton ‘2’ (discussed above) was not ejected from the
current sheet. The more general case, when the protons are within the current

sheet but not close to the null point, is discussed afterwards.

Firstly, we place particles within the sheet so that they are initially unmag-
netised by the B,(y) component of the background field. They are magnetised
only by the strong B, (z,z). The protons are uniformly distributed in the area
|z| < 1; y =0; |2] < 2z, with initial thermal energy T = 86 eV. Figure EEZ3 shows
the position of 2000 protons at t = 25007, (a), and t = 175007, (b), during
this simulation for the parameters A = 0.75, B, = a = 5, n = 10~%. We increase
the dimensional box length to Ly = 10° m as velocities in the current sheet are
typically fast, giving reasonable integration times. This makes our results more

comparable to the approximate analytic solutions of hm@ﬂn.ﬁ (IZD.OA) Note

that the dimensionless resistivity, n, decreases due to the increase in Lg, assum-

ing other parameters are kept the same. We again artificially stop the particles
as they cross the R = 5 spherical surface.

At t = 25007, most of the protons are strongly magnetised by the B,(z, z)
magnetic field. Inside the current sheet, 2| < z,, we can use equation [EIJ) to

get approximate expressions for the electric and magnetic fields,

E = E,;§~nB/7"*§ [vBo, (4.30)
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Figure 4.23: Proton positions after initial distribution within the fan current
sheet, such that |zo| < 1, |yo| = 0, |20] < 2, = /27. Parameters used are
A=0.75, B, =a=5,n7=10"8 Ly = 10° m. The dashed lines are representative
magnetic field-lines inside the current sheet (note the difference in scale of the
z-axis). The solid black line is the line (21,0, z1) such that B,(z1,0,2;) = 0. The
particles are stopped at R = 5 from the null point.
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B~ <)\0zx B,z A\ay

5 Ve ,—)\az) [Bo], (4.31)

E. is small except at global distance in y (see below).

For a proton starting at x = 0, y = 0, 2 = z,, on the edge of the current sheet,
the background components of the magnetic field are negligible. The proton
drifts towards the vertical centre of the sheet vp, =~ —(n/z) 2 [vg]. It becomes
unmagnetised at the fan plane, z ~ 0, very close to the null point and is directly
accelerated in the y-direction. We compare this trajectory to the approximate
analytical study of |].am.u.e_n.lﬁl (IZOD.d), who considered the orbit stability and
energy gain of particles in the fan current-sheet using the Taylor-expanded fields
given in equations (EL30HLZTI).

Litvinenko M) first noted that setting A = 0 in equations ([E30HLZT) gives
equivalent fields to the ) current-sheet with zero background field;
equations (B3HEH) with eg = 0. The result is the stable oscillations shown in
Figure Bl For the case of A # 0, |la.t3u.n.en.l£J (I?ilO.d) gives an exact solution to the
equations of motion (([CIHLZ), which is simply the direct electric field acceleration

from the exact position of the null: # = z = 0 and y = eFt?/2m. This is then
perturbed in the x and z directions using the WKB method, which was first

suggested by Maﬂ (I_L%ﬁ) as applicable to particle orbits close to null-

points. An equation for the growth-rates of the small perturbation is obtained

and, in the case of a real growth-rate, |].am.n.e_n.lﬁl (|2£).0.G) calculates the ejection
time due to destabilisation by the background field.

The ejection time for a non-relativistic particle that is unmagnetised close the

null point in the fan current sheet, x =~ 0, z &~ 0, for our parameters is

tojee ™ By Lo " (4.32)
ejec @ 1'% Bo\20?E, ) :

(equation (21) in hdiﬂ;ﬂﬁ[]hl (IZQD_d)) provided that the particle remains within
the non-adiabatic region and the displacement magnetic field gradient is much
stronger than the gradient from the background component, B,/7'/? > Aa. The
second assumption is valid for our simulation; however, we do not observe proton
energy gain limited by ejection in these simulations. To understand this, we
consider the distance travelled in the y-direction during this time,

qB,t?

Yejec = y(tejec) ~ 2,”?]66’ (433)
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which we compare with size of the non-adiabatic region from the null in this
direction. The particle begins to be re-magnetised by the background field at a
global distance y* such that

v(y") /Yy = W,y (4.34)

where v(y) is a typical proton velocity and wg, () is the gyro-frequency of a particle
gyrating around By(y). We use v(y) = (2¢E,y/ m)l/ ? from direct acceleration (if
we use v(y) = E,/B, the value for y* differs by 2/?), assuming that there was

no initial y-velocity and the particle entered the sheet at y ~ 0. We recover the

result of |I_a_t3u_n_en_ng (IQD_OA), that in dimensional form

smE, \*
| ———L Ly. 4.35
Y <Q(Bo>\04)2Lo) ’ (4.35)
The ratio of these two distances is
. 202 1/3
Yy /yejec ~ (32/77> y (436)

where we have ignored factors of order unity. The ratio of the two timescales
is the square root of this. There is little gyro-turning for protons starting close
to the null point as this ratio is necessarily small for the fan current sheet. The
proton is magnetised by the B, (y) “guide field”, that increases in magnitude as
the particle travels in the y-direction, and is trapped in the sheet; the energy gain

is only bounded by the length of the current sheet.

The approximate solutions ofllj_tgu'_n:mlg] (IMA) only hold for small perturba-
tions around the exact solution z = z = 0, y = y(¢). Here, we extend this work by
considering protons initially distributed within the fan-current sheet in the more
general region of y = 0, |2| < %, and at a global distance in x. These protons
are also shown in Figure E23. The protons drift vertically until they reach the
diagonal line where B,(z,z) = 0, that is z = —7'/2Xax/(2B,), at which they
become unmagnetised and accelerated. We do appear to see some gyro-turning
for protons starting at |x| ~ 1. This is probably due to the strong component
of the Lorentz force, v, ., that acts to turn the trajectory to the x-direction.
For particles starting close to the null; x ~ z =~ 0, and so the background B,

component is approximately zero. However, for protons that are a global distance
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in x (e.g. # ~ 1) when they are unmagnetised at the B,(z,z) = 0 line, they are
below the fan plane (z is negative) and so B, stays positive while the particles are
accelerated in the y-direction. The proton is turned in the positive x-direction
but is quickly magnetised by the guide field when it reaches a distance of about
y* (see equation EE30)). On the other hand, if the proton is close to z = —1 when
it is unmagnetised, then it will be above the fan plane where B, is negative, and
be turned in the negative x-direction. In Figure it can be seen that particles
are accelerated radially outwards from the null. They continue to gain energy
as they become magnetised about the background field P, on a field-line with a

parallel component of the electric field £y = E - P/|P].

We artificially stop the protons at R = 5 Ly from the null point. At t =
500007, , all of the protons in the simulation have reached this distance without

being ejected and we fit the energies of the particles by the expression

er(®) = qE)(¢) 5Lg
~5qn/?B¥? (1 = )Y2sin¢  [voBoLo), (4.37)

using equation (EE30) and assuming the optimised solution o = By, where ¢ is
the azimuthal angle (¢ = 90° is parallel to the current). Figure shows the
energies of 5000 protons in three simulations with identical setup to Figure
but with different values of n and B,. This expression (thin line) fits the energies

of simulated particles (circles) as they cross R =5 Ly very well.

In Figure we place 1000 protons in the fan current sheet with initial
position in |z| < z,, —1 < z,y < 1 so that a large number of protons are initially
magnetised by the “guide field” B,(y). This is the more general case, as protons
reaching the current sheet from the external region will not typically do so at
y ~ 0, see Figure 20 The protons that do not start close to y = 0 are directly
accelerated without the initial drift phase as they experience a parallel electric
field. By t = 190007, , all of the protons have left the simulation box as shown
in Figure 28 either through the R = 5 boundary, or through the edge of the
current sheet |z| = z,. The particles that cross |z| = z, in y > 0 start close to
the edge and leave due to initial thermal velocity. However, those starting with
y < 0 are ejected from well within the current sheet. These protons (19.7% of
total number) are circled in Figure 28 Typically they remain magnetised, with

ry/Lyp in the range 107* — 1072, They are not ejected due to gyro-turning in



138 CHAPTER 4. TEST-PARTICLES AT 3D MAGNETIC NULL-POINTS

3.0x10°F — T
r n=10", B,=5
25%x10°
S 8
2.0x10 8
< i n=10", B,=10
Z r
2 4 sx10°L
G 1:5x10° [
o r
© [ _4nd p
S 1.0x10°| n=10", B;=5
5.0x107 |-
0 | | |
0 50 100 150
¢ (degrees)

Figure 4.24: Energy distribution of particles as they cross the R = 5 boundary,
where initial position is within |zg| < 1, |yo| = 0, |20| < 2, = v/27. Here, Ly = 10°
m and the results for different values of n and B, are plotted. The solid points are
protons from the three simulations and the thin lines show the sin ¢ relationship

in equation (EL37).

the sense of @ (M) as this requires non-adiabatic motion. As the protons
are accelerated in the positive y-direction they follow the field-lines out of the

current sheet in the 4z directions.

Note that although they seem to follow the field-lines closely in the y-z plane,
there is an electric drift in the x-z plane due to the strong E, component of the
electric field. Within the current sheet, |z| < z, the truncated power series in
equation ([EI3)) gives the z-component of the electric field from equation (E23))
as

E. =~

(1—\)yz, (4.38)

which is stronger than the current electric field ([E30) for global y and z # 0.
However, it only contributes to strong electric drift in negative x-direction for
protons in the upper half of the sheet 0 < z < z,, and in the positive x-direction

for —z, < 2z <0 (see the bottom panel in Figure EZ20).

The protons that are not ejected from the current sheet at £z,, i.e. the ones
that are stopped at R = 5, have an approximate sinusoidal dependence in kinetic
energy gain, given by equation ([EE31). However, there is a thicker spread of points
about the predicted lines (not shown) than in Figure due to differences in
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Figure 4.25: Proton positions after initial distribution within the fan current
sheet such that |zo|, [yo| < 1 and |2g| < z, = v/27). Parameters used are A\ = 0.75,
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Figure 4.26: Proton positions at ¢ = 190007, for the simulation with initial
distribution within the fan current sheet (|zol, |yo| < 1 and |z| < 2z, = /27).
Parameters used are A\ = 0.75, B, = a = 5, n = 1078, Ly = 10° m. Particles
circled in black at £z, &~ 9.6 x 107> are those that start in y < 0 and cross z,
before this time, where they are stopped. a) In the y-z plane. b) In the x-z plane.
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initial potential energy within the initial distribution (the potential energy within

the current sheet is strongly dependent upon y-position).

4.3.4 Scalings

The global many-particle simulation in the fan model fields, shown in Figure ELT6],
used the optimised (« = B,) parameters n = 107 B, = 10, @ = 10 and
A = 0.75. With consideration to the large variation in both scale and magnetic
geometry, namely magnetic shear, in a given distribution of flares, it is important
to see how these results scale when the simulation parameters are varied. This
is particularly important for the normalised resistivity, 7, because the effective
(anomalous) value within the reconnection region is not well known. A value
based on the classical Spitzer resistivity is in the region 1072 — 1074, but this
may be enhanced by many orders of magnitude due to some turbulent process
scattering electrons and increasing the effective electron collision rate.

It was found in the previous section that the parallel electric field within
the fan current sheet was the most effective test-proton accelerator. Thus, it
is interesting to study how varying the model parameters effects the fraction of
protons entering the fan current sheet from the external region, and the average
time taken to drift there from an initial position on the R = 1 sphere. These
scalings are shown in Figure 27l They are from simulations of 5000 protons at
T = 86eV starting at the upper inflow region at R = 1 (the initial conditions
are the same as those for Figure EET6], except for the values of By, n and \). We
define the current sheet as z = z, = /27 for the fan model, although we note
that not all of the protons reaching this height become non-adiabatic.

The average time taken for the particles to reach the current sheet gives a
measure of the external electric drift speed. The approximate drift scaling of
equation [{L2X), vy ~ Bg/ 47)1/ 4 is in reasonable agreement with these drift times
(time ~ 1/vg).

The fraction of particles reaching the sheet typically increases with increasing
n and decreasing B;. Note that the size of the current sheet which we use to
produce the scalings has the dependence z, ~ 2By Y2(1 — A2)~1/2, although
this does not fully explain, for example, the apparent decrease at By =~ 0.04.
Figure shows how the energy spectra vary with these parameters. As might
be expected the spectra shift to the right for an increase in both B, and 7. Both

the convective electric field (and so external electric drift) and the direct electric
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Figure 4.27: Percentage of total particles (+) reaching current sheet at z = z,
from the external region (R = 1 in the inflow quadrant), and the mean time taken
(*), for different values of 1, By and A. Each data point is from a many particle
simulation with initial Maxwellian distribution (7" = 86 eV) of 5000 protons. The
set-up is the same as that in Figure a) Varying n with fixed By = a = 5,
A = 0.75. The solid line is a Least Squares Fit (LSF) to the points. b) Varying
B, (with B, = «) with fixed n = 1078, A = 0.75. The solid line is a LSF. c)
Varying A with fixed B, = a =5, n = 1078 (no curve was fit).
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Figure 4.28: Steady-state energy spectra for global fan simulations. a) Varying
n with fixed B, = o = 5, A = 0.75. Steady-state was reached at t = 8 x 104,
t =2x10" and t = 6.4 x 1037, for n = 107'° np = 107® and n = 107
respectively. b) Varying By = o with fixed n = 1078, A = 0.75. Steady-state at
t:2><105,t:2><104andt:5><103Tw7pforBS:1,BS:5anstz30
respectively. ¢) Varying A with fixed B, = a = 5, n = 1078, Steady at t = 10°,
t=2x10"and t =8 x 1037, for A = 0.9, A = 0.75 and A = 0.3 respectively.
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field within the sheet increase with larger values of these parameters.
Up until now we have used A = 0.75 as a constant in all of the simulations.

This parameter has been typically left as constant in the calculation of MHD

energy dissipation scalings (IQLan_Qt_a.l] |1_9_&'ﬂ; bnag_Ma.LsQ_d |20Qd) for the fan

model as it can only be varied within an order one range. However, it has a large

effect on the efficiency of the fan model for particle acceleration (see Figure ELZ1(c)
and Figure EE28(c)). Varying A within 0 < A < 1 has a comparable effect on
the fraction of particles reaching the current sheet as varying n by six orders
of magnitude. Also, as shown in Figure BE28, decreasing A shifts the energy
spectrum to higher energy and decreases the time taken to reach steady-state.
These effects can be explained somewhat by an increase in external drift speed,
although varying A also has an effect on other quantities such as the current sheet
height.

4.4 Electron acceleration

4.4.1 Global trajectories

Here we show the first results of this chapter using the guiding-centre switch-
ing code that was described in Chapter The first many-particle simulation
described is of 5000 electrons in the fan model fields (see Section B3] with
n=10"% By =a =10 and XA = 0.75. The particles are given initial energy from
a Maxwellian distribution with temperature 7' = 86 eV, and uniformly distributed
random pitch-angles and gyro-phase as before. However, unlike the proton simu-
lations, the electrons are given the initial electric drift velocity corresponding to
their initial position (this is done automatically with the guiding-centre formu-
lation). We found that this extra initial drift velocity could lead to marginally
different particle trajectories, as the particles drift onto a neighbouring guiding-
centre; but for the many-particle simulations there was no observable difference
in the final energy spectra. The times quoted in this section are in units of the
electron gyro-time 7, . = 2mm,/eBy = 3.572 X 107s.

Figures @ and @ show the initial, ¢ = 0, and final, t = 3.68 x 10°T,,,
(when the energy spectrum is approximately steady), longitude and latitude from
the null-point for these electrons. As before, they are coloured by final energy. It

is immediately apparent that electrons starting in ¢ > 0 (y > 0) gain much higher
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energies, in the range e, ~ 10*® — 107, than those starting in ¢ < 0 (y < 0). At
the final time, 42.5% of electrons are found at low latitude (6 < 1°) with high
energy €, > 10*% eV and at longitudes 0° < ¢ < 180°. Unexpectedly, there are
only three energetic electrons at the final time in the fan plane with longitude
¢ < 0° (these have energy €, > 107 eV). It was expected that there would be more
electrons in this population, as the electrons entering the current sheet would be
accelerated in the negative y direction by the direct electric field (the opposite

direction to the proton acceleration).

To see this more clearly, two-dimensional slices of the domain are shown in
Figures and at two times during the simulation. For y < 0 the
electrons appear to be trapped in a region close to the spine, and they do not
reach low latitudes, whereas for y > 0 they are accelerated at low latitudes until

they exit the simulation box.

Figure B30 shows the time variation of various relevant quantities for a single
electron trajectory in the population that starts in ¢ < 0° (the “trapped” popula-
tion). To remove any possibility that this behaviour is due to the guiding-centre
code, this calculation was performed with the full-orbit code for the whole trajec-
tory. The electron follows a field-line towards the fan-plane (5 is decreasing, and
v > 0 where the positive field is away from the null point along the fan plane;
a > 0 in equation (). However, the parallel velocity drops through zero,
similar to what occurs in a mirror bounce. To explain this further, we plotted
traces of the acceleration due to the mirror force, —,umB - VB (green line, sixth
panel), and the acceleration due to the parallel electric field, g.Ej/m. (green line,
bottom panel). Surprisingly, as the electron is not within the current sheet, the
parallel electric field acceleration is an order-of-magnitude larger than the mirror
acceleration. The direct electric field gives the most significant contribution to
the parallel acceleration of the electron, where the latter is also plotted in the
bottom panel (black line) for comparison. The electric field is in the positive
y-direction and is associated with the reversed current layers in the fan model,
see Figure ETH, combined with the large and spatially-uniform plasma resistivity.
This parallel electric field prevents particles from reaching low latitudes for neg-
ative y, and accelerates them out of the domain for positive y; note that for the
protons, this acceleration is a factor of m,/m,. smaller and thus does not affect
the parallel dynamics. For the remainder of this chapter, we will restrict the

resistivity 7 to small values in the global simulations, such that this acceleration
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Figure 4.29: Electrons in the global many-particle fan simulation with A = 0.75,
By =a=10,7=105 Ly = 10* m. a) and b) Longitude and latitude of elec-
trons at the initial and final (approximately steady energy spectrum) snapshots.
Electrons are coloured by the final energy gained (the energy at ¢t = 3.68¢6 T, ).
c) and d) 2D slices in x-y and y-z planes for the same simulation. Electrons are
coloured by their current energy at ¢t = 4.6e57,,. and t = 3.68e6 T, respectively.
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Figure 4.30: Parameter traces for an electron trajectory with initial longitude
¢ = —b8.5° taken from the many particle simulation (A = 0.75, By = a = 10,
n=1075 L, = 10* m). The top three plots show the particle position (R, ¢, 3),
the fourth shows the parallel velocity, vy, the fifth is the magnetic moment, ,,
in arbitrary units, the sixth is the acceleration due to the mirror force, and the
seventh panel shows the acceleration due to parallel electric field (green) and the
total parallel acceleration (the time derivative of panel 4) in black.
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does not dominate the dynamics.

Figure L3 shows a many-particle electron simulation for parameters n =
1071° a = B, = 5, A = 0.75 (thus the resistivity has been reduced by four
orders-of-magnitude compared with the results above, this normalised resistivity
is comparable to the m ) resistivity for the solar corona using our
Lo, vo and Tp). There is now no obvious asymmetry in the final energy gain,
between ¢ < 0° and ¢ > 0° in the initial conditions. The only structure in the
final energy dependence of initial position, is that there are several high energy
electrons at ¢ &~ 0° across all latitudes 3 (there are 32 electrons with ¢, > 5 keV
and |¢| < 10°). At the final time, t = 4 x 10* T, ., the distribution is also quite
symmetrical about ¢ = 0°, compared with the proton many-particle distributions
in Figure However, we find that the angular distribution of protons with the
same field parameters as this electron simulation is also much more symmetric
than in Figure EET6 (not shown), suggesting that the symmetry is a result of fewer
particles reaching the current sheet. In Figure EE3T] there are 16 electrons that
have left the simulation box at z = 5 with over 1 keV of energy (at longitude
¢ ~ 170°). This is in contrast to the proton many-particle simulation where no
protons left the simulation box along the spine axis. We checked several of these
particles, finding that they enter the current sheet upstream of the null point
(this is y > 0 for electrons, compared with y < 0 for protons, see Figure and
Section LZ2)). They follow the field-lines out of the current sheet and out of the
simulation box; they do not bounce at high latitude as they typically have small
pitch angles.

In Figure £32 the trajectory of the electron with the highest energy from the
many-particle simulation is plotted. Compared with the protons in Figure EET1,
the electron bounces many times before reaching the fan-plane. This is because
the ratio between the electric drift and thermal velocity is much smaller, or in the

terminology of baﬂaMxmmA (|2£)_0d) they are in the weak-drift regime. As the

electron reaches the fan current sheet, it starts to be accelerated in the positive

y-direction by the electric field associated with the reversed currents; however, it
quickly drifts into the current sheet (where r;/Lyp > 1 and the constancy of u
is violated) and is accelerated in the negative y-direction reaching an energy of
0.23 MeV without being ejected from the current sheet.
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Figure 4.31: Many-electron simulation with n = 107°, o = B, = 5, A = 0.75.
The particle circled in red has the highest energy ¢, = 0.23 MeV, and is shown

in Figure
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Figure 4.32: Trajectory of the highest energy electron, that is circled in Fig-
ure EL371

4.4.2 Electrons within the current sheet

In Section it was found that protons experience an increasing strength of the
background magnetic field, P, as they are accelerated away from the null-point,
which acts to stabilise the orbits against gyro-ejection. We used the approximate
analytical results of haimnﬁnﬂ 2@1&1) to argue that the distance the proton

would travel on the ejection timescale, Yeject = Y(tejeet) in equation [E3J), is

much larger than the distance at which the proton becomes magnetised by the
background field, y* in equation (3H). Crucially, the ratio between y*/Yeject,
given in equation (3), has no dependence upon the particle mass, so that we
also expect electrons to be trapped within the current sheet.

Figure shows the final snapshot of a simulation in which all the electrons
are initially distributed in the region |z| < 1, y = 0, |2| < z,, so that there is no
component of the background field parallel to the electric field initially. This is an
identical case to that shown in Figure E23 (a), but for electrons. It was performed
with the full-orbit code, since Ej can be O(1) within the current sheet, violating
the assumptions for the guiding-centre model (the simulation took approximately
1 month on 16 processors!). Similarly to the protons, the electrons drift down to
the B,(z,z) = 0 line, but they are accelerated in the opposite direction to the
protons (the negative y direction). As expected, none of the electrons that are
unmagnetised at the null point are ejected.

Figure (b) shows that the analytical expression for the energy, given in
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Figure 4.33: a) Electron positions at ¢ = 6 x 1077, after initial distribution
within the fan current sheet, with identical set-up and field parameters to equiv-
alent proton simulation in Figure E23l b) Energy distribution of electrons (blue
open circles) as they cross the R = 5 boundary for this simulation. The solid line
shows the predicted energy from equation (EL3).

equation (EZ3M), also holds well for electrons. The only difference for electrons
compared with protons (apart from being accelerated in the opposite direction) is
that there are some electrons found very close to ¢ = —180° and ¢ = 0° compared
with Figure 2241 This is likely to be because electrons that start close to x = +1
are more strongly magnetised by the B, component of the field than protons.
The more general proton simulation, where the initial distribution is within
lz] < 1, |y| <1, |2| < z, was also run for electrons (not shown), with similar
results to those shown in Figure The main difference is that a higher
percentage of electrons upstream of the null point, y > 0, are ejected (47%
of electrons, compared with 19.7% of protons) as they follow the “diverging”
fieldlines. This is also likely to be due to the stronger magnetisation of electrons;
as y* o m'/3, there is a greater proportion of electrons that are magnetised

initially.

4.5 QObservational predictions

Both the test-particle approach and the analytic model-fields used have a number
of limitations, and it is not clear whether the results presented so far will carry
over to the solar corona, or even to self-consistent Particle-In-Cell (PIC) simula-

tions. However, it is still useful to make some observational predictions from these
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models, that can be used for comparison with both future PIC simulations and
observational Hard X-Ray (HXR) emission source data. This latter validation is

increasingly important with advances in magnetic reconstruction techniques (see

e.g. hﬁbﬂgdm_am_&_s.ahuﬁj |20J_d, for a review), which allow the spatial locations
of HXR sources to be placed in context with the magnetic geometry of an Active
Region (see Chapter & for some examples of this). Here we will briefly compare
the spatial positions of high energy protons and electrons as they leave the simu-
lation box at R = 5 (which we take as a proxy for leaving the acceleration site).
It is interesting to see if there are differences between species, as recent RHESSI

data suggests different acceleration mechanisms for protons and electrons (see

|21)Q§i and Chapter B).

We ran three simulations with normalised resistivity n = 1071° (this is the
actual normalised M M) value for a coronal plasma of temperature 7, ~
10° K, length-scale L = 10* m, and Alfvén velocity va = 6.5 x 105 ms™!),
B, = a = 5, and varying the shear parameter A\ such that A\ = 0.75, 0.5 and
0.25. Until now, we have only considered particles starting in the inflow quadrant
—90° < ¢ < 90°, B > 0°. However, in these simulations we also include the inflow
quadrant below the fan plane, so that there is no preferred direction imposed by
choosing only one inflow region. We put 5000 protons and 5000 electrons within
—90° < ¢ < 90° for B > 0°, and also 90° < ¢ < 270° for § < 0°, at R = 1
from the null in the fan model fields. All particles are from a Maxwellian energy
distribution of temperature 7, = 7. = 86 eV and uniform random pitch-angles

and gyro-phase. They are initially given the local electric drift velocity.

Figure B34 shows the spatial positions of high-energy protons (> 1 MeV,
orange) and electrons (> 10 keV, blue) with respect to the spine axis and fan
surface for the simulations with A = 0.5 and A = 0.25 (for the simulation with
A = 0.75 there were only 0.2% of total electrons and 0.08% of total protons in
these energy ranges, and so this case is not analysed further). For electrons,
this energy cut-off corresponds to the minimum energy typically shown in HXR
spectra, such as in Figure 24, and the value for protons is close to the 2.2 MeV

neutron capture line, which was used for the y-ray image of a solar flare in Hurford

et al. ). The energy spectrum for each simulation is approximately steady-
state at the time shown. The first thing to notice is that almost all of the high-
energy particles exit the simulation box in the fan plane (although 3 high-energy

electrons exit up the spine axis for the case of A = 0.5; these enter the current
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Figure 4.34: Spatial positions of high energy protons (> 1 MeV, orange) and
electrons (> 10 keV, blue) for test-particle simulations in the fan model fields,
with B, = a = 5, n = 1071 a) For A = 0.5, the snapshot is at ¢t = 0.4 sec
(upper panel). b) For A = 0.25, the snapshot is at ¢ = 0.2 sec (lower panel). The
field-lines are seeded from the fan-plane at R = 5 for both simulations.
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sheet upstream of the null and are ejected on the “diverging” field-lines).

The effect of changing the value of A on the magnetic field can be seen in the
field lines plotted; for A = 0.25 the spine-axis is sheared further in the x-direction,
causing the field-lines within the fan plane to bend more. For the weaker shear
(A =0.5), 1.6% of protons have final energy above 1 MeV, of which 90% of are
found in the direction of the fan current (positive y-direction). However, only
2.5% of these are within the current sheet z < z,. For stronger shear (A = 0.25),
there are 5.5% of protons with high energy, but only 60% of these high-energy
protons are in y > 0, and 2% are within the current sheet. We followed the
trajectories of these protons, finding that they were similar to proton ‘1’ shown
in Figure EET7 (although the protons exiting in > 0 started from the inflow
quadrant beneath the fan plane).

Only a small percentage of electrons achieve energies above 10 keV (0.7% for
A = 0.5; 1.9% for A = 0.25), but more of these are in the current sheet (30% for
A = 0.5; 56% for A = 0.25). The electrons in y < 0 (in the direction of the direct
electric field at z = 0) typically have higher energy than those in y > 0 (in the
direction of the parallel electric field caused by the reversed currents, see above).

Finally, Figure shows the energy spectra for these two simulations. In
both simulations (A = 0.5 and A = 0.25), the proton energy spectra reach a
steady-state faster than the electron (note that at the later time shown, the
electron energy spectrum is approximately steady). A power-law is fit to part of
the final proton spectra for both A = 0.5 and A = 0.25. This has comparable
spectral index v &~ 1.4, where f(E) = E~7, for both simulations. However, there

are fewer protons with energies < 10 eV for the case with greater shear.

4.6 Summary

In this chapter, we investigated test-particle motion in electromagnetic fields

that are exact solutions (IQ]"_a.Jg_&_Ealﬂmg |1_9_9ﬂ; |Qtalg_e.t_al] |J_9_&'ﬂ) to the steady

and incompressible MHD equations at a reconnecting 3D magnetic null point.

We considered two reconnection solutions; in the first the fan-plane is sheared,
which induces current and leads to reconnection in the spine-axis (called spine-
reconnection), and in the second the spine-axis is sheared leading to current and

reconnection in the fan-plane (fan-reconnection). These test-particle simulations
were an extension of previous work by baﬂa_&z_Bmmm,g (|21)1L4, |21)_Od, |21)1ﬁ)
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Figure 4.35: Comparison of energy spectra for protons (orange) and electrons
(blue) in the fan model fields. The dotted lines show a power-law fit f(E) oc E~7
used to calculate the spectral index. These are v = 1.38 and v = 1.36 for the
simulations with A = 0.5 and A\ = 0.25, respectively.
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and |Bm3&m_ug_&t_al] (|21)_]d), who considered test-particles in ideal model fields,

without the resistive current sheets.

In all simulations, particles were initiated with thermal energy from a Maxwellian
distribution with temperature 7" = 86 eV, and with uniformly distributed random
pitch-angles and gyro-phase. Trajectories were then integrated with the full-orbit
code for protons, and the guiding-centre switching code was used for a number

of electron simulations.

For protons within the spine-model fields, starting at a global distance from
the null-point, two energetic populations were identified: a population that be-
comes unmagnetised and is accelerated within the spine current layer, and a
population that leaves the simulation box along the spine-axis. An energy spec-
trum was computed, see Figure EET2, and the high-energy tail was shown to be
associated with the first population. However, this energy gain was limited to
the potential energy difference across the spine-axis current-layer, which is small
due to the localisation of the resistive region. The external electric drift was also
weak (vg(r > r,) ~n) for the spine-model, so that protons have very long drift

times before reaching the spine-axis (they are in the weak-drift regime, in the

terminology oleaJla._&_B_mﬂmj.ué (IZOD.d))

For the fan model, it was found that the external electric drift was faster
(vp(z > 2,) ~ n'/%) than the comparable spine-model. Protons can gain high
energy either by drifting directly into the fan resistive region, where they are ac-
celerated by the electric field associated with the fan current sheet, or by strong
and non-uniform electric drifts close to the fan plane (while remaining outside the
resistive region). The energy spectrum for the proton simulation with parameters
n=10"% B, = a = 10 and A = 0.75 has a power-law component at intermedi-
ate energies (with index ~ —1.5 between 10° eV and 1075 eV), associated with
the strong and non-uniform drift acceleration mechanism, and has a flat-tail, or
bump-on-tail (depending on whether the protons are artificially stopped at R = 5
or R =10 Ly), distribution at high energies, associated with the population within
the current sheet. We further studied this latter population, with simulations of

protons distributed inside the fan resistive region.

In Section EE33, we presented the results of two proton simulations that fo-
cused on the fan current sheet; one where the protons were initially distributed

on y ~ 0, so that they have no component of the magnetic field parallel to the
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electric field initially, and one simulation where the protons are distributed glob-
ally in y (the more general case) so that they experience a direct electric field

at t = 0. In the first, we found that protons unmagnetised very close to the

null point undergo Speiser-like (@ E) oscillations before becoming mag-
netised by the background field, which acts to stabilise the proton orbits within

the sheet. We extended the analytical results of huhunﬂnkd (I?ﬂﬂ.d) to argue that
protons will typically be magnetised before they can be ejected. Thus, the en-

ergy gain of these particles is only limited by the length of the current sheet. For
the more general simulation (y # 0), we find an interesting result: that protons
downstream of the null are trapped, but those upstream are ejected (while re-
maining magnetised). It would be interesting to study whether this also occurs

in self-consistent Particle-In-Cell simulations.

Using the new guiding-centre switching code, we found that electrons were
very sensitive to small parallel electric fields inside the external drift region for
large values of the resistivity, . These electric fields were associated with reverse
current layers caused by the flux pile-up of the magnetic field in the fan model, and
may be a generic effect in other flux pile-up reconnection models (see Section B3]
for another example). However, in reality it seems unlikely that such a large
scale parallel electric field could be maintained to global distances in the external
region, so we did not analyse this simulation further. When the resistivity was
reduced, the electrons are within the weak-drift regime, and only a small number
enter the current sheet where they gain high energy. It was found that results for
protons in the fan current-sheet carry across, in general, to the electrons: they
are trapped downstream of the null, and ejected when they approach the null

from the upstream region.

Finally, we compared the spatial positions and energy spectra of protons and
electrons in global simulations with the fan-model fields. We compared the spatial
distribution of energetic electrons (¢, > 10 keV) and protons (e, > 1 MeV) for
coronal parameters n = 107! (calculated from the smaller equilibrium length
Lo = 10* m), a flux pile-up field of @ = By = 5By = 0.05 T, and various values of
A (which determines the shear between the velocity and magnetic fields). It was
found that the high-energy protons are typically accelerated due to the fast non-
uniform drifts, with few reaching the current sheet, and they exit the simulation
box in four azimuthal locations within the fan-plane. In comparison, high-energy

electrons were found to be directly accelerated by parallel electric fields associated



158 CHAPTER 4. TEST-PARTICLES AT 3D MAGNETIC NULL-POINTS

with either the reversed current layers (due to the flux pile-up), or in the main
current sheet (at z =~ 0). In Chapter we discuss these results in context with

the observational signatures from solar flares.



Chapter 5
Simulations of Merging Start-up

In this chapter we present the results from two-dimensional fluid simulations of
the merging-compression start-up process in the Mega-Ampere Spherical Toka-
mak (MAST), see Chapter P for an introduction and a summary of the experimen-

tal data. This chapter has been adapted from |S1;anjﬁn ef, al] msmnier

et al. ). Before giving the results of the simulations, we will describe the

fluid models used, and how the initial conditions are set-up.

5.1 Fluid model

To estimate the relative importance of different physical processes, we calculate
dimensionless plasma parameters using typical pre-merging values for the tem-
perature Ty = Tog = Ty = 1.2 x 10° K (= 10 eV), density ng = 5 x 108 m=3,
magnetic field based on a typical toroidal field By = Bry = 0.5 T, and poloidal
field of B,y = 0.1 T. We take the typical length scale Ly, = 1 m, the order
of the major and minor radii. With these values the toroidal Alfvén speed is
vo = 3.5 x 10°m s~! and the time taken for an Alfvénic perturbation to cross Ly
is the characteristic Alfvén time 79 = Lo/vg = 0.29 us. Table Blshows character-
istic plasma parameters at merging-compression start-up. All of these parameters
are written in normalised form, and their relation to dimensional parameters is
given in the right-hand column.

The validity of fluid descriptions, such as those described in Chapter [, usually
requires that the distribution of particles is close to Maxwellian. This can be
true if the time between collisions is small compared with typical fluid timescales

within the system, as a distribution function will tend to Maxwellian after many

159
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Quantity Value Definition

n 107° Nsp,1/ (HovoLo)
Bro 8% 107° 2uonoksTy/ By
By 2x107° 2p0n0ksTy /B
d; 0.145 c(noe?/egm;) V2 Lyt
d. 2.4 x 1073 c(nge?/egme) VLG

Pis Pis,0 9.3 x 10~* \/mik:BTO/(eBOLO)
Pe 1.5 x ]_0_5 \/mek?BTo/(GBQLQ)

i 1073 uy/(minovoLo) =1/Re
K| 1071 K/ (Lovono)
K1 1077 wi-/(Lovono)

Table 5.1: Characteristic plasma parameters calculated from ng, Ty, Lo, Bro,
B,y. These are the normalised resistivity 7, the plasma beta calculated with the
toroidal and poloidal fields Br¢ and (3,9, the ion and electron skin-depths d; and
d., the ion and electron Larmor radii p; and p., the ion-sound radius p;s, the
normalised ion viscosity p, and the normalised parallel and perpendicular heat
conductivities x) and x| .

collisions. The 1y that is defined above is such a fluid timescale. However, this
time is the time taken for compressional Alfvén waves to cross the minor radius,
and it is faster than timescales of interest for merging-compression. For merging-
compression we are interested in the longer timescale of flux-rope attraction due to
parallel currents. This is related to the poloidal Alfvén time, 74 ,0 = (Bo/Bpo)To ~
1.5 x 107% s. This time can be compared with electron and ion collision times
calculated from ng and Ty, which are 7.9 ~ 1077 s (see equation (CZI)) and
Tio = (mi/me)V2(T;)T,)%? Teo &~ 7 x 107% s respectively. The electrons are
collisional at this temperature and strongly magnetised (Qeeomeo ~ 10* > 1
where Q¢ is the initial electron gyro-frequency), so we model them with fluid
equations. The ions are also strongly magnetised (£ 070 ~ 10%) but only semi-
collisional. In this thesis we will treat the ions as fully collisional, and leave the
study of non-fluid effects and departures from classical transport for future work.
It is worth noting that single-fluid (MHD) formulations are often used to model
tokamaks at flat-top temperatures and densities (7" ~ 1 keV and n ~ 10 m=3

in a MAST flat-top), where the collision times can be orders of magnitude larger
(Tie ~ Tk’ ).
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As discussed in Chapter [, terms that introduce two-fluid effects (and finite-
Larmor radius (FLR) effects from the pressure tensors) may become important
when the current sheet width drops below the characteristic spatial scale for
that term. Table BTl gives these spatial scales in normalised form. The current
sheet width is not measured directly in experiment, because there are no mag-
netic probes inside the MAST plasma. However, a naive a priori estimate of
this width can be made by assuming a Sweet-Parker scaling § ~ S~1/2A, see
equation ([C4H), where S is the Lundquist number ([CZ0) defined in terms of
the current-sheet length A. Further assuming a current sheet length that is the
same as the flux-rope widths in the fast-camera images (see Chapter Bl) A ~ 0.5
m, and assuming an outflow speed equal to the typical poloidal Alfvén speed,
vour = Vain = Byovo/Bro, gives Lundquist number S = v nA (nLovo) ™! &~
10* and a current sheet width of 6 ~ 5 x 1072 m. This is much smaller than the
ion-skin depth, d;Ly = 14.5 cm, suggesting that decoupling of ion and electron
flows due to ion inertia may become significant. The ion Larmor radius, p;, and
electron skin depth, d., are smaller than this estimate for §, although they may
become important if there are increases in temperature and decreases in density
respectively. We leave the investigation of ion-FLR effects and electron inertia
for a future study. However, we do include the effects due to finite ion-sound
radius, p;s = \/m /i = piso MBO /B. As discussed in Chapter [l some
previous studies have shown this scale to be important in strong guide-field re-

connection (IK]ﬂLa_&LaJJ h.&%]; |SJm.a.mLe.t_a.l] |2ﬂld; |S£bm.1.d.tﬁ_aﬂ |20Qd) These

studies often use a reduced model, based partly on the assumptions of large-

aspect ratio and uniform electron temperature. However, the MAST vessel is
tight-aspect ratio and a large change in electron temperature is measured with
the Thomson scattering diagnostic during the merging. We will use a fully com-
pressible Hall-MHD fluid model in this thesis, that includes the scalar electron

pressure term within Ohm’s law.

For completeness, we give the governing equations here for the simulations
which use a one-pressure formulation (the two-pressure formulation is discussed at
the end of this chapter). These equations are the normalised Hall-MHD equations
given by

om+ V- (nv;) =0, (5.1)
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d; ) )
E=—v.xB=—Vp.+nj - nuV>j, (5.3)
0,B=—-V x E, (5.4)
(v=1)7'op+v:- Vp+1V -v] =0 +na(Vj)? (5.5)
—m;: Vv, —V -q.

Here, n is the plasma density, v; the ion (centre of mass) velocity, v, = v; —
d;j /n is the electron velocity where d; is the normalised ion skin-depth (Table BTl),
B the magnetic field, p = p; + p. the total (sum of ion and electron) thermal
pressures where we assume p; = p. = p/2, [ is the unit tensor, j = V x B is the
current density, and E the electric field. We use an unmagnetised form of the
ion stress tensor for simplicity, m; = —u(Vwv; + Vo!). The hyper-resistive term
takes the place of an electron viscous term. However, when this term becomes
important in regions of strong current density, and provided electrons carry most
of this current, this has similar form to a collisional electron viscous term (for

lve| > |v,| the term —nyV2j ~ nyV3nv,./d;). We use a heat-flux vector, q,

that is simplified with respect to the |B_1_agmslgj (I]_%d) form, but does emulate
the anisotropic properties parallel and perpendicular to the field. It is given
by ¢ = —5V|T' — k. VT where V| = B(B - V). We solve these equations in
two-dimensional Cartesian and toroidal axisymmetric geometries (see below).
The coefficients in equations (JHRH) are the normalised resistivity 7, the
hyper-resistivity 7y, the ratio of specific heats v = 5/3, the normalised ion vis-
cosity p, and the normalised parallel and perpendicular heat conductivities )
and . These transport parameters are defined in terms of the dimensional

coefficients of |BLagJ.n.s.lﬂj (Il%d) and |S;u.tzm] (Il9_6.d), although they are taken to

be constant and uniform with the values in Table BET] for all results unless ex-

plicitly stated otherwise. The parallel and perpendicular heat conductivities are

calculated using the parallel electron k) and perpendicular ion ;- conductivities
of |Bmgmslgj (Il%d) at ng, Tp. We neglect the parallel ion and perpendicular elec-

tron heat conductivities, /{y and k1 respectively, as they are smaller. The ion

viscosity p is based on the initial parallel value u“

7

rather than the perpendicular
value, for numerical stability. The resistivity, 7, viscosity p and hyper-resistivity
1y are treated as free parameters in the model, and are varied in the simulations
described below.

It is important to mention the physical processes we do not include in this
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model, due to the assumptions and simplifications we have made. As stated, we
do not include any effects due to electron inertia, or electron and ion-FLR effects.
We also do not include wave-particle interactions, such as Landau damping, that
can be an important electron heating mechanism in collisionless plasmas (see

e.g. hmmm_eﬁ_al] |21)_1§:i) We do not include the full form of the electron and

ion-pressure tensors, which, as discussed in Chapter [[, may be important for

breaking the frozen-in condition in collisionless plasmas ([Hesse et a.l] (]Od; Ricci

et al. ). Finally, as the simulations are 2D, we do not include 3D effects such
as kink instabilities ). Although, as far as we are aware, there is no
evidence for such instabilities during merging-compression in the experimental
data.

5.2 Initial conditions

5.2.1 Initial set-up

The initial conditions are taken to be two flux-ropes with parallel toroidal cur-
rent and strong toroidal (guide) field inside the MAST vacuum vessel R €
[0.2,2.0] m, Z € [—2.2,2.2] m, where the inner radial value is the radius of the
centre post, and the other values specify the outer walls of the vessel. We do
not model the in-vessel poloidal field coils, and thus the complex breakdown and
flux-rope formation phase, which is outside the scope of our model. These initial
conditions thus correspond to the time after the flux-ropes have detached from
the P3 coils, but before they have moved towards the mid-plane (see Figure 2210
and discussion in Section ZZ2]).

It is common in modelling tokamak plasmas to calculate an equilibrium solu-

tion to the Grad-Shafranov equation (IG_La.d_&_B.umd |_‘LEL5§J; |S_b_aﬁ_a.nm;| h_%d) with

a code such as EFIT ). However, these codes usually assume a set

of nested flux-surfaces with a single magnetic axis. In merging-compression there
are two separate sets of flux-surfaces each with a magnetic axis. For this reason,
there has been no reconstruction of the magnetic structure of the flux-ropes prior
to merging at present. However, the total current in the domain is known, Ipi4sma;
and the width of the flux-ropes is estimated from the fast camera images. We

construct the flux-ropes in the Cartesian simulations (R, 7T, Z) using an idealised
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Figure 5.1: Left: The initial out-of-plane current density, jr measured in Am™2,
with coloured contours of the out-of-plane magnetic potential, Ar measured in
mWbm™!, for the merging start-up simulations in Cartesian geometry. The
dashed contour has the value Ay = Ap x,; = 38.9mWb m~!, and coincides with
the magnetic separator at ¢ = 0. Right: The normalised out-of-plane magnetic
field, By in units of By = 0.5 T (solid line), in a radial profile across the centre
of the flux-rope (at Z = 0.6). Also shown is Brg = —1By = —0.5T (dotted line)
for comparison. Here the initial half-separation is @ = 0.6 m, the flux-rope radius
is 0.4 m, and the peak current density i8S jrmax = 800kA m~2.
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1D smooth current profile

2
. Jm 1—(7’/w)2 if r < w,
jr(r) = ( )
0 if r > w,

where jr is the out-of-plane current density, r = \/(R — R;)2 + (Z F Z;)? is the
radial distance from the centre of each flux rope (R = R;, Z = +7;), w is the
flux-rope radius, and j,, is the maximum current density. In all of the simulations
presented we use w = 0.4 m and j,, = 2[Bo/(poLo)] = 0.8 MAm™? to give total
current Ijasma = 2 X (7jnw?/3) = 268 kA, the same as MAST shot 25740 which
is discussed in Chapter 21

Due to the low poloidal beta 3,0 = 2 x 1072, see Table Bl we balance the
internal pinch-force of each flux-rope with a paramagnetic increase in Bp. This
kind of magnetic profile has been measured in ideally relaxing flux-ropes under
a strong toroidal field in the T'S-3 merging device (IQm)ﬁ_a.]_] Q&lld) Firstly, the
poloidal magnetic field due to the 1D current profile was found, matching the

outer potential solution to the solution inside the flux-rope at » = w. This was

then used in the 1-D force-free equilibrium equation
0.(B;/2+ B3/2) + By /r =0,

where By is the poloidal magnetic field for the flux-rope, to find the required By
for radial force balance. We find this to be

—jm(B2,/42 + 4Tw? /360 — 12 /2 + 3r* /4w?
Br = ¢ =578 /9w* + 58 /24w5 — 110 /30w®)!/2 if r < w,

—Brg if > w,

where the sign is determined by the respective orientations of the toroidal field
and plasma current in MAST (the toroidal field is clock-wise as viewed from
above). The out-of-plane magnetic potential is found by solving the Poisson
equation —V?Az = jp, subject to the boundary condition A7 = 0, with the HiFi
framework, see Chapter Bl for a discussion of how this can be done. With this
method each flux rope is balanced against the internal pinch force, but there is
finite Lorentz force between the flux-ropes that causes them to mutually attract.

A large initial separation, 2a = 1.2 m, is chosen so that this force is small at
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t=0.

The initial conditions for the Cartesian simulations are shown in Figure Bl
The left-hand panel shows the initial current density, jr, and contours of the out-
of-plane magnetic potential, Ay, in the full simulation domain. A two-dimensional
separatrix, with an X-point, separates the “public flux” contours that enclose
both flux-ropes without breaking, and the “private flux” of each flux-rope which
is available for reconnection. The right-hand panel shows the structure of the
out-of-plane toroidal field in a radial cut through the centre of one of the flux-

ropes.

The initial conditions for the 2D toroidal axisymmetric simulations (R, ¢, Z)
are set up in the same manner, but the toroidal magnetic potential Ay is solved
subject to the boundary conditions A, = B,R/2. This gives a uniform vertical
field of magnitude B, that reduces the radially outwards hoop force on the flux-
ropes. We use B, = —0.068y = —0.03 T unless specified otherwise. In toroidal
geometry, the vacuum toroidal field is By = —Bro R/ R where Ry = 0.85 m is the
major radius. Figure shows, in the left-hand panel, the initial current density,
Jg, and contours of the flux, defined here as ¢ = RAy, in the full simulation
domain. The right-hand panel shows the toroidal field in a cut through the
centre of one of the flux-ropes. Note there is a small paramagnetic increase in
the magnitude of this field over the vacuum field as it passes through the centre
of the flux-ropes.

After the initial conditions are set up by solving the Poisson equation, the
simulation is restarted with the set of equations ([JHLH). These are given in
flux-source form in Appendix [A4 In Cartesian geometry these equations are
advanced with conducting wall boundary conditions 9; A7 = 0, zero tangential
current - VBy = 0, jr = 0, perfect slip solid wall n - V(72 x v;) = 0 and
7 -v; = 0, and no temperature gradient - VI' = 0. In toroidal geometry, where
there is a normal component of the field intersecting the vertical boundaries, the
stricter condition v; = 0 is used to ensure there is no tangential convective electric

field and associated normal Poynting flux through the boundary.

5.2.2 Numerical grid and time-step

As described in Chapter B, the HiF1i grid is split into Ng x N finite elements, each

with order N, polynomial basis functions. For all of the simulations described
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Figure 5.2: Left: The initial toroidal current density, j, (in A m~?), with coloured
contours of the toroidal flux, ) = RA, (in mWb), for the merging simulations in
toroidal-axisymmetric geometry. The dashed contour has the value ¢ = 9xp =
76.5mWb, and coincides with the magnetic separator at ¢ = 0. Right: The
normalised toroidal magnetic field, By in units of By = 0.5T (solid line), in a
radial profile across the centre of the flux-rope (at Z = 0.6). Also shown is
Byo = BroRo/R (dotted line), where Bry = —1B, is the vacuum toroidal field at
the major radius, Ry = 0.85 m. Here the initial half-separation is a = 0.6 m, the
flux-rope radius is 0.4 m, the vertical field is B, = —0.068y = —0.03 T, and the

peak current density is jy max = SOOkAm™=.

2
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Z (m)

Figure 5.3: Low resolution example of the numerical grid in the top-half (z > 0)
of the domain. Here, Np = 10, Ng = 20, N, = 4 giving an effective resolution
of 40 x 80. The grid stretching parameters are r. = 0.2, z. = 0.08, Lg = 1.8 m,
Ly =22m and r, = 0.2 m.

below we use N, = 4, and the Ng, Ny is given for each simulation. The compu-
tational grid is stretched through a grid-packing function that maps the logical
domain &, ¢ € [0.0, 1.0], where HiFi computes the solution, to the simulation box
R €10.2,2.0], Z € [—2.2,2.2]. These functions are

Lg[(26 —1)* +rc[26 — 1]
2(1+r,)

R =sgn(2£ —1) + Lr/2+ 1, (5.6)

Lz[(2¢ = 1)* + z[2¢ — 1]]

Z =sgn(2¢ —1) 20+ =) ;

(5.7)

where 7., z. are parameters that change the grid stretching from quadratic (r., z. —
0) to linear (r., z. — 00). Here sgn (z) is the sign function (that returns the sign
of the argument), |z| gives the absolute value, Lr = 1.8 m, L, = 2.2 m, and
r, = 0.2 m for all simulations presented in this thesis. As the grid stretching
is done through a smoothly-varying function, and that function varies less than
quadratically, the change in cell size is gradual which should minimise artificial
wave reflection at cell boundaries. A low resolution example of the grid stretching

is shown for the top half of the domain in Figure B3

As mentioned in Chapter B, all of the simulations described in this thesis use
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the implicit Crank-Nicolson method for time advance, which is O((At)?) accurate
in time and is not restricted to the CFL-limited time-step (B30). However, we
do impose an upper limit on the timestep to ensure accuracy. For resistive MHD
simulations (d; = 0) the maximum timestep is limited to At = 5 x 1027, and
the maximum timestep used for Hall- MHD simulations is At = 10727,. Note
that the actual timestep is adaptively determined by the code, depending on how

quickly the Newton iterations converge, and is often much shorter than this.

5.3 Resistive MHD: Cartesian geometry

The first set of simulations described here are resistive MHD simulations (the
equations (ELIHEH) were solved with d; = ny = 0) in Cartesian (R, T, Z) geometry,
where T is the invariant out-of-plane direction. The simulations use a grid of
Npg = 180 times Nz = 360 finite elements, each with N, = 4 Jacobi polynomial
basis functions, thus giving an effective resolution of 720 x 1440. We use the grid-
stretching parameters r. = 0.2, z. = 0.08, which give the minimum grid spacings
AR=142x10"% AZ = 2.3 x 107 at the X-point (R =1.1,Z = 0).

5.3.1 Control run

The initial conditions are shown in Figure BT} there is Ar ,y = A7 ae — A1 xpt =
59 — 38.9 = 20.1mWbm ™' of private flux within each flux-rope at the start of
the simulation. In these initial conditions, the thermal pressure is uniform, but
there is a finite Lorentz force between the flux-ropes due to their parallel toroidal
currents. This causes them to be mutually attracted, and they move towards the
mid-plane, Z = 0. As they move together, the out-of-plane field, By, increases in
the plasma between the flux-ropes, and the associated magnetic pressure build-up
reduces the initial acceleration (this dominates the force due to thermal pressure
gradients because of the low 3).

Figure 4] shows the out-of-plane current density, jr, the in-plane plasma
velocity, v, = (vig, viz), and the flux, Ay, at three snapshots during the merging.
At t = 7.547 the X-point between the two flux-ropes has collapsed, forming a thin
sheet of negative toroidal current (blue). Before any significant heating occurs,
the inward Lorentz force, —jrBpg, is mostly balanced by the increase in out-of-
plane field jpBr (not shown), similar to a force-free current sheet. The plasma

between the flux-ropes is accelerated in the radial direction in two jets towards the



170 CHAPTER 5. SIMULATIONS OF MERGING START-UP

i Vectorvip
E 2.5e+05
0.4 109405

§'129+05
1L 62e+04
02 ‘on

Time:10.54 | 1 —| Time:18.04

j co\or:jT
1w 1.48106
—-30e+06

—0.ad 7308 N
E -12e+07
E 1.68+07 —

E = 4 2 o - . . E|
-0.6 “rrrrprr e S T e s

(RRRRARRRENERRARERARE SRS TR T BRRARRRAD RERLL
0.6 0.8 1.0 1.2 1.4 E . . 1.0 1.2 1.4 & 0.8 1.0 1.2 1.4
R (m) R (m) R (m)

Figure 5.4: Snapshots of the flux-ropes at t = 7.547,, t = 10.547, and t = 18.047
(where 70 = 0.29 us) for the Cartesian resistive MHD simulation (d; = ny = 0)
with 7 = 107° and g = 1073. The current density (in A m~2) is shown in colour,
the coloured lines are contours of Ar, and the coloured vectors show the in-plane
velocity v, (in m s™1).

inboard and outboard sides, reaching a maximum velocity of Vg ;e ~ 2.5 X 10°
m s~ ! at t = 7.547.

At t = 10.547, (middle panel), the outflow speed drops to vg =5 x 10 m s7!
(small blue outflow arrows), and the vortical plasma flows that bring in flux to
the current sheet have reversed direction. The front edges of the flux-ropes are
flattened, and there are two layers of positive current (red) on the vertical edges of
the current sheet. The repulsive Lorentz force between the negative current sheet
and these oppositely directed current layers can prevent plasma from entering the
sheet.

At t = 18.04 the O-points at the centre of the two flux-ropes have clearly
moved apart, similar to the sloshing motion found in simulations of the coales-

cence instability (see IBJﬁkam.IL&JMeLtﬂ] h_%_d, and Chapter [M). The value of the

resistivity, 7, used in this simulation is below the threshold value n ~ 2 x 1075,
found by |Kmﬂ.|_&ilh.aw.d (IZO%A), for which the O-point motion can reverse di-
rection. However, it should be noted that IKnQ_U_&dlh.a.w_rJ (bl)ﬂfd) set =1 to

find this threshold value, whereas we have p > n in this simulation.

Figure A shows the reconnecting field, Bg, in the upstream region (at R = 1.1
m, and plotted against Z) at four times during this collision of the flux-ropes. At
t = 7.547 the maximum upstream field is B max = 0.2458, = 0.12 T at Z = -3
cm, increasing to Brmax = 0.298y = 0.145 T at t = 9.547p. This later time is

when the current sheet (jr ~ 07Bpg) is thinnest, § ~ 2 x 1 ¢m, and corresponds
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Figure 5.5: Time evolution of the normalised (By = 0.5 T) reconnecting mag-
netic field component, Bg, plotted against vertical position, Z, for the Cartesian
resistive MHD simulation (d; = ng = 0) with n = 107° and g = 1073.

to a local maximum in the reconnection rate (see also Figure B8 and discussion
below). Upstream of the current sheet, —4cm < Z < —1.5 cm, the gradient in Bg
is reversed, indicating weak flux pile-up on the sheet edge (it is weak compared
to the flux pile-up shown in Figure LT3 that was responsible for the reversed
current layers for the fan model in Figure EETH). This pile-up is responsible for
the layers of positive current seen in the middle panel of Figure B4

At the local maximum rate (t = 9.547) the diffusion region is quasi-steady
and we can perform a Sweet-Parker analysis (we find Er is close to uniform
within the diffusion region at this time, see Section [[32). The upstream Alfvén
speed is estimated using By = Brmax = 0.29B8,, and density niy ~ ng to give
vax ~ (Bin/Bo)y/no/ninve = 1.02 x 10¢ m s7'. The maximum outflow jet

1

velocity at this time is vg = 9.7 x 10* m s~!, which is in good agreement with

the Sweet-Parker outflow velocity modified for the effects of finite viscosity (Park
et al. [1984) in equation [CZF): for u = 1072 and n = 107°, vg ~ vaN\/N/p &
10°ms~!. The large viscosity is slowing the outflow jet here by a factor of 10

compared with the expected outflow speed for p = 7.

5.3.2 Reconnection rate and scalings
Varying the resistivity and ion-viscosity

The reconnection rate in two-dimensional reconnection is 0, Ay = —Er (see equa-
tion (CZ0)) at the location of the X-point; R = 1.1 m, Z = 0. We plot in
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Figure 5.6: Reconnection rate (0; Ay = —Er measured at the X-point) in Vm ™,
plotted against normalised time (¢, = 0.29us), for the Cartesian resistive-MHD
simulations with n = 107, x4 = 107 black-solid line; n = 107, u = 5 x 1074
green-dotted line; n = 5 x 1079, y = 1072 the red-dashed line.

Figure the reconnection rate against time for the simulation under discus-
sion (black-solid line). The repeated sloshing of the flux-ropes modulates the
reconnection rate through large amplitude oscillations with a period of a few
poloidal Alfvén times, ~ 47, (where 7, ~ 57y). This is followed by a gradual
decaying phase as the flux-ropes shrink, until all of the available flux is recon-
nected. The global maximum reconnection rate is 800V m™" at ¢ = 27.547, (sec-
ond peak), when the Full-Width Half-Minimum (FWHM) length of the current
sheet is Apwanm ~ 0.32 m, and the width is dpway ~ 1.1 x 1072 m. This gives an
aspect ratio of 30 that is consistent with the visco-resistive scaling for the Sweet-

Parker sheet (IRa.r_kﬁ_al] M), Opn ~ 77;144 ,uif/;lA ~ A/29.6, where g = St =

nvo Lo/(van A) and fres = ptvo Lo/(van A) are the effective inverse Lundquist

number and inverse Reynolds number respectively, defined in terms of the current
sheet length A = Apwmy, and the Alfvén velocity due to the reconnecting com-
ponent of the field at the sheet edge v4n = (BRJN/BO)\/TLO/TINUO = 0.2742v,.
That the agreement is excellent, despite the coupling to the macroscopic driver,
shows that this kind of Sweet-Parker analysis can be effective at the time of a

local peak in the reconnection rate.
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Figure 5.7: The peak reconnection rates (0;A7)max (top lines), and average re-
connection rates (9;Ar) (bottom lines), plotted in Vm ™' for fixed n = 107" and
varying p (green-dotted lines, top axis), and for fixed p = 1073 and varying 7
(red-dashed lines, bottom axis). The coloured dots indicate a simulation was run
using the value of p (green, top axis) or n (red, bottom axis).

Figure also shows the reconnection rate against time for two other simu-
lations. When the viscosity is reduced by a factor of two (n = 1075, u = 5x10~*
green-dotted) the peak reconnection rate increases and the total merge time
decreases from Tiege = 142.779 to 12275. A factor of two reduction in re-
sistivity (n = 5 x 107%, u = 1073 red-dashed line) increases the merge time
to 2317g. For the latter, the peak reconnection rate actually occurs at the
start of the gradual phase (t = 73.57p), rather than at the second bounce as
for the other two simulations. As the total flux reconnected is the same in

! we can calculate the average recon-

each simulation, A7y, = 20.1mWb m~
nection rate as (;Ar) = Arpr/Tmerge- For the case of the standard simulation
n =107 u = 1073 with By = 1By = 0.5T the averaged reconnection rate is

(0,Ar) =486 Vm™'.
Figure B shows scalings for the peak, (0,Ar)ma, and average, (9, Ar), re-

connection rates in Vm™' against resistivity (red-dash line, bottom axis) and
against viscosity (green-dotted line, top axis). The peak reconnection rates scale

as (A7) max ~ n*%u%%  and the average reconnection rates as (9;Ar) ~

0.62,,—0.23
> P02,

ings (IEaJJs_&t_aJ.l h.%ﬁl) for a Sweet-Parker current sheet in equation ([CZJ), as

they are roughly between ~ n'/? (weak viscosity) and ~ n**u="/* (strong vis-

These are in good agreement with both the visco-resistive scal-

cosity). These scalings are also in agreement with a previous study by Breslau

& Jardin (2003) of coalescing flux-ropes with large magnetic Prandtl number

Pr,, = p/n, who find 7%¢,7%3. Note that the latter study does not mention the
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Figure 5.8: Reconnection rate (9, A7 = —Er measured at the x-point) in V. m™,

plotted against normalised time (ty = 0.29us), for four Cartesian resistive-MHD
simulations with fixed dissipation n = 107°, u = 1072, but varying guide field By
and plasma-3. The simulations with 879 = 8 x 107 are shown for By = 1B,
black-solid line (the control run); Br = 0.5B, green-dotted line; By = 2B, blue-
dashed line. Also shown is a simulation with Gy = 1072 and By = 1B red

dash-dashed line.

sloshing effect, and gives scalings only for the average reconnection rate. They

also do not have a strong-guide field, the effects of which will now be examined.

Varying the out-of-plane field and plasma-beta

The out-of-plane field, By, does not directly enter the equation for the reconnec-

tion rate, as
8tAT = _ET = UzBR — URBZ — ﬁ(azBR — aRBz),

where only the resistive terms contribute at the x-point. However, it may indi-
rectly affect this rate by modifying the plasma compressibility, and thus modi-
fying flows that carry the frozen-in flux (ultimately changing the pile-up value
of Bg). To investigate this, we ran two simulations with the same parameters
as the standard simulation (in Figure B4, but for Bro = 0.58y = 0.25 T and
Bro =2.0By =1 T. These values are within the range of toroidal field values in
MAST (where the toroidal field B, o< 1/R). The reconnection rates are plotted
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against time in Figure The peak reconnection rate at ¢t = 27.547, increases
t0 (O4AT)max = 838V m™! for Brg = 0.5B,, a change of 5%, and decreases to
(O AT ) max = 789.5V m~ ! for Bry = 2By, a change of 0.7%. The average recon-
nection rate changes to (0, Ar) = 502V m~" for Brg = 0.558, and 484V m™! for
Bro = 2By. The reconnection rate thus appears to be insensitive to O(1) changes
in Bpg. Compressibility is also dependent on the thermal pressure; we also over-
plot a simulation with a much larger Srg = 1072 (8,0 = 25) and Br = 1By, finding
that this also has a weak effect on the reconnection rate in resistive MHD. How-
ever, it should be noted that in all three simulations order one density variations
do occur at later times within the current sheet, as the plasma is heated the
current sheet density drops to around 0.5 times the initial value (not shown).
The larger change in reconnection rate when Brq decreases to 0.5B), than when
it is increased to 2B, is likely due to the fact that the in-plane motions are ap-

proaching the Alfvén speed, which can cause strong compression of the plasma
as it enters the sheet and increase the reconnection rate (see e.g. |Bn_esi_&_]§b_r_bﬁsl

bood).

5.3.3 Hyper-resistive MHD

The Hall-MHD simulations in the next section differ from the resistive MHD sim-
ulations in that they have d;, ng # 0. Before the Hall-MHD results are presented,
we briefly show how setting ny # 0 (with d; = 0) affects the reconnection rate
for the values of ny used below. We will refer to this as the hyper-resistive MHD

regime.

Figure shows the reconnection rate for four non-zero values of the hyper-
resistivity, ny = 1077,107%,107°, and 107!°. Despite four orders of magnitude
change in the hyper-resistive coefficient there is only a single order of magnitude
change in the peak reconnection rate. The reconnection rate for the lowest value
of the hyper-resistivity, ny = 1071°, is similar to the reconnection rate for the
standard resistive-MHD simulation (with ny = 0), suggesting that the resistivity
is larger than the hyper-resistivity in supporting the reconnection electric field at

the X-point for this simulation.
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Figure 5.9: Reconnection rate (0;Ar = —Er measured at the X-point) in Vm ™!,

plotted against normalised time (to = 0.29us), for four hyper-resistive MHD sim-
ulations with ng = 1077 (blue-solid), ng = 10~ (dark red dash-dot), ng = 107°
(green dashed) and 1y = 10719 (purple dash-dot). Also plotted for comparison,
as a black-solid line, is the reconnection rate for ny = 0 (which is the control
resistive MHD simulation).

5.4 Hall-MHD: Cartesian geometry

5.4.1 Control run

The combined effects of the Hall and hyper-resistive terms on the merging are
given in this section. The standard Hall-MHD simulation has the same param-
eters as the standard resistive MHD simulation (n = 1075, 4 = 1073, and other
parameters from Table Bl but with d;Ly = 0.145 m and ng = 1075.

A snapshot of the out-of-plane current density, jr, and in-plane ion velocity,
Vip, at t = 7.547) is shown in Figure B0l There are several differences evident
when comparing this figure with the standard resistive-MHD simulation of Fig-
ure b4l Quantitatively, the time average reconnection rate up to this snapshot
is 361 Vm™', compared to 50 Vm ' for the resistive simulation (the amount of
flux reconnected at this time in the Hall-MHD simulation is roughly the same as
that in the third panel of Figure BE4l). However, as discussed above, the non-zero
hyper-resistivity alone provides a large contribution to this reconnection rate.

The effect on the reconnection rate specifically due to the Hall term is discussed
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Figure 5.10: Snapshot of the standard Hall-MHD simulation (same as the stan-
dard resistive MHD simulation, but with nyz = 1078, d; = 0.145). The out-of-
plane current density, jp (in A m~?), is shown in colour, and the out-of-plane
potential, Ar, is shown as coloured contours. Coloured arrows show the in-plane
ion velocity, v;, (in m s7!), where the middle of the arrow is the point at which
the velocity field is sampled.

in more detail below; here we discuss the qualitative effects.

Firstly, there is a clear tilt of the ion outflow jets when the Hall term is
switched on (this tilt is not present for d; = 0 with ny # 0). The outflow jets
have a positive (negative) vertical component on the outer (inner) radial side.
There also appears to be a tilt of the main current sheet, as the current density
is stronger across the bottom separator on the inner radial side, and the top
separator on the outer side. The radial length of the current sheet measured at
Z = 0 at this time is L &~ 20 cm, which is of the same order as the initial flux-rope
radius (w = 0.4 m).

Figure 2Tl shows the plasma density, n, for the same simulation and at the
same time as in Figure BEET0. There are O(1) density variations in a quadrupole-
like shape (like a quadrupole after the background density is subtracted) within
the diffusion region between the flux-ropes. Over-plotted are streamlines of bulk
electron velocity, which is calculated as v, = v;—d;j /n. Within the flux-ropes the
motion of the electrons is dominated by perpendicular drifts towards the current
sheet. However, within the diffusion region, the streamlines become parallel to
the in-plane field. The electrons are accelerated in bulk within the density cavities

and slow down as they enter the high-density regions.
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Figure 5.11: The plasma density, n (in m™?), is shown for the standard Hall-MHD
simulation in colour scale. Also plotted are bulk electron velocity streamlines, v,
in units of vy = 3.5 x 10°m s~!, shown as coloured tubes which start at the
locations of the blue circles. The black-dashed lines show contours of the out-of-
plane magnetic potential Ap.

Contour: B . VB “ Ve

0.86
0.67
. 0.48 0.

2 Times.97

| —0.29 color: n
—0.095
~009% < 0. Wl
oz - JEe
A O+
_ggg -0. 2.9e+18
0.86 Max: 7.4e+18
ke Min: 2.9e+18
Max: 0.86 .
Min: -0.756
Contour: 'V -
0.83
0.65
0.46
I 0.28
—0.093 . .
—0.093 5
-0.28 :
-0.46 .
-0.65 Max: 7.de+18
.0.83 Min: 2.9e+18
0.
Max: 0.83 0.‘80 0.90 1.00 1.10 1.20 1.30
Min: -0.71 R (m)

Figure 5.12: Top: The plasma density, n (in m~2), and contours of parallel
electron velocity gradient, Vv, = (b-V)(b-v,) in normalised units, at t = 6.94 7
for the Hall-MHD control simulation. Bottom: The same as the top image, but
with contours of the divergence of the electron velocity V -v, (there is a difference
in contour scale). Also shown as black dashed lines are contours of the flux.
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A previous study by |K]ﬂa_at_all (I_LQ%J), using a reduced two-fluid formula-
tion, has suggested that this kind of density structure can be caused by parallel
electron compressibility in strong guide-field reconnection. These density gradi-
ents form in response to parallel electric field on newly reconnected field-lines.
We verified this by over-plotting contours of (E) . V)(B - v.), finding that large
positive (negative) values overlie the density cavities (peaks), see Figure for
a snapshot at t = 6.94 79 when the density asymmetry is being formed. Also,
the magnitude and spatial position of this term is in good agreement with the
magnitude and position of V - v, at this time. Thus it does appear that the
parallel electron velocity gradient is responsible for this density pattern. The
same study suggests that these features are localised within an ion-sound Larmor
radius p;s = \/m [Qe = \/ﬁT/Zdi. In these simulations the value of p;s
varies in space and time, strongly depending on the balance between the heating
and thermal conduction terms in the energy equation. At t = 7.547,, the value
of p;s = 0.01 m within the current sheet, comparable with the size of density

features shown in Figure BTl

5.4.2 Reconnection rate and scalings
Varying hyper-resistivity

To examine how the strength of dissipation affects the merging, we vary the
hyper-resistivity ny (we show below that hyper-resistivity is dominant over nor-
mal resistivity in breaking the frozen-in condition for these Hall-MHD simula-
tions, even for values as low as ng = 1071%). Figure shows the out-of-plane
current density jr, and contours of the out-of-plane magnetic potential A, for
five simulations with identical parameters apart from the hyper-resistive coeffi-
cient. The snapshots shown are at a time when the same amount of flux has been
reconnected (dark green contour) in all simulations.

The simulation in the middle panel (ng = 107®) is the standard Hall-MHD
simulation described above, and shown in Figures and BTl but at a later
time. The current sheet, that was forming in Figure BET0, has become unstable
to a tearing type instability resulting in an island at the centre of the sheet.
This occurs before any local peak in the reconnection rate, so it is not possible
to obtain scalings of the current sheet width across the range of 1y shown in

this figure. A 180° rotational symmetry that is present in the initial conditions
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Figure 5.13: The current density, jr in Am™2 shown in colour, and contours of
the potential, A, for five Cartesian Hall-MHD simulations with different hyper-
resistivity 7. The values taken are ny = 107° (top), ng = 1077 (second),
ng = 1078 (middle), ny = 107 (fourth) and ng = 107° (bottom). All other pa-
rameters are kept constant (np = 1075, y = 1072 and d; = 0.145). Approximately
the same amount of flux has been reconnected in each (dark green contour).
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is preserved by the governing equations (BIHRH) and so there is no preferred
direction for this island to be ejected. Instead reconnection proceeds at two X-
points on either side of the island, causing it to grow until the magnetic pressure
within the island balances the attractive force (the drive due to parallel currents)
between the flux-ropes. This leads to the reconnection stalling and an oscillating

motion of the whole system as it relaxes.

For the case of ny = 107° the width and length of the current sheet are
Opwrm = 7.3cm and Apw gy = 33 cm respectively, and so the current sheet is
low-aspect-ratio (note that this is slightly before the peak in the reconnection
rate, see Figure lTH, but the sheet does not become much thinner at the peak).
There is no clear tilt of the current sheet, suggesting that the two-fluid effects
responsible for this tilting are weak. We measure the ion-sound Larmor radius
in the current sheet to be p;s &~ 1 cm at this time, much less than dgyy g, which
is consistent with this picture of a collisional current sheet. The sheet is stable

against fragmentation for the duration of the merging.

For g = 1077 (second panel) the current sheet begins to tilt, but it is stable
for the duration of the merging. At this time, t = 8.547, the current sheet width
is 0pwpy = 3.6cm, compared to the ion-sound Larmor radius p;s = 1.44cm

measured at the X-point.

The simulation with ny = 107 (fourth panel) has no central island, but
the current layer is beginning to fragment at this timestep. The current sheet
width is dpw gy = 9.1 mm compared to an ion-sound radius of p;s = 2.1 cm. In
comparison with the simulations with stronger dissipation, the current sheet is
localised in the radial direction, but this is more obvious for the final panel (see

discussion below).

Figure T4 shows the late-time behaviour of the simulation with ny = 1072,
The long current sheet that spreads along the inner-lower outer-upper separatrix
arm is unstable. In the top panel, an additional flux-contour with value Ay =
43.5mWbm ™" has been plotted (orange) to show that the islands are regions of
closed flux, and there are additional x-points between the islands and the public
vertical field. In the third panel the connectivity of this flux-contour has changed
again, indicating that reconnection has occurred at these x-points. The regions of
strong positive current density in the middle and bottom panels may be additional
current sheets caused by this secondary reconnection. It must be noted that the

stretched grid is concentrated at the main x-point, and therefore such small-scale
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Figure 5.14: Instability of the current sheet for the Cartesian Hall-MHD simula-
tion with 7y = 107°. The current density, j7 in Am™?2, is shown in colour-scale,
and the coloured contours are of the magnetic potential, Az. The additional or-
ange contour shown in the first and third panel has value A7 = 43.5mWb m™'.
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Figure 5.15: The reconnection rate 0; Ay plotted against normalised time for
the Cartesian Hall-MHD simulations with hyper-resistivity ngy = 107% (green
dotted), ng = 1077 (red dashed), and ng = 107'% (blue solid) up until the time
of fragmentation. All other parameters are kept constant (n = 107>, pu = 1073
and d; = 0.145).

secondary current sheets may not be well resolved. However, this should only
mean that the islands dissipate faster, and it should not change the qualitative
picture.

Finally, the simulation with 7 = 107! (bottom panel in Figure BI3) has
an extended tilted current sheet, but also has a localised region of strong out-of-
plane current, jr, at the X-point. The FWHM length of the current sheet across
Z = 0 is measured to be Apwgy = 4.4cm and the width is dpw gy = 6.5mm,
compared to p;s = 3.1cm measured at the X-point at this time. Note that the
strong gradients in current density give rise to localised hyper-resistive heating,
which further increases p;s despite reductions in ny. The separatrices of the x-
point have opened up in the outflow region, and there are sharp gradients in
the current density across the separatrix arms consistent with classical pictures
of fast reconnection (see, for example, Section [[33). However, at later times,
t ~ 9.5 79, the x-point collapses again and islands are formed (not shown).

The time of the snapshot in the bottom panel of Figure (nw = 1071°)
is greater than that for the top-panel (ng = 107%), suggesting a slower average
reconnection rate despite the large localised current density at the x-point. To
investigate this we plot the reconnection rate against time for three values of
the hyper-resistivity, ny = 107%, 1077 and 1071°, in Figure EI8. Note that for

ng = 1078, 1072 the sheet becomes unstable before any peak in the reconnection
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rate. For ng = 1079 the peak rate is (0, A7 )max = 9.76kVm ™' at t = 8.347, and
the average rate is (0;Ar) = 4.68kV m~!. For ny = 1077 the peak is (OLAT ) max =
8.83kVm ' at t = 8.797 and the average is (9,Ar) = 3.87kV m™'. Both the
peak and the average reconnection rates decrease as ny is reduced from 1076
to 1077, The simulation with 1y = 107! has much slower reconnection rate
initially, but begins to enter an explosive phase at t ~ 6.57y. This is very close to
the time when the current sheet width, dpw s, drops below p;s (which occurs
at t = T1p). The separatrices open up in the outflow direction only after the
width drops below this threshold. The trend of decreasing reconnection rate with
decreasing dissipation is broken, as the peak reconnection rate here is (0; A7 )max =
10.2kVm™!, higher than both the 75 = 107% and 1y = 107 cases. Note that
we do not calculate the average reconnection rate for ny = 1071% because the
current sheet in this simulation does fragment at ¢ ~ 9.57.

The out-of-plane electric field is uniform for steady-state reconnection in two
dimensions (see Chapter [[l). Although these simulations are not steady-state,
the diffusion region can become quasi-steady at around the time of a peak in
the reconnection rate. Figure shows 1D profiles of the out-of-plane electric
field, E7, plotted against R and Z for the simulation with 1y = 10~7. The time
t = 8.797y corresponds to the peak reconnection rate (see Figure BTH). This
electric field is calculated by the time difference of Ay (a primary variable that is
output in these simulations) between snapshots. In Cartesian geometry (R, T, Z)

this electric field Er = —0; Ar can be written in component form as

d; . ) . .
Er = —(vzBr — vgBz) + — (jzBr — jrBz) + njr — nuVjr. (5.8)

—~

In Figure BET0 we also plot the profiles of each term of equation to show
how it contributes to the total out-of-plane electric field. At the x-point (R = 1.1
m, Z = 0) the poloidal field goes to zero, B = Bz = 0, and so both the
Hall electric field Eryan = (di/n)(j x B)r = 0 and the convective electric field
Ercony = —(v X B)r = 0 there. Away from the x-point these two terms have the
same order-of-magnitude contribution to Fr, and in fact the Hall term is larger
closer to the x-point, suggesting that two-fluid effects are non-negligible for the
simulation with ny = 1077, At the X-point the only non-zero terms that can
support the reconnection electric field are the resistive, Ep s = 1jr, and hyper-
resistive Fphyp = —nyV?jr electric fields. It is clear in Figure that the
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hyper-resistive term supports Er, dominating the resistive term in magnitude,
for the region around the x-point. We have also plotted in Figure the sum
of all the terms on the right hand side of equation (B8), Ertot = Y E7T terms-
This does not exactly match the —0; Ay curve, as the snapshots were output
infrequently for this simulation. Note that both measures of the total electric
field Er = —0;Ar and Ertot = Y Erterms are not uniform against R or Z, and
so the reconnection is only quasi-steady rather than a true steady-state.

Figure T4 also shows the contributions to Er from terms in equation (BF),
but for the simulation with hyper-resistivity ny = 1071°. This is also at the peak
reconnection rate, t = 7.97. Here the Hall electric field is clearly larger than the
convective electric field in the region around the current sheet, Z € [—1,1] cm at
R =0, and across R for several cm when Z = 0. The hyper-resistive electric field
is still dominant over the resistive electric field, despite three orders-of-magnitude
reduction in the hyper-resistive coefficient. Thus it is the balance between Eryap
and Eryp, that sets the current sheet width in these Hall-MHD simulations.

Varying the out-of-plane field

In the resistive-MHD simulations it was found that the reconnection rate was
insensitive to O(1) changes in the out-of-plane field, see Figure 8. Here, we see
if this is also true for the Hall-MHD simulations.

Figure shows the reconnection rate for three Hall-MHD simulations (d; =
0.145 m, = 1077) with out-of-plane field of By = —1B,, —2By and —5B
respectively. Also plotted for comparison is a hyper-resistive MHD simulation
with d; = 0, ng = 1077 and By = —1B,. Note that the curves for the Hall-MHD
simulation and hyper-resistive MHD simulation with Bpg = —1B5, are the same
as those plotted in Figures and respectively. It is clear that increasing
the out-of-plane field reduces the reconnection rate towards the collisional limit
(the simulation with d; = 0). The reconnection rate is much more sensitive to
the effects of plasma compressibility in the two-fluid regime, than in the resistive
MHD regime in Figure .8

Figure shows the density asymmetry (only the half in R > 1.1, the other
half is identical after reflection in R = 1.1 and z = 0) for the same Hall-MHD
simulations as in Figure BRI, for varying Brg. Increasing the out-of-plane field
decreases (increases) the maximum (minimum) value of the density towards the

background value. The values of the ion-sound Larmor radius at the X-point for
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Figure 5.16: Contributions from terms in Ohm’s law to the out-of-plane electric
field, Fp measured in Vm ™', for the Hall-MHD simulation with hyper-resistivity
ng = 1077, Also plotted is —d, A7, calculated by the time difference of the out-of-
plane potential Ay between snapshots. Top: Plotted against radius R at Z = 0.
Bottom: Plotted against height Z for R = 0.
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Figure 5.17: Contributions from terms in Ohm’s law to the out-of-plane electric
field, Fp measured in Vm™', for the Hall- MHD simulation with hyper-resistivity
ng = 1071°. Also plotted is —d,Arp, calculated by the time difference of the
out-of-plane potential Ay between snapshots. Top: Plotted against radius R at
Z = 0. Bottom: Plotted against height Z for R = 0. Note the values for the
horizontal axis differ from Figure B.T0.
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Figure 5.18: The reconnection rate, d;Ar, measured in Vm™', for Hall-MHD
simulations (d; = 0.145 m, ng = 1077) with Brg = —1, —2, and — 5B, for the
red-dashed, green-dotted and purple dot-dashed lines respectively. Also plotted
for comparison is the reconnection rate for the hyper-resistive MHD simulation
(d; = 0) with ng = 1077, By = —1B,.

Br = —1By, —2B, and =58, are p;s = 1.52 cm, 0.7 cm and 0.25 cm, respectively.
However, the current sheet width does not vary much: it is dpw gy = 3.64 cm,
3.94 cm and 4.3 cm, respectively. As p;; oc By', it is more plausible that these
two fluid effects become important at the scale-length p;s rather than d; (as d;

does not depend on Br).

5.4.3 Discussion

It is important to determine whether merging-compression start-up in MAST lies
within the purely collisional, or open x-point regimes. It was shown above that
the open x-point regime occurs when the current sheet width, §, drops below the
ion-sound radius, p;s.

The value of p;s can be estimated directly from the experimental data. In
merging-compression experiments electron temperatures have been measured in
therange 10eV < T, < 1000 eV, see ChapterPl This, along with a typical toroidal
field strength of 0.5 T, gives p;s =~ 1 — 10 mm. Within the series of resistive and
Hall-MHD simulations listed above, some runs with the lowest dissipation coeffi-

cients have current sheet widths within this range (e.g. the Hall-MHD simulations
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Figure 5.19: Plasma density, n in m~3, and dashed-contours of the magnetic
potential, Ay, for Hall-MHD simulations (d; = 0.145 m, ny = 1077) with Bpy =
—1By (top), Bro = —2By (middle) and Bpy = —5B, (bottom). The density
colour scale is the same for all three plots and is given in the bottom plot. The

maximum and minimum density values for each plot are indicated.
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with ng = 107, ng = 10719 or the resistive MHD simulation with n = 107°,
g = 107* that has a minimum width of § = 7.59 mm at the peak reconnection
rate). Also, for numerical reasons, the values of the ion viscosity and hyper-
resistivity (electron viscosity) have been enhanced with respect to the perpen-
dicular values. For instance, a normalised perpendicular ion-viscosity m
M) calculated using the initial Ty and ng would be g = 1077, It seems likely
that the current sheet width can drop below the ion-sound radius for realistic
merging-compression values of the ion and electron viscosities. This open x-point
configuration, with a radially localised current sheet, may explain a narrow elec-
tron temperature peak of 2-3 cm width found in the experimental data (see
Figure EZTT] with discussion in Chapter Bl and also kln@ﬁ_a.]_] |211]j), provided

that the electron heating is co-spatial with current (e.g. Ohmic heating).

5.4.4 Grid convergence study

It is important to check that the results presented thus far are converged, particu-
larly for the simulations with the lowest dissipation coefficients. With the spectral
element method, grid convergence can be examined by either refining/coarsening
the size of the finite elements, via Np and Ny, or by changing the polynomial
degree of the basis functions N,. Here we do this by changing Nr and N, while
keeping N, fixed.

Figure shows a convergence test for the simulation with the lowest dis-
sipation. The reconnection rate is a sensitive quantity to both global (driving)
and local (e.g. numerical dissipation) effects, and so it is a suitable quantity to
compare at different resolutions. The simulation with Nz = 360, Nz = 540 is
the same as that shown in Figures and T3 The simulation with Ny = 180,
Nz = 270 has half the resolution in both directions, but the change in the peak
reconnection rate is only 0.02% (from (9, Az )max = 10.214kVm ™" at t = 7.94 7,
for the higher resolution, to 10.231kVm ™" at ¢t = 7.8 7 for the lower resolution
run). Unfortunately, we are not able to reduce the resolution again by a factor
of two due to numerical instabilities, and not able to double the resolution due
to memory requirement (the highest resolution run uses 480 processors with a
total of 864 GB of memory available). However, due to very good agreement in
the peak reconnection rate we are confident that this simulation is converged in
resolution up to this peak.

Figure B2 shows a convergence test for the simulation with ny = 1078,
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The out-of-plane magnetic potential is plotted against R at Z = 0 at equally
spaced times (every 0.27y) during the time of the tearing-type instability. As
Bz = 0rAr, and Br =~ 0 on Z = 0 the points on the curves with zero gradient
correspond to null points of the poloidal field, where a local maximum is an x-
point and a local minimum is an o-point. Crucially, the solution bifurcates from
one x-point to an x-o-x configuration at the same time ¢ = 7.54 7 (green line) for
both simulations (in fact this is the time of the snapshot shown in Figures

and .TT]).

5.5 Toroidal-axisymmetric geometry

5.5.1 Effects on merging

The standard toroidal Hall-MHD simulation described here has the same plasma
parameters as the standard Cartesian Hall-MHD simulations (n = 107, u =
1073, ng = 107®), but the initial conditions are as shown in Figure B2 The flux-
ropes have radius w = 0.4 m, half-separation a = 0.6 m, radial position R; = 1.1
m, and there is B, = —0.06 8y = —0.03 T of line-tied vertical flux.

When switching from Cartesian to toroidal axisymmetric geometry, the most
obvious qualitative difference in the ideal (approach) phase of the merging is in the
radial force balance of the flux-ropes. In Figure 22 the positions of the flux-rope
o-points are plotted over time for three simulations. The toroidal simulations used
are the standard toroidal axisymmetric simulation (B, = —0.06B,), and another
identical simulation but with less vertical flux (B, = —0.04B). Also plotted is
the o-point position for the standard Hall-MHD simulation in Cartesian geometry
for comparison. In the toroidal simulations, the flux-ropes oscillate radially due to
the in-balance of the Lorentz forces from the vertical field, and the restoring hoop-
force (there may also be forces due to image currents in the conducting walls).
This radial motion of the flux-ropes could be minimised by a suitable choice
of B,. However, we do not do this here, as there is clear radial motion of the
flux-ropes towards the central post in the experimental fast-camera images (see
Figure ZT0). These radial oscillations have only small effect on the rate at which
the o-points move to the mid-plane in the toroidal simulations. In the Cartesian
simulation, the o-point does not get to the mid-plane due to the formation of the

central island that stalls the reconnection. Islands are also formed in the toroidal



5.5. TOROIDAL-AXISYMMETRIC GEOMETRY 193

L R~

Cartesian

] —— Toroidal
I — —_— By = —0.048,

O-point position (m)
[
o
|

] ~, _—
0.4 N Z _ By = —0.06B,
. §*\
"'"\*:.\_. —
0.2 N
NN
n
\“-‘.:'n
] Sme,
IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII
5 10 15 20 25 30
Time (t_0 = 0.29 microsec)

Figure 5.22: The o-point positions in R (top, solid lines) and Z (bottom,
dashed lines) for the standard Cartesian Hall-MHD simulation (black), and
the standard toroidal axisymmetric Hall-MHD simulation with vertical flux of
B, =—0.04 By = —0.02T (red) and B, = —0.06 By = —0.03 T (green).

simulations, see Figure B23 (the initial conditions for this simulation are shown
in Figure B2). However, this island is quickly ejected as the symmetries present
in the Cartesian simulations are broken in toroidal geometry. The total merge

time is Tryerge A 257 for both toroidal simulations.

5.5.2 Final state

The two o-points in the standard toroidal simulation finish merging together at
t ~ 25719, shortly after the last snapshot shown in Figure 223 The coalescence
process triggers a lot of wave activity, which takes some time to dissipate. Fig-
ure B.24] shows contours of the flux, ¥ = RAy, and toroidal current density, jg,
at the final snapshot in this simulation (¢t = 607), when the system is closer to
a relaxed state.

This final state shows nested flux-surfaces in a tight-aspect ratio geometry,
namely, a single spherical tokamak plasma. The current density is centrally
peaked, but is also peaked in a ring structure just outside the dashed line (this
flux contour has the same value of flux as the one overlying the separator at

t =0, see Figure .2). This ring structure overlies a region of high density, which
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Figure 5.23: Snapshots of the merging for the toroidal Hall-MHD simulation with
ng =107 n=10"° =107 and B, = —0.06By == —0.03 T. Shown in each
panel are contours of the flux, ¢ = RA, (in mWb), and the current density
in colour-scale, j; in Am™2. Also shown is the flux-contour with ¢ = 9x,; =

76.5mWb that is the same contour as in Figure B2
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Figure 5.24: Left: Contours of the flux, » = RA, in mWb, and current density, j,
in Am ™2, in colour-scale, for the toroidal Hall-MHD simulation with ng = 1078,
n=10"° u=10"3% B, = —0.06By, = —0.03 T), after the two flux-ropes are fully
merged. Right-top: Toroidal magnetic field (solid-line), By in units of By = 0.5
T, against major radius in a cut through the magnetic-axis. Also shown for
comparison is the vacuum field By, (dotted-line). Right-bottom: The safety
factor, or g-profile, of the magnetic configuration at this time, plotted against
the square-root of the normalised flux.
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is discussed below. In the top-right panel of Figure we plot a radial profile
of the toroidal field through the centre of the nested flux surfaces, along with the
vacuum toroidal field for comparison. The spherical tokamak is narrowly param-
agnetic, as the reconnection heating is not sufficient to suppress the paramagnetic

configuration of the initial flux-ropes, see Figure .2

The bottom right panel of Figure 224 gives the g-profile, or safety factor, for
the magnetic configuration at ¢ = 60 75. This g-profile is a measure of the number
of times the field-lines loops around the vessel toroidally for each poloidal rotation,
which is important for stability analysis of the tokamak plasma with respect to
current driven instabilities (see e.g. m ). This g-profile is calculated by

performing the integral
1 1 By

=9 I BB,

around closed flux contours, where B, = \/B% + B% and ds is along the con-
tour. It is plotted against the root of the normalised flux, defined by zp}/ 2 =
VIV(Rimag) — Y(R)] / [W(Rimag) — (R = 0.2)], where Ry, is the position of the

magnetic axis, and R = 0.2 is the centre column which bounds the last closed

flux surface.

A complete stability analysis of this final state is rather involved, and beyond
the scope of this thesis. However, we do note that the safety factor is above the
critical value of unity for all values of w,l/ ®. For q < 1, the magnetic configuration

@ (|211—l_1|),

may become unstable to the m = n = 1 internal kink instability

which would require 3D simulations to properly model.

In the current experimental campaign in MAST (Summer 2013), there are
plans to experimentally measure the g-profiles directly after merging. This ¢-
profile can be compared with the results, but some care must be taken when
doing so. For instance, we do not include the P2 poloidal field coils within this
model, or neoclassical effects such as the boot-strap current (see e.g.

)). The latter may be significant after merging when the plasma (3 has

increased and there are significant thermal pressure gradients.
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5.6 Comparison with experimental data

5.6.1 Synthetic CCMYV signal

Here, we present the results of toroidal axisymmetric simulations with R; = 0.9
m and Z = 4+a = £0.8 m. This initial position, for the centre of the flux-
rope current distributions, is chosen so that the ideal (approach) phase is more
similar to that for MAST experimental shots 25636 and 25740, where the flux-
ropes appear to move down the central post (see e.g. Figure ZZT0). This is done
in order to produce synthetic Thomson Scattering profiles (the TS lasers take
data in the range R € [0.2,1.2], see Figure EET0]) that can be compared with the
experimental data for these shots. The effect of changing the initial position on
the merging can be seen in the top panel of Figure B2 This panel shows the
o-point positions for a resistive-MHD (n = 107°, p = 1073, d; = ng = 0) and
a Hall-MHD (d; = 0.145 m, ng = 1078) simulation, both starting at this new
initial position. The merge-time for the Hall-MHD simulation has increased from
Therge = 25t to 80ty, and the resistive-MHD simulation takes close to 300t
to merge. Note that there is fast radial motion of the o-point in the Hall-MHD
simulation at ¢ ~ 60t%, after the flux-ropes have shrank considerably due to
reconnection. This motion occurs as the reconnection outflow is directed radially
inwards (causing the merging o-points to be pushed radially outwards).

The bottom panel of Figure shows synthetic CCMV20 (Central Column
MirnoV 20, which measures 0,B7 at R = 0.2 m, Z = 0, see Figure ) profiles
from these two simulations. These synthetic profiles were produced by time-
differencing the value of By between snapshots at R = 0.22 m, Z = 0. The
first peak for both signals coincides at t = 16t,, and after this the subsequent
oscillations have similar period, even after the flux-ropes in the Hall-MHD simu-
lation are fully merged at t ~ 80t,. To explain this, we took the time derivative
of the radial position for the o-point in the resistive-MHD simulation (and also
changed the sign for clearer comparison) which is plotted as the radial-velocity
—vg(o-point). The period of oscillation in —vg(o-point) clearly lines up with the
CCMV20 signal, except for the first peak. For the first peak, it is apparent that
the motion of the flux-ropes towards the mid-plane (the vertical motion) has a
greater effect on 0; Bz than the radial motion.

The synthetic CCMV20 signals can be compared to the experimental data

shown in Figure EETIl In the simulations the period of the oscillations is ~
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Figure 5.25: Top: The o-point positions in R (top lines) and Z (bottom lines) for
a Hall-MHD simulation (blue-dashed), and a resistive-MHD simulation (black-
solid), with initial radial position R; = 0.9 m, half-separation ¢ = 0.8 m and
flux-rope radius w = 0.4 m. Bottom: Synthetic CCMV20 (central post pick-
up coil measuring 0;Bz at R = 0.2 m, Z = 0; see Figure ZO) for the same
Hall-MHD and resistive-MHD simulations. The orange line is the (negative)
time derivative of the resistive-MHD o-point radial position (the o-point radial
velocity —vg(o-point)). Note the high-frequency spikes on the orange line are an
artifact of numerically differentiating the infrequent snapshots.
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Figure 5.26: Contours of the flux, 1) = RA, in mWb, and density in colour scale,
n in m~3, for a resistive d; = ny = 0 (left), and Hall-MHD simulation d; = 0.145,
ng = 107® (right). The simulations start from the same initial conditions, with
vertical flux B, = —0.06B8y, initial radial position R = 0.09, and initial half-
separation a = 0.8. The snapshot times are chosen for comparison when an equal
amount of flux has been reconnected.

45ty ~ 13 us, compared with a period of ~ 30 i s in the experimental data. The
difference may be due to an overestimate of the current in the flux-ropes in this
simulation (we use Ipjasma = 268 kA based on shot 25740, and we assume that all
of this is within the flux-ropes. However, in reality, some of this current density

may remain around the P3 coils).

5.6.2 Density profiles

Figure shows the plasma density for these resistive and Hall-MHD toroidal-
axisymmetric simulations (with @ = 0.8 m, R; = 0.9 m, B, = —0.06B,, w =
0.4 m). In the resistive MHD simulation there is an O(1) inboard-outboard

asymmetry in the plasma density. To understand the origin of this asymmetry,
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we consider the mass continuity equation in component form
o = —0g(nvg) — nvr/R — 0z(nvyz),

where the second term on the right-hand-side is due to the geometrical effects
of toroidal geometry; it is related to the smaller volume on the inboard side
compared with the outboard side. If a large negative (positive) radial momentum
flux, nvg, is generated by the Lorentz forces in the plasma during the merging,
the plasma flow is more convergent (divergent) than a similar flow pattern in
Cartesian geometry.

In the resistive MHD simulation, the density begins to increase on the inboard
side, and decrease on the outboard side, early in the approach phase, as there
is a net inwards radial motion of the flux-ropes towards the centre post. This
asymmetry becomes more pronounced as the reconnection outflow jets fill up the
inboard side, and when the flux-ropes are very close to the central post. The
low plasma (3 means that the density variations can be O(1), and equalise on
timescales larger than the merge time. In fact, the inner density peak persists
even after the flux-ropes are fully merged (and until the end of the simulation).

The density plot for the Hall-MHD simulation appears more complex. How-
ever, it can be understood as the super-position of the toroidal resistive-MHD den-
sity asymmetry just described, and the Cartesian Hall-MHD density “quadrupole”
that was shown in Figure BETTl A region of higher density lies along the inner-
lower outer-upper separator, that, on combining with the resistive-toroidal den-
sity asymmetry, gives the highest density on the inner-lower quadrant. The lowest
value of the density lies in the density cavity of the outer-lower quadrant. The
quadrupole part of this density profile becomes weaker as flux-ropes fully merge,

as it is supported by the parallel electric field on newly reconnected field lines (see

also ).

Figure shows a series of synthetic Thomson Scattering density profiles
from the Hall-MHD simulation of Figure 220, and the experimental Nd:YAG TS
profiles of electron density, n., from MAST shot 25740 (see also Figure ZTTI).
The synthetic density profiles are taken at R € [0.2,1.2] m and at Z = 0.015
cm, the same position as the Nd:YAG laser profiles (note the upper and lower
P6 coil currents were approximately equal for this shot, so there should not be
any vertical shift of the plasma). The synthetic profiles are equally spaced in

time during the simulation, at every 207, until merging completes. At t = 2071,
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Figure 5.27: Top: Simulated Thomson scattering density traces in the Hall-
MHD simulation of Figure at Z = 0.015 m and R € [0.2,1.2] at ¢t =
0, 20, 40, 60, 807y. Bottom: Electron density profiles from experiment measured
by the Nd:YAG TS laser across the same radial chord at ¢ = 5.5 ms, 5.6 ms,
5.7 ms and 5.8 ms. This density plot is also shown in [Ono et all (2012), for a

narrower range of R.

there is a clear double peak in the density profile as the cut intersects the high-
density region on the inboard side and the high-density separator arm on the
outboard side. As the merging progresses, the radial position of the inner peak
changes, depending on the position of the inner edge of the radially oscillating
flux-ropes. The second peak is pushed radially outwards, as the flux-ropes collide,
and over time it decreases in magnitude. At ¢t = 807, (green line) the flux-ropes
in the simulation are fully merged and the quadrupole-like density feature has
disappeared; it is only present during reconnection. The time evolution of the
density peaks is similar to the experimental data. As discussed above, both two-
fluid effects and tight aspect-ratio toroidal geometry are needed to explain this

double-peaked profile in the simulations.

5.6.3 Separate temperature simulations

As well as experimental density profiles, there are 1D TS profiles of electron tem-
perature, 7., taken with a time resolution of 0.1—1 ms during the merging, and 2D
T. profiles taken several milliseconds after the merging (see Figures 2211 and 2212
and the discussion in Section ZZ2Z7]). Also, there is a possibility of measuring 2D
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ion temperature profiles in the current experimental campaign in MAST, using
a Doppler-tomography system. In this section, we present some initial results
of simulations that separately evolve the ion and electron temperatures. We do
not attempt to reproduce the exact experimental temperature profiles, as this
would require additional physics outside of this model. For ions, this would re-
quire anisotropic ion viscosity with corrections for weak collisionality. Adding
these effects into the model will be a subject of future work. For electrons, a pre-
cise model of the electron diffusion region in a semi-collisional regime is needed.

Simulations have eXElored the collisionless strong guide-field regime (e.g. Hesse

et al. ), but no work has been done from first principles

(PIC simulations with collisions) for semi-collisional strong-guide field reconnec-
tion. This model of the diffusion region may need to include electron inertia
and kinetic effects such as Landau damping, which can be an important electron

heating mechanism in the collisionless regime (II.@J.I.L&UQ_&L&]“ZOJ.CJ) The present

results, however, will be useful as a basis to compare different transport models

in the future.

For these simulations, we use separate ion and electron pressure equations,
where the ion (electron) flows advect the ion (electron) thermal pressures, and
the resistive and hyper-resistive heating is applied to electrons, while the ion
viscous heating is applied to ions only. Here we also use an electron tempera-
ture dependent resistivity (see equation ([C20), and m M) For numerical
reasons, the ion viscosity and hyper-resistivity have no temperature dependence.

We do not include the ion-electron equilibration term (see equation ([22), and

|B.T;a‘gj.uslﬂ'.i hﬁﬁﬂ), as the collisional equilibration time is 7., 2 0.2 ms (see equa-

~Y

tion (EZH)), which is much longer than the merge time. The modified energy
equations below take the place of equation (B5):

(fy - 1>71 [&Epe + v, - Vpe + fypev : ’Ue] = 7].72 + ﬁH(VJ)2 -V q., (59)

(v = 1) 0w +v; - Vp; + 0V -v;] = —m; : Vo, — V - q;, (5.10)

where the heat fluxes are given by q;. = —/<;y7eV||Ti,e — /iifeV 1 T; .. The parallel

yﬁ and £, are the |B_La.g1_u_sk]_i (I_L%d)

parallel and perpendicular coefficients evaluated at the initial Tj. These equations

and perpendicular thermal conductivities &

are given in flux-source form in Appendix for Cartesian geometry. However,

here we present results only for toroidal axisymmetric geometry.
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1 Time:50.1
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- 5.0e+04
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Figure 5.28: Ton (top) and electron (bottom) temperatures, T; and T, (in eV), at
four times for the two-temperature toroidal-axisymmetric Hall-MHD simulation
with d; = 0.145, ny = 1078, Also plotted in the top row are the ion in-plane

velocity vectors, v, (in ms™).
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Figure shows the ion (top-row) and electron (bottom-row) temperatures,
as well as the ion in-plane bulk velocity vectors (arrows) at four snapshots during
the merging (¢ = 20.7,34.9,50.1,65.179). The ions appear to be heated as they
outflow from the diffusion region, rather than where the jets hit the public flux.
We checked the magnitude of the different components of the viscous heating
term, —; : Vv;, in equation (EI0). The dominant viscous heating terms for the
snapshots at ¢ = 20.7,34.9 and 50.1 79 are u(9zv;g)? and u(dzviz)? (at the last
snapshot the outflow jets have stopped and the heating rate is reduced). We find
that the second of these terms is much smaller in resistive-MHD simulations, and
is large here due to the tilt of the outflow jets (see also Figure BI0).

At t = 65.1 1, the ion temperature profile has a hollow structure, and spreads
around the flux-surfaces due to a combination of parallel heat conduction and
flows generated by the oscillating flux-rope as it relaxes. The ion temperature
profile is also tilted in the same direction as the tilted ion outflow jets. This
tilting may be an observable signature of two-fluid reconnection with a strong

toroidal field, and can be compared with possible future ion temperature data.

For electrons, we find that the strongest dissipative heating term within equa-
tion (B3) is 7 (9zj4)? for the snapshots at ¢ = 20.7, 34.9, and 50.179. The re-
sistive heating terms are typically orders-of-magnitude smaller (due to both the
temperature dependence, and because the hyper-resistive term is setting the dissi-
pation scale; see Figures .10 and 2T7) at these times. Thus the electron heating
here is not co-spatial with the current (it heats on the gradients of j, o v, sim-
ilar to an electron viscous heating). There is no clear central peak in the electron

temperature here, in contrast to the experimental data (see Figure 2ZTTI).

The maximum electron temperature in this simulation is similar to the max-
imum 7, achieved during merging-compression experiments (&~ 1.2keV in shot
9177, see |Qn£uit_al.| |2ﬂl2i) However, the total current within the vessel for that
shot was 400kA, which is somewhat larger than the value of I,jasma = 267 kA

used in these simulations. The discrepancy in both magnitude and spatial distri-

bution of the high temperature electrons will be a subject of future investigation

(see Section [B2).
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5.7 Summary and conclusions

In this chapter we have presented results from 2D fluid simulations of merging-
compression plasma start up within the Mega- Ampere Spherical Tokamak (MAST).
In resistive MHD (d; = ny = 0), the flux-ropes enter the sloshing-regime due to
magnetic pressure pile-up on the sheet edge for low resistivities (n < 107°). In
the Hall-MHD simulations (d; = 0.145 m, ng # 0), the qualitative behaviour of
the merging depends upon the ratio of the collisional current sheet width, ¢, to
the ion-sound radius, p;s = \/m [ = \/BT/Qdi. We varied ¢ by changing
NH, as the hyper-resistivity balances the reconnection electric field at the X-point.
In the limit of & > p;,, the reconnection rate tends to the collisional limit. For

0 < pis, the outflow separatrices open up and the peak reconnection rate in-

creases, in agreement with previous studies (IKJﬂa_&t_aJ.l h.ﬂ&d; |S.lm.akmuit_al.|
|2_0Jd; |Sghmjd]; et a .||2ﬂ_0_d) However, in the intermediate regime, g Pis, We

find that the current sheet is highly unstable to a fast tearing-type instability,

see e.g. Figure ET4 This instability is not observed for the purely collisional
case (p;s = d; = 0) for the same dissipation coefficients (e.g. the hyper-resistive
simulation with n = 107%, ng =107 u = 1073). For ng = 1078, a central island
forms and stalls the reconnection, and for lower dissipation ng = 107,107 we
typically see multiple islands that are formed off-centre and ejected.

In toroidal axisymmetric geometry, the flux-ropes oscillate radially between
the hoop-force and additional vertical flux. This breaks symmetries present in
the Cartesian case, and the central island for the simulation with 77 = 1078 can
be radially ejected. The final state after merging and relaxation is a single spher-
ical tokamak plasma with nested flux-surfaces and a monotonically increasing
g-profile (with ¢ > 1 everywhere). The density profiles in these toroidal Hall-
MHD simulations are affected both by the tight-aspect ratio toroidal geometry
and two-fluid effects. Simulated line profiles of the plasma density against major
radius, in a slice along the current sheet, show double-peaked profiles that have
very similar time evolution to those seen in experimental Thomson Scattering
profiles.

Finally, we presented results using a two-temperature formulation with sepa-
rate ion and electron heat conduction and advection. Hollow temperature profiles
were found resembling those seen in experimental 2D electron temperature pro-
files, see Chapter Bl However, the electron heating was found to be dominated

by hyper-resistive heating, which is not co-spatial with current.



Chapter 6

Conclusions and Future

Investigations

6.1 Conclusions

In this thesis, magnetic reconnection was studied in two semi-collisional (where
the collision frequencies are non-zero, but small enough so that the plasma
is not completely described by visco-resistive MHD) and low-( (magnetically-
dominated) plasma environments; within flares of the solar corona, and within
the start-up phase of the Mega-Ampere Spherical Tokamak (MAST). More de-
tailed conclusions for these two investigations are presented in Sections and
B0, here we summarise the main conclusions.

For the investigation into a possible solar flare particle acceleration region,
presented in Chapter Hl, we studied collisionless test-particle trajectories within
the electromagnetic fields of reconnecting 3D magnetic null-points. It is the first
test-particle study at 3D null-points to include both the outer external drift region

and the resistive current sheet. We compared the efficiency of proton acceleration

in both the spine and fan-reconnection models of |(“rai9 & Fablin 199(1); Craig

et al. (1991). We found that the spine model, which gave promising results for

proton acceleration in the ideal case (see Chapter 1, andlDaJla_&_BJmminébﬂOﬂ),
is less efficient than the fan model used in this study. The maximum energy
gain in the spine model is limited by the localisation of the resistive region, and
in the external region the electric drift was found to be weak. The apparent

contrast with the ideal results of baﬂah&_Bmsammé (IZOD_,d, |20_0é) is related to

the restrictions on the field parameters that could be used, to avoid unrealistic

206



6.1. CONCLUSIONS 207

pressures in the resistive models. In the ideal models, the electric field strength

can be set independently of the magnetic field strength. and is set in Dalla &

Browning (m ) to an equal value at a global distance from the null-point
for the spine and fan models. However, if the same were done for the resistive
models used in this thesis, there would be unphysical magnetic pressures on the
current sheet edge due to the flux pile-up effect. This problem is more serious
for the spine model than the fan model, see Sections 2Tl and EE3Tl To avoid
these unphysical magnetic pressures, the same saturation value is chosen in both
models for the magnetic field at the current sheet edge. However, this means that

the electric field is much weaker in the external region for the spine model.

For the fan reconnection model, it was found that protons could be efficiently
accelerated by fast and non-uniform electric drifts. This mechanism is promising,
as protons do not have to enter the current sheet to gain energy and so large
numbers of protons can potentially be accelerated. These protons have a power-
law energy spectrum, similar to a non-uniform drift acceleration mechanism found

for 2D x-points by Il&ksm_u_&_Bmm_mg (I]_&Q’ZI) However, the electrons are not

accelerated so effectively by this mechanism, as the ratio of the electric drift to

the thermal velocity is lower. A new mechanism, that was not present in the
ideal models, is that of direct acceleration by the resistive electric field. This
is responsible for the highest energy particles of both species, provided that the
particles enter the current sheet, as the background field can stabilise the particles

against ejection and the energy gain is only limited by the current sheet length.

In Section EET3, we discussed the stringent requirements, set by the Hard
X-Ray and ~v-ray data, of a solar-flare particle acceleration mechanism. The
main requirement is on the number of electrons that need to be accelerated.

For example, hﬁn]dmﬁ_al] (IZQJ_d) calculate that all of the electrons within the

acceleration site need to reach energies over 16 keV. The simulations presented in

Section attempt to address this question, by using realistic coronal parameters
(assuming a m ) resistivity). We find that the number of electrons
with energy > 10 keV ranges from 0.7% — 1.9% for the two shear parameters
used. Thus, it appears that the efficiency of the fan-model fields is well below
the requirements set by the observations for large flares. However, it is still
possible that null-points can be a site of particle acceleration within smaller flares,

particularly as there may be many null-points in the corona (see e.g. Longcope &

Parnell ). We do note that the same simulations predict different acceleration
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mechanisms for high-energy protons (fast non-uniform drift acceleration) and
electrons (direct acceleration) as discussed above. To compare this with ~y-ray

imaging of solar flares (e.g. |Hu.1:ﬁ3m_e.t_al] |2£)_024 more work would be needed to

map the connectivity of the 3D null acceleration site to the chromospheric foot-

points where emission is observed, and the different transport processes on these

accelerated populations would also have to be considered.

For the second plasma environment, in Chapter [l we presented results from
simulations of the merging start-up method on MAST, with the aim of under-
standing the relevant physics involved in the merging, and to better interpret the
experimental data. As these simulations are not from first principles (compared
with PIC simulations, for example), the simulation results clearly have strong
dependence on the choice of fluid equations used. In this project, we have ini-
tiated studies including two-fluid effects, namely the Hall term and the electron
pressure scalar term, and also incorporating the effects of the tight aspect-ratio
toroidal geometry of the MAST device. It was found that the latter gave radial
oscillations of the flux-ropes, that look similar to the experimental data from the
central post pick-up coil signal (the CCMV20). In addition, including both two-
fluid effects and the toroidal geometry gives a double-peaked profile in density,
that has similar time evolution to the electron density profiles measured during
merging-compression. Another effect that was found when the Hall terms were
included, was the fast tearing-type instability that is not present for the same
dissipation parameters in the resistive model. The exact cause of this instability
is not clear at present, and will be a subject for future work. It is also unclear
whether such instabilities can be measured experimentally in the MAST device,

due to the absence of magnetic probes inside the plasma.

Finally, we have begun to model the separate temperature evolution of the
ions and electrons during merging-compression. In these simulations, hollow ion
temperature profiles were found, which may explain the late-time heating of elec-
trons via collisional relaxation in spatial profiles such as that shown in the bottom
panel of Figure EET21 However, a more realistic model for ion dissipation needs

to be explored before any firm conclusions can be drawn.
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6.2 Future investigations

As mentioned in Section [LZ3] there is still a considerable amount of work to
be done to better understand self-consistent particle acceleration at 3D magnetic
null points. Particle-In-Cell simulations, which include both the external drift
region and the current layers, are the most attractive option. However, there are
still significant difficulties in using this approach within the solar corona, due to
the large separation of scales. The smallest scale that needs to be resolved for
an explicit PIC simulation is the Debye length, which in the corona is of order
1073 m (IPriest & Forhed |2_0_O_d) Thus, for an acceleration region of length-scale

Lo = 10* m, as we have used here there is 107 orders of magnitude difference in

every dimension (for realistic mass ratio and electron temperature). An interme-
diate step would be to use a combined test-particle and fluid approach, where
the electromagnetic fields are taken from fluid simulations of reconnecting 3D
null points. Such an approach has been used before for 3D magnetic null-points
bylGlm_aJJ (I2Dld) for global field configurations, although without the inclusion
of resistive effects. We have already begun to simulate reconnecting 3D magnetic

null points using the Lare3D resistive MHD code (IALb.eL&La.l] |2.0.0J.) and the 3D

version of the HiFi code (IGla.&s_&LMa.u.g |2m_4|, ld.].hd |21)D_'Z| With the latter,

we plan to examine the effect of the Hall term on reconnecting 3D null-points,
to extend simulations of |P;m.tm_e_t_a.]_| (IZOD_ZJJH who used a resistive MHD for-
mulation. The guiding-centre switching code will be further modified to include
the time-dependent terms, and the effects of time-dependent Hall-MHD fields on

test-particle acceleration will be studied. We will also consider the application

of these simulations to 3D magnetic null points of the magnetotail, and compare
the results with the recent in-situ measurements from the cluster satellites (Xiao
et al. 2006; He et a1l R00S).

For the merging-compression simulations, we plan to explore the effects of ad-

ditional physics on the merging, and to continue developing the two-temperature
formulation to better compare with both the experimental data on electron tem-
peratures, and possible future ion temperature data. We are motivated to explore
additional physics as the thickness of the current sheets with the smallest strength
of dissipation, simulated in Chapter Bl can fall below the electron-skin depth and
the ion-Larmor radius. The first thing we will include in the model will be elec-
tron inertia, to see if this has any effect on the electron dissipation scale, or if

it changes the energetics of the merging (with finite electron mass the electrons
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can have non-zero bulk kinetic energy). We will also consider the off-diagonal

terms in the ion and electron pressure tensors (i.e. gyro-viscosity, see Bragin-

skii @) This may have an important role in setting the dissipation scale.
For the two-temperature formulation, we have already begun working on a flux-
limited temperature dependence for the ion and electron parallel heat conduction
terms. In future work, we will also include the effects of an anisotropic viscous
stress tensor, with temperature dependent coefficients (see also |B_r_a.gms.k.d hﬁﬁd),

and explore the possibility of using different fluid closures closures that are valid

for low-collisionality. The effect of these modified fluid equations on the hollow
ion-temperature profiles will be studied, and results compared with both possi-
ble future experiments in MAST, and with ion temperature results from a similar

flux-rope merging experiment, the T'S-3 merging device (see e.g. |Q_nQ_QLaJJ |2Q]d)




Appendix A

Code Development

A.1 Computing the hypergeometric function

The function M (a,b,x) is the hypergeometric, or Kummer, function. It is an

analytic function with power series

M (a,b, x) i(Z—

p=0

(A.1)

%

Here, (a), is the Pochhammer symbol which is defined using the gamma function,

['(a), as
[(a+p).

(@ = F @o=1 (42

For all of the model fields used in Chapter B the value of x is negative. For
example, in the fan model fields x = —22 /27, see equation ([EE2Z). To compute the
Kummer function for this range of values we follow the technique of m

). Firstly the Kummer function is computed for the positive value, —z, then

the Kummer transformation is used to evaluate M (a, b, z). This transformation

is (Abramowitz & Stegud [1979)

M(a,b,x) =e"M(b— a,b, —zx). (A.3)

For values of —x < 30 + |b|, M (b — a,b, —z) is computed using the power se-
ries ([AJl), which converges quickly. Otherwise, the following asymptotic formula

211
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Figure A.1: Values of the Kummer function M (3/2,2,z) computed using equa-
tion ([AJ) and equation ([A]). The error is the difference between the calculated
value, and a value from a table of values produced by Mathematica 8 (Wolfram
Research, Inc. )

is used ¢|Zh.a.ng_&u.h.d‘ h.&ﬁ; mmms.tﬂgluj hﬂd)

S—1
I'(b) (b— 1— k
Ma.bo) = Mblz Dl 2T oa-5)|  (a4)
k=0

r<b 1+a—b)< z)~ L

k=0

However, a necessary condition for both the power series and asymptotic series
to converge quickly is a < 2. In the model fields discussed in Chapter H there

are values of a > 2. For these, we use the following recurrence routine

M(j+1,b,2) = % [(2h = b+ x)M(j,b,2) + (b—j)M(j — 1,b,z)] until j =a—1.
(A.5)

This algorithm was tested extensively, by comparing it against tables of val-

ues generated by the proprietary software Mathematica 8 (Wolfram Research,

Inc. ). Figure [AJ] shows the computed value of the Kummer function with
arguments a = 3/2, b = 2 for a large range of x values. The values chosen cover
all those that are required to be computed for the spine-model magnetic field, see
equation (£X). The calculated differences between the values are also plotted in

Figure [A_]] for reference; as the line labelled “error”. This is typically a factor of
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106 (and at most 10'%) less than the actual value of the function. This is close
to the round-off error for double precision, and was deemed satisfactory. We also
checked this for a = 5/2 with b = 3, a = 3/4 with b = 3/2, and a = 7/4 with
b = 5/2, covering all the Kummer function arguments in the electric and mag-
netic fields for both models given in Chapter B (not shown but the errors look
very similar to Figure [AT]).

A.2 Tensor quantities for fan model fields

Here we give the analytic tensor quantities for the fan model fields, that are used
in evaluating the complicated terms in the relativistic guiding centre equations.
These are then used in the calculation of the electron trajectories in Chapter Hl

Using the fan magnetic field [HEAEZT), the components of V|B| can be

calculated as
0| B| B )\QP;,;P; + AP/ X(2)

= - B , (A.6)
9B| A:P,P,
= A,
9B  AP.X'(z) + X(2)X'(2) + A2P.P), A5)
0z | B| ' '

These expressions were used to calculate gradient drifts vyp, in the parameter

traces, and Lypg for use in the guiding-centre switching code.

The Vb tensor can be written as

ob_0 B _10B_ BB
&rj a &rj |B| N B@x] B2 &rj ’

(A.9)

in terms of the components of V|B| given above. Using this form, the components

of Vb can be calculated as

Ob, AP, (AP, +X)0B

dr B B2 9z’ (A.10)
ob, (AP, +X)0B
W B oy (A.11)
7 /

o, X' (\P,+X)0B (A12)

9z B B2 0z’
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db,  AP,0B

e (A.13)
b, _ AP AP, 0B (A.14)
oy B B?% 0y

%_%, _ % %_ff ’ (A.15)
gz;z _ _%88_57 (A.16)
gz;z _ _%83_5’ (A.17)
8;; _ Agz’ B ABJZZZ_JS (A.18)

In component form, the electric drift can be written
_— APzEyngPyE@ (A.19)
vy — (APx:}—QX)EZ | (A.20)
oy _%. (A.21)

Now E = E,(2)y + E.(y, 2)2, so that 0,F, = 0,FE, = 0,FE, = 0. The non-zero

derivatives are given by

% = X" —(1-N)P.X - (1-N)P.X"], (A.22)
)
= =(1-MN)PX A2
5, ~ 1= VIPX. (A.23)
)
E=(1-\)P,X'. A.24
5 =(1=2)P, (A.24)

With these, the components of Vv are given by the following expressions

dvg.  2(\P.E, — A\P,E.) 0B

or B3 oz’ (A.25)

Ovpa = ()‘PZ;EZ +AP(9,2:)) _ Q(APZEZ/ — )‘PyEZ) 0_3 (A.26)
ay - B? 83 ay 5 .
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dvp,  AP.E, + AP.(0.E,) — AP,(0.E.) 2(\P.E, — AP,E.) OB

0z B2 B B3 0z (A.27)
dvp, AP.E. 2(\P,+ X)E.OB
8:cy - B B3 oz’ (A.28)
g, (AP, + X)(8,E,) 2(\P,+ X)E.dB A

8y — 82 — B3 8—y, ( 29)

g, X'E.+ (AP, + X)(0.E,) 20\P,+ X)E.0B
0z B2 - B3 9z (A.30)

g, AP.E, 2(\P,+ X)E, 0B
5 = R LANE B3 y%, (A.31)
By 5 y o (A.32)
OV, X'E, + (AP, + X)(0.E,) 2(\P, + X)E, 0B

5y = . + =5 o (A.33)

All nine components were checked by numerically differentiating components of

vp across a range of values (not shown).

A.3 Existing Hall-MHD formulation

The two-dimensional Hall-MHD formulation that is included in the current release

of the HiFi code evolves the primary dependent variables
U= (n7 _AZ7 BZ7 NUyg, ’I’M)y, nvzajzap)a

where n is the normalised density, A, is the out-of-plane (z is the invariant di-
rection) magnetic potential, B, is the out-of-plane magnetic field, v, and v, are
the in plane components of the ion velocity and v, is the out-of-plane component,

J- is the out-of-plane current density and p is the total thermal pressure. These

are evolved with the following equations (these are also given in [Luki M), in

flux-source form,

on+V - [nv—D,Vn| =0, (A.34)

8t(_AZ) +V. {_diﬂe%} =—Z- Ve X B — diﬂew + 77]z, (A35)
s UB

8,B.+V.- {UBZ —v.B+ d,%g « VP _ nVBZ} _ 42N . Vi (A.36)
0 n n

Oi(nvy) + V - [nvv, + p& — p (Vo + 0,v)] = —0,B2/2 — j.0,(—A.), (A.37)
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O (nv,) + V - [nvv, + p§ — 1 (Vo, + 9,v)] = —0,B2/2 — j.0,(—=A.), (A.38)

O(nv,) + V - [nvv, — uVu,] = =V A, x VB,, (A.39)
(v=1D)"0p+ V- [y(v=1)""pv— 5 VT = .V T] (A.41)

=v-Vp+ni°+pu(Vo+ Vo) : Vo,

where v is the (normalised) ion velocity, v. = v; — d;j/n is the electron velocity,
J the current density and d; the normalised ion-skin-depth, p and p. are the
normalised ion and electron viscosities, 1 is the normalised resistivity, x| and
k. the parallel and perpendicular heat conductivities, D,, is a density diffusion
(note that we do not use density diffusion for any simulation in this thesis: we set
D,, = 0 always), (. is the electron-beta (see Section [[2 for a remark on including
Pe in one-temperature formulation) and [ is the total plasma-beta.

Equation ([A40) is static, this is needed because the pressure equation (A1)
includes the term 752 = n(V?A,)?, where the right hand side cannot be put into
flux-source form. Also note that these are written in Cartesian geometry, but

they are also included in cylindrical geometry within HiFi.

A.4 Modified Hall-MHD formulation

The electron viscosity in equation ([A3H) is a high-order dissipation term that can
help to set a dissipation scale for the Whistler wave in a numerical code. However,
the viscosity is only applied to the out-of-plane electron velocity. We found that
this term provides sufficient dissipation for reconnection simulations with zero
guide-field (B, = 0 in the initial conditions). However, for the strong guide field
case, this dissipation term was not enough to suppress numerical instabilities,
such as that shown in Figure B9 We decided to try a high-order dissipation
term that acts on the in-plane components of the electron velocity as well. To
do this within the HiFi Hall-MHD formulation above required the creation of
a new static equation, as the in-plane electron velocities (depending on the in-
plane currents) involve derivatives of B,. Specifically, an electron viscous term in
equation ([A-30)) would require fourth-order derivatives of B,. The simplest way to

provide this dissipation is through hyper-resistivity, rather than electron viscosity,



A.4. MODIFIED HALL-MHD FORMULATION 217

with the above formulation. Equation (AZ42)) defines a new static equation, that
is then used in ([AZ3) to provide this fourth-order derivative term. Also, in
equation ([AZ44]) the out-of-plane electron viscosity, that was in equation ((A33),
has been changed to hyper-resistivity

V. [VB.] = Dy, (A.42)
Be, Vb
ath + V- 'UBz — ’UezB -+ dlﬁ—z X 7 — HVBZ -+ nHVDH (A43)
0
_ diBzz - VB, x Vn7
nZ
O(—A)+V -muVi.]=—-2 -v.x B+nj,. (A.44)

In addition we add the hyper-resistive heating term, 1y (Vj)? = V3 : V3, into
equation [A4]] to give the new version in equation (A4H):

(v=1)7'0p+V-[v(y=1)""pv — 5 VT = k. V T] (A.45)
=v-Vp+ni°+p(Vo+Vo'): Vo+nyVj: Vj.

In two-dimensional Cartesian geometry this term is
Nt [(0e)” + (0y50)? + (Oedy)® + (945y)* + (022)* + (9y52)* ]

However, this has terms such as (9,,)? = (04, B.)? that cannot be put into flux-
source form directly. Weuse V-5 =V -B=0,and £2-V xj = -V?B, = —Dy

to re-write the hyper-resistive heating term as
which requires the creation of one extra static equation,

jo = 0,B.. (A.46)

These equations were also modified for cylindrical geometry, to be used in the
toroidal-axisymmetric simulations of Chapter Bl (with extra terms that arise from
vector calculus operations in cylindrical geometry). Finally, HiFi requires the

Jacobian used in the Newton iterations B3 be entered into the code manually.
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To make the changes detailed here and below it was necessary to calculate and
supply the code with the spatial derivatives of all terms, with respect to all

primary variables.

A.5 Energy conservation and the hyper-resistive

heating term

Here we show that the hyper-resistive heating above in the internal energy equa-
tion balances the hyper-resistive dissipation of magnetic energy. For convenience
we do not use flux-source, and we write the ion viscous terms in stress tensor

form ;. The momentum equation is thus
n(0+wv;-V)v,=-Vp—-—V.m +jx B,

This can be converted into an equation for kinetic energy, using the identity
v- Vv = V(1/20?) — v x V X v, also taking the scalar product with v, and
substituting the mass conservation equation (CZH) multiplied by v?/2, to give

O (nv*/2) + V- (nv*/2v) = —v-Vp+v-jx B—v -V m,.

Now the term v - V - 7r; is split into flux and dissipation form. Using index

notation,
0 0 0v;
J 8:ck ik 8:ck a7tk ik 83%
which in vector notation is —v - (V- 7) = =V - (v-7;) + 7, : V. The resulting

equation is the kinetic energy equation
(1/2n0*) + V- (1/2nv*v +v ;) = —v-Vp+wv-j x B+m;: Vo, (AAT7)
Next consider Ohm’s law ([CZ0) with the hyper-resistive term,
E= v, x B+ %(j x B~ Vp) +nj — V%,
which can be written as an evolution equation for normalised magnetic energy,

B?/2, using the identity V - (E x B) = B-V x E — E -V x B, which with
Faraday’s equation ([LIH) can be written as the Poynting flux, and the dissipation:
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0;B%/2 = -V - (E x B) — E - 3. Expanding out the latter by substituting the
Ohm’s law above, and also re-writing the hyper-resistive term 5;0%5; = O (J;OxJi) —

(OkJi)(Okji) gives in vector form
d; . . .
0B/2 = =V (ExB=j-Vj')=jxB-vi+—Vpej—nj’—nuVj: Vj (A48)

Finally, the internal energy equation as

Ohlp/(y -]+ V- [ 1 [Pv kI VT =V T| =v-Vp+ H (A.49)
where H are the “unknown” heating terms H = H, + H, + H,y. Adding all of
the above equations together, and integrating over the total volume gives

0 {mﬂ P B?

A K. Sy A.
5 ), 2+7_1+2]V (A.50)

2
+/ {%'er%—/-@LVT—F;”V”TjLExB+fv-7rl-—j-(Vj)T - dS
s -

_ / [H+m: Vo —nj®—nyVi: Vj+(di/n)j- Vp] dV,
\%4

after cancellation of terms. For conservation of energy, the flux through the
boundary must be set equal to zero, and the right hand side must also be zero.
The first point gives the necessary boundary conditions for energy conservation.
These are; conducting wall boundaries n x E = 0, zero temperature gradient
n - VT = 0, non-penetrating walls nn - v = 0, and with the condition that the

hyper-resistive and viscous fluxes through the boundary must be set to zero.

From equation (AX0), the heating terms are H, = nj?, Hyy = nuVj : Vj
and H, = —m : Vv. However, there is still a non-zero term (d;/n)j - Vp. =
(v; — ve) - Vp, that arises from the assumption that the centre of mass (ion)
velocity advects the electron pressure (this is actually a flux-term V - [§p.]). This
term can be small, see Section However, to set it to zero requires a separate
temperature formulation for ions and electrons, this is given in flux-source form

below.
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A.6 Separate temperature formulation

For the separate temperature runs in Chapter @ we modify the HiFi Hall-MHD
module to add an extra equation for electron pressure. We do this for both Carte-
sian and cylindrical (toroidal-axisymmetric) geometry, the equations in Cartesian

geometry are

o+ V - [nv] =0, (A.51)
at(_Az) +V. [nHij] =-Z- Ve X B + 77]27 (A52)
ath_'_V' UBZ - UezB + d12 X Vpe - nVBz + nHVDH - diBzz : VB;;Q . Vn7
(A.53)

Oi(nvy) + V - [nvv, + (pi + pe)® — 1t (Vo + 0,v)] = —0,B2/2 — j.0,(—A.),
(A.54)

di(nvy) + V - [nvv, + (pi + pe)§ — 1 (Vu, + 0,v)] = —0,B2/2 — j.0,(—A.),
(A.55)
O(nv,) + V - [nvv, — uVu,] = =V A, x VB,, (A.56)

(v = )7 0(pi +pe) + V- [v(v = 1) (pw + peve) — 5V T; = 6§V T, (A.58)
— K\ VT, = kI VIT.] =v-Vp;+v.- Vp,
+ 0%+ p (Vo + Vo) : Vo+n5Vj: Vi,

(y—1)"'0p. +V - [fy(fy — 1) pev. — mﬁVHTe — Hi_VJ_Te] (A.59)
= V¢ - Vpe+77]2+77HV.7 : VJ)
V - [VB,] = Dy, (A.60)

jo = 0,B.. (A.61)



Appendix B

Model Field Derivations

In this appendix we give some derivations relating to the spine model fields in

Chapter HIFor the spine-model we show the form of displacement field is a solution

to the governing equations, following btag_&_Eaﬂmg M) but giving more

intermediate steps in the calculations for reference. We also give the derivation
of the thermal pressure profile for the spine model from |QLa.1g_e.‘r_aJ_| (IJ_M) We

do not give the derivations for the fan model here, as the method to get the

solutions is the same as for the spine solutions.

B.1 Spine displacement field solution

Substituting the expressions for B and v, from equations ([EH) and (EH), into

the momentum equation (El) gives
VX [ -1)(VxQ) xQ] =0, (B.1)

which is identically satisfied for Q = Q, = Z(r,¢)2,as Vx Q, = VZ x 2.
Next, substituting v and B into the induction equation [E2) gives

Vx[(1-NPxQ-nVxQ], (B.2)

which, given the definitions of P from equation (1) and Q = Q, from above,
gives

A
O [-r(1 = N)P.Z +nrd, Z] + 0, [na%] =0 (B.3)
Further assuming Z(r,6) has the form Z(r,0) = f(r)e"™, gives the radial

221
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spine equation of |Qm.1.g_&_Eabb.ng (Il&&d)

f+§Tf—m<f+;—F>, (B.4)

where f = df /dr.

Transforming this radial spine equation (B4 to the variable x(r), where

o(r) = [ﬁ] L (B.5)

and, assuming o < 0 and A < 1, gives

22" + (x + %x?’) [+ (#>=m?) f=0, (B.6)

which is given in the appendix of bna;g_&_Eabb_ng M)

Assuming that the solution to this equation is in the form

P2\ /2
rm=a(f) Mo, (B.7)
where M(r) is a yet unknown function, and

Ui

n= a(l—x) (B.8)
gives that 22 = r?/|fj| and
22\ "2
flz)=A <Z) M (x). (B.9)

Substituting f(z), along with f’(z) and f”(x) into equation (BA) gives, after

some working

M (x) + {(2m + 1)z + %3] M'(x) + (% + 1) 2*M(x) = 0. (B.10)

It is unclear which form M (x) should take to satisfy this equation but, by
using the transformation M (z) — M(z) with z = —z%/4, this reduces to the
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confluent hypergeometric equation.
M (2) + (c— 2)M'(2) — aM = 0, (B.11)

where a = 1+m/2, c = m+1 and z = —2? /4. The solution to this equation is the

confluent hypergeometric function, or Kummer function, which has the form (see

e.g. Chapter 13 oflAblamﬂLiLZ_&SIﬂgu.tl hﬂd)

M(a,c, z) = Z% ((Cc?ri_:’ (B.12)

=

T

where (a), is the Pochhammer symbol given in terms of the gamma function,
['(x), by
I'(a+7)

(a), = Wa (a)o = 1. (B.13)

It is worth noting that another solution can be found for the case of o > 0,

which was not mentioned by lemg_&z_Eabb.ngl (|J.9.£Ld). For this the transformation

used is

z= {ﬁ} o r, (B.14)

which gives the form of the radial spine equation (in terms of the variable x) to
be

22" + (x — %x?’) = (*+m?) f=0. (B.15)

and after some working, gives the differential equation
zM"(2) + (e + 2)M'(2) + aM = 0, (B.16)
with a solution of the form
M(z) =Ae*U(c —a,c, z) (B.17)

where U(z) is the confluent hypergeometric function of the second kind Abramowitz

& Stegun ). We do not use this model in this thesis, but it may be investi-

gated in future work.
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B.2 Thermal pressure for spine model

The incompressible steady-state momentum equation is the uncurled form of
equation (ET), it is

(v-V)v=JxB-Vp=-V(p+ B*/2)+ B-VB. (B.18)
Now the definition of B and v from equations (X)) and Q) are used in
equation (BIS), with the definition of P from equation (f7), and using Q =

Z(x,y)Z. After the cancellation of many terms, and discarding the terms identical

to zero, equation (BI8) becomes
1
(P-V)P = az(0,Z& + 0,29) + aZ — 5(22612:17; +2Z0,7Z9) — Vp. (B.19)

This can be integrated to give

Z* o
P=po— 5 - g(a:Q +y° +42%) + dazZ, (B.20)

which, from the definition of Z and P is

1
p=1po— 5(22 + P?) + XazZ, (B.21)

the form given in |Qr_a.1g_at_al] (I]ﬁ&'ﬂ)
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